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PREFACE 

This volume deals with the Theory of Structures and its application 
to Practical Design. It is intended for the use of students taking 
their University Degrees in Engineering, for those entering for the 
Membership Examinations of the Engineering Institutions, and 
also for the use of those engaged in the practical design of Engineer- 
ing Structures v It has, therefore, been planned on a comprehensive 
basis. As far as space has permitted, reference has been made to 
the more important results of modem research ; a section on 
Electric Arc-Welding will be found in Chapter VIII. The book 
also contains much data which should be of service to the practising 
Engineer. It is intended to help bridge the gap between abstract 
theory and its practical application. With this end in view, the 
text has been illustrated not only with worked" examples, but with 
practical designs, carried out step by step, so that they may easily 
be followed. Care has been taken that these designs, with their 
details of construction, while satisfying the theoretical requirements, 
are such that the practical man will approve. 

A word of explanation is desirable with regard to Chapters V 
and VI. The author has often found that the student associates 
the principle of least work and its variations with a maximum 
output of cerebral strain-energy — a state of affairs largely due, he 
believes, to the forbidding systems of notation frequently adopted. 
In Chapter V an attempt has been made to render this part of the 
subject more palatable to the majority. More than one line of 
approach leads up to the general theory, and if the student finds 
that he arrives finally at the same point, he is nevertheless advised 
to render himself familiar with them all, for different problems call 
for different methods of treatment. 

In Chapter VI two systems of notation are used. Where a 
problem is treated graphically or semi-graphically, the standard 
conventions used throughout the book (see §§ 30 and 51, Vol. I) are 
adhered to, namely that + bending tends to make the beam convex 
upward. In tabular calculations, and secondary stress considera- 
tions. a clockwise moment is called positive. To distinguish between 
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the two conventions, the first is designated by a single suffix M A , 
the second by a double suffix M a &. 

A Classified Bibliography will be found at the end of each chapter. 
As in Vol. I, no attempt has been made to be exhaustive, but rather 
to indicate from whence further information may be obtained. 
A selected series of examples is also given, with answers ; and 
suggestions for practical designs to be worked out. 

The examples have been taken, in part, from the questions set 
for the B.Sc. (Eng.) examinations, London, and the author would 
like to record his best thanks to the University of London for 
permitting this. 

With the kind permission of the British Standards Institution, 
reference has been made in the text to the following British Standard 
Specifications : — 

B.S.S. No. 12 — 1931/32 : Portland Cement ; 

B.S.S. No. 153 — 1923/33 : Girder Bridges, Parts 3, 4, and 5 ; 

Appendix 1 — 1925/30 : Tables of Unit Loadings 
for Railways and Highways ; 

B.S.S. No. 538 — 1934 : Metal Arc-Welding as applied to Steel 
Structures ; 

official copies of which can be obtained from the British Standards 
Institution, 28 Victoria Street, London, S.W. 1, price 2s. 2d. net per 
copy, post free. 

The author's grateful thanks are due to Messrs. Dorman Long 
& Co., Ltd., for permitting the reproduction in the Appendix of 
certain pages of their Handbook, giving the properties of the rolled 
steel sections, and also to the British Standards Institution for their 
kind consent. 

An attempt has been made to give due credit to the many 
authors to whose work reference has been made in the text, par- 
ticularly in respect to modern research . 

E. H. Salmon. 

November, 1937. 
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MATERIALS AND STRUCTDKES 

VOL. 1 1 -THE THEORY AND DESIGN OF 
STRUCTURES 

CHAPTER I 

THE FORCES IN FRAMED STRUCTURES 

1. Co-planar Forces— Preliminary.— The methods employed for the 
graphical determination of the forces in plane framework are, based on 
the following propositions, proved in books on statics. 

Parallelogram of Forces.~Il two forces in the same plane, acting at 
the point 0, (i) Fig. 1 , be represented in magnitude and direction by the 
lines OFi, 0F 2 , then their resultant, that is to say the single force pro- 
ducing effects equivalent to those produced by the two, is represented in 
magnitude and direction by the line OR, which is the diagonal of the 
parallelogram OF 1 RE' 2 . The sense of the resultant OR, in this case, will 
be away from 0, as shown by the arrow head. A force RO, equal in 
magnitude to OR, but of opposite sense, that is to say acting towards 0, 
would exactly balance the two given forces and neutralise their effects. 
Such a force is called the equilibrant of the two forces. The convention 
that ‘ a force OR ’ means a force acting from 0 to R, and ‘ a force RO ’ 
means a force acting from R to 0, should be observed. 

Triangle of Forces— It is not necessary to draw the complete parallelo- 
gram, for the triangle OF x R, (ii) Fig. 1, gives all the information which 
can be obtained from the parallelo- 
gram in (i) . In this triangle F X R - 
0F 2 . As the arrow heads are ar- 
ranged in (ii), ' OR represents the 
resultant. If the direction of the 
arrow head on OR were reversed, 

RO would be the equilibrant, and 
the three forces would be in equili- 
brium. In this case the arrows would follow each other round the 
triangle. It follows that three eo-planar forces in equilibrium, acting 
at a point, may be represented in magnitude and direction by the 
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sides of a triangle drawn parallel to the forces, and of which the lengths 
represent the magnitudes of the forces to scale. The arrow heads 
representing the sense of the forces will all indicate the same direction 
round the triangle. Such a triangle 

v is called the triangle of forces for the F * 

point. 

Polygon of Forces. — By extension, if T (ft) yH 

any number of co-planar forces in equili- \ 

brium act at a point, (i) Fig. 2, their 
resultant or their equilibrant can be de- 

termined, in magnitude and direction, by f 

drawing a polygon, (ii), of which the ^ / B p 

,^ides are respectively parallel to the forces, / 2 

and in length represent the magnitude of *+ — — - ^ 

these forces to scale. The closing line Equilibrant 
[ea, (ii) Fig. 2] is the equilibrant of the £ \ 

given forces ; or, if its sense be reversed, \ F 4 

[ae, (ii) Fig. 2], it represents their re- p IG . 2 . 

sultant. Even if the forces do not meet 

in a point, (i) Fig. 3, the magnitude and direction of their resultant, or 
of their equilibrant, can be found by the polygon of forces, (ii) Fig. 3. 
Its position, relative to the given forces, must be obtained by other means, 
such as the funicular or link polygon 
(i) Fig. 3, (see below). - c 1 

Bow's Notation . — It will be ob- 
served that in Figs. 2 and 3, instead 



of lettering the forces, the spaces be- 
tween them have been lettered . Thus 
the force F x , Fig. 2, is called the 
force AB, and is represented in the 
polygon of forces by the line ab. 
This device is commonly known as 
Bow's notation , though it appears to 
have been due originally to Henrici. 

The Funicular or Link Polygon . — 
As shown above, the magnitude and 
direction, but not the position, of 
the resultant of a number of forces 
acting on a body can be determined 
by means of the polygon of forces. 
To obtain the position of the resul- 
tant, the funicular or link polygon 
may be employed. Let abcde, Fig. 3, 
be the force polygon. Take a pole 0, 



and draw the pencil of rays 0 a, Ob, 0 c, etc. In the space A, draw a 
line 1.2 parallel to 0 a; in the space B, a line 2.3 parallel to 06; in 
the space C, . a line 3.4 parallel to Oc ; and so on. Suppose that 
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the line 1.2, in the space A, produced if necessary, meet the line 5.6 in 
the space E, produced if necessary, in the point 7. Then 7 is a 
point on the line of action of the force ea , that is to say on the line 
of action of the equilibrant 
or of the resultant, which is 
thereby determined in posi- 
tion. If the forces are ail 
parallel, the polygon of 0 

forces becomes a straight 4 

line, ae, Fig. 4, of which, the 
length is the magnitude of 
the resultant. The funicular 
polygon, 1.2.3. 4.5. 6, takes 
the form shown in the 
figure, and as before, the point 7 fixes the position of the resultant 
or equilibrant. 

2. Reciprocal Figures. — Let ABC, (i) Fig. 5, be a triangle, and D any 
point therein. Join DA, DB, and DC. Bisect all the lines in this figure, 
and draw lines at right angles to them passing through the points of 
bisection. Then the three lines at right angles to the sides of the triangle 



Fig. 5. 


ADB will meet in the point £, which is the centre of the circle circum- 
scribing the triangle ADB, and similarly for the other triangles ADC, 
BDC. Further, the lines xw, yw, and zw will all meet at the point w. 
If the figure wxyz , so formed, be compared with the original figure 
DABC, it will be found that any three lines in one ‘figure forming a 
triangle are at right angles to three lines in the other figure which meet 
in a point. Such figures are said to be reciprocal . The dotted figure 
wxyz of (i) Fig. 5 can also be obtained by drawing lines parallel to the 
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lines of DABC as shown in (ii) Fig. 5. The triangles of (ii) are lettered to 
correspond with the nodes of (i). 

Suppose now that ABC,*(iii) Fig. 5, be a triangular frame subjected 
to three applied forces DA, DB, and DC, which forces are in equilibrium. 
These forces may then be represented, in magnitude and direction, by 
the sides of a triangle. If xy , (ii) Fig. 5, drawn parallel to DA, represent 
the force DA to scale, then yz, parallel to DC, will represent the force 
DC, and zx the force DB ; the triangle xyz will, in fact, be the triangle 
of forces for the three applied forces DA, DB, DC, acting on the frame. 

Consider next the point A. There are three forces acting at this 
point, the applied force DA, and the tensions in the bars AB and AC. 
Since the point A is at rest, these three forces must be in equilibrium, 
and can be represented by the sides of a triangle. If the line xy, (ii) Fig. 5, 
parallel to DA, represent the applied force, the lines wx and yw will 
represent the forces in the bars AB and AC respectively ; and similarly 
for the other node points B and C. Hence the lines xy, yz, zx in (ii) 
represent to scale the external forces in (iii), and the lines wx, wy, wz 
represent to scale the corresponding internal forces in the bars. 

Given therefore a triangular framework acted on by external forces 
in its own plane, the forces in the bars forming the framework can be 
determined by drawing a reciprocal figure as defined above. By ex- 
tension, it is possible to draw a reciprocal figure representing the forces 
in the members of any plane framework under the action of co-planar 
forces acting at the nodes, provided that certain conditions set forth 
below are satisfied. Such a reciprocal figure is called a stress diagram, 
the term 4 stress 5 in this connection denoting the total internal force in 
a member. As in (ii) above, every such diagram will consist of (a) a 
polygon representing the external forces applied to the framework, and 
(b) lines representing the internal forces in the bars of the framework 
resulting from the action of the applied forces. 

3. Stress Diagrams for Plane Frames.— In order that a complete stress 
diagram for a plane framework may be drawn the following conditions 
must be fulfilled : 

(1) The framework must be composed of just sufficient bars to divide 
it into triangles, no more, no less, and the bars must be so arranged that, 
starting with a triangle as a nucleus, the framework may be built up 
by the addition of two bars at a time to form a fresh triangle. In such 
a frame the number of bars will be equal to twice the number of nodes 
minus three. Frames with less than the requisite number of bars are 
called incomplete or imperfect frames, § 251 ; frames with more than the 
requisite number of bars are called redundant frames , § 71. In neither 
of these cases can a complete reciprocal figure forming a stress diagram 
be drawn. 

(2) The conditions at the points of support must be statically deter- 
minate. No forces or moments must exist which cannot be determined 
from statical considerations. 

* The similarity between the figures ABCD in (i) and (iii) should be observed. 
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(3) Where three or more bars meet, their central axes must intersect 
in the same point. The joints are supposed to be frictionless, and to be 
incapable of resisting a bending moment. 

(4) The external or applied forces, together with any external re- 
actions they produce^ must be in equilibrium ; and they must be applied 
at the nodes of the framework. In 


drawing the polygon of external forces 
for the stress diagram, these forces 
must be taken in order (cyclically) 
round the framework. If the ex- 
ternal forces are not applied at the 
panel points, the loads which they 
produce at the nodes must first be 
determined, (i) Fig. 6 shows the 
method of finding the concentrated 
loads at the panel points equivalent to 
a uniform load. For the particular 
case each load W will evidently be 
one quarter the total uniform load, 
and the loads at the end panel points 
wilTbe W/2. 



Fig. C. 


In (ii) Fig. 6 the equivalent loads W x and W 2 at the panel points can 
be found by taking moments, W x = Wb/(a + b) ; W 2 = Wa /(a + b ) . * 
Method of Procedure. — As an example of the method of drawing a 
stress diagram, the case of the plane frame 

shown in Fig. 7, loaded with two loads W x M s W 2 l 

and W 2 , will be considered. C /V p A 

First find the reactions R x and R 2 . / q \ / £ \ 

In a case like this, where all the loads A X 

and also the reactions themselves are Ify ^ D ^ ^ 2 l 

vertical, the reactions should be found by \ 

the principle of the lever, by taking xx. 

moments about one of the points of sup- TTN } (iii) \ * 

port. If the loads or reactions are not | ^ ct l « 

vertical, the methods of § 4 should be b f 

used. Having found the reactions, choose j_ f ’ X7\ & 

a force scale and draw the polygon for ( : d 1 e 

the external forces. In this case it is a j ! (ii) / 

straight line, ac , (ii) Fig. 7 ; ab = W 2 , | £ y 

be =s W x , cd = R x and da = R 2 . Since the | / 

external forces must be in equilibrium, . y 

this polygon must be closed, i.e. it must -LiJfc 

start and finish at a. Remember that the Pro 7 


* These panel point loads are only approximations. Strictly speaking the 
continuity, if any, at the panel points should be taken into account. The stress 
due to local bending must be combined with the direct stress to find the maximum 
stress in the top flange. 
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forces must be taken cyclically, that is, in order round the frame. Draw 
next de parallel to AE, and de parallel to DE. Their intersection fixes 
the point e. The triangle due is the triangle of forces for the point of 
application of R 2 . Now the three forces which act at this point must be 
in equilibrium, and therefore the arrow heads, indicating the sense of 
these forces, will follow each other round the triangle. This, for clearness, 
has been shown separately at (iii). It is evident that the force in DE 
acts away from the joint under consideration, which signifies that the 
forc'e in DE is a tension. The force in AE acts towards the joint, which 
signifies that the force in AE is a compression. Having determined the 
point e, (ii) Fig. 7, draw ef parallel to EF and bf parallel to BF, meeting 
at/. Then fg parallel to FG, and dg parallel to DG, will fix the point g. 
If the drawing be accurate, a line through g , parallel to GC, should pass 
through c. If this last or closing line does not complete the figure, the 
work is incorrect or inaccurate. The magnitude of the forces in the 
members can be found by scaling or calculating the length of the lines 
of the stress diagram. Their sense can be determined by examining the 
triangle (or polygon) of forces for each joint in turn, as was done above 
for the triangle dae. If the force in the bar act away from the joint under 
consideration, the force in 
the bar is tensile, if to- 
wards the joint, the force 
in the bar is compressive. 

A consideration as to the 
probable way in whicli 
the structure will deform is 
often of service as a rough 
check on the accuracy 
of this determination. 

4. Stress Diagrams for 
Plane Frames. The General 
Case. — (a) Given a plane 
frame STUV, Fig. 8, 
and applied forces W 1# 

W 2 . . to draw the 
stress diagram, having 
given the direction, and 
point of application S, of 
one reaction (R 1 ) > and 
only the point of applica- 
tion U of the second (R 2 ). 

First find the resultant R 
of the given forces W 1; 

W, Its magni- 

tude and direction can be obtained from a force polygon abc, (ii), R ** ac 
If there be only two applied forces, W, and W #> the resultant 1.5 will 
pass through their point of intersection I. If there be more than two, 
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or if the point of intersection be inaccessible, then the position of R may 
be found by drawing the link polygon 1.2.3.4.5, using the pole 0 in (ii). 
In any case 1.5 will be parallel to ac> Thus the resultant of the applied 
forces is completely determined. It is evident that this resultant will be 
the equilibrant of the two reactions R x and R 2 . Of these reactions, the 
points of application S and U are known, and also the direction of one 
(R x ). Since R, R x , and R 2 are in equilibrium, their lines of application 
must meet in a point. Produce the known line of application of R x to 
meet the resultant R in J. Join JU, then JU is the line of application 
of R 2 . Knowing the directions of R x and R 2 , their magnitudes and sense 
can be obtained from the force polygon. The line cd, parallel to JU, 
gives the magnitude of R 2 ; and da, parallel to SJ, gives the magnitude 
of R x . Since the three forces R, R x and R 2 are in equilibrium, the arrows 
in the triangle acd will follow each other round. In this manner the two 
unknown reactions may be determined. If R x does not intersect R in 
some accessible point, it is necessary to take moments. Take moments 
about U, the point of application of the reaction R 2 , of which the magni- 
tude and direction are both unknown. The moment of R 2 is then zero. 
(This is often a very useful device when dealing with unknown forces, 
for otherwise the moment of the unknown force would likewise be un- 
known.) If r x be the perpendicular distance of the reaction R x from U, 
and r be the distance of the resultant R from U, R x r x = Rr ; from 
which the magnitude of R x can be found. Knowing the magnitude and 
direction of R x , the line da in the force polygon, (ii), can be drawn, and 
hence cd or R 2 is known, both in direction and magnitude. Alternatively, 
the moment Rr can be obtained by finding E(W 1 a? 1 + W 2 £ 2 + . . .), 
i.e. the sum of the moments of all the applied forces about U. Then 
R x r x =E(W x z+ x W 2 a? 2 + . . .). 

Having found R x and R 2 , start afresh with a new force polygon, about 
which everything is now known. Take the forces in cyclic order, and 
complete the stress diagram in the usual way, Fig. 9. For clearness, the 



force scale is made slightly larger in Fig. 9 than in Fig. 8. The above 
methods will enable cases such as a roof truss with one end resting on 
rollers and the other end bolted down to be dealt with, see § 209. 
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(b) Given a plane frame, and applied forces in equilibrium, to draw 
the stress diagram if there be three of these forces whose points of appli- 
cation and directions are given, but whose magnitudes are unknown. 
Let Fig. 10 represent the frame, and 
R the resultant of those applied forces 
which are completely known. R is 
found by the methods of Case (a) . Take 
moments about I, the intersection of 
R 2 and R 3 , any two of the unknown 
forces. Then the moments of R 2 and 
of R 3 about this point will be zero. 

If r x be the distance of R 1} the third 
unknown force, from I, and r the dis- 
tance of the resultant R from I, then 
R x r x = R r. • This equation determines 
the magnitude and sense of Jb v The magnitude and sense of R 2 and R 3 
can be found by drawing a polygon of the external forces. All the forces 
acting on the frame are then known and the stress diagram can be drawn 
in the usual way. 

(c) In a case like that shown in Fig. 11, it is possible to solve the 



Fig. 11. 


problem of Case (a) directly, by means of an application of the funicular 
potygou- The figure represents a roof truss, acted on by known loads. 
Of the reactions, GA is vertical, AB is unknown, except that its point of 
application is B Draw bg, the load line for the given loads. Take a 
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pole 0, join 06, Oc, 0 d, etc. Draw the funicular polygon 1.2.3.4.5.6, 
starting at B the point of application of the unknown reaction AB. 1.2 is 
parallel to Oc ; 2.3 is parallel to 0 d ; and so on. This funicular polygon 
cuts the vertical reaction GA in 6. Since it passes through B it cuts the 
reaction AB in 1. Hence 6.1 is the closing line of the polygon. Draw 
0 a in the force polygon, parallel to 6.1. The vertical line ga represents 
the reaction GA, and the line db represents the reaction AB, in magnitude 
and direction. Thus all the forces acting on the truss are known, and the 
stress diagram can be completed. 

5. Hints on Drawing Stress Diagrams. — It is of service, before starting 
to draw the stress diagram, to make a rough sketch showing approxi- 
mately its shape. This is often of assistance in planning the lay-out on 
the drawing paper, and may save the annoyance of finding out, halfway 
through, that part of the stress diagram is coming off the paper. 

The diagram representing the shape of the frame should be set out 
to the largest scale which the paper will admit. In many cases a long 
line in the stress diagram has to be drawn parallel to a short line in the 
frame diagram, and a small error in the slope of the latter will make a 
very large error in the stress diagram. In important work, when the 
lines in the stress diagram are very long, it is desirable to calculate the 
slope of the member and to set out the line in the stress diagram to the 
calculated slope. This is particularly necessary in the case of a girder 
with a curved flange when the radius of curvature is large and there are 
many panels. A little ingenuity, whereby the geometry of the figure is 
utilised to obtain the exact slope, will make all the difference to the 
accuracy of the diagram. If the work is correctly done, the last line 
should close the figure. 

An adjustable set square is of much service for drawing lines in one 
figure parallel to those in another. 

Special Devices . — Special devices are sometimes necessary in order 
to complete the stress diagram. For example, in a roof truss of the type 
shown in (i) Fig. 12, the construction breaks down when the point B is 



reached. This difficulty can be overcome by a device due to Professor 
Barr. Replace bars AD and DC by a single bar BC ; the stress diagram 
can now be carried on. Having determined, by means of the interpolated 
bar, the forces in CE and BG, that bar may be removed, and AD and DC’ 
reinserted, when the complete diagram can be drawn. An alternative 
method is to calculate the force in the bar BG by the method oi sections, 
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§ 8. Knowing this force the diagram can be completed. The geometrical 
symmetry of the stress diagram itself, see Fig. 13, is often a help. 

In many cases the outline of the frame itself may be used as its own 
stress diagram. A simple instance is shown at (ii) Fig. 12. The stress 
diagram (i.e. the triangle of forces for the point A) is a triangle of the 
same shape as the frame itself. The lengths of the sides of the frame are 



known, and these are evidently proportional to the forces in the bars, 
which may be found by means of a slide rule. 

One of the quickest and most accurate methods of determining the 
forces in a plane framework is to draw the stress diagram and then to 
calculate the length of the lines of which it is formed. In many cases 
the shape of the diagram facilitates this method. 

As a check on the graphical process it is well to calculate the force 
in some of the main members of the frame, even while the stress diagram 
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is being drawn. For this purpose the method of sections, § 8, should be 
used. In important frames the forces in all the bars should be checked 
by that method. 

6. Roof Truss. — The stress diagrams for the roof truss of an open 
shed are given in Figs. 13 and 14. This truss is designed in § 212. It is 
75 feet in span, and is supported on columns. Fig. 13 is the stress dia- 
gram for the dead loads, i.e. for the weight of the roof and of any snow 
upon it. Since all the panels of the rafters are of equal length, it is 
convenient to draw the diagram on the assumption that the loads at 



Fig. 14. 


the panel points are of unit magnitude. Those at the two ends will 
each be J unit. All the loads will be vertical. Each reaction is vertical, 
and since there are twelve panels its magnitude will be six units. Starting 
from the right-hand end, the stress diagram, (ii), presents no difficulty 
until the point d is reached, when, in order to continue, the force in the 
bar A? must be calculated by the method of sections, § 8. Cutting A;, 
and taking moments about the a'pex, (iii) Fig. 13, 

R, x ^ — 6W x^-Fx ; = 0 

1 2 4 4 

where F is the force in A j. W = 1 unit, R 2 ~ 6 units, hence F== 6 units. 
The point j in the stress diagram (ii) is thus determined, and the diagram 
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Forces in Members of a Roof Truss. Figs. 13 and 14 





Unit Load Forces. 


Actual Forces. 
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nzS 

u 










& 

V 










a 

w 


Dead. 

Wind on 
Right. 

Wind on 
Left. 

Dead. 

Wind on 
Right. 

Wind on 
Left. 

Maximum. 

1 

Da 


12*30 

- 7*25 

- 3*76 

- 7*01 

- 3*48 

- 1*81 

_ 

10*49 

2 

E6 

— 

11*26 

- 6*57 

- 3*76 

- 6*42 

- 3*15 

- 1*81 

— 

9*57 

3 

Fc 

— 

11*40 

- 7-25 

- 3*76 

- 6-50 

- 3*48 

- 1*81 

— 

9*98 

4 

Gf 

— 

10*96 

- 7-25 

- 3*76 

- 6*25 

- 3*48 

- 1*81 

— 

9*73 

5 

Hff 

— 

9*91 

- 6-57 

- 3*76 

— 5*64 

- 3*15 

- 1*81 

— 

8*79 

6 

J h 


10*06 

- 7-25 

- 3*76 

- 5*74 

- 3*48 

- 1*81 

— 

9*22 

7 

A a 

4 ii*oo 

+ 7*£1 

+ 2*02 

+ 6-27 

4- 3*65 

4- 0*97 

4 

9*92 

8 

A d 

+ 

9*00 

4 5*37 

4- 2*02 

4 5*13 

4" 2 * 58 

4 0*97 

+ 

7*71 

9 

je 

+ 

3*00 

+ 3-35 

... 

4 1*71 

4- 1*61 

... 

+ 

3*32 

10 

jh 

+ 

5*00 

-j- 5*59 


4-2*85 

4- 2-68 

... 

4 

5*53 

11 

ab 

— 

1*07 

- 1*21 


- 0*61 

- 0*58 




1*19 

12 

be 

— 

1-07 

- 1*21 

... 

- 0*61 

- 0*58 


— 

1*19 

13 

cd 

4 

2*00 

4 2*24 

... 

4* 1-14 

+ 1*08 


4 

2*22 

14 

de 

— 

2*68. 

- 3*00 

... 

- 1*53 

- 1*44 


— 

2*97 

15 

ef 

4 

2*00 

4 2*24 

... 

4- 1*14 

4- 1*08 


4 

2*22 

16 

fff 

— 

1*07 

- 1*21 

... 

- 0*61 

- 0*58 


— 

1*19 

17 

gh 

— 

1*07 

- 1*21 

... 

- 0*61 

- 0*58 

... 

— 

1*19 

18 

A i 

4 

6-0 

+ 2-02 

4 2*02 

4- 3*42 

4 0*97 

4 0*97 

4 

4*39 

117 

ik 

— 

1*07 


- 1*21 

- 0*61 


- 0*58 

_ 

1*19 

116 

ml 

— 

1*07 


- 1*21 

- 0*61 


- 0*58 

— 

1*19 

115 

nm 

4- 

2*00 


4-2*24 

4* 1*14 


4- 1*08 

4 

2*22 

114 

on 

— 

2-68 

... 

- 3*00 

- 1*53 


- 1*44 


2*97 

113 

po 

4 

2*00 

... 

4-2*24 

4- 1*14 


+ 1*08 

4 

2*22 

112 

qp 

— 

1*07 

... 

- 1*21 

- 0*61 


- 0*58 


1*19 

111 

sq 

— 

1*07 

— 

- 1*21 

- 0*61 


- 0*58 


1*19 

110 

jk 

4 

5*00 


4- 5*59 

[ + 2-85 


4 2*68 

4 

5*53 

109 

jn 

4 

3*00 

... 

4 3*35 

1 + 1-71 


4 1*61 

! 4 

3-32 

108 

A o 

+ 

9*00 

4 2*02 

4- 5*37 

+ 513 

4 0*97 

4 2*58 

1 4 

7 * 71 

107 

As 

4 11*00 

4-2*02 

4- 7*61 

+ 6-27 

4 0*97 

4 3 *65 

I 4 

9*92 

106 

Kk 

— 

10*06 

- 3*76 

- 7*25 ! 

- 5*74 

- 1*81 

- 3*48 


9*22 

105. 

LI 

— 

9*91 

- 3*76 

- 6*57 

- 5*64 

- 1*81 

- 3*15 



8*79 

104 

Mm 

— 

10*96 

- 3*76 

- 7*25 

- 6*25 

- 1*81 

- 3-48 



9*73 

103 

"Np 

— 

11-40 

- 3*76 

- 7*25 

- 6*50 

- 1*81 

- 3*48! 

_ . 

9-98 

102 

O q 

— 

11*26 

- 3*76 

- 6*57 

- 6*42 

- 1-81 

- 3*15 


9*57 

101 



12-30 

i 

- 3*76 

- 7*25 

- 7*01 

- 1*81 

- 3*48 

— 

10*49 


may be completed. It should be noted that all the points a, c, /, h } lie 
on a straight line. 

The forces in the members can be scaled from the diagram, using the 
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load scale, or may be calculated by trigonometrical methods. They 
are tabulated in col. 3 of the preceding table. Tensions are called -f, 
compressions — . The actual dead load at a panel point, see <][ 4, 
§212, is 0-57 ton. Hence the actual forces due to the dead load 
are obtained by multiplying the figures in col. 3 by 0-57; they are 
tabulated in col. 6. In symmetrical frames, symmetrically loaded, 
as in the present case, only one half the stress diagram need be 
drawn. The method of numbering the bars in the Table should be 
noted ; the force in bar No. 101 will be the same as that in bar No. 1, 
and so on. 

The stress diagram for the wind on the right is given in Fig. 14. 
Since, the roof covers an open shed, there will be no forces on the side 
opposite to that from which the wind blows, see § 50. The method 
of finding the reactions is set forth in § 209, (v) and (vi), Fig. 328. 
With unit loads at the panel points the resultant wind load R is 6 units ; 
the leverage r can be calculated or scaled, and ns 46*1 ft. Hence 
V 2 - Rr/L = 6 x 46-1 ~ 75 = 3*69 units. 0 = 26° 34', V x + V a = 
R cos 0=5*37 units, and V 1 =l*68 units. The horizontal reactions 
Hi= H 2 = JR sin 0= 1 *34 units. These are represented in the force 
polygon, (ii) Fig. 14, by KL and BC ; and LA and AB represent V x and 
V 2 respectively. KLABCK is the polygon of external forces, and the 
stress diagram can be drawn in the usual way, use being made of the 
method of sections to find the force in bar A j. The forces in the bars due 
to the wind on the right, with unit load at each panel point, are given 
in col. 4 of the Table. The actual wind load at a panel point is 0*48 ton, 
II 5, § 212, hence the actual forces due to the wind on the right are obtained 
by multiplying the figures in col. 4 by 0*48 ; these forces are tabulated 
in col. 7. 

In this particular case, since the method of supporting the ends of 
the truss is exactly the same on both sides, the stress diagram for the 
wind on the left will be of exactly the same shape as that for the wind 
on the right, but reversed. The forces in the bars for the wind on the 
left, col. 5, can therefore be written down from those in col. 4, noticing 
that in col. 5 the force in bar No. 1 is equal to that in bar No. 101, col. 4, 
and so on. The actual forces for the wind on the left, col. 8, follow from 
col. 5 as before. 

Had the method of support at the two sides been different, as in (i) 
and (iii) Fig. 328, for example, separate stress diagrams for the wind on 
the right and for the wind on the left would have been required, and a 
separate determination of the forces in col. 5 necessary. 

The maximum force in any bar is the force in col. 6 plus that in col. 7, 
or the force in col. 6 plus that in col. 8, i.e. (dead + wind on right) or 
(dead + wind on left) whichever be the greater. These maximum 
stresses are tabulated in col. 9, and are used to find the dimensions of 
the members, §212. No impact factor need be used for wind loads. 
Should the wind reverse the stress in a bar, it must be designed to act 
both as a tie and a strut. 
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7. Separation of Frames. —It has been pointed out that when more 
bars exist in a frame than are necessary to divide it into triangles, the 


stress diagram cannot be drawn 
§ 3. (i) Fig. 15, which represents 

part of a lattice girder in which the 
diagonals are doubled, is such a 
frame. One diagonal in each 
bay is redundant, (ii) and (iii) 
Fig. 15 are frames (N girders) 
without redundant members, for 
which stress diagrams can be 
drawn. If the girder of (ii) be 
superposed on that of (iii), the 
girder of (i) is obtained. The 
forces in the bars of a lattice 
found by dividing it into two 
and (iii), and finding- the forces 
component girders, the actual 


by the methods just considered, sec 



Fig. 15. 


girder such as (i) can therefore be 
component girders, as shown at (ii) 
in these. When a bar exists in both 


force in it will be the algebraic 
sum of the two component 
forces. 

In (i) Fig 16 two N girders 
of the type shown in (ii) Fig. 
15 are superposed one on the 
other, but the second is shifted 
half a panel along relatively 
to the first. This necessitates 
an extra hah panel at each 



Fig. 16. 


end of the girder as shown at (iii). The combination, (i) Fig. 16, is 
called a Linville Truss. 


A double Warren girder , (i) Fig. 17, splits up into two single 
Warren girders, (ii) and (iii). In this case the angle which the diag- 
onals make with the horizontal is 


usually 45°, instead of 60° as in 
the normal Warren girder, Fig. 
275. 

A Bollmann truss , (i) Fig. 18, 
can be split up into three com- 
ponent frames (ii), (iii) and (iv) ; 
and a Fink truss , (i) Fig. 19, 
also can be dissected into three 
component frames. In this form 



Fig. 17. 


of truss, frame (iv) has to carry 

the reactions at the centre of the span from frames (ii) and (iii), as well 
as its own share of the load. 


It should be pointed out that this method of treating frames with 
redundant bars is only an approximation, though it is often sufficiently 
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accurate for practical purposes. More exact methods of treatment will 
be found in Chapter V. 



WWW W W 




8. Method of Sections. — Let (i) Fig. 20 represent a plane, framed 
structure, and suppose it cut by a section KK. Consider that portion of 
the frame to the left of KK, (ii) Fig. 20. In place of the three bars 
which are cut, introduce three forces F x , F 2 , and F 3 , of the same 
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magnitude and acting in the same direction as the stresses in the cut bars. 
Then the portion of the frame shown in (ii) will be in equilibrium under 
.the forces acting upon it, just as when it formed part of the whole frame- 
work. This condition enables the unknown forces F 1? F 2 , and F 3 to be 
determined, and these unknown forces are the forces in the cut bars. 
By successive applications of the method, the forces in all the bars of 
the frame can be found. To determine F l3 F 2 , and F 3 , three methods 
are usually available : 

(a) by taking moments ; 

(b) by equating components ; 

(c) graphically, by the polygon of forces. 

In the case under consideration it will be most convenient to take 
moments. To find F x , take moments about B, the point of intersection 
of F 2 and F 3 , the other two unknown forces. Their moment about B is 
zero, and the fact that their magnitude is at present unknown is im- 
material. Assume F x to act towards A, and call clockwise moments 
positive. Then, see (i), 

E x 6 - W \g — F,e = 0 ; and F x = 

If the numerical value of this fraction comes out negative, it signifies 
that the direction assumed for F x is incorrect, and that the force acts in 
the reverse direction to that assumed. The sign of the fraction is not 
an indication that the force is essentially tensile or compressive. 
Similarly, to find F 3 , take moments about C, the point of intersection of 
F x and F 2 . If F 3 act away from A, 

R lC _ Wl (c -d)- F ;j /= 0 ; and F 3 = ~ d ) . 

All the forces except F 2 are now known. Moments can therefore be 
taken about any convenient point, say A, in order to determine F 2 . 
Then, see (ii), 

R-jt x 0 *f W x d -j- F 3 yi -f- Fj x 0 — F Ji () 
from which F 2 can be found. 

In many cases it is not necessary to cut more than one bar. Suppose, 
for example, it be desired to find the force in BE, (iii) Fig. 20. Cut this 
bar and replace it by the force F 3 . The tendency of F a is to rotate the 
shaded portion of the truss about the point C. The moment about C of 
the forces acting on this shaded portion must evidently be zero, hence • • 

a,c - W,(c - 3) - FJ ; and F 3 = ElC “ ^ l(c “ <l) 

which determines the magnitude of F 3 . This application of the method 
is very useful in checking the accuracy of a stress diagram. 

The weakness of the method of sections is that it is often more laborious 
accurately to discover the lever arms of the forces than to draw a stress 
diagram ; and if the lever arms be merely scaled from a diagram of thp 
frame, this method of determining the forces in the bars is not necessarily 
more accurate than the stress diagram. 
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In a case like Fig. 21 , where the majority cf the members of a frame 
are either horizontal or vertical, and the loads also are vertical, the 



W W W W W 
Fig. 21. 


method of sections leads to very simple means of determining the forces 
in the bars. The method of numbering the bars should be observed. 

Forces in Flanges . — Cut bar No. 4 ; the frame tends to swing about 
joint 13.14. Take moments about this joint, & 

F 4 . b = Rj x 3a — W(a + 2 a) ; 

and, generally, 

F^ .6 = R x (n — l)a —7 W{a + 2 a + 3 a + . . + (n — 2)a} 

= R^n — l)a — Wa{l + 2 + 3 + . . + (n — 2 )} 

whence, R, - <’~ ‘ i f .<R,_ j 

, V 2 j 

by giving successive values 1, 2, 3, etc. to n , this formula will give the 
force in each member of the lower flange. 

Cut bar No. 13 ; the frame will tend to swing about joint 3 . 4 . Take 
moments about this joint, 

F 13 . 6 = R x x 3a — W (a + 2 a) 

and, generally, 

F do h n) 6 « Ri • na - Wa{l +2 + 3 + . . + (n - 1)} 

i n na ( „ T n — 1 ) 

whence, i < 10 + »> = j |Ri~ W j ; 

by giving successive values 1, 2, 3, etc., to n , this formula will give the 
forces in the bars forming the upper flange. 

Forces in Verticals . — Cut the F, 

frame by a diagonal section KK, as 
shown in Fig. 22. Then the alge- 
braic sum of the vertical forces on 
the part cut off must be zero ; hence, 

Rj— 3W— F 3 |= 0, F 34 ~ R,— 3W, 
and, generally, 

r<*o + ») = b.,- (»- i)w. 

This is an application of method 
( 6 ), p. 16, of applying the method of sections, namely by equating the 
components in any one direction of all the forces acting on the portion 
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of the frame cut off by the section. By equating horizontal components, 
it follows that F 1S = F 4 in magnitude, Fig. 22. 

Forces in the Diagonals . — The force in bar No. 34 is evidently the 
vertical component of the force in bar No. 24, Fig. 21, since no external 
vertical force acts at joint 13.14. Therefore F,„ = F„, cos 0 
and, generally, 24 


F( 2 o +n)— F (30 + sec 0 = {R x — (n — 1) W} sec 6 ={R X 


-(*■ 


■ \)wy a2 . ' r h \ 


Where, as in cases like the above, the type of frame lends itself to 
the forces in the bars may be found very quickly by this 

Equating Components. The method of equating components used in 
the above simple example can be extended to find the forces in the bars 
oi &ny statically determinate plane framework. 

Let OF, (i) Fig. 23, represent a force F acting at the 
point 0, and making angles 0 and <j> with the two co- 
ol dinate axes Ox and 0 y. Then its components 
parallel to the axes of a: and y are F cos 6 and F cos <4 
respectively. If there be several forces acting at 0, 
the sum of their components, acting parallel to these 
axes, will be 2 F cos 0 and 2 F cos ; due account 
must be taken of sign. Thus components acting in 
the directions Ore and 0 y may be considered as posi- 
tive, and those acting in the reverse directions as 
negative. But the sum of the components in any 
one direction of all these forces must be equal to the 
component, acting in the same direction, of the 
resultant of the forces. If R be this resultant, and 
0B. and 0] a be the angles which it makes with 0* 
and 0 y respectively, then its components parallel to 

R rnt T S yl B C0S ,\ and B 008 fa ’■ and R 0 B = 2 F COS 0 ; 

K cos (»e = 2P cos <f>. But 

R 2 = (R cos 0b) 2 -f (R cos 54 b) 2 = (2 F cos 0) 2 + (2 F cos 
from which R can be determined, and hence 0 B and J> R 

exte7LTw^ el ?° int + n 0fapl T frame > let R be the resultant of the 
meet at the ! S - SUpP ° Se that not more than two bars 

Then R 5ii wu P ° m !’ the f ° rCes in which [t is desired to determine 

»ri3e b M 

<££<£"■ aotfag there *• “ ro ' 

fa cos e i +fa cos 0 2 + R COS 0B = O 
F x cos <f> 1 + F 2 cos <j> 2 -f R cos <f> R = 0 ; 

*■ “ d F >. *k» »»Wa force, in a , tai M 
ound. The correct sign, most be given to the term. Boo.*, and 
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R cos fa and also to cos 0 V cos <f> x . . when a -{- sign for F x or F 2 will 
indicate a force acting away from the joint 0 and therefore a tension, 
and conversely for a — sign. Note that ~\~d is always measured in an 
anticlockwise direction from Or, and +<£ in a clockwise direction from 
0 y. If, in addition to F x and F 2 , there be other internal forces acting in 
bars meeting at 0, which forces are known, the equations become 

F x cos 6 X -f F 2 cos J 2 -fS Fic cos dk -f R cos 0 b = 0 
F x cos fa -f F 2 cos (f> 2 -f 2 Fjc cos fa + R cos fa = 0, 


where F& cos 9k and F& cos fa represent the components of the known 
internal forces. Again F x and F 2 can he found. This process, applied 
to every joint in turn of a statically determinate plane frame, will deter- 
mine the forces in all the bars. 

9. Space Frames. Non-Coplanar Forces. — If the bars in a frame- 
work do not all lie in one plane, the frame is called a space frame in contra- 
distinction to a plane fra me . The method s 
of finding the forces in the bars of a AC 

space frame are essentially the same as M / p P (i) 

those employed in the case of a plane f / f 2 3 

frame, though the application is rather / 
more complicated. f p jr 

Space Polygon of Forces . — Given a j F| 

number of forces acting at a point, but not 7 

necessarily all in the same plane, their 0 
resultant or equilibrant can be found by 
drawing a space polygon of forces, of 
which the sides are respectively parallel 
to the forces, and in length represent the 
magnitude of these forces to scale. The . 
closing line is the equilibrant of the given Fl0 2 4 

f 'ofj&s ; or, if its direction be reversed, it 

■^presents their resultant. Thus if F 1? F 2 , and F 3 , (i) Fig. 24, be three 

^forces acting at a point 0, represented in magnitude and direction by 
the sides of the figure OABC drawn parallel to the forces, (ii) Fig. 24, the 
force F 4 , represented in magnitude and direction by the closing line CO, is 
the equilibrant of F x , F 2 , and F 3 . Conversely, a force OC, acting in the 
opposite direction to CO, will be the resultant of F v F 2 , and F 3 . An appli- 
cation of this theorem involves drawing the plan and elevation of the space 
polygon of forces, see (iii) and (iv) Fig. 27. The sides of the plan and eleva- 
tion of this polygon will be respectively parallel to the plan and elevation of 
the forces, and the closing line, in plan and elevation, will 4 represent the 
plan and elevation of the equilibrant or resultant, as the case may be. 
A word of caution is necessary : in order to scale the length of a line, its 
true length must be found by the well-known geometrical construction. 
Only when this is done can the magnitude of the force which it represents 
be determined. 

Equating Components . — As in the case of co-planar forces, the resultant 
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of a number of forces acting at a point, but not all lying in the same 
plane, can be found by determining the components, parallel to the 
co-ordinate axes, of all the forces. The algebraic sum of all the com- 
ponents parallel to any one axis will be equal to the component of the 
resultant parallel to that axis. Let OF, (iii) Fig. 24, represent a force 
F acting at the point 0, and let Z, m, and n be the direction cosines of the 
force. That is to say, Z is the cosine of the angle aOF, m is the cosine of 
the angle 2 /OF, and n the cosine of the angle zOF, where 0.r, Oy, and 0 z 
are the directions of three co-ordinate axes. Then the component of 
the force F in the direction of the x axis is FZ ; and if there be several 
forces acting at the point, the sum total of their components in the 
direction 0;r is EFZ, which is equal to R . Zr, where R is the magnitude 
of the resultant and Zr its direction cosine. Thus R . Zr— EFZ; and 
similarly, R . = EFm ; and R.?ir = £Fw. Due account must be 

taken of the sign of each of the forces. Knowing its three components, 
the magnitude of R is easily determined, for 

RW + % 2 + n R 2 ) = (EF Z) 2 + (EFw)* + (EF») a ; 
and Zr 2 -f wr 2 + Wr 2 = 1 . 

Hence, R 2 = (EFZ) 2 + (EFm) 2 + (EF n) 2 . 

Having found R, the values pf Zr, %, and kr follow at once (Zr — SFZ/R 
and so on), and R is completely determined. 

10. Forces in the Members of Space Frames. — Given a space frame 
acted on by a series of external forces, it is possible, by means of the above 
propositions and their converses, to find the forces in all the members, 
provided, 

(1) that the framework be composed of just sufficient bars to form 
tetrahedrons, no more, no less, and that it be so arranged that, starting 
with a tetrahedron (6 bars, four joints) as a nucleus, it might be built up 
by the addition of three bars at a time to form a fresh tetrahedron. In 
such a framework the number of bars will be equal to three times the 
number of joints minus six ; 

(2) that where three or more bars meet, their central axes must inter- 
sect in the same point, and that the joints are frictionless, and incapable 
of resisting a bending moment ; 

(3) that the external or applied forces, together with the external 

reactions which they produce, are in equilibrium, and that they are 
applied at joints of the framework. „ 

Graphical Methods. — Suppose that a number of external forces act 
at a joint A, (i) Fig. 25, which is the point of intersection of the three 
bars Nos. 1, 2 and 3, and that it is required to find the forces F x , F 2 and 
F 3 in these bars. Find the resultant R, of the external forces, by either of 
the methods given in § 9. Let AI be the line of intersection of the plane 
containing R and bar No. 1 with the plane containing bars Nos. 2 and 3 ; 
and, neglecting for a moment the forces in bars Nos. 2 and 3, suppose 
that a force F 2>3 acts along AI, such that the forces R, F v and F 2>3 are 
in equilibrium. Since they lie in one plane they can be represented in 



THE FORCES IN FRAMED STRUCTURES 


21 


magnitude and direction by the sides of a triangle, (ii) Fig. 25. The 
magnitudes of F* and F 2>3 are thus determined. But the forces R, F x , 
F 2 , and F 3 are in equilibrium ; therefore F 2>3 must be the resultant of 
F 2 and F 3 . A second triangle of forces, (iii), drawn in the plane containing 
F 2 and F 3 will determine these two forces. Applications of this method 



will be found in § 11. By thus treating each node of a space frame in 
turn, the forces in all the bars can be found. 

Alternatively, a complete stress diagram (drawn in plan and elevation) 
may be constructed, but the work is usually complicated. 

Equating Components . — Since the sum of the components in any one 
direction of all the forces acting at A, Fig. 25, must be zero, by resolving 
parallel to Ox, 0 y, and Oz, 

Fi^i 4 F 2 Z 2 4* F 3 Z 3 -f R.Zr = 0\ 

F 1 m 1 + F 2 m 2 -f F + R .m R = (H . . (1) 

F^ -f- F 2 ?i 2 + F 3 n 3 + R.tir = ()J 

where Zr, wr and n R are the direction cosines of R, the resultant of the 

external forces at A, and l 2 m 2 n 2t Z ;J m 3 ?i 3 are the direction 

cosines of the bars. In these equations everything is known except 
F 1? F 2 , and F 3 , the forces in the bars, and there are three equations to 
determine the three unknowns, which can be found in the usual way. 
The values are given by the determinants : 


F x 

-F, 

F, 

R 

i ^2 ^'3 


Zi Z 3 Zr 


Z 2 Zr | 

1 /, l % l 3 

| m 2 wir ' 


m x m 3 wr 


m x m 2 m R j 

[ m 1 ?n 2 w s 

1 n 2 « j »n 

' n x n 3 n R 


n x n 2 n R 1 

1 7l l )l '± V Z 
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If, in addition to F 1? F 2 , and E 3 , there be other internal forces acting 
in bars meeting at A, which forces are known, eq. (1) becomes^ 

IVi + P 2 l 2 + F 3 Z 3 + 2 Jfktk + R-*e - 0\ 

+ P 2 m 2 + F 3 m 3 q- S F mh + R.% « 0 . • (3) 

■^1^1 p2^2 “h I 3 ^ 3 ~i" 2 F Jc^lc ~b R-«b ~ b 

-where F F&m&, F&?ifc, represent the components of the known internal 
forces. From these equations F 15 F 2 , and F 3 can be found as before. 
If the correct signs be given to R Zr, Rwr and R??r, and also to the direc- 
tion cosines (+ directions for the angles are indicated in (iii) Fig. 24) a 
+ sign for F x , F 2 or F 3 will indicate a force acting away from the joint A 
and therefore a tension, and conversely for a — sign. Provided that 
there be not more than three unknown forces at a node, these can always 
be determined, and by applying the process to each joint in turn, the 
force in every member of a space frame may be found. 

Tension Coefficients. — A useful method of determining the forces in 
the bars of space frames has been suggested by Professor Southwell. 23 
Let the magnitude of the force F in a bar b,e expressed in the form F = 
tL, where L is the length of the bar and r is called the tension coefficient 
for the bar. If in eq. (1), R.Z r = X, R.m R = Y, R.wr == Z, be the 
components of the resultant external force R, measured parallel to the 
three co-ordinate axes, eq. (1) may be written, 

"h X 3 L 3 Z 3 *[• X = O'! 

T iI J x m a + t 2 L 2 w 2 -f T3L3W3 + Y — 0 L . (4) 

r i-^'i 7l i d" t 2 L 2 w 2 + d* Z = O) 

_Now L^ is the projection of the bar AB (bar No. 1) on to the x axis, 
i.e. ( xb — x a ), (iv) Fig. 25 ; L l m 1 the corresponding projection on to 
the y axis = {yb — ya) and so on. Hence eq. (4) can be written 

r x {xb - x a ) + t 2 (*c - x a ) + r z {xd - x a ) + X = 0) 

Ti (yb - ya) + r 2 {y e - ya) + t z {yd - ya) + Y = 0 (5) 

r x (zb - za) + t 2 (z c - z a ) + r z {zd - z a ) + Z = 0/ 

in which equations the lengths (xb — x a ) . . . (zd — z a ) can be measured 

directly off the plan and elevation of the frame — a great advantage. 
Solving eq. (5) for r v r 2 and r 3 , the unknown forces in the bars are at once 
obtained by multiplying by the lengths of the bars ; F x » tJLi, . . . 
In an ordinary space frame, three equations such as eq. (5) are written 
down for every node. These equations, treated as simultaneous, furnish 
values of r, and hence of F, for every bar. The conventions as to sign 
are the same as for eq. (1). A worked example will be found in § 11. 

11* Sheer Legs and Tripods. — Consider the forces in a pair of sheer 
legs, (i) Fig. 26. The two legs or sheer poles AC, AD, are connected 
together at the point A, and supported at C and D in such a manner that 
they can swing about the line CD as an axis. The point A is supported 
by a back stay AB, which can be lengthened or shortened in order to vary 
the overhang GE, (ii). Alternatively, to 1 effect the same purpose, the 
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point B may be moved in and out by means of a screw. Sheer legs are 
used for lifting heavy weights, which are slung from the point A. The 
forces in the members can be found as follows : The load W and the 
back stay lie in one plane, which intersects the plane of the legs in the 
line GA. Let F 2 . 3 be the force which, acting along GA, would maintain 
the load W and the force in the back stay in equilibrium. Then F 2>3 
must be the resultant of the forces in the legs. The magnitude of F x , 
the force in the back stay, and of F 2 Z , can be obtained by drawing the 
triangle of forces (iv) ; F 23 can afterwards be resolved along the two 



Fig. 26. 


legs, as shown at (iii), and the forces F 2 and F 3 determined. It will be 
noted that, in order to get the true length of the legs AC and AD, the end 
elevation (iii) must be projected at right angles to GA, otherwise the result 
will be incorrect. F 1 is a tension, F 2 and F 3 compressions. The magni- 
tude of Fjl might be found by taking moments about G, (ii), W x EG = 
F x x NG ; or, F x = W (EG/NG). The horizontal pull H on the screw 
at B is the horizontal component of F v 

TT ~ EB * Tr EG EB ,, r EG . EB 

h - f >'ab- w -ngae- w 'aS.bg' 

The forces in the members of a tripod, (v) Fig. 26, can be found in 
exactly the same way as those in a pair of sheer legs ; the fact that the 
bars AC, AD slope inwards instead of outwards makes no difference to 
the method ; (v) is lettered to correspond with (i). If the feet of the 
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tripod are tied together by the bars BD, DC, CB, (vi) Fig. 26, find the 
forces in the bars AB, AC, AD, as before. Then, at the point B, the 
force in the leg (AB) can be resolved into a vertical and a horizontal 
component, and similarly at C and D. The vertical components will be 
equal to the reactions R la R 2 , R 3 , from the ground, the horizontal com- 
ponents H 1? H 2 , H 3 must be carried by the triangular frame BCD as 
shown at (vii), for which the stress diagram can easily be drawn. To 
obtain these vertical and horizontal components, views must be drawn 



showing the true shape of each of the triangles AEB, AEG, AED, as at 
(viii), where AED, and the resolution of F. } into H 3 and R 3 , are shown. 

Graphical Treatment. — Fig. 27 gives the complete geometrical construc- 
tion for finding the forces in three bars of a space framework which inter- 
sect at a point 0, due to a number of forces acting at the point, (i) and 
(’i, are the plan and elevation of the bars, and of the forces acting at 0 ; 
(iii) and (iv) are the plan and elevation of the force polygon from which the 
resultant R is derived ; (v) is an elevation on a plane perpendicular to 
the plane OBC. Let ?n, m be the plan and elevation of any point M in 
the line of action of the force F 2 ; find the true length of OM by the usual 
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geometrical construction, shown with dot and dash lines in (i) and (ii). 
Mark off along o'M in (ii) the magnitude of F 2 to the force scale, and 
project back to find the plan and elevation of the length thus determined, 
which plan and elevation represent, both in magnitude and direction, the 
force F 2 . Treat the other forces F x and F 3 in a similar way. The plan 
and elevation of the force polygon in (iii) and (iv) can be set out by drawing 
lines parallel, and equal in length to the plan and elevation of the forces 
in (i) and (ii). The closing lines represent the plan and elevation of R, 
their resultant, which can now. be shown in (i) and (ii). To resolve this 
resultant along the three directions AO, BO, and CO, dz^aw an elevation 
(v), taken at right angles to the plane BOC, and show the resultant R in 
this elevation. Then whatever be the forces in BO and CO, their resultant 
will act along the line b"o" in (v), and by drawing the elevation of the 
triangle of forces for the point 0 in (v), the elevation of F A , the force 
in AO is determined, and its plan can be obtained by projecting down- 
ward to (i). 

The resultant R will be the equilibrant of the forces F A , F B and Fes 
in the bars AO, BO, axid CO ; the plan of one of these F A is known, hence 
the plan of the other two can be obtained by completing the stress diagram 
for the point 0 in plan, as shown in (iii), taking the forces in cyclic order. 
The elevation of the stress diagram can be found by projecting upward 
to (iv), and drawing lines parallel to the elevation of the bars in (ii). The 
plan and elevation of the forces in the three bars meeting at 0 are thus 
determined, and the magnitude of these forces can be found by deter- 
mining the true length of the lines. An example, that for F B , is given in 
(iii) and (iv). The above process might be repeated for every node point 
of a statically determinate space frame ; or, in simple cases, a complete 
stress diagram can be drawn for the whole frame, in a manner analogous 
to that for a plane frame. 

Application of Tension Coefficients. — The above problem may be solved 
very simply by means of tension coefficients, § 10. Resolving the external 
forces parallel to the three co-ordinate axes : 


Components parallel to 

Ox 

O y 

Oz 

Of Kj .... 

+ 0*70 

- 1*40 

-0*70 

F s .... 

+ 1*80 

4* 0*00 

+ 2*20 

I F 3 .... 

! „ 

+ 1*20 

+ 2-80 

- 1*80 

j Total (ton*) 

X « + 3*70 

Y « - }- 2*00 

Z « - 0*30 


Scaled from the plan and elevation, Fig. 27 : 

*a — J'o — d- 4-0 cel) — x 0 = — 6-0 x c — x 0 = + 2-0 

Va -!/o -■ 0-0 yb -y 0 = - 2*4 y c - yo = ^-4 

z a ■ • z 0 10-0 zb ~ z 0 = — 10*0 z c — zo « — 10*0 

feet 
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Substitute in eq. (5), § 10 : 

-f 4*0 r x —6*0 r 2 *f 2*0 t 3 4. 3*7 -0 
— 6*0 r 1 —2*4 r 2 4* 6*4 r 3 -|- 2*0 = 0 
- 10*0 Ti - 10*0 r 2 - 10*0 r ;i - 0*3 - 0. 

Solve as simultaneous, r x = —0*1504; t 2 — + 0*4174; r 3 = —0*2970; 

this must be done accurately. 

Lengths of members : 

OA = L x = V (afc - .r 0 ) 2 + (?/o - i / 0 ) 2 -H (z a - z 0 ) 2 

= i/(4-0) 2 + ( — 6-0) 2 + (- 10-0) 2 = 12-33 ft. 

OB = L 2 = V(- 6-0) 2 + (- 1T4) 2 " +1 - 10-p) a = 11-91 

OC L 3 = V (2 • 0) 2 + (6-4) 2 + (~1F0) 2 =12-04. 

Then the force in OA = t 1 L 1 = — 0 • 1504 x 12-33 = — 1-85 tons 

OB =t 2 L 2 = + 0-4174 x 11-91 = + 4-97 

OC = t 3 L 3 = - 0-2970 x 12-04 = - 3-58 

The corresponding values, scaled from the original of Fig. 27, were 

F A = - 1--84, F b = + 4-94, F c = - 3-62 tons. 
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12. Deflection of Framework. Graphical Methods. — The deflection of 
framed structures may be determined by an application of the principle 
of work, §§ 69 and 70, or by one of the following graphical processes. 

Given a bar of length l and area a, stressed by a force F, the stress in 
the bar will be F ja, and the strain 81/1, where 81 is the alteration in length 

E 3/ E/ 

due to F. Since the stress = E x strain, - = E , , and 81 = The 

CL 1 L hiflfj 


ratio l ja will be denoted by A ; and S l = — A. Consider a simple frame 


such as ARC, Eig. 28, attached to rigid supports at A and R and carrying 
a vertical load W at C. If l x be the length of the bar AC, a x its area, and 
'F 1 the force it sustains due to W, the alteration in length’ of AC will be 
E l F 

SZ i “ Eo 7 “ E 1 Al * Since the force in AC wil1 be a tensi< >n, E x will be 


considered as positive* 8^ will be an elongation, i.e. a positive addition 
to the length of the bar. Owing to this elongation C will move to C', 
*where CC represents the alteration in length to a larger scale. The 
point C is capable of another movement, for the bar AC can swing about 
tiie point A as centre, when C will describe an arc struck from that centre. 
The actual movement, which will be determined by the other bars of 
the frame, will be very small, and the arc may be represented ixx Fig. 28 
by the line C'C X at right angles to CC'. Consider next the bar BC. The 
force in this will be a compression - F 2 , and the contraction in length is 
M This is represented in Eig. 28 by the distance CC". 

Rut the bar RC is capable of swinging about the point B, and C will 
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describe an arc about B as centre, represented by the line C^C*. It 
follows that the final position of C will lie on the line 0'C t and also on 
the line C/C v that is to say, its real position must be their intersection C x . 
The path of C, therefore, will be from 
C to C v . Its vertical displacement is 
Av = CC 2 and its horizontal displace- 
ment is Ah = C^. The method is 
due to Williot 25 . 

Example. — Fig. 28 has been drawn 
accurately to scale for the frame shown 
in Fig. 105. For the bar AC, l x = 80 
in.., a x = 1 -6 sq. in., X 1 •= 50, F x = 8 
tons, and § l x — 0*0308 in. For the bar 
BC, l 2 = 70 in., a 2 =2*5 sq. in., A 2 = 


28, F 2 


7 tons, and SZ 2 — — 0*0151 



C' 


in. From the diagram Av = 0*035 in., 

Ah = 0*008 in. (Compare the calcu- 
lated values given in the example § 70.) 

E = 13,000 tons/sq. in. 

The method can be applied to more 
complicated cases, subject to the conditions that the structure is a perfect 
frame, and that the forces and alterations in length in all the bars can 
be found. It is necessary that the position in the distorted frame of one 
end of a bar be known before that of the other end can be determined. 

Suppose it be required to 
find the displacements of the 
points C and D of the frame 
shown in (i) Fig. 29 when a load 
W is applied at D. A is a fixed 
point, B is only capable of verti- 
cal motion. Find first the 
forces in all the bars and the 
corresponding alterations in 
length. Start the displacement 
diagram, (ii) Fig. 29, at a pole 
O, which represents any fixed 
point on the frame. Since A is 
a fixed point it will be repre- 
sented in (ii) by a coincident 
with the pole. The bar AB will 
lengthen an amount ab = SZ 3 , 
plotted downward from a , since 

B moves in that direction. As B is only capable of movement in a vertical 
direction, b represents the final position, and 06 the total movement of B. 
Consider next the bar AC. The extension of AC is 8 l t — ac', drawn parallel 
to AC and downward from A, since C will move in that direction. C is also 
capable of moving about A as centre, which movement is represented 
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by c'c at right angles to ac\ Similarly, bd\ drawn parallel to BC, repre- 
sents SZ 2 , the contraction in length of BC, and is plotted in a direction 
corresponding with the movement of C towards B. The line c"c at 
right angles to be" represents the motion of C about B as centre. Hence 
c is the final position, and 0 c the total movement of C. In like manner, 
ad' represents the extension of AD, and d'd the motion of I) about A ; 



cd" represents the contraction of DC, and d"d the motion of I) about 0. 
Therefore d is the final position of D, and Od is its actual movement. 
Av and Ah, respectively, are the vertical and horizontal components of 
that movement, (ii) Fig. 20 is called the displacement or Williot diagram 
for the frame. 

Fig. 30 is an application of the method to a bridge truss, unsymnietri- 
cally loaded. To find the displacements of the different node points of 
the truss, assume that C is a fixed point and CM a fixed direction. Kind 
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the displacements of the node points as if each half of the truss were a 
cantilever projecting from CM, exactly as in the previous case. The 
diagram for the left-hand cantilever is shown at (ii), and for the right- 
hand cantilever at (iii). In this instance, since there is no stress in CM, 
both c and m will coincide with the pole 0. Then 0(7, 0 j, Oa, Oh, Ok, 
and 06 represent the displacements of the points G, J, A, H, K, and R 
relative to the line CM. But under the conditions shown in Fig. 30, A is 
a fixed point and AB always remains a horizontal line. In order to 
obtain the displacements relative to AB, transfer the vertical com- 
ponents of all the displacements to a base line ah, (iv), which represents 
to scale the bottom flange. Thus aa 2 = Ay ; 66 2 = Ay' ; gg 2 — g'g 
in (ii) is the vertical displacement of G, and so on. Join a 2 g 2 c 2 h 2 b 2 , 
and also a 2 6 2 . Then « 2 6 2 represents the real datum line AB, and g x g 2 , 
C]C 2 , h x h 2 > are vertical displacements of the node points G, C, H, 
below this line. Similarly, if jj 2 and kk 2 be the vertical displacements 
of J and K relative to the pole 0, then j x j 2 , m x m 2 , and k x k 2 are the vertical 
displacements of the points J, M and K below their original position. 
To obtain the horizontal displacements of the node points relative to the 
fixed point A, plot on a base line a06, (v), the horizontal displacements 
relative to the pole 0, taken from (ii) and (iii) ; Oa = Ah ; 06 = Ah' ; 
and c coincides with 0 ; Og in (v) -■= Og' in (ii) ; OA in (v) = OA' in (iii) 
and so on. Then, in this diagram, ca is the relative movement of A to C. 
But A is a fixed point and C moves, therefore ac is the movement of C 
relative to A, and similarly for the other points G, H, and B ; ah is the 
horizontal movement of B. To find the displacements of J and K 
relative to A, consideration must be given to the fact that the conditions 
are unsymmetrical, and that Ay is not equal to Ay', so that the line a 2 b 2 
in (iv) is not parallel to AB. In other words, if CM retained the vertical 
position assumed when drawing the displacement diagram, B would 
have to deflect downward a distance (Ay — Ay'). Since this cannot 
happen, it is necessary to impose on the truss as a whole an anticlockwise 
rotation about A, to bring b 2 back to the horizontal. The effect of this 
is to move M a distance 8 to the left, such that 8 = (Ay — Ay')D/L, see 
(vi) Fig. 30. The real position of m will then be as shown in (v), displaced 
a distance 8 from the centre line. Plot from the point m, along the upper 
line in (v), the horizontal displacements mk, mj, of K and J, from (ii) 
and (iii). Then the distances of k , m, and j , from the vertical through 
the fixed point a , give the true horizontal displacements of K, M, and J. 

The vertical and horizontal displacements of every point on the 
truss are now known. 

Mohr's Method . — An elegant solution of the above problem, due to 
Mohr, 31 is ^fiven in Fig. 31, in which use is made of the Instantaneous 
Centre theory. If* the truss in (i) Fig. 31 be in motion as a rigid body, 
every node point will move about an instantaneous centre I, and the 
relative displacement of each point will be proportional to its distance 
from I. Further, if a pole o be taken, (ii), and a pencil of rays be plotted, 
representing to scale the displacements of the node points in (i), such 
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that a 0 o represents the displacement of A, m Q o the displacement of M, 
b 0 o the displacement of B, and so on, then the outer ends of these rays 
will coincide with the node points of an outline of the truss, drawn to a 
different scale and turned through a right angle, as shown at (ii) Fig. 31. 
This will be evident from the similarity of the two figures (i) and (ii). 
It will also be evident that every line in (ii) is perpendicular to the corre- 
sponding line in (i). Thus a 0 o is perpendicular to AI, k Q o to KI, m 0 c 0 to 
MC, a 0 b 0 to AB, and so on. Hence, if any line in (ii) can be determined, 
say a Q b 0> the whole figure can be drawn. The application of the above 
will be seen in what follows. 

Suppose it be desired to find the displacements of the node points of 
the truss in question when supported and loaded as shown in (i) Fig. 30. 
Treat A as a fixed point and AJ as a fixed direction, and using the pole 
0, (iii), draw the Williot displacement diagram for the truss. With 
these assumed conditions, the new position of the point B will be repre- 
sented by b, and 0 b 0 is the apparent vertical upward displacement of B. 
But in the actual conditions, (i) Fig. 30, the vertical displacement of B 
must be zero. Hence the truss as a whole must be given a clockwise 
rotation about the fixed point A, which becomes the instantaneous 
centre, to bring B back to the horizontal. Set out on O6 0 as a base an 
outline of the truss, shown in broken lines at (iv). From the theory 
given above [compare (i) and (ii)] it follows that b Q 0 represents the 
Vertical displacement of B due to the rotation about A which brings B 
back to the horizontal, and c 0 0, g 0 0, k 0 0, and so on, represent the corre- 
sponding displacements of the other node points due to the same rotation ; 
the coincident points a , 0 represent the pole o in (ii). 

Consider any node point H. It will have a displacement Oh due to 
the deformation of the truss, plus a displacement h 0 0 due to the rotation 
about A. The resultant of these two displacements is h 0 h, and this 
resultant displacement is the actual displacement of H relative to the 
fixed point A. It can be resolved into two component displacements h 0 q 
downward, and qh to the right. The same reasoning is true for every 
node point, and it follows that the line joining a node point in the broken 
line figure (iv), to the corresponding node point in the Williot displacement 
diagram (iii), gives the true displacement of the node in question, in both 
magnitude and direction, relative to the fixed point A. Thus b 0 b is the 
horizontal displacement of B, m 0 m is the displacement of M, and so on. 

The deflection polygon (v) for the lower flange is obtained by direct 
projection from (i), (iii), and (iv) ; h-Ji 2 = h 0 q represents the vertical 
displacement of H, and so on. It will be found that h t h 2 in (v) Fig. 31 
is exactly equal to h 1 h 2 in (iv) Fig. 30 ; and qh in (iii) Fig. 31 is exactly 
equal to ah in (v) Fig. 30, and similarly for the other node points. 

Except in the case of composite frames it is convenient to leave E 
out of account until the end of the calculation, in order to avoid decimal 
places. Assume in the first place that E = unity, so that 81 = FA, and 
* proceed as before to find the displacements*. The results thus obtained 
must be divided by the real value of E, to get the true magnitudes of the 
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displacements. An example worked in this way will be found in § 118, 
Kg. 188. 

13. Temperature Effects. — The Williot diagram can be used to find 
the displacements due to alterations in temperature. The extension of a 
bar of length l 3 due to a rise in temperature t°, is all , where a is the co- 
efficient of expansion per degree. If the temperature fall, i is negative, 
and the alteration in length is a contraction, — a tl. These alterations in 
length due to temperature enter into the construction of the Williot 
displacement diagram in exactly the same way as those due to stress. 
In a bar subjected to a force + E and a temperature alteration + t°, the 
total alteration in length is 

^ — xr: + oil . . . . (1) 


It is worth noticing that this equation may be written 
%1 A _l ( a ^E)^ 

U ' E + E 


so that the expression alK may be regarded as a stress intensity ^ 0*15 
tons/sq. in. per degree C. in mild steel. 


(In the two following articles some knowledge of the contents of 
Chapters V and VI is presumed.) 


14. Deflection Polygons. 
1 Elastic Weight ’ Method. 

— This method of finding 
the deflection polygon of 
a braced girder is due to 
Mohr. 24 It is analogous to 
that of § 54, p. 95, Vol. I, 
for beams. Given a plane 
frame, (i) Fig. 32, loaded 
in any manner, to find the 
deflection polygon for the 
flanges. Suppose, for the 
moment, that the shaded 
portions of the frame, (ii), 
are rigid ; then the de- 
flection of the point m 
will be entirely due to the 
alteration in length of the 
bar pq. To find the verti- 
cal displacement of m, 
apply a unit vertical load 



there. From Mohr’s work 


Fig. 32. 


equation, eq. (8), § 81, 

1 x ym = F / . S l 


( 1 ) 


where y m = m-pn in (iii) is the vertical deflection of m, F' the force in the 
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bar pq due to the unit load, and 81 the alteration in length of pq due to 
the actual loads on the frame. The deflection curve for the partially 
rigid frame of (ii) will be a 2 m& 2 , (iii) Fig. 32. But this diagram might 
have been obtained by applying a load W m of a certain magnitude at m, 
and drawing a bending moment diagram for this load, using the force 
polygon (iv), in which case the ordinate m x m ~ ym represents the moment 
at the point m due to a force Wm applied there. But this moment is 
equal to Fm x r, where F m is the force in the bar pq due to Wm ; hence, 

ym = F m x r . . . . (2) 

If a load W = 1, applied at m, produce a force F 7 in the bar pq , and a load 
Wm produce a force F m in that bar ; then, 

F 7 : Fm — 1 * W m ; and Fm = WmF 7 
From eq. (1) y m = F 7 .81; therefore, from eq. (2), 

ym = F m x r = W m FV = F 7 . 81 ; 

81 

whence, Wm = — (3) 

If then a load Wm = 81 /r be apphed to the frame in (ii) at the point m, 
and the moment diagram a 2 mb z be found in the usual way, using the force 
polygon (iv), this diagram will be the deflection polygon for the frame. 
The load Wm is called an £ elastic load.’ If F be the actual force and / 
the actual stress in the bar pq , l and a the length and area of that bar, 

8^ = -^ = g - fl ; and from eq. (3), W m = ^ 

It is convenient to call the value of E unity, and to take its real value 
into account at the end of the calculation, when 

W m =/£/** (4) 

Knowing then the actual stress / in the bar and the dimensions of the 
frame, the elastic load can be found and the moment diagram a 2 mb Zi (iii), 
for the semi-rigid frame (ii) can be drawn. 

Scales . — Suppose that the length scale be 1 inch = a x inches of span, 
and the load scale be 1 inch = a 2 units of elastic load. Then if ym be the 
deflection measured from (iii) in inches, and H 7/ be the polar distance 
measured from (iv) in inches, the actual deflection, allowing for the value 
of E, is i 

ym = g • 2 /m'H 77 x inches ... (5) 

Similarly, assuming the rest of the frame to be rigid, and considering 
the bar hp; if a load Wn =8l/r — fl/Er , be applied at the point n 
(8l } r, /, and l have reference to the bar kp) } the moment diagram a 2 nb z 
in (iii) will give the deflection produced by the alteration in length of Icp, 
If this, process be repeated for every panel point, top and bottom, and the 
ordinates at any one panel point of all the diagrams so obtained be added 
together, the total deflection of this panel point due to the alteration in 
length of all the bars in both flanges, will be obtained. It is simplest to 
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set off the elastic loads Wm,Wn, . . . = fl/r on a load line (v), and to 
draw the funicular polygon as shown in (iii). The deflection polygon 
for the top flange is obtained by joining the points a 2 k 2 p 2 q 2 b 2 ; that for 
the bottom flange is obtained by joining ct 2 n 2 m 2 b 2i (vi). The argument 
given above as to scales applies equally well to the complete funicular 
polygon ; the total deflection at any panel point can be obtained from 
the scaled dimension in (iii) by using eq. (5). 

Signs . — The sign of the stress in the bar must be taken into account 



Pig. 33. 


in eq. (4). If the stress in p# be compressive and negative, the bar will 
shorten, i/ m will be a downward and positive deflection, and W m must be 
a downward load. If the stress in nm be tensile and positive, the bar 
will lengthen ; y.p will be a downward and positive deflection, and W p 
must be a downward load. A negative value for / in the upper flange, or 
a positive value for / in the lower flange, implies therefore a downward 
load, and vice versa. 

hjfccl of Web Members . — The deflection produced by the extensions 
and contractions of the w'eb members, which is not taken into account 
m the above analysis, can also be found by applying a system of 1 elastic 
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loads ’ to the panel points, and drawing the deflection polygon for these 
loads exactly as in (vi) Fig. 32. In (i) Fig. 33, cut the bars pq 3 qm 3 and 
mb by a section as shown, and produce pq and mb to meet in i. Take 
moments about i ; the moments of the forces in pq and mb are then zero, 
and the effect of the force in qm can be studied separately. Let the 
perpendicular distance from i to qm be r. 

If yn = w x ?i, (iv), be the vertical deflection of any point n due to the 
extension 81 produced in qm by the actual loads on the girder, from Mohr’s 
work equation, eq. (8), § 81, 

I x y n = F . 81 . . . . (6) 

where, as in the case of the flanges, F' is the force in qm due to a unit 
vertical load applied at n. If R x ' and R 2 ' be the reactions at a and b 
(both upward) due to this unit load, R 2 ' = L x /L ; and, taking moments 
about i, F V = R 2 V 0 , whence F' = r^JrL, and 


1 x y n = 


8 1 


r 0^1 

L 


(7) 


By analogy with the analysis for the flanges, if an elastic load 81 Jr be 
applied at i, the centre of moments for the bar qm under consideration, 
the moment at the point n due to this load will represent the deflection 
y n . Since i lies outside the girder, in order to conform to the conven- 
tions as to signs used in (iii) Fig. 32, the elastic load at i must act up- 
wards, when the reaction at a will also act upwards, and the upward 
moment at n will represent the downward deflection y n • This may be 
proved as follows : Let R/ and R 2 " (ii) be the reactions at a and b due 

81 T 

to the elastic load 8l/r acting upwards at t. Then R/ = — . ™ ; and the 


upward moment at 


81 


R/T^ = — . , which from eq. (7) is equal 


r L 

to y n - But the member qm is a tie, and if the deformation of the panel 
pqbm be considered, it will be seen that due to the extension of qm the 
point m will move downwards and the point q upwards.* 

To obtain, therefore, a complete deflection polygon corresponding to 
the extension of qm\ two elastic loads must be applied to the girder, Wm 
downwards at m, and Wq upwards at q, (i and iii). The magnitude of 
these must be such that they produce the same moment at n as does 81 /r 
applied at i, in other words, the values of R/' and R/ must be the same 
in both cases, or 

R/ + " = w m + w q 

and the sum of the moments of Wm and Wq about any point must equal 

that of 81 Jr. Taking moments about q v (iii), 

S* - ttt , w bl q x i 81 1 fl 

X q x i = W m x m 1 q 1 ; and Wm = - - --- g - (8) 




* This can be verified by a direct application of Mohr’s work equation (eq. 6), 
by applying a downward load W = 1 first at m, for which the value of F' in qm will 
be positive ; and secondly at q, for which the value of F' will be negative, or opposed 
to that of 8 1 , showing that the deflection at q will be negative, i.e. upwards. 
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for gii/mi<h — r/r v and U =fl/ E. Taking moments about m v (iii), 


X m x i = W q x m x q x ; and Wq 


81 m x 
r ' m x q x 


for Wiii = rjr z ; r x and r 2 are indicated in (i). If, therefore, 
two elastic loads, W m ~fl/r x downwards, and Wq = ///r 2 upwards, be 
applied at m and # respectively, the corresponding moment diagram 
amqb, (iv), drawn by means of (v), will be the deflection polygon for the 
extension of bar qm. The value of E must be taken into account at the 
end of the calculation. If similar elastic loads for each web member be 
determined, the total elastic load at each panel point is obtained by addi- 
tion, and from these a complete web deflection polygon may be drawn. 
Alternatively, the web elastic loads may be added to the flange elastic 
loads, and a combined deflection polygon constructed. The treatment 
as to scales is as set forth for the flange polygon. Mohr’s rule for the 
direction of the web elastic loads is : when the stresses in the flange and 
the web member are like in sign, the elastic load at their intersection acts 
downwards (+), arid upwards (-) when they are unlike. In a girder 
with vertical web members, (vi), it is best to ignore the deformation of the 
verticals when calculating the web elastic loads, and to construct a dia- 
gram, anmsb, (viii), showing the deflection polygon for the lower panel 
points. If these panel points be lowered (or raised) an amount 81 , equal 
to the alteration in length of the verticals, the deflection polygon fkpqh 
for the upper panel points is obtained. 

Worked Example.— 'To draw the deflection polygon for the upper and 
lower flanges of the braced girder shown in (i) Fig. 34-, when loaded with 
12 tons at the point m. Considering first the effect of the deformation 
of the flanges, the calculations are set forth in tabular form below, the 
units being tons and inches. The values for the length and area of each 
bar are given in cols. 2 and 3 of the table ; the radius r is 60 inches, and 
since the flanges are parallel, this is constant. The force F in each bar 
is found from a stress diagram in the usual way and tabulated in col. 5. 


Bar 

No. 

i 

a 

r * 

F 

/ 

Elastic 

Load. 

fllr 

1 

120 

3-66 

60 

+ 4 

+ M0 

+ 2*20 (k) 

2 

120 

3-66 

60 

+ 12 

+ 3*28 

H~ 6-56 {p) 

3 

120 

3-66 

60 

+ 8 

+ 2-19 

-b 4*38 (q) 

4 

120 

4*98 

60 

- 8 

- 1*61 

4- 3*22 (n) 

5 

120 

4*98 

60 

- 16 

- 3-21 

4* 6*42 (m) 


Units : tons, inches. 


The stress / is found by dividing F by a ; and the magnitude of the elastic 
load - fljr is obtained from cols. 6, 2, and 4. Since all the forces in the 
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upper flange are compressive, and all in the lower flange are tensile, all 
the elastic loads are positive (downward loads). 

The elastic loads on the frame are then as shown in (ii). The elastic 



Fig, 34, 

load due to the deformation of bar No. 1 acts at k , that due to the deforma- 
tion of bar No. 4 acts at n, and so on. The reactions are found in the 
usual way. Taking the loads in order on the beam as shown in (iii), the 
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force polygon (iv) is set out, whence the funicular polygon (v), repre- 
senting the deflection polygon for flange deformation, is obtained. The 
deflection polygon for the upper flange is obtained by joining k 2 p 2 q 2 
in (v), and that for the lower flange by joining see ( vi )* 

Fig. 34 the length scale is V = 120 inches, hence a x = 120 ; (iv) has 
been set out to a scale l" =20 units of elastic load, hence a 2 — 20 ; the 
polar distance H" = 1 inch. The maximum ordinate of the funicular 
jpolygon occurs at p and scales 0-57" in (v). Therefore, from eq. (5), 
the deflection at p is, 

y p = g . yp x W X a-a, X 0-57 X 1 X 120 X 20 = 0 - 105 inch, 

which determines the scale of the diagram. 

To obtain the deflection polygon for the web members, And in a similar 
way the elastic loads for each end of each web member from eqs. (8) and 
(9), as set forth in the following table. The radii r x and r 2 are indicated 


Bar 

No. 

l 

a 

*!• 

U 

F 

/ 

Elastic Loads. 

flb-i 

flirt 

6 

84-8 

3*66 

42*4 

42*4 

- 5*66 

- 1*55 

— (a) 

4- 3*10 (k) 

7 

84*8 

3*66 

42*4 

42*4 

+ 5*66 

+ 1*56 

- 3*10 (ft) 

4- 3*10 (») 

8 

84*8 

2-48 

42*4 

42*4 

- 5*66 

- 2*28 

- 4*66 {») 

+ 4*66 (p) 

9 

84*8 

2*48 

42*4 

42*4 

+ 5*66 

4* 2*28 

- 4*66 (p) 

+ 4*66 (m) 

10 

84*8 

3*66 

42*4 

42*4 

+ 11*31 

4- 3*09 

4* 6*18 (m) 

- 6-18 (q) 

11 

84*8 

3*66 

42*4 

42*4 

- 11*31 

- 3*09 

4- 6* 18(g) 

- (6) 


Units : tons, inches. 


in (vii). The force in bar No. . 7* is +, that in bar No. 4 is — , hence the 
elastic load at fc for bar No. 7 is — , or upward. The force in bar No. 1 
is +, and since that in bar No. 7 is +, the elastic load at n for bar No. 7 
is +, or downward, and so on. The elastic loads at a and b do not affect 
the deflection, and may be ignored. The total elastic load at h is + 3*10 
from bar No. 6 and — 3*10 from bar No. 7, or zero. The total elastic 
load at n is + 3 -10 from bar No. 7 and — 4 * 56 from bar No. 8, or — 1 *46. 
The complete system of web elastic loads is shown at (vii), from which 
the force polygon (viii) and the deflection polygon (ix) are set out. The 
ordinates at p and scaled in inches, are given. The same scales as 
before have been used, hence the actual web deflection at p is 

Vp = 'Vp x H" x a 1 a 2 = x 0*23 x 1 x 120 x 20 =0*042 inch, 

and similarly y m =0*061 inch. 

To obtain the complete deflection polygon for the girder the ordinates 
of (ix) must be added to those of (v) ; alternatively, the elastic loads of (ii) 
may be combined with those of (vii), and a complete deflection polygon 
constructed. These combined elastic loads will be found to be identical 
with those of (v) Fig. 37, thus establishing the identity of the two methods. 

* See Fig. 30. 
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15. Defection Polygons. Kinematic Chain Method. — Suppose jkmn, 
(i) Fig. 35, to be a series of bars forming part of a plane framework ; 
jkmn might, for example, be the upper flange of a braced girder, or the 
lower flange of an arch. Such a series of bars, separately considered, is 
sometimes called a kinematic chain, or a bar chain . Let the ordinates 
of the points k, m, n, measured from a base line Oa?, be y m „ 19 y m , y m + r 
As in other deflection problems, distances measured to the right and 
downward will be considered as positive. Let 0 be the inclination of any 
bar to Ox , considered as positive when the bar slopes downward from 
left to right. Suppose that (ii) be the deflection polygon for the chain 



under consideration, j 1 n 1 being the closing line, and m 1 m 2 ~ $ym the 
deflection of the point m. This diagram is obtained from the elastic 
weights Wm, using the force polygon (iii) as in § 14. 

Consider panel mn ; produce k 2 m 2 in (ii) to q, and draw m 2 p parallel 
to m^fi 1 ; then from the geometry of the figure, 

pq = (8y m - §2/w- i)%m f il x m = (Sj/m + l — %».) ! 


hence, n& pq — pn 2 = (hy m - 8 ,)' 


± i 


-( 8 ^, 


m t 1 


8y m ). 


But the shaded triangles in (ii) and (iii) are similar. Therefore, 

ntf _ W m 
H ’ 


and 


W M =H 




r 1 

~ l 


4-1 °Vm 


(1) 
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= l m cos 9 m ; 
sin 9 m ; 


also, 


From (i) Fig. 35, Jem — l m , and x m — v m 
Vm — Vm - 1 5=5 hr< 
from which, by differentiation, 

Sy w — 1 = cos • Sft^ + 8£ m . sin ft* 

and, dividing through by l m cos 9 m = x mi 

~~ i 


+ 


hr 


tan ft* 


similarly, 


By, 


7W + 1 


Sy.» 


-8/9, 




+ 




tan 9 \ 


w+l 


m + l 


-i- 1 


Substituting in eq. (1), 


W„ 


hT {S 0 m - Bd m+1 } + 


L 


tan ft* 


SL 


-4-1 




tan ft. 


m -f 1 


] 


v m v m + x 

But hlmjhn is the strain in the bar km and is equal to /w/E, where fin is 
the stress in the bar km. Hence, 




[{8<? m - 


§ft» + l} + g {/« 


tan - f m + 1 tan ft 


w + i}J 


( 2 ) 


Further, from (i), if the angle lemn ?= $m, 


+ ft 


m + i 


• 0 M = 180° ; and, 8<D m = 8 9 m - 89, 


m+ l , 


and from eq. (2), assuming a value H = unity, 


W„ 


= £s<i> 


+ |jj {fm tan 9 m 


' fm + 1 ^ an ftw + l. 


>] 


(3) 


an equation giving the elastic loads Wm in terms of the stresses in the 
bars and the angles of the chain. The correct sign must be given to the 
stresses, to the angles, and to the tangents. The magnitude of 8<I>m 
must be determined by finding the increases (or decreases) in the angles 
of all the triangles which compose the frame from the changes in the 
lengths of the bars ; these can be found from § 116. Then, for any panel 
point, 8 3>m = the sum of the changes in all the angles meeting at the 

P ° int ’ Le - 80 m = ± S 8 A . . . ( 4 ) 

where 8A represents the change in any one angle. When the bars of the 
frame are on the same side of the chain as the angle ®, (iv), the + sign 
in eq. (4) is to be used ; when they are on the reverse side, (v), the — sign 
is to be used. Thus the + sign is taken for the upper flange of a braced 
girder, and the — sign for the lower. This sign is to be given to the 
summation S, irrespective of the sign of the components 8A. A positive 
value for Wm implies a downward load. 

For a chain of horizontal bars 9—0, and 


Wm — 8 <£>m — d: 28 A . . . . (5) 

When a bar is parallel to the direction of the displacements, 9 «= 90°, 
and eq. (3) cannot be used. It is then best to omit the particular bar 
from the chain, and to allow separately for the displacement which it 
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produces. This displacement is evidently equal to the alteration in 
length of the bar. 

Worked Example . — In this example, Fig. 36, the above method is 
applied to the frame of the worked example of § 14, Fig. 34. The initial 
stages of the procedure follow the same course as in § 14, except that all 
the bars are now included, and the radii r are not required. The results 



are embodied in the table below. The angle 9 and tan 9 for each bar 
are also given, from which the values of / tan 9 are calculated. 6 is the 
angle which a bar makes with the horizontal, (i) Fig. 35, and a downward 
slope from left to right is positive. 


Bar 

No. 

l 

a 

F 

f 

9° 

tan 9 

/ tan 9 

1 

120 

3*66 

4- 4*0 

4- 1-10 

0 

0 

0 

! 2 

120 

3*66 

-f 12*0 

4- 3*28 

0 

0 

0 

3 

120 

3*66 

+ 8*0 

4- 2*19 

0 

0 

0 

4 

120 

4*98 

- 8*0 

- 1-61 

0 

0 

0 

5 

120 

4*98 

- 16*0 

- 3*21 

0 

0 

0 

0 

84*8 

3*66 

- 5*66 , 

- 1*55 

- 45 

- 1 

4- 1*55 

7 

84*8 

3*66 

4- 5*66 

4- 1*55 

4- 45 

4- 1 

4* 1*55 

8 

84*8 

2*48 

- 5*66 

- 2*28 

— 45 

- 1 

4- 2*28 

9 

84*8 

2*48 

4* 5*66 

4- 2*28 

4- 45 

4* 1 

4- 2*28 

10 

84*8 

3*66 

4- 11-31 

+ 3*09 

- 45 

- 1 

- 3*09 

11 

84*8 

3*66 

- 11-31 

- 3*09 

4- 45 

4- 1 

- 3*09 


Units : tons, inches. 


To obtain the values of S<P, the values of 8A must be calculated by 
means of eq. (2), § 116. Consider the triangle akn , (ii) Fig. 36, relettered 
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ABC to agree with § 116. From eq. (2), § 116, assuming for the moment 
that E = unity, 


SA = ±{{f a - fc) cot B + (fa- fb) cot C } 

= {(A -/,) cot 45° + (A - A) cot 46° } 

= {( + 1*10 + 1*55) x 1 + (+ 1*10 — 1*55) x 1} 

8B = g {(fb - fa) cot C + (fb - fc) cot A 

= {(A - A) ^t 45° + (A - A) cot 90° } 

=. {(+ 1-55 - MO) x 1 + (+ 1-55 + 1-55) x 0} 


+ 2-20 


-h 0-46 


SC = g {(fc - fb) cot A + (fc - fa) cot B } 

= {(A - A) cot 90° + (A - A) cot 45° } 

= {(- 1-55 - 1-55) x 0 + (- 1-65 - 1-10) xl} = - 2-65 

E = 0-00 


Observe that SA + SB + SC = 0, so that eq. (3), § 116, is satisfied, as 
must always be the case. 

Again, consider the triangle hip, relettered ABC, (iii). From eq. (2), 


§116, if E =1, 

SA = {(fa — fc) cot B 
{(A "A) cot 45° 

{(- 1-61 - 1 -55) x 

SB = {(fb - fa) cot C 
{(A - A) cot 45° 
{(-2-28 + 1-61) x 

SC = {(f c - fb) cot A 
{(A - A) cot 90° 

' {(1-65 + 2-28) x 0 


+ (fa- fb) cotC } 

+ (A “A) cot 45° } 

+ ( - 1-61 + 2-28) x 1}=- 2-49 

+ (fb — fc) cot A } 

+ (A -A) cot 90° } 

( — 2-28 - 1-55) x 0} — — 0-67 

+ (fc — fa) cot B } 

+ (A - A) cot 45° } 

+ (1-56 + 1-61) x 1 ) = + 3-16 

0-00 


Every triangle in the frame must be similarly treated ; the results 
are given in (iv) Fig. 36. 

Any chain of bars in the frame may be taken as the kinematic chain. 
Consider first the bottom flange, (viii), Fig. 37 ; for this 0=0 every- 
where, and eq. (5) can be used for the elastic loads, W m =- - 2SA ; 
the negative sign is taken since it is the lower flange. From (iv) Fig. 36, 

W a = ~ (+ 0*45) = - 0*45 
Wn = — (—2*65 - 2-49 -1*0) = +6*14 
W m = — (— 5*56 - 11*79 - 5*28) = + 22*63 
W& = - (+ 0*90) = - 0*90 

Wa and W& merely increase the elastic reactions without affecting the 
funicular polygon, and need not be further regarded. The elastic loads 
and reactions are then as shown at (viii), from which the funicular polygon 
(x), representing the deflection curve, has been set out. The length 
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scale is 1" = 120 inches, hence a x = 120 ; the load scale is 1" = 20 units 
of elastic load, hence a 3 = 20 ; the polar distance H" = 1 inch.* The 


1+3-08 


1 + 16-02 


1+12-96 


(V) ? 


0-86" b— 


+ 22-63 


Fig. 37. 

* It is to bo observed that in setting out the funicular polygon it will seldom be 
convenient to make H * 1 unit of elastic load, as assumed in deducing eq. (3). 
This is immaterial, since from eq, (2) the loads themselves are proportional to H. 
A trial with two different polar distances will demonstrate this. As shown above, 
the scale of the force polygon must be taken into account in the usual way. 
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maximum ordinate of the funicular polygon occurs at m, and scales 
0*86". Hence, allowing for E, the deflection at m is 

ym = ym x H" x a x a 2 = 13 q 00 x 0 • 86 x 1 X 120 x 20 ~ 0 • 1 58 inch, 

which gives the scale of the diagram. 

Next, consider the top flange ; to get the total deflection of each 
point the flange must be prolonged by means of two bars shown in broken 
lines in (i) Fig. 37. The values of SA for the triangles thus formed are 
found in the usual way ; the forces in the added bars are zero. Then 
the values of the elastic loads are given by eq. (5), the |- sign being taken, 

Wm = + ISA 

From this equation, W = +3-08 ; W p = -}- 10*02 ; Wq -- I* 12*90 ; 
these elastic loads and the corresponding reactions are set out in 
(i) Fig. 37, (iii) is the corresponding funicular polygon. The scales are 
as before = 120 ; a 2 = 20 ; H" = 1 inch ; the maximum ordinate yp 
scales 0* 80" ; hence, 

yp = ^- yp" X H" x a ia . 2 = 13 J ()0 x 0-80 x 1 x 120 x 20 - 0 • 148 inch. 

The two deflection polygons found above might have been obtained 
by considering the chain of diagonals shown in (iv) . This is only possible 
when there are no vertical bars. The elastic loads are found from eqs. (3) 
and (4), 

w m = [± SSA + i { f m tan 6 m - f m . v x tan d m+ X }J ((>) 

The values of SA are reproduced from Fig. 36, the + sign is taken for 
the upper panel points, and the — sign for the lower. The values for 
fm tan 8m are given in the table p. 41 with their correct sign. Take 
E = unity. W a and W b need not be considered. 

W& = [+ ESA + {(/tan 0) 6 - (/tan 0) 7 }] 

= + 2-20 + {1*55 - 1*55} =.+ 2*20. 

W n = [ — ESA + {(/ tan 0) 7 — (/ tan 9) 8 }] 

= -b 2*49 + {1*55 — 2*28} - + 1*76. 

+ 6*56 + 2*28 - 2*28 - + 6*56. 

W m - - (- 11*79) + 2*28 - (- 3*09) - -f 17*16. 

W q =+ 4*38 + (- 3*09) + 3*09 = + 4*38. 

The elastic loads and reactions are then as shown in (v), from which 
the funicular polygon (vii) has been set out to the same scales as before, 
a i ~ 120' ; a 2 = 20 ; H" = 1 inch. The deflection curve for the upper 
flange is got by joining the points & 2 ^ 2^27 2 ^ 2 ; that for the lower flange 
by joining the points a 2 n 2 m 2 b 2 . The ordinate ym scales 0*86", hence the 
deflection at m is 

V™ = 1 • Vm x H" x a x a 2 = x 0*86 x 1 x 120 x 20 = 0 • 158 inch. 
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The ordinate yp scales 0 * 80" hence 

y p = 13 J 0() x 0-80 X 1 x 120 x 20 = 0-148 inch. 

These values agree exactly with those obtained from the deflection 
polygons (iii) and (x). 

If the values for the deflections found by the elastic weight method, 

§ 14, be compared with those found by the kinematic chain method, § 15, 
they will be found to be identical. 

The effect of differences in temperature on the values of SA can be 
taken into account by using eq. (1), § 13, otherwise the procedure follows 
the normal course. 

Had the frame of Fig. 36 been sup- 
ported at b and m, as shown in (i) 

Fig. 38, and cantilevered out to a , the 
deflection of a could be found by an 
exactly similar process, excepting that, 
since all the external loads are reversed 
in direction, the elastic loads will all 
be negative. In the example shown in 
(i) Fig. 38 the magnitudes of the loads 
are the same as in Fig. 36. The de- 
flection polygon a 2 n 2 m 2 b 2 , (x) Fig. 37, 
turned upside down, will therefore be the deflection polygon for the 
frame in Fig. 38, but the base line must pass through b % and m 2 since 
the deflection at these points is zero. Hence a Y a 2 represents the vertical 
deflection of the point a. The scale of the deflection curve is determined 
exactly as before. 
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QUESTIONS ON CHAPTER I 

In the following examples, unless otherwise directed, draw the stress 
diagram, measure and tabulate the forces in the members of the frame, 
indicating in all cases which are ties (+) and which are struts ( — ), See 
Fig. 39 for the outline of the frames. 

1. Simple truss, loaded with 10 tons at the centre. 

Ans. Forces ; AC = — 10 ; AD — + II • 18 ; CD = — 10 tons. 

2. Braced cantilever, built into a wall at A and B, carrying a load of 
10 tons at C. The members of the top chord are equal and each is the 
base of an isosceles triangle. (U.L.) 

Ans . Forces : BE — — 32-73 ; AD = + 30*63 ; AE = + 3-42 tons. 

3. Roof truss, 30 ft. span, loaded as shown. 

Ans. Forces : AF ~ FD = + 3*0 ; AE = 3*35 ; EC = — 2-24 • 

EF = 0 : ED = -f 2-24 ; CD = + 1*0 tons. 

4. Roof truss, 36 ft. span, trusses 8 ft. apart. AD — DC = CE = EB 
and AF = FG = GC. Find the forces in the bars due to the weight of the 
roof which is 16 lb./sq. ft. of area covered. (U.L.) 

Ans. Forces : AF = — 1*91; FG = — 1*53; GC = — 1*56 ; AD = 

+ 1*64 ; DE = + 0*93 ; DC = + 0-76 ; GD = FD = — 0*35 ton. 

5. Roof truss, subjected to wind loads shown in the figure. Assume that 
the end A is fixed, and B is supported on a pier which permits movement in a 
horizontal direction. (U.L.) 

Ans. Forces : AG = — 13*7 : GH = — 11*4 ; HC = — 8*9 ; CB = 
-12*3; AD =DE = + 19*3 ; EF = + 15*3; FB = + 10*7; CF = 
*4~ 5 • 4 ; HF = — 7*1; HE = -f- 2 • 3 ; GE = —-4*6 tons ; rest zero, 

6. Wall crane, upper bearing at A, footstep bearing at B. Load 3 tons. 
Chain passes over pulley at C. 

Ans. Forces : AB — AC = *+* 4 • 6 ; BD = DC = — 8*2; AD = 
— 6*5 tons. 

7. Foundry crane, upper bearing at A, footstep bearing at B. Load 10 
tons at E. Find the stresses in all the members, and draw the bending 
moment and shearing force diagrams for AB and CE. 

Ans. CD = -f 16*7 ; FD = - 26 ; CF = + 10 tons ; S A = S B = 13J 
tons ; M f = 320 in.-tons ; S D = 10 tons ; M D = 1200 in.-tons. 

8. Forces of 10, 9, and 12 lb. act on the rod AB as shown. The rod is 
kept in equilibrium by two forces, one acting at A, the other at B in the 
direction CB. Find the magnitude and direction of the force at A, and the 
magnitude of the force at B. (U.L. Dimensions added.) 

Ans. R a = 11*99 lb. at 72° 36' with horizontal ; R B = 14*97 lb. 

9. The part of a pin jointed frame shown in the figure is loaded with a 
vertical dead load of 10,000 lb., and a normal wind pressure of 15,000 lb., 
both uniformly distributed along AB. Find the supporting forces P, Q, 
and R, and the forces in the bars which meet at C, indicating the struts and 
ties. (U.L.) 

Ans. P = 12,310 ; Q = 1200 (reversed) ,* R = 14,290 ; AC = 4- 20,100 ; 
CD = CE = - 9710 ; CB = + 18,980 lb. 

10. The principals of a workshop roof, which are 15 ft. apart, are shown 
in the figure ; AF = FG = GC. A normal wind pressure of 30 lb. per sq. ft. 
acts on AC. Determine the forces in all the members of the roof, stating the 
assumptions made in determining them. (U.L.) 

Am. Forces : AF = - 3*93 ; AD = + 4*29 ; DC = + 3*05 ; DE = 
+ 1*31 ; FD = — 1*45 tons. Reactions assumed parallel to loads. 
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Fig. 39. 


11. The ^figure shows the outline of a roof truss, span 28 ft., height 7 ft. 
Find graphically the stress in each member. (ILL.) 

Ans. Forces : AB = + 5760 ; AD = - 4120 ; DC = - 1780 ; AE = 
BD = — 2120 lb. 
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12. The span of the frame shown in the figure is 57 ft., LM = 7 ft., 
NO = 1 * 8 ft. There are loads of 2 tons at P, 4 tons at O, and 2 tons at M. 
Find tho stresses in the members. (U.L.) 

Ans. Forces : A to M = -+ 7*23; M to B = -+ 3 • 04 ; C to L — -- 13*33; 
L to D = -■ 8*51 ; AC = — 8*98; CN - + 6*95; NM = +3*75; BD «= 

- 4*51 ; DQ = -+ 5*55 ; QM = -+ 7*38 tons. 

13. The double cantilever roof shown in the figure has a span of 20 ft. 
and a rise of 6 ft. Total dead load 7500 lb. Total normal wind pressure 
4500 lb. Find the forces in the members (a) due to the dead load, and 
(6) due to the wind pressure when acting on the left-hand side of the roof. 
(U.L.) 

Ans. Forces : Rafter, (a) + 1820, + 3640 ; (h) + 1880, -+ 3070 ; 

Horizontal, (a) - 1560, (b) — 2190 ; verticals, (a) 0, - 5630 ; (b) 0, - 2550 ; 
diagonal, (a) — 1820 ; (b) — 2550 lb. 

14. The double warren girder is supported at the ends and loaded as 
shown. Find the forces in the members. State the assumptions made. 
(U.L.). 

Am. See § 7 ; Forces : AB = — 14*4 ; AC - -f 9*6 ; CE = 
+ 26*4; EG = + 33*6 ; BD = — 14*4; DF = - 33*6 ; FH - - 38*4; 
AD = — 13*6 ; BC = -+20*4; DE = +13*6; OF = - 3*4; EH «= 
FG = *+■ 3*4 tons. 

15. The two frames, (i) and (ii), are alike in ail respects excepting that 
(ii) has a vertical bar at the middle. Find the forces in all the members of 
both frames. State clearly any assumptions made, and justify them. 
(U.L.) 

Am. Forces : (i) AC = BD = — 1*0 ; CF = FD = -+■ 1*41 ; 

CD = -1*0; (ii) GI = HJ » - 0*5; IL = LJ = > 0*71 ; GK = KH 
= - 0*71 ; IK = KJ = — 0*5 ; GL = LH = -+ 0*5 tons. 

16. Find graphically the stresses in all the members of the Bollman truss 
shown. (U.L.) 

Ans. Forces : AB = — 9*8 ; AE = + 6*7 ; EB = + 5*7,; AF = 
+ 4*7; FB = + 5*6 ; CE = — 6 ; DF = — 5 tons. 

17. In the frame shown in Fig. 40, AB = BC = CD = DE = 15 ft. : 
F bisects AB and G bisects DE. BA and DE are continuous. The weight 
per foot run on AB, BC, CD and DE is 200 lb., and there is a normal wind 
pressure of 300 lb. per ft. run on CD and 450 lb. per ft. run on DE. The 
reaction at A is vertical. Estimate tho direct stresses in the members, all 
the joints being pins. Name the struts and ties. Find also the maximum 
bending moment in DE. (U.L.) 

Am. Reactions V A = 9486 ; V B = 9787 ; H B = 8095 lb. Forces in 
FD = + 10,810, BG = + 21,060 lb. and so on ; B.M. at G = 47,520 ft. lb. 

18. The trestle shown in Fig. 40 has a top pull of 14 tons exerted upon 
it in the direction shown. Draw a diagram of the stresses in the members. 
The diagonal bracing may be assumed to be only capable of withstanding 
tensile forces. (U.L.) 

Am. Use the methods of § 7. 

19. The N girder shown, with six panels each 10 ft. long by 12 ft. high, 
carries a load of 5 tons at each of the lower panel points. Find by the method 
of sections the stresses in all the members. 

Am. Forces : AD = 0 ; DF = + 10*42 ; FH = + 16*67 ; CE = 

— 10*42 ; EG = — 16*67; GJ = ~18*8; CD = + 16*26; EF = 
*+9*76; GH = -+ 3*25 ; AC = -12*5; DE = -7*5; FG = - 2*5 ; 
HJ ss 0 tons. 

20. Each top joint in the truss shown carries a load W. The top boom 
is divided into equal segments, and the length of the horizontal tie rod is 
one-half the span. Determine the ratio of depth to span so that the tension 
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in all the tie-rods shall be the same, and verify your results by drawing a stress 
diagram. (U.L.) 

Am. VU/20. 

21. Show that for a Bollman truss, if n be the number of equal panels, 
d the depth, l the span, and w the intensity of the uniform load, the horizontal 

stress in the top member is (n z — 1). (U.L ) 



1 Ton per foot 50T| 


15 ' 
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23. The figure represents ono arm of a cantilever bridge. For the 
purpose of calculation the load on this frame may be taken as 1 ton per ft. 
run uniformly spread, together with a concentrated load from the suspended 
span of 50 tons, acting at B. Find the forces in the four members of the 
frame meeting in the point J. (I.C.E.) 

Ans. Forces : KJ = + 198-9 ; JH = + 256*4 ; JM — -f 95*2 ; JL = 
— 100-9 tons. 

24. A lattice girder, 160 ft. span, is made in 10 panels of 16 ft. each. 
It weighs 40 tons, and the weight per ft. run may be considered as uniform. 
To float it into position it is placed on a pontoon, with supports under the 
panel point 32 ft. from each end. Draw the shearing force and bending 
moment diagrams for the weight of the girder, and give the maximum 
shearing force in any panel, and the maximum bending moment anywhere. 
If the flanges are parallel, and 20 ft. apart centre to centre, and the web 
bracing is of the N type, find the maximum force anywhere in a flange, and 
also in any web diagonal. (I.C.E.) 

Ans . Max. S.F. = 10 tons ; max. B.M. = 160 ft. tons ; max. force in 
a flange = 80 tons ; max, force in diagonal = 12-8 tons. 

25. The figure shows the plan and elevation of a triangulated framework 
projecting from a wall and carrying a vertical load of 4 tons at its apex. 
Find the forces in all the bars forming the frame, specifying whether they 
be tensile or compressive. (I.C.E.) 

Ans. Forces : ab = + 2-31 ; ac = + 2-31 ; ad = — 5-66 tons. 

26. The legs of a pair of sheer legs are each 45 ft. long, and the feet are 
spread 25 ft. on the ground. The guy rope is attached to the ground 64 ft. 



Fig. 41. 


from the middle point of the line joining the two feet, A load of 30 tons is 
suspended from the legs. Find the thrust in each leg and the pull in the 
guy rope when the legs are 10 ft. out of the perpendicular. (U.L.) 

Ans. 18-6: 9*5 tons. 

27. The feet of a tripod resting on smooth ground are tied by horizontal 
bars forming a triangle BCD, see the figure. E is the mid point of CD, F 
the mid point of BE. The apex A is 7 ft. above F. Find the stresses in all 
the bars when 1 ton is suspended at A. 

Ans. Forces : AB = - 1220 ; AC = - 700 ; AD = - 660 ; BD = 
+ 250 ; BC = + 290 ; CD = + 140 lb. 

28. A cantilever frame of the dimensions shown carries at the point 
E a load W of magnitude such that it produces a stress in all the ties of 
7 tons/sq. in., and in all the struts of 5 tons/sq. in. Determine, preferably 
by a graphical method, the vertical deflection of the point E. Take Young’s 
modulus = 13,000 tons/sq. in. (I.C.E.) 

Ans . 0 • 46 inch. 

29. Find the vertical deflection of the point A of the crane structure 
shown in Q. No. 2, Chapter V, by means of a Williot diagfiim. 

Ans. 0 • 079 inch. 
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30. Find the vertical deflection of the point D when the crane is carrying 
a load of 5 tons. The mean stress in all the tension members is 5 tons/sq. in. 
and in all the compression members is 4 tons/sq. in. (Fig. 40). 

Ans . 0-70 inch. 

31. Find by means of a Williot-Mohr diagram the deflection polygons for 
the girder shown in Fig. 4L The numbers on the figure represent the areas 
of the bars. 

Am. Deflections at Jc = 0*138 : p = 0*296 : q = 0*154 : m ~~ 0*272 : 
n sss 0*244 inch. 

32. Solve Q. No. 31 by an application of the kinematic chain method, §15. 

33. Suppose the braced frame shown in Fig. 36 to be fixed in position at 
a, and free to move longitudinally at b. It is loaded at b with a horizontal 
load of 10 tons, acting in the direction from a to b. Using (i) the elastic 
weight method, § 14, and (ii) the kinematic chain method, § 15, find the 
vertical deflection of the lower flange. 

Am. 0*05 inch. 



CHAPTER II 

TRAVELLING LOADS 


16. Maximum Shearing-Force and Maximum Bending-Moment 
Diagrams. — Let AB, Fig. 42, be a beam, supported at each end, across 
which the load W travels from left to right. When the load reaches K, 
the bending-moment diagram will be the triangle a'k'b', (iii) Fig. 42, and 
when the load reaches J, the bending-moment diagram will be the triangle 
ct'j'b If similar bending-moment diagrams be constructed for a sufficient 
number of positions of the moving load, ^ 

a curve such as a'k'j'b' can be drawn, (w) B 

enveloping them all. The ordinate of ^ 
this curve, at any section of the beam, 
will represent the maximum bending 
moment which will occur there. This 
curve is called the maximum bending - a 
moment diagram. Similarly, the maxi- 
mum shearing -force diagram is a curve, 

(ii) Fig. 42, enveloping all the shearing- 
force diagrams. Such curves may be a 
regarded as true bending-moment and 
shearing-force diagrams, and may be 
used for the purposes of design. 

In certain cases it is not necessary 
actually to draw all the shearing-force 
and bending-moment diagrams, in order to determine the maximum 
shearing-force and maximum bending-moment diagrams, for these curves 
can be plotted from their equations, which can be found from the given 
conditions. The method of attack is as follows ; For any section of the 
beam, find the position of the moving load which makes, say the shearing 
force at that section, a maximum. Put the load in this position, and 
find an expression for the magnitude of the shearing force at the section. 
This expression will be the equation to the maximum shearing-force 
diagram. A similar procedure will determine the equation to the maxi- 
mum bending-moment diagram. Particular cases are considered in the 
Articles which follow. 

17. Case (1). Single Concentrated Travelling Load. — Let AB, 

(i) Fig. 43, be a beam of span L, supported at each end, across which travels, 
from left to right, a single concentrated load W. To draw the maximum 
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shearing-force diagram, consider any section K, distant x from A, and 
in the first instance suppose the load to be at a distance z to the left of 
K. Find the reactions : R X L = W(L — x + z) ; and R 2 L -- W(x — z ), 
The shearing force at K, under these conditions, is Sk = R 2 “ W(r — z)/L. 
This is positive, and increases as z diminishes, reaching a maximum when 
2—0, i.e. when the load arrives at K. Put the load at K (z = 0), then 
R 2 = Wx/L. Hence the maximum positive shearing force at the section 

K is > w 

max. positive Sk T (l) 

L 

and occurs in front of the load, when the load arrives at K. Eq. (1) is 
the’equation to the straight line of, (ii) Fig. 43, of which the maximum 
ordinate bf = W ; and the maximum 
positive shearing force at K is repre- 
sented by the ordinate hp . 

When W passes to the right of K, 
a change in the shearing force at that 
section occurs. It becomes Sk = R 2 — 

W = — R 1} and is negative. But the 
value of Rjl decreases as the load 
travels on, and consequently the nega- 
tive shearing force at K also decreases. 

It follows that the negative shearing 
force at K is also a maximum when the 
load is at K. With the load in this 
position, B> 1 = W(L — x)/L. Hence 
the negative maximum shearing force 
at the section K is, 

max. negative 8 k 

and occurs at the back of the load, when the load is at K. Eq, (2) is 
the equation to the straight line bg, of which the maximum ordinate 
ag ~ — W, and the maximum negative shear at K is represented by the 
ordinate Icq. 

It should be evident from the above that the maximum shear at K 
is either hp or Jcq y not their sum pry. 

Consider next the maximum bending moment at K. With the load 
in the position shown in Fig. 43, the bending moment at K is negative, 

and equal to M K — - R 2 (L - x) ^(L — x)(x — z) wliich increases 

a^ z diminishes, reaching a maximum when z -- 0, that is when W is at 
K. If the load pass K, the bending moment at K will be Mk - *• -- R x x. 
As the load travels on, diminishes, and therefore Mk diminishes. 
It follows that the maximum bending moment at K occurs when the 
load is there, and its magnitude is, 

W 

max. M k (L x)x 



Fin. 43. 


W 

~ *) ( 2 ) 


( 3 ) 
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This is the equation to the maximum bending-moment diagram, which 
is the ^parabola a'd'h' passing through a 7 and ft', with its vertex at d\ 
(iii) Fig. 43. The maximum ordinate ddf = — WL/4, which is the 
bending moment at the centre of the beam when the load reaches that 
point. 

Equivalent Uniform Load. — Since the maximum bending-moment 
diagram is a parabola with its vertex at d ', it is evident that an equal 
bending moment would be produced at every section if the beam were 
loaded with a suitable uniform load. Such a load is called the equivalent 
uniform load. If its magnitude be w' per unit of length, the maximum 
ordinate of the bending-moment diagram at the centre of the span would 
be — w'L 2 /8. Hence, for equality of bending moments everywhere, 


w/L 2 
' 8 


WL 
4 ’ 


and w' 


2W 

L 


(4) 


18. Case (2). Uniform Travelling 
Load, longer than the Span. — Let AB, 
Fig. 44, be a beam of span L, sup- 
ported at each end, across which 
travels, from left to right, a uniform 
load w per unit of length, longer than 
the span. Consider the shearing force 
at any section K, distant x from A, 
when the front of the load has ad- 
vanced to D, (i) Fig. 44, distant z 
from A. The shearing force Sk at 
K, with the load in this position, 
will be positive and equal to R 2 in 
magnitude. This reaction, R 2 , can 
be found by taking moments about 
A. The load on the beam will be 
wz , and therefore, R 2 L = wz 2 j2. 
Hence S K - R 2 - + wz 2 /2L. This 
increases in magnitude as z increases, 
and attains a maximum when the 
front of the load reaches K, i.e. 



Fio. 44, 


when z — x, max. Sk = + wx 2 /2L. 

When the front of the load passes K, a change occurs ; and, for the position 
shown at (iv), Fig. 44, 


Sk = R 2 — w(z — x) = — w(z — #) 

ZiU 

= wx + ^ ( - 2Lz -|- z 2 ) » 10X f ~ {(L - z ) 2 - L 2 } 


S K evidently increases as {(L — z) 2 — L 2 } increases ; that is to say, 
as (L — z) increases and z diminishes. Therefore the maximum shearing 
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force for the load position shown at (iv), Fig. 44, also occurs when z = x, 
i.e. when the front of the load is at K. It follows that # 

max. b K — + 2 j; • * • - (U 

This is the equation to the parabola af, (ii) Fig. 43, with its vertex at a ; the 
maximum ordinate bf = w;L/2, and abf is the positive maximum shearing- 
force diagram. It will be evident, on consideration, that the maximum 
negative shearing-force diagram bag will be an exactly similar diagram to 
abf, but turned end for end. The maximum negative shearing force at any 
section such as K occurs when the back of the load is at K, and is then 
equal to R r The magnitude of the maximum ordinate ag is — wL/2. 

The maximum bending moment at every section of the beam will 
occur when the travelling load completely covers the beam. This follows 
from the principle of superposi- 
tion, § 36, Vol. I, for the addi* 
tion of a load anywhere on a 
beam increases the bending 
moment everywhere. The 
maximum bending-moment 
diagralh, therefore, is the 
parabola a'c'b' 9 (iii) Fig. 44, of 
which the maximum ordinate 
is — wU{ 8. 

It is evident, in this case, 
that the magnitude of the equi- 
valent uniform load w' is equal 
to that of the travelling load w 
per unit of length. 

19. Case (3). Uniform 
Travelling Load, shorter than 
the Span.— Let AB, Fig. 45, be 
a beam of span L, supported at 
each end, across which travels 
from left to right a uniform load 
iv per unit of length, shorter 
than the span. Let l be the 
length of the travelling load, 
the total weight of which will 
be ui. Consider the shearing force at any section K, distant * from 
A, when the front of the load has advanced to D, (i) Fig. 45, distant 
a from A. The shearing force S K at K, with the load in the position 
shown, will be positive and equal to R* in magnitude. This reaction, 

R 2 > can *e found by taking moments about A, R 2 L Hence, 

-p __ wl l 

= k 2 -- £ — 2 ). This increases as z increases, and attains ,a 
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maximum when the front of the load reaches K, i.e. when z 


max. Sk = + 


When the front of the load passes K, a change 


occurs. For the position shown at (iv), Fig. 45 
S K = R 2 - w{z - x) = (z - |) 




w(z — x) 


Since L > /, (L — l) is positive, and the positive value of Sk de- 
creases as z increases. Hence the positive maximum shearing force at 
K, for this condition of affairs, also occurs when the front of the load is 
at K. It follows that 


0 wl 

max. Sk = + y- 

L 




This is the equation to the straight line jfn, (ii) Fig. 45, of which the 
ordinate is zero at j {x = Z/2), and equal to wl at m (x = L + 1/2). Only 
the portion hf is of consequence, for until the whole of the load is on the 
beam, that is, until x > l, the above equations will not apply. For 
values of x less than Z, the positive maximum shearing-force diagram will 
be the parabola ah, tangent to the straight line jf at h, and identical with 
the positive maximum shearing-force diagram, (ii) Fig. 44, for a load of 
equal intensity, longer than the span. The complete positive maximum 
shearing-force diagram, therefore, is the figure ahf. The maximum 
positive shearing force occurs at R, when the front of the load reaches 

that point, and is represented by the ordinate bf — + 

The negative maximum shearing-force diagram bag will be an exactly 
similar diagram to abf, but turned end for end. The maximum negative 
shearing force at any section will occur when the back of the load reaches 
that section, and is then equal to R x . The maximum ordinate ag = 



Consider next the bending moment at K. When the load is in the 
position shown at (i) Fig. 45, with the front of the load to the left of K, 
the bending moment at K is — R 2 (L x). R 2 increases as the load 
advances, and therefore the bending moment at K increases. When 
the entire load has passed K, the bending moment there will be — R^. 
Ri diminishes as the load travels on, and hence the bending moment at 
K diminishes. It follows that the maximum bending moment at K 
must occur after the front of the load has passed K, and before the back 
of the load has left K ; that is to say, in some such position as is shown at 
(iv) Fig. 45. The bending moment at K for this load position is, 

M k = — R 2 (L - x) + ^ (z — x) 2 , where R a ^ (z - ^ . 
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Hence, Mk = — — (L — x ) + g ( z ~ 

To obtain the value of z for which this becomes a maximum, differentiate 
with regard to z and equate to zero, 

■ «L_-£<L-*) + »<»-*) -0;. 
dz Ju 

L x z — x 

or, L = ~1 

and it follows that the maximum bending moment at any section K 
occurs when, the ordinate at that section divides the span and the load 
in the same ratio. Put the load in this position. The value of z is 

l / V \ , 1 ^ / T nea vimilYM 


z = T (L - x) + x, and z — x 
I j 

bending moment at K is,- 

_ r wl f £{L — x) 

max. Mk = — — -j ^ 




Hence the maximum 


§} (L - X) f 2 


l 2 


-?(«-*(> -i) » 

This is the equation to a parabola passing through a' and b\ (iii) 
Fig. 45, with its maximum ordinate at c', where x = L/2. Inserting this 
value in the above equation 

^ wiL wi 2 ) f wl wn 

~t( "-{ f-Tl ■ ' ' <j) 

if wl = W. 

If the equivalent uniform load be w' per unit of length, 


whence, 


[ wl wn 

8 }4 8 ) ’ 

_ 2W f l 1 

L { 2L ) 


(4) 


20. Case (4). Two Concentrated Travelling Loads at a Fixed Distance 
Apart. — Let AB, Fig. 46, be a beam of span L, supported at each end, 
across which travel, from left to right, two concentrated loads W x and 
W 2 , at a fixed distance l apart. To draw the maximum shearing-force 
diagram. When the travelling load first enters the span, only one load 
W x will come on the beam. The positive maximum shearing-force dia- 
gram for this condition of affairs will be the straight line a h, (ii) Fig. 46 ; 
part of the triangle aeb , of which the maximum ordinate be = W x 
exactly as in Case (1) for the single concentrated travelling load. Wher 
W x has passed the point H, distant l from A, both loads will be on tin 
beam, and the conditions will be altered. Consider the shearing force 
at any section K, distant x from A. While both loads are to the left o: 
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K, the shearing force Sk, at K, will be positive and equal to R 2 . This 
will increase as the load travels on, until W x arrives at K. When Wj 



Fig, 40. 


passes K there will be a sudden reduction in the positive shearing force 
at K, which will become Sic — H- (R 2 — W x ). This value of Sk also 
increases as the load advances, until W 2 arrives at K. When W 2 passes 
K there will be a second reduction in the shearing force at K, which will 
then have the value Sk = 4- (R 2 — Wj — W 2 ) = — R x , thus becoming 
negative and equal to the reaction R x . It follows that the maximum 
positive shearing force at any section K must occur, either when W x is 
at that section, or when W 2 is there. When W, is at K, 

R,L = W x :t: + W 2 (r - l) « (W, f W 2 ) * - W J, and, 

fix. S K R, a 1 b-Pk (l) 
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R 2 L 


When W 2 is at K, 
and, 

max, Sk = R 2 — W x = + 


: w x (* + /)+ W 2 X = (W x + W 2 ):r + W x l, 


[(W : 


+ w,) ~ - w , - L 


r] 


S. 


K 


( 2 ) 


The graphs of eqs. (1) and (2) are shown in (ii) Fig. 46. Eq. (1) represents 
the straight line hf. Its slope is (W x + W 2 ) /L, and therefore it is parallel 
to am. When a; = l, S K ' = + WfjL, which is the height of the ordinate 
of the straight line ae at h. Hence the graph of eq. (I) passes through h. 

At x = L, the maximum ordinate bf = + ^W x + W 2 --_J J . The 

broken line ahf, therefore, is the positive maximum shearing-force diagram 
for sections immediately in front of W r The maximum shearing force 
imm ediately behind W x is [Sgf — WJ. This is represented by the dotted 
line nop drawn parallel to ahf, and at a distance W x below it. This 
shearing force may be positive or negative, depending on the position of 
the load. 

Turning next to eq. (2), which represents the maximum shearing force 
immediately in front of W 2 , this is the equation to the straight line qr , 
with a slope (W x + W 2 ) /L, and parallel to hf. When x = 0, the ordinate 

aq — — W x When the load W x passes B there is a change, for 

only W 2 will remain on the beam. This load will then have reached the 
ordinate through r, distant l from B. As in Case (1), the maximum 
shearing force in front of W 2 under these conditions will be the straight 
line rs, slope W 2 /L, of which the maximum ordinate bs = W 2 . The 
l dotted line qrs, therefore, is the maximum shearing-force diagram for the 
front of W 2 . Eor some positions of the load this shearing force is positive, 
for others it is negative. The maximum shearing force immediately 
behind W 2 is equal to [Sk" — WJ. It occurs when W 2 is at the section K, 
is always negative, and equal to R x . This is represented in the diagram 
by the line gjb, parallel to qrs, and at a distance W 2 below it. The maxi- 

p 1 ~l 

mum ordinate ag = — (aq -f . W 2 ) = — I W x — , — + W 2 . 

The complete maximum shearing-force diagram consists, therefore, 
of the four lines ahf, nop, qrs , gjb ; and, in the case considered, ahfb is the 
positive maximum shearing-force diagram, and agjb the negative maxi- 
mum diagram. It does not follow that the maximum positive shearing 
force will always be represented by ahf, nor the maximum negative 
shearing force by gjb ; for in certain cases the point r may lie outside hf, 
and the point o outside gj. The relation of the four lines to the actual 
shearing-force diagram for the particular position of the load shown in 
(i) Eig. 46 is indicated by the stepped figure L2.3.4.5.6. 

Consider next the bending moment M K at K. When the load is in the 
position shown at (i) Eig. 46, with W x to the left of K, the bending moment 
at K is — R 2 (L — x). R 2 increases as the loads advance, and therefore 

increases. When both loads, W x and W 2 , have passed K, the bending 
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moment there will be — R x a:. R x diminishes as the loads advance, and 
therefore the bending moment at K diminishes. It follows that the 
maximum bending moment at K must occur after W x has reached K, 
and before W 2 has left K. Examine an intermediate position as shown 
at (iv) Fig. 46, when W x is distant z from A. For this position, 

M k = - [R,(L -x) - W \{z - *)], R 2 L = W x * + W 2 (z - l), 
and hence 

M K = - [{W lZ + W 2 ( Z - 1)} L ~ x - W x (z - as) J . . (3) 

= - [w x * - W 2 Z + Z j (W x + W 2 ) kzil - w x J ] (4) 

Consider the coefficient of z in eq. (4). By giving certain values to x this 
coefficient can be made either positive or negative. If it be positive, 
the value of Mk will be greater the greater the value of z. But since it 
has been shown that max. M K must occur before W 2 has left K, it follows 
that if this coefficient be positive, the maximum bending moment at K 
will occur when W 2 is at K. If the coefficient of z be negative, the value 
of Mk is greater the less the value of and since the maximum bending 
moment at K occurs after W x has reached K, it follows that max. Mk 
occurs when W x is at K. For certain values of x, therefore, which make 
the coefficient of z positive, max. Mk occurs when W 2 is at K. For other 
values of x, which make the coefficient negative, max. Mk occurs when 
W x is at K. At the limiting position, between each set of values for x, 
this coefficient will be zero, i.e., 

(W x + W 2 ) L - W x = 0 ; 


from which, x 


L, and (L 


W x + W 2 


or 


* ^W 2 

L - x ~ W x 


( 5 ) 


If then, a point d' be taken in the line a'b', (iii) Fig. 46, such that 
a'd' : d'b' = W 2 : W x , for all values of x lying between a ' and d ' the 
bending moment at any section yill be a maximum when ( W 2 arrives at 
that section, and for^all values of x lying between d' and V the bending 
moment at any section will reach a maximum when W x is at the section. 
The length a'd' is called the held of W 2 , and d'b' the field of W x . In 
the field of W 2 the bending moment is a maximum under W 2 , and in the 
field of W x the bending moment, is a maximum under W x . 

Fqr the field of W x , max. Mk occurs when z = x, (W x at K). Insert 


this value in eq. (3), then 
max. Mk = 


- [{W 


x * + W 2 (X - l)} 



{(W x + w 2 ) * 



(6) 
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This is the equation to the parabola e'f'b', (iii) Eig. 46. When x = L. 
max. M K = 0 ; when x 


WJ 


*L_ max. Mk = 0. Hence the parabola 

W x + w 2 

wi 

passes through the points b' and e', where at = ^ ^ 

maximum ordinate rif occurs when 


* = i L + 


wy 


* r w, + w 2 

and, from eq. (6), 
n 


, or L - x — 1 L 


W 2 Z 

w x , w' s 


(?) 


r w i + w 2 t _ w l ) 2 i 

7 - L 4L ' , W x i Wj J • 

For the field of W 2 , max. Mk occurs when z — x + l, (W 2 at K). 
Inserting this value in eq. (3), 

max. M k = - [{W x (x + l) + W 2 .r} - W x z] 

= - [{W x + W 2 ) « + W J) I ±^ - W x z] 

= - {(W x + W 2 )(L - *) - Wxi}] . , 


( 8 ) 


This is ihe equation to the parabola a'g'q ' ; max. M K is zero when x = 0, 

Wji 

t Wx + w.p 
L W x i 


and also when x — • L — T Tr * XT v r • Hence the parabola passes through 


■ and q' , where a'q' = -j L — 


occurs when x = \ -j L — 


Wx f W 2 
Wxi 


. The maximum ordinate m'y' 


Wx + W 2 


, and is, 


mg 


rw 1 + w 2 | L wy | »■ 


4L 


Wx -f- Wj 


1 


(») 


The two parabolas cross on the line d's' which divides the field of 
W x from the field of W 2 . The complete maximum bending-moment 
diagram is a's'f'b'. 

To obtain the equivalent uniform load it is necessary to determine 
the smallest parabola which will envelop this diagram. The required 
parabola will have a common tangent to the larger of the two parabolas 
forming the maximum bending-moment diagram. Its maximum ordi- 
nate cY is obtained by the geometrical construction shown in (iii) Fig. 46, 
from which it follows that, 




[ 

= _ J-Wx 


W x + w 2 , L 


WJ ) 2 


1 w x + w; 


+ W a J] 


w 2 l 


W x + W s 


], 

]= 


W 2 l 


w x + w 2 
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but if w' be the equivalent uniform load per unit of length, c't' 


u>X 2 
8 ’ 


hence 


w 


2(W X + W 2 ) f 
L 8 " \ 


W J 


( 10 ) 


w, + W 2 J 

In certain cases it is possible that the maximum bending moment may 
occur under the greater load when that load alone is on the beam. The 
maximum bending-moment diagram under W ls when that load only is 
on the beam, will be a parabola such as a'u'v\ (iii) Fig. 46, obtained as in 


W 

Case (1), § 17. If W x > W.„ and l > ™ L, this parabola will lie 

W i + W 2 

outside a's'g\ and thus form part of the complete maximum bending- 
moment diagram. The enveloping parabola representing the equivalent 
uniform load must in this case enclose the parabola a'u'v'. 

21. Case (5). A Series of Concentrated Travelling Loads at Fixed 
Distances Apart. — When the number of concentrated loads exceeds 





• On the ' 
Tracing 1 Paper. 


two, it is better to adopt graphical means in order to obtain the maximum 
shearing-force and bending-moment diagrams. The simplest procedure 
is what is known as the tracing 'paper method . This is an extension of the 
graphical process of § 33, Vol. I. 

Given a span AB, length L, across which travels, from left to right, a 
series of concentrated loads at fixed distances apart, to draw the maximum 
shearing-force and bending-moment diagrams. On a sheet of drawing 
paper, set out the lines of action, CDEFG, (i) Fig. 47, of the series of 
travelling loads, and suppose them resting on a beam of unlimited span. 
These lines of action should be extended above and below the beam as 
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shown. Set off the magnitudes of the loads on the load line cd-efg, and 
with any pole 0, complete the force polygon (ii). Draw next the stepped 
figure 1.2.3.4.5.6, part of the shearing force diagram, shown at (iii). 
Draw also the link polygon 7.8.9.10.11.12, forming part of the bending- 
moment diagram, shown at (iv). These figures cannot be completed yet, 



for the position of the closing line is unknown. Nothing else should be 
drawn on the drawing paper. 

On a sheet of tracing paper, draw to the length scale used on the draw- 
ing paper, a horizontal fine AB, (v) Eig. 47, to represent the actual span L, 
and erect perpendiculars A a, B b, at the ends of the span. These lines 
should be prolonged upward and downward as shown. Draw also the 
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horizontal lines ab and a'b' (vi and vii). No other lines should, at present, 
be drawn on the tracing paper. The lines ab and a'b ' are to form the base 
lines for the maximum shearing-force and bending-moment diagrams, 
which will appear later as shown by the dotted lines. 

Superpose the tracing paper on the drawing paper so that the combined 
appearance is as shown in Eig. 48 ; AB, at (i), represents the span. The 
perpendiculars at the end of the span will cut the link polygon at 13.14. 
Draw the line 13.14 on the tracing paper, this will be the closing line of the 
bending-moment diagram for this position of the loads relative to the 
span AB. In the force polygon draw 0.15 parallel to 13.14. Project 
across, and draw 16.17 the closing line of the shear-force diagram. No 
other lines should be drawn on the tracing paper below AB. Then 
16.18.3.19.17 is the shearing force diagram for the span AB with the loads 
in this particular position. Transfer this diagram to the base line ab , (vi). 
It will appear as the stepped figure a. 18.3.19.5 in (vi), drawn on the tracing 
paper. The prolongation of the lines of action of the loads will be found 
of convenience in this operation. Next transfer the bending-moment 
diagram 13.8.9.10.14 to the base line a'b', (vii), where it will appear as 
a'.8.9.10.&', drawn on the tracing paper. The tracing paper can now be 
shifted until the span occupies another position A 1 B V when the process 
is repeated ; 20.21 is the new closing line of the bending-moment diagram, 
0.22 the line parallel thereto in the force polygon, and 23.24 the closing 
line of the shear-force diagram. These new diagrams are now transferred 
to their respective base lines in (vi) and (vii) as before, which, being on 
the tracing paper, will move along with the span. To avoid a confusion 
of lines, this movement has not been shown in Eig. 48. 

If the operation be repeated a sufficient number of times, a series of 
shearing-force and bending-moment diagrams, for many positions of the 
moving load, will be obtained on the base lines ab and a'b' respectively. 
It remains to draw enveloping curves, § 16, which curves will be the 
maximum shearing-force and maximum bending-moment diagrams. 
It will be seen that in effect the load remains stationary and the span 
moves, which does not affect the results obtained. 

It is usual, though not necessary, to draw parabolas for the enveloping 
curves, in which case the magnitude of the equivalent uniform load is 
easily determined. Suppose that bf be the maximum ordinate of the 
enveloping parabolas abf > abg, (vi) Fig. 48, representing the maximum 
shearing-force diagrams. If w be the equivalent uniform load per unit 
of length, which, travelling across the beam, would produce the same 
maximum shearing force at every cross section, bf = wL/2 (see § 18), 
2 

and w = j- (bf). , bf is measured to the load scale. 

If c'd' be the maximum ordinate of the parabola a'd'b ' , (vii) Eig. 48, 
representing the maximum bending-moment diagram, the maximum 
bending-moment at the centre is max. Mo = c'd' x H, where c'd' is 
measured to the distance scale, and H is the polar distance measured 
to the load scale. If w' be the equivalent uniform load per unit of length 
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which would produce the same maximum bending moment at every 

8 gjj 

cross section, max. Me = w'L 2 /8 ; or w' = (max. Me) = ^ (c'd'). 

It will usually be found that the value of w' differs from that of w, 
in which case w should be used for the purpose of designing those portions 
of the beam which carry the shearing force, and w/ for those portions 
which carry the bending moment. 

22. Standard Loadings. — For the purpose of bridge design, certain 
conventional loadings have been standardised, (i) Fig. 49 shows Cooper’s 
E-72 loading used for main line railway bridges in America. Each unit 


(i) or 

-5 Till -65 -65 -65-65 -5 lilt -65-65 -65-65 0;Mt. 

£— o OOOO o o o o^-o OOOO n o o o lllilllli OO 

\ | 8 j 5 1 5 1 5 1 9 t& [6 1&| 8 | 8 
\ till -75 -75 -76 -75 1 

OOOO 0 0 0 9 -]- C 

1 5 1 5 1 5 ( 9 |5 1 6 |s |5 (.Feet .*( 7 |* 

1 J 1 -75-75-75-75 O’lO/ft 175175 

DOQO Q o.o o ~1T1 1 1 1 11 QQ 

1 5|s|5| 9 1 6 1 6 I 6 1 5 1 8 

£. J 

. ta \j . 580+1? 

5 j 5| 5 1 9 l 6 1 6 | 6 |5t* 

*- w'=1-85 + 

Tee t *) 6 L 
(ii) ‘ 

rjEocKUi 
























100 200 300 

Span L in Tcet.* 

Fig. 49. 


of loading represents 72,000 lb. (ii) shows the British Standard loading 
for main line railway bridges, each unit of loading representing 20 tons. 

Values of w', the equivalent uniform load for bending moment at the 
centre of the span, corresponding to this loading, may bo obtained from 
the curve (iii), 

L < 150, w = 2-44 + 1700/(580 + L 2 ) tons per foot . ( 1 ) 

L>150, w' = 1-85 + 1 00 /L tons per foot . . • (2) 

The equivalent uniform loads for bending, given by this curve, are 
sufficiently accurate for approximate calculation in the case of railway 
bridges of span greater than 17 ft. For exact values, including values of 
the maximum shear both at the centre and ends of the span, see Appendix 
No. 1 to British Standard Specification, No. 153, Parts 3 , 4 and 5 , 1930. 
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When designing short spans, cross girders, and. rail hearers, the 
maximum axle loads, shown to the right in (i) and (ii) Fig. 49, must be 
taken into account. 

The equivalent uniform loads given by eqs. (1) and (2) do not jake 
into account the dynamic effects of the moving load, commonly referred 
to as impact. To make allowance for this, an impact factor i may be 
used, see § 61. If the value of w' from eqs. (1) and (2) be multiplied 
by (1 + *), and the equivalent uniform load thus obtained be treated as 
a static load on the bridge, the stresses computed therefrom may be taken 
as equivalent to those produced by the travelling load when crossing the 
bridge. 

Alternatively, the British Bridge Stress Committee (Ref. No. 16, 
Chap. IV) have published tables of equivalent uniform loads, based on 
their experiments, and intended for the purpose of design, in which the 
dynamic effects of the moving load are included. 

23. Standard Loading for Highway Bridges.— Particulars of the latest 
(1931) Ministry of Transport loading for highway bridges are given in 
Fig. 50. The following explanations accompany the curve. 

The uniformly distributed load applicable to the c loaded length ’ of 
the bridge or member in question is selected from the curve or table. 

The ‘ loaded length 9 is the length of member loaded in order to pro- 
duce the most severe stresses. In a freely supported span the * loaded 
length 5 would thus be (a) for bending moment ; the full span, (b) for 
shear at the support ; the full span, (c) for shear at intermediate points ; 
from this point to the farther support. 

In arches and continuous spans the 4 loaded length 5 can be taken 
from the influence line curves. 

. The live load to be used consists of two items : (1) The uniformly 
distributed load which varies with the loaded length, and which repre- 
sents the ordinary axle loads of the M.T. standard train, perfectly dis- 
tributed. (2) An invariable knife edge load of 2,700 lb. per foot of width 
applied at the section where it will, when combined with the uniformly 
distributed load, be most effective, i.e. in a freely supported span : (a) for 
bending moment at midspan ; at midspan point. ( b ) for shear at the 
support ; at the support, (c) for shear at any section ; at the section. 

This knife edge load represents the excess in the M.T. standard train 
of the heavy axle over the other axles, this excess being undistributed 
(except laterally as already assumed). 

In spans of less than 10 ft. (i.e. less than the axle spacing) the con- 
centration serves to coxmteract the over-dispersion of the distributed load. 

In slabs the knife edge load of 2,700 lb. per ft. of width is taken as 
acting parallel to the supporting members, irrespective of the direction 
in which the slab spans. 

In longitudinal girders, stringers, etc., this concentrated loading is 
taken as acting transversely to them (i.e. parallel with their supports). 

In transverse beams the concentrated loading is taken as acting in 
line with them (i.e. 2,700 lb. per ft. run of beam). 
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Loaded Lenqfh »n reel. 

Fig, 50. 

Reproduced by permission of the Controller of H.M. Stationery Office from the Ministry of Transport Memorandum No, 483 on the 

Lay-out and Construction of Roads, 1937, Appendix 1 (b). 
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If longitudinal or transverse members are spaced more closely than 
at 5 ft. centres, the live load allocated to them shall be that calculated 
on a 5 ft. wide strip. With wider spacing this strip will be equal to the 
girder spacing. 

In all cases, irrespective of span length, one knife edge load of 2700 lb. 
per foot of width is taken as acting in conjunction with the uniform 
distributed load appropriate to the span or 4 loaded length.’ 

The loading, which is the minimum recognised by the Ministry, 
includes the effect of impact, which need not be considered separately. 
On spans exceeding 75 ft. a reduction has been made in the intensity of 
the loading, as compared with the standard train, to allow partly for the 
lower average weight of vehicles in the larger group, and partly for the 
lessening effect of impact on the longer spans. For spans below 10 ft. 
the equivalent loading makes allowance for bending moments in both 
directions, of which only the main bending moment need be calculated. 
For a discussion of the derivation of the loading, reference may be made 
to j Reinforced Concrete Bridge Design , Chettoe and Adams, London, 1933. 

24. Position of Load for which the Bending Moment is a Maximum 
at any Section. — It is sometimes convenient to determine the position 
of the travelling load for which the 
bending moment at any section is a 
maximum. Let AB = L be the span, 

Fig. 51, K any section distant x from 
A. Let the sum of all the loads on 
AK = SW' and of those on KB = 

£W". A load is considered to be 
still on AK unless it has actually 
passed K. Suppose the distance of 
the centre of gravity of the loads on AK to be z f from A, and of those 
on KB to be z" from A. Then R 2 L =(£W')z' + (EW") %" ; and the 
bending moment at K is M K = — R 2 (L — x) + (£W") {z" — %). 

Inserting the value of R 2 , 

M = — ' : {(EWO z f + (£W") z"} + (EW") (z" - x) 
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Fig. 51. 


Let the loads move a small distance S z to the right, increasing Mk to 
Mk + 8M K . Then, 

M k + SM k = - L “ * {(2W') ( 2 f + &) + (SW") (z" + Sz)} + 

(2W") (z" +8z-x) 

and SMk = - {(2W') S z + (SW") S z} + (£W") S z 

0r ^z + 2W"} + SW" . (1) 

Since the bending moment at K is negative, if negative, the 
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bending moment has increased and will go on increasing until a load 

passes K. If , as a load passes K, changes from negative to positive 

* . , . , . dM K A 

a maximum has occurred, the condition for which, is — u, or 

sw' + sw" sr 

L ~L-x ' ' • (2) 

But (SW' + SW") /L is the average load per unit of length on the whole 
span, and (SW") /(L - x) is the average load per unit of length on the 
part span KB. Hence, for the bending moment at any section of a 
beam to reach a maximum, a load must be passing the section, and the 
average load per unit of length on each part into which the span is divided 
by the section must be equal to the average load per unit of length on 
the whole span. 

It remains to discover the effect of a load entering or leaving the span. 
Eq. (1) may be written, 


L — x 


7')+ (l — ~- L -*)(SW' 


= -i{(L — x)(EiW') — x(SW")} 

If a load enter the span before a load passes K, the value SW' will be 
increased ; and, from the above expression, the negative value of 
will be increased. If a load leave the span, the SW* will be decreased, 
and again the negative value of will be increased. It is obvious 

that a load entering or leaving the span cannot make g— change from 

negative to positive, and therefore cannot produce a maximum. 

In practical cases, with a system of concentrated loads, the numerical 
averages will not be exactly equal, but the load position which most 
nearly fulfils the ascertained condition will produce the maximum 
bending moment at K. 

The above propositions are- also true if the load be distributed, wholly 
or in part. 

25* Position of Load for which the j— x 

Bending Moment is a Maximum under A Ax r xVC A p. p. 

a Particular Load. — Suppose it be de- -r — L J LJ 

sired to find the position of the *R, R. 

travelling load when the bending LI.-* l-\x i 

moment is a maximum under a par- U-'* L — 

ticular load such as J, Fig. 52. Let ... 

AB = L be the span, and SW be 

the sum of all the loads upon it. Suppose, when the bending moment 
under load J is a maximum, that load J is at a distance x from A. Let 
SW' be the sum of all the loads to the left of J. Further, let the centre 
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of gravity of all the loads SW be z from J, and that of the loads EW' be 
z' from J. Then R X L = (SW) (L — z + z ), and the bending moment 

EW 

under J is, Mj = — R x ^ + (SW') z f = j~ (L — x + z) x -f (SW') z f . 


Differentiate with respect to x, z and z f being constant, 


eZMjr 

dx 


SW 

L 


(L - x + z) + 


SW 

L 


x. 


The bending moment under J is a maximum when dMj/dx is zero, 
i.e. when x = L — x + z, or when the particular load, and the centre of 
gravity of the whole load on the beam, are equidistant from the ends of 
the span, and consequently from the centre of the span. 

By finding the maximum bending moment under each load in turn, 
this proposition can be used to find the maximum bending moment 
anywhere on a beam, due to a system of concentrated rolling loads. 


INFLUENCE LINES 

26. Influence Lines. — In the preceding articles, curves have been 
determined giving the maximum shearing force and maximum bending 
moment, due to a travelling load, at every section of a beam, irrespective 
of the position of the moving load which produces them. These curves 
were called maximum shearing-force and maximum bending-moment 
diagrams. A shearing force or bending moment influence line may be 
defined as a curve giving the shearing force or bending moment at one 
'particular section of the beam, for every position of the travelling load. 
For example, (iii) Fig. 53 is the bending moment influence line for the 
section K, in the beam AB, when the single concentrated load W travels 
across the beam. The ordinate c'd f of the influence line represents the 
bending moment at K when the load is at any position C. The position 
of the load for which the bending moment at K is a maximum is evident 
from inspection, and the magnitude of that moment can be easily cal- 
culated. The influencedine is therefore a simple means of indicating the 
effect of travelling loads. Influence lines can be drawn not only for 
shearing forces and bending moments, but for reactions, stresses in 
particular members, deflections, and, in fact, for all functions which vary 
with the position of the moving load. 

It is customary to draw influence lines showing the effect of a load of 
unit magnitude passing over the beam or other structure, from which 
influence lines the effect of more complicated load systems can be deduced. 
Shearing-force and bending-moment influence lines for a plain beam, 
supported at each end, will first be considered. 

27. Case (1). Single Concentrated Travelling Load. — Let W, Fig, 53, 
be a single concentrated load of magnitude unity, travelling across the 
span AB from left to right. To draw the influence lines for shear and 
bending moment for any section K of the beam. Let AB = L, arid 
consider any particular section K ? distant x from A. Suppose the load 
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to have reached C, distant z from A. For this position, R x — W — j-— j 
and R a = w|-. Then S K , the shearing force at K for this load position, 
is equal to R 2 = Wz/L and is positive. Since the magnitude of the 
load is unity, S K = R 2 = + ^- On the base line ab, (ii) Fig. 53, draw 
the difl.grfl.rn abf, such that bf is unity. Then the ordinate under the 
load cd — bf . f • That is to say, this ordinate represents to scale 

do Xj 


A 


B 


the shearing force at K when the load is at C. This state of affairs will 
hold good until W passes to the right of K. The shearing force at K 
then becomes negative, and equal to 
R x = — W(L — z)j L ; or, since W 
is unity, Sk = — ( L — z) /L. If the 
triangle bat be drawn, such that 
at = unity, its ordinate at any section 
distant z from A will be — (L —z)j L 
= Sr. This applies while the load is 
to the right of K. 

The diagram aj x kj 2 b, thus de- 
termined, is called the shearing force 
influence lint for the point K, and 
is such that, when unit load is at 
any point C, the ordinate cd of the 
diagram represents in sign and magni- 
tude the shearing force at K. The 
scale of the ordinate is evidently the 
scale to which bf = at = unit load. 

It is obvious that the shearing force 
at K reaches its maximum value 
as W arrives at K, i.e. when z = x. 

Positive maximum Sk = ^ = A/, ; negative maximum Sk = — -j- — 

= kj 2 . It follows that the maximum shearing force at any section of 
the beam occurs when the load arrives at that section. 

If W have any value other than unity, the magnitude of the shearing 
force, found from the influence line, must be multiplied by the magnitude 
of W. In this case it is better to regard the ordinates cd as numerals, 
which, multiplied by the magnitude of W in tons, give the shearing 
force in tons. 

Consider next the bending moment at K when the load is at C. Mr, 
for this position, is negative and equal to — R 2 (L — x) — — Wz (L — x)/L, 



Since the magnitude of W is unity, M K = — (L — x). On the base line 

a'b', draw the diagram a'e'f'b', (iii) Fig. 53, such that a'e' = a’k', and 
b'f' = b'k'. Then a'f' and b'e' will meet at j' in the line k'j'. The ordinate 
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c'd' = b'f . J But b'f = - b'k' = - (L - x), and c'd' = - (L -*) 

Mk- Hence the ordinate c'd', immediately under the load, represents 
to scale the bending moment at K when the load is at C. This will be 
true for every position of the load between A and K. When the load 
passes to the right of K, the bending moment at K is M K = — Rj# 

as ~~ x ; or, since the magnitude of W is unity, Mk = — x. 

But a'e' = — x ; and any ordinate of the line b'e distant z from A, 
y j __ /jj 

will equal ^ — x == Mk. Therefore the ordinate of the line b'e', 


immediately under the load, will represent to scale the bending moment 
at K while the load is to the right of K. 

The diagram a'j'b', thus determined, is called the bending moment 
influence line for the point K, and is such that, when unit load is at any 
point C, the ordinate c'd' of the diagram represents to scale the bending 
moment at K. It is evident that k'j' is the maximum ordinate of the 


diagram, and therefore the maximum bending moment at K occurs when 

, (L — x) x 

the load arrives there, i.e. when z = a ; max. M K = f- . 


Scale . — Since a'e' was made equal to a'k', and b'f equal to b'k', it 
follows that the ordinate of the influence line -must be measured to the 


scale to which a'b' = L. If 


this scale be l" = a l inches, 
and W — 1 ton, then M K =* 
a i X i c 'd' measured in inches) 
inch-tons. If W have a 
value other than unity, the 
magnitude of the bending 
moment found from the 
ordinate of the influence line 
must be multiplied by the 
magnitude of W. 

It is evident from the 
above that the maximum 
bending moment at any sec- 
tion of the beam occurs when 
the load is at that section. 

28. Case (2). A Series 
of Concentrated Travelling 
Loads at Fixed Distances 
Apart. — Suppose that there 
are several concentrated 



Fig. 54. 


loads of magnitude W x , W 2 , W a at fixed distances apart, travelling across 
the span AB from A to B (Fig. 54). To find the maximum shearing force 
and bending moment at any section K by means of influence lines. 
Let AB = L. For the section K, draw the influence lines for shearing 
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force and bending moment, (ii) and (iii) respectively, as in Case (1). 
Consider the shearing force at K for any load position such as that shown 
at (i), where the distances of W v W 2 , W 3 , from A are z l7 z v z z respectively. 
From the analysis given in Case (1) it follows that the shearing force at 
K, due to W x , will be W x X cd, where cd is the ordinate of the shear 
influence line immediately under W v Let cd = s 1 (s 1 must not be 
confused with the shear per unit of depth of § 174). Then the shearing 
force at X, due to W x at C, is W^. For the load position shown, this 
is positive in sign. Similarly, the shearing force at K, due to W 2 , is 
W 2 $ 2 , where s 2 is the ordinate of the shear influence line immediately 
below W 2 ; and likewise, the shearing force at K, due to W 3 , is Wg$ 3 . 
The total shearing force at K for this load position is, therefore, 
S K = W 1 $ 1 + W 2 s 2 -f W 3 s 3 = £(W s). Due account is to be taken of 
the sign of the ordinates [for the load position shown at (iv), s v represented 
by c x d l7 would be negative]. It follows, therefore, that the shearing 
force at any section K is equal to the algebraic sum of the products 
obtained by multiplying the magnitude of each load by the ordinate of 
the shear influence line immediately below it. 

Returning to load position (i), it will be evident that, as the load moves 
on, the ordinates $ v s 2 , s z , and therefore the positive shearing force at K, 
will increase, and go on increasing until W x reaches K. Let S k be the 
positive shearing force at K when W x is there. When W t just passes K 
there will be a sudden drop in the shearing force to a value Sk' — W 1 ; 
and s 1 will become negative. As the load moves on, this diminished 
shearing force will increase (for both $ 2 and s z will increase, and s x which 
is negative will diminish), and go on increasing until W 2 arrives at K. 
The increase in the shearing force from the moment W x leaves K until 
W 2 arrives there can be found as follows : All the loads have moved a 
distance l v the slope of aj x and bj 2 is,+ 1/L, hence the 'positive increase 
in each ordinate s is L. The increase in the shearing force, consequently, 

is W x £ "h 2 jr + ~ (EW) ^ ; and Sk, when W 2 arrives at K, is 

Sk" = Sk' — W x + (£W) If Sk" be less than Sk', the shearing force 
when W x is at K, 

Sk' - W x + (SW) b < S K ' ; or SW < 

In the same way it can be shown that Sk"', the shearing force at K when 
W 3 is there, is less than Sk" when W 2 is there, if SW < It follows 

that the positive shearing force at K will be a maximum when the first 
load is at K, unless EW > --- - - • in the latter alternative it will be a 

L i 

maximum when the second load is at K, unless SW > and so on. 

&2 

By similar reasoning it can be shown that the negative shearing force at 
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K is a maximum when the last load W n is at K, unless 2W > ; m 

the latter alternative it will reach a maximum when the last load but one 
is at K, unless 3£W > , and so on. 

bl~ 2 

These criteria must be applied to each load in turn. It sometimes 
happens that there is apparently more than one maximum value for the 
shearing force at K, in which case the magnitude of each apparent maxi- 
mum value must be calculated to determine which is the greatest. 

The maximum positive shearing force on the span will usually occur 
at or very near the end of- the span, when the first or second of the heaviest 
loads of a series is just leaving ; and the maximum negative shearing force 
will occur at or near the other end, when the last or last but one heavy load 
has just entered the span. 

Consider next the bending moment at K for the load position (i). 
If c'd V = m 1 be the ordinate of the bending moment influence line below 
the load W x , (iii), the bending moment at K due to W x will be W 1 m 1 . 
Similarly, if m 2 and m 3 be the ordinates of the bending moment influence 
line below W 2 and W ;l respectively, the bending moment at K due to W 2 
and W 3 will be W 2 ra<> and W 3 ra a . Therefore the total bending moment 
at K, for this load position, will be + W 2 m 2 + W 3 m 3 = £(Wm). 

In this instance, all the values of m are negative. It follows that the 
bending moment at any section K is equal to the algebraic sum of 
the products obtained by multiplying the magnitude of each load by the 
ordinate of the bending moment influence lino immediately below it. If 
the ordinates are measured to the length scale and expressed in inches, 
and the loads in tons, the bending moment will be in inch-tons. 

The result obtained above is evidently true for all positions of the 
moving load. Suppose that the loads are in the position shown at (iv), 
and that they move on a short distance 82 . Every ordinate m will become 
m + 8 m, and Mr = 23 (Wm) will become Mk + 8 M K = E{W(m + 8 m)} = 
E(Wm) + 23(W. 8 m) ; hence 8 M K = E(W. 8 m). Dividing through by 82 , 

and proceeding to a limit, = 23 ^ W. Now ^ is the slope of 

the lines a'f and b'j\ (iii) Fig. 54. The slope of a'? is 

see (iii) Fig. 53 ; and the slope of b'f = = + j-. Let EW' be the 

sum of all the loads on AK, and EW" the sum of all the loads on BK. Then, 


d -fr = ^ t ' + ( sw ") 


- (SWO ~~ + (SW*) 


The bending moment Mr is negative ; if, therefore, — ^ ne g a ^ ve » Mk 
has increased and will go on increasing until a load passes K. If, when 
this happens, becomes positive, a maximum has occurred, the 
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condition for which is 
EW' EW" EW 


; 0) or EW'. (L- 


SW". a; ; whence 


_ = __ • compare eq. (2) § 24. It follows that the bending 

X Ju — X xj 

moment at K is a maximum when a load is there, and when, at the same 
time, the average load per unit of length on the two sections into which K 
divides the span is the same, and equal to the average load per unit of 
length for the whole span. A load is still 
considered to he on AK unless it has actually 5T. n lOT. 27. 
passed K. In practical cases the numerical ^ ^30 

averages will not be exactly equal, but the “I | jr — jk T 

load position which most nearly fulfils this j* f 300^— * — * 

condition will produce the maximum bend- r 200 7 " . 

ing moment at K. This proposition was | [ o | 

proved in a different way in § 24. 0*667 

Worked Example. — As a simple example 0*467 ^ 

of the method of using influence lines, the J | j S.F.I.lJ 

case shown in Fig. 55 will be considered. l^_j | | . J 

- 2 tons, W 2 = 10 tons, 

W 3 = 5 tons. 

Calculated in the ordinary way the B.M.I.L. 66*67 
shearing forces and bending moments at Fia. 55. 

K are, 

When W x is at K, Sk = + 7*0 tons ; Mk — — 700 inch-tons. 


200 f- • 


: 0*20 0*467 1 


20*00 

46-67 1 

B.M.I.L. I 


S.F.I.L. 


Fia. 55. 


7*0 tons : 


- 700 inch-tons. 

- 920 

- 467 


Using the influence lines of Fig. 55 to find these shearing forces and 
bending moments : 

When W 2 is at K, 

W = 2 tons x + 0*667 = + 1*33 tons. 

10 „ x 


x + 0*667 = 
x + 0*467 = 
x +0*20 - 


When W 2 is at K, 

W X 5 X = 2 tons x 


When W 3 is at .K (W x is off the span), 

W^! = 2 tons x 0*00 
w^ 2 - 10 „ x - 0-067 
5 „ x -0*333 


= + 1*33 tons. 
+ 4-67 „ 

+ uoo „ 

+ 7*00 „ 

— 0*27 tons. 
+ 6*67 ,, 

+ 2*00 ,, 

+ 8*40 ,, 

0*00 tons. 
-0*67 „ 

— 166 „ 
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Note that the negative ordinate for «s 3 has been taken, giving the 
maximum value for — Sk- 

When W x is at K, 

Wjm! — 2 tons x — 66*67 in. — — 133*3 inch- tons. 

W 2 ra 2 — 10 „ x - 46*67,, --466*7 „ „ 

W 3 w 3 = 5 „ X - 20*00 „ - -100*0 „ „ 

Mk — — 700*0 ,, ,, 

26*67 in. — — 53 * 3 inch- tons. 

66*67 „ - - 666*7 „ „ 

40*0 = — 200*0 

Mk — — 920*0 „ „ 

When W 3 is at K, and W x off the span, 

W jWii — 2 tons x 0*00 in. — — 0 • 0 inch-tons. 

W 2 m 2 -10 „ x - 13*33,, — — 133*3 „ „ 

W a m 9 - 5 „ x - 66*67 „ - - 333*3 „ „ 

Mk — — 466*6 


When W 2 is at K, 

W l ?n 1 — 2 tons x — 
W 2 m 2 — 10 „ X — 
W*m, - 5 


To verify the above figures, the influence lines should be set out to 
a large scale, and the ordinates scaled (or they may be calculated) . 

Applying the criteria for the maximum values of the shearing force : 
When W x is at K, SW = 17 ; W X L/Z X - 2 x 300 * 60 -10 ; so that 
EW is greater than W X L /Z x and the maximum shearing force does 
not occur when the first load is at K. When W 2 is at K, SW — 17 ; 
W 2 L jl 2 = 10 x 300 -f* 80 — 37 *5 ; the latter is greater than EW and a 
maximum will occur with W 2 at K. There cannot be a positive maximum 
with W 3 at K, and it follows that max. + Sk occurs when W 2 is at K, 
as proved by the values already calculated. Considering the negative 
shearing force at K when W 3 is there, EW — 15 ; W 3 L/^ „ x — 5 x 300 
-r* 80 — 18*75, which is greater than EW, and therefore, max. — Sk 
occurs when the last load is there. The value is found above. 

Applying the criteria for the maximum bending moment, the average 
load per unit of length on the whole span AB, when all three loads are 
on the span, is 17 ■— 300 — 0*057 ton/in. When W x has just reached 
K, the average load per unit of length on AK is 17 -f* 200 — 0 *085 ton /in. 
and on KB is 0 *00. With W 2 at K, the average load per unit of length 
on AK is 15 200 - 0*075, and on KB is 2 -r 200 - 0*02 ton/in. 

When W 3 is at K, the average load per unit of length on AB is 15 -r 300 = 
0*05, on AK is 0*0, and on BK is 15 -f* 100 — 0*15 ton/in. Evidently 
the position which most nearly makes (SW x )/x = (EW")/(L — x) — 
(EW)/L is when W 2 is at K, and the calculations above show this to 
be the case. 

29. Case (3). Uniformly Distributed Load Shorter than the Span. — • 
Suppose that a uniformly distributed load, w per unit of length, 
shorter than the span, travels across the span AB, (i), Fig. 56, from 
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A to B. To find the maximum shearing force and bending moment at 
any section K by means of influence lines. Let AB = L, and let l be 
the length of the travelling load. Draw the influence lines for shearing 
force and bending moment for the section K, as in Case (1). Consider 
the shearing force at K for any position of the moving load such as that 
shown in (i). Let cd, (ii), be an elementary strip of the shear influence 
line, U wide, and lying within the length l ; cd = s. Then the load over 
the strip cd is w .SI; and, from the analysis for Case (1), the shearing 
force at K due to this load is w . U x cd = ws . 81. Hence the total shear- 


ing force at K, due to the whole of the moving load, is Sk = wj s.dl. 
i 

But | s.dl is the area gh , i.e. the area of the shear influence line immediately 


below the moving load. It 
follows that the shearing 
force at any section K, due- 
to a uniformly distributed 
load, is equal to the area 
immediately belowthe load 
of the shear influence line 
for the section considered, 
multiplied by w the magni- 
tude of the load per unit 
of length. If the length 
scale be 1 inch = a x inches, 
and the ordinate scale be 
a 2 inches = unity, then the 
shearing force at K is 



w . — 1 (area gh measured in square inches) 


tons ; 


w being measured in tons per inch of length. 

It is evident that the area gh increases as the load moves from A 
toward B, until the front of the load reaches K. When the front of the 
load passes K, part of the area under the load becomes negative, and the 
magnitude of that area is reduced. Hence the maximum positive value 
of the area, and therefore the maximum positive shearing force at K, 
occurs when the front of the load arrives at K, Similarly the maximum 
negative value of the area, and therefore the maximum negative shearing 
force at K, occurs when the back of the load is at K. These maximum 
values, calculated from the area gh 3 are 


, ~ wl 
max. -f Sk = — 
2 


x x —l 

L ^ L~ 



L 


— x 

TT 


+ 


L —l 



_*) 


max. — Sk = — — 
2 


L 
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It is simpler, however, having found the load positions producing the 
maximum -l- and — shearing forces, to place the load in these positions 
and calculate the values of Sk directly. 

In exactly the same manner it may be shown that the bending moment 
at K, when the moving load is in the position shown in (i) Fig. 56, is 

Mk = w I m . dl ; where m is any ordinate such as c'd' of the bending 

J° 

moment influence line, (iii). Hence it follows tha.t the bending moment 
at any section K, due to a uniformly distributed load, is equal to the area 
immediately below the load of the bending moment influence line for the 
section considered, multiplied by w the magnitude of the load per unit 
of length. 

As pointed out in Case (1), the ordinate of the bending moment 
influence line is measured to the length scale, 1 inch = a x inches. Hence 
one square inch of the dia- 
gram represents a x in. 2 ; A 
and the bending moment 
at K will be {wa x 2 (area g'h' 
in square inches)} inch-tons, 
if, as before, w be measured 
in tons per inch of length. 

It will be evident that, 
as the load moves from A 
toward B, the area g'h' will 
increase, until the position shown in Fig. 57 is reached, when the 
ordinate g'p' is equal to the ordinate q'h'. In this position the area 
under the load is a maximum, for it is obvious (Fig. 57) that if the load 
move forward a short distance, the area subtracted is greater than the 



area added. This is equally true if the load move backward from the 
position indicated. It follows that the maximum bending moment at 
K occurs when g'p' » q'h'. But if g'p' = q'h', then p'h' is a horizontal 


'U / 

line, and by similar triangles, tt? 

CL fC 


~~ ; that is to say, 
h r 


the span and load are divided in the same ratio (see § 19). Having found 
the position of the moving load producing the maximum bending 
moment at K, the magnitude of this moment can easily be found. 

A simple geometrical construction for making g'p' equal g'h' is indicated 


in Fig. 57. 

30. Case (4). Uniformly Distributed Load Longer than the Span.— 
Suppose that a uniformly distributed load, w per unit of length, longer 
than the span, travels across the span AB, Fig. 58, from A to B. To find 
the maximum shearing force and bending moment at any section K by 
means of influence lines. Let AB = L. Draw the shearing force and 
bending moment influence lines for the section K as in Case (1). From 
the analysis given in Case (3), it follows that when the front of the load 
has reached any point C, the shearing force at K is equal to the area ado 
of the shearing force influence line, (ii), immediately beneath the moving 
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load, multiplied by w. Hence the positive shearing force at K is a 
maximum when the front of the moving load reaches K, and is equal to 
the area ajjc multiplied by w. Similarly the maximum negative shearing 
force at K occurs when the back of the 
moving load is at K, and is equal to 
the area kjj) multiplied by it?. Scales 
as in Case (3) . 

The bending moment at K, when 
the front of the load has reached C, 
is equal to the area a'd'c' of the bending 
moment influence line beneath the 
moving load, (iii) Eig. 58, multiplied 
by w . Hence it follows that the bend- 
ing moment at K is a maximum (Ml) 

when the whole of the beam is covered, v 

and is equal to the area a'j'V multi- Pxa. 

plied by w. Scales as in Case (3). 

31. Use of Influence Lines. — As has been seen, an influence line can 
be used not only to determine the position of the load when the maximum 
shearing force or maximum bending moment occurs at the section K, 
but also to find the values of these maxima. In simple cases it is never- 
theless often more convenient to use the influence line merely to deter- 
mine the position of the load when the maxima occur, and, having placed 
the load in this position, to calculate the maximum values by one of the 
ordinary methods. For this purpose a rough sketch of the influence' 
line will often suffice, and no questions arise as to scales. 

32. Reaction Influence Lines. — 



Influence lines can be drawn for the 
reactions at the ends of a beam. The 
ordinate under the load W = unity, as it 
travels across the beam, gives the reaction 
at the end of the beam. The shape of 
these influence lines is the same for all 
beams merely supported at the ends, 
whether solid, panelled, or braced. This 
remark applies equally to Figs. 59 and 60. 



Fig. 59. 


Let AB, Fig. 59, be a beam, span L, supported at A and B, and suppose 
that a load W = unity travels across it from A to B. When the load is 


at any position C, distant z from A, the reactions at A and B are 


R x — W since W L 

On a base line ab, set up ae = 6/ = unity, join af and be , then abe and baf 
are the reaction influence lines. From the geometry of the figure, the 
ordinates under the load are 
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Therefore the ordinates under the load represent the magnitudes of the 
reactions, and for any arrangement of concentrated loads 
R x =SWr x ; R 2 = EWr 2 

A second type of reaction influence line, due to Winkler, is shown 
in (ii) Fig. 60, and is called the summation influence line for the reaction 
R 2 . The loads W l5 W 2 , W 3 . . . are set up in order, to the load scale, 
on the reaction line bf, and the points bcdef are joined to a. The loads 
are next placed in reverse order on the line ab, with the leading load 
W x at a. The summation influence line, a.1.2.3.4. is obtained by drawing 
a. 1 parallel to ac (coincident) ; 1.2 parallel to ad ; 2.3 parallel to ae ; 



and so on. The analogy with the shearing force diagram of Fig. 46 will 
be evident. The ordinate of the summation influence line under the 
leading load will give the magnitude of R 2 for the load position indicated. 

If Fig. 59 be compared with Fig. 60, it will be seen that acb is the R a 
reaction influence line for the load W x . Similarly, if ac be regarded as 
the base line, adc is the R 2 reaction influence line for the load W 2 , and so 
on. Then, for the load position shown in the figure, the reaction R a 
can be found by adding the ordinates under the loads indicated by thick 
lines, 

* R 2 = + Ti + + r li iV 

which sum, as shown by the dotted lines, is evidently equal to the 
ordinate of the s umma tion influence line under the leading load. The 
reaction R t reaches a maximum when W x arrived at B, but the diagram 
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ceases to apply when W x passes off the beam. A new summation influence 
line with W 2 as the leading load can be constructed on the same frame- 
work, ac now being the base line. 

A diagram simil ar to (ii) Fig. 60, but reversed, will give the reaction 
R r 

For a uniform load, w per unit of length, longer than the span, the 
line a.4 becomes a parabola, the maximum ordinate at B is wL/2. The 
summation influence line for a uniform load shorter than the span is 

shown in (iii) Fig. 60, the maximum ordinate bf = j- (L — ^), cf. Fig. 45, 


33. Influence Lines for Panelled Girders.— Hitherto it has been 
assumed that the travelling load rolls on the beam itself ; or, if the beam 
is one of the main girders of a bridge, that the bridge floor or deck trans- 
mits the load directly to it, (i) Fig. 291. The theory holds equally for 
bridges with trough flooring spanning from main girder to main girder, 
(ii) Fig. 310. In bridges where the loads are transmitted to the main 
girders by means of cross girders, (ii) Fig. 301, the shape of the influence 
line is modified. This applies to all panelled floors, whether the main 
girders be of the plate or lattice type. The influence lines for a plate 
girder carrying a cross girder floor are found as follows : 

Let W, Fig. 61, be a single concentrated load of magnitude unity, 
travelling across the span AB from A to B, the load being transmitted 
to the girder AB by means of cross girders, (i). To draw the influence 
lines for shearing force and bending moment for any section K of the 
girder AB. Let AB = L, and consider the shearing force at the point 
K. lying in the panel K X K 2 and distant x from A ; AK X = x v AK 2 = x 2 , 
K X K 2 *= L x . It will be evident from the figure that no force due to the 
travelling load can come on the girder AB between K x and K 2 , and it 
follows that the shearing force on the girder between these two points 
must be uniform. Hence the shearing force at K is equal to that at K x , 
and it will be sufficient to find the shearing force at the latter point. 
Suppose the load to have reached C, any position to the left of K x , 

distant z from A. For this load position, B^W an( j ;r , 2 = W 


The shearing force at K t , and therefore at K, is then Sk = R 2 — Wz/L 
and is positive. Since the magnitude of the load W is unity, Sk = 4- z/L. 
This expression is exactly the same as in Case (1), § 27, and the influence 
line ajjk^ (ii) Fig. 61, is of exactly the same shape as (ii) Fig. 53, (bf = 
unity). The ordinate cd represents to scale the shearing force in the 
panel K X K 2 when the load is at C, and the maximum ordinate k x j x = 
x x % x 

V • l 5=5 X * ^ len l° a< * P as ses to the right of K x , a change occurs. 

The load condition while W remains between K x and K 2 is shown at (v), 
Fig. 61. The shearing force at K x (and therefore at K) will he R 2 — P 2 , 
where P 2 is the downward load transmitted to the main girder by the 
cross girder at K 2 . The magnitude of R 2 is Wz/L as before ; P 2 is found 
by considering the end reactions of the beam which spans from the cross 
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girder at K x to that at K 2 , Pj.Lx = W(z — a^). Hence the shearing 
force at K 3 or K is, 


Sk = H 2 


w: 


w . 

Lx (Z 


■*i) = 


* -gi) 
Li 


since W = unity. This is the equation to a straight line. 


When 

when 


z — x-yj S;& — x Xi — ni (ii) \ 




Fio. 61 . 


becoming negative, and represented in (ii) by k$ z . Hence jtf 2 is the 
shear influence line for the point K while the load is between K x and K 2 . 
When the load passes to the right of K 2 the shearing force at K is negative. 
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and equal to — Rj^ = — W 


L — 2 


L - 
L 


2 


, since W is unity. ' 


As in 


Case (I), § 27, this is represented by the line be (ae = unity), of which 
any ordinate distant z from a is — (L — z) [L. For the point k 2 , where 
2 = x 2 , the ordinate is - (L - x 2 )/h = k 2 j 2 ; hence the point j 2 lies 
on be, and the line bj 2 is the shearing force influence line for load positions 
to the right of K 2 . The complete shearing force influence line, therefore 
is the figure aj 2 j 2 b, which has exactly the same properties as that of 
Case (1), § 27. It is evident that the maximum positive shearing force 
at K (i.e. in the panel KjK 2 ) occurs when the load W is at Kj ; and the 
maximum negative shearing force in the panel occurs when the load W 
is at K 2 . When the load is over k 3 , the shearing force in the panel is zero. 

Consider next the bending moment at K. While the load is at any 
point C, to the left of K 1; this moment is 


Mk = — R 2 (L-*) .Wj(L-2) = -*(h-2), 


since W = unity, exactly as in Case (1), § 27. This, as before, is repre- 
sented by the line a'j{ in (iii), part of the line a'f, where b'f' = k'b' = 
(L - x). The maximum ordinate k 2 j 2 = - a^L - x)/L. When the 
load passes to the right of K 1( the condition of affairs is represented in 
(v). The bending moment at K is M K = — {R 2 (L — x) — 1? 2 {x 2 - x)j. 
Inserting the values of R 2 and P 2 found above, and putting W = unity, 




Wi(L 


*) 




which is a straight line. 


1 (L -x) - 
L L x 


(x 2 - x) 


(*2 ~ *) 


When z = x v M K 


f*: 


i (L 


*) 


when 2 = x 2 , M k = — j J(L ■ x) - ?■-_** (x 2 - x ) 

= ~ lx (L ~ x ) ~ (*■ “ *)l = - l ( L - **)}> 

represented in (iii) Fig 61 by k 2 %\ Then is the influence line while 
the load is between K t and K 2 . When the load passes to the right of 

K 2 , M k = — R l x. But Rj = W — ~ • 0 r, since W is unity, 

M k = j— x. As in Case (1), § 27, this is represented by the line 
b'e', such that a'e' = ■*. The ordinate at k 2 ', where 2 = is M K = 
— L (L — * 2 ) = Hence j 2 lies on the line b'e', and b'j 2 represents 

the influence line while the load is to the right of K 2 . The complete 
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bending moment influence line, therefore, is the figure a!j{j^b’ , of which 
the ordinate c'd' anywhere represents the bending moment at K when 
the load is at C. The maximum bending moment at K occurs either 
when the load is at K x or K 2 , depending on whether k'j t ' or k a 'j t ' be the 
greater. 

The bending moment influence line thus determined is correct for 
any point K on the girder, not a panel point. The influence line for a 
panel point, such as K x , is shown at (iv) Fig. 61, and is exactly the same 
as that for Case (1), § 27. The fact that the load travels on a floor 
supported by cross girders makes no difference to the bending moment 
at a panel point. It is> evident that when W is to the left of K x , the 
bending moment at K x is — R 2 (L - x x ), and when W is to the right 
of K v the bending moment at K x is — Rj&j. These expressions are 
identical with those of Case (1), § 27, for the values of R x and R 2 are 
independent of the manner in which the load is transmitted to the main 
girders. Hence the bending moment influence lines in the two cases are 
identical, (iv) Fig. 61 Can be regarded as a particular case of (iii) Fig. 61 
in which j x and j 2 are coincident. 

Having determined the influence lines for shearing force and bending 
moment, the maximum values of these functions for the section under 
consideration can be obtained exactly as in Cases (1) to (4) §§ 27 to 30. 
The following cases are numbered to correspond ; the treatment as 
regards scales is identical. 

Vase ,(1). Single Concentrated Travelling Load. — The shearing force 
and bending moment at K and K x , when the load is at C, are obtained 
by multiplying the ordinates s and m directly under the load by the 
magnitude of the load, exactly as in Case (1), § 27. The maximum value 
of these ordinates is evident on inspection, and therefore the maximum 
value of the shearing force and bending moment, and the position of the 
load at which they occur, are determined. 

Case (2). A Series of Concentrated Travelling Loads at Fixed Distances 
Apart. — The shearing force and bending moment at K or K x , for any 
load position, are given by the formulae Sk = 2(Wa) and M K = 2(W m), 
exactly as in Case (2), § 28, the symbols having the same significance. 
The positions of the load when these functions reach their maximum 
value can be obtained as follows : 

If the loads advance a short distance 82, suppose the ordinates s to 
increase to s -f 8 s. Sk = 2(W s) becomes Sk + 8 Sk = 2{W(s + 85)}. 

Then 8Sk — 2(W . 85), and in the limit, Sk =» 2 ( W , . But ~ is 

dz \ dzj dz 

the slope of the lines aj v j x j 2 , and j 2 b } (ii) Fig. 61. The slope of aj x and 
j 2 b is + 1/L ; that of j x j % is — (L — L^/LL^. 

Let EW', EW", and E W*' be the sum of the loads on AK X , K X K 2 , and 
K 2 B, respectively ; a load is considered to remain on AK X unless it has 
actually passed K x , and so on for the other sections. Then, 


d 

dz 


Sk 


EW / 

L 


(EW") 


L - L x EW'" 
LLjT + L * 



86 


MATERIALS AND STRUCTURES 


n 

If Sk be positive, and Sk be positive, Sk has increased and will go on 
increasing nn t.il a load passes either K* or K 2 . Ifj when this happens, 
Sk becomes negative, a maximum has occurred, the condition for 


dz 

which is Sk 
dz 


0; or, 


EW' + SW'" SW" SW 
L x - L, - L 


The shearing 


force is a maximum, therefore, when a load is at or K 2 , an< I when at 
the same time the average load per unit of length on the panel KiK 2 and 
that on the rest of the span is the same, and equal to the average load 
per unit of length on the whole span. This relation is similar to that for 
the ma xim um bending moment in § 28. The rule holds for both positive 
and negative maximum shearing forces, but the positive maximum 
usually occurs when the front of the load is near K, and the negative 
ma ximum when the back of the load is near K. In dealing with the 
Maximum negative shearing force, a modification to the method of 
estimating SW', 2W", and SW'" should be noticed. It should be 
assumed that a load at K x has left AK X , and that a load at K 2 has left 
K x K 2 . If the rear of the load is assumed to reach K 2 by a backward 
movement of the load, it will be seen that this is equivalent to the method 
of estimation previously given. 

In a similar way, for the maximum bending moment, 


— Me =2(w.^) = (TWO ^ + (SW *) ~ + (SW'") 

dz \ dz ) dz dz 


dm" 

dz 


are the slopes of the lines a'j x \ j x j% , and 


, dm dm dm 
where , and — ^ — , 

dz dz dz 

j. z 'b', (iii) Fig. 61, respectively. The bending moment at K is negative ; 
if ^ Mk be negative, M K has increased and will go on increasing until a 

d 

load passes either K x or K 2 . If, when this happens, ^ Mk becomes 

positive, a maximum has occurred. Hence, for the bending moment to 
be a maximum at K, a load must be passing K x or K 2 , and the value of 

^ Mk must change sign as a result. 

The bending moment influence line for K x (or K 2 ), (iv) Fig. 61, is of 
the same shape as that for a non-panelled beam, (iii) Fig. 54. Therefore 
the condition for the maximum bending moment is the same as in § 28, 
i.e. that a load must be passing the point in question, and that at the same 
time the average load per unit of length on the two sections into which 
the point divides the span must be the same, and equal to the average 
load per unit of length for the whole span. 

Case (3). Uniformly Distributed Load Shorter than the Span.— 
Exactly as in § 29 it may be shown that, for any position of the moving 
load, the shearing force and bending moment at K are respectively equal 
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to the area of the shearing force and bending moment influence lines 
immediately below the load, multiplied by w the magnitude of the load 
per unit of length . The treatment of the scales is identical. The method 
of determining the position of the load for maximum positive and negative 
shearing forces, and for maximum bending moment, is exactly similar 
4o that used to find the position of the load for maximum bending moment 
in § 29, and the reasoning is the same. In each case, as proved in that 
article, the area of the influence line below the load is a maximum when 
the ordinates of the influence line at the ends of the load are equal. The 
application of the graphi- 
cal construction pre- 
viously given is shown 
in Fig. 62. 

Case (4). Uniformly 
Distributed Load Longer 
than the Span . — As in 
§ 30 the shearing force 
and bending moment at 
K, for any position of the 
moving load^ are respec- 
tively equal to the area 
of the shearing force and 
bending moment influ- 
ence lines immediately 
nitude of the load per unit of length. The maximum positive 
shearing force at K occurs when the front of the load reaches 

(ii) Fig. 61, and the maximum negative shearing force at K ocours 
when the back of the load is at Tc v The bending moment at K, K x , or 
K 2 , is a maximum when the beam is fully covered. 

34. Influence Lines for Braced Girders with Parallel Flanges. — In 
Fig. 63 a number of braced girders with parallel flanges are shown. In 
each of these the load is transmitted to the main girders by cross girders 
attached at the panel points. Consideration will show that the effect of 
the cross girders on the shearing force and bending moment in all these 
girders will be exactly the same as in the panelled plate girder shown at 
(i) of the same figure. Even if the load actually rolls on one of the 
flanges of a braced girder (not a desirable arrangement as a rule), the 
panel of the flange carrying the load must act as a girder spanning from 
panel point to panel point, and transfer the load to the panel points at 
its ends. The shearing force and bending moment produced by the 
travelling load at any corresponding section K of any one of these girders 
will therefore be the same, and the influence lines determined in the 
preceding article for the plate girder (i) will apply to all. 

Consider first the shearing force in the panel K X K 2 . The influence 
line for shear aj 1 j 2 b is shown at (v). The shearing force in the panel, for 
any kind of travelling load, in any position, can be found from this by 
the methods previously given. Suppose that its magnitude be Sk- 



below the load, multiplied by w the mag- 
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Since the flanges are parallel, the whole of this shearing force must be 
carried by the diagonal K^Qg. If the force in this bar bo P 3 , and the 
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S K can be found from the influence line, and hence the maximum value 
of F 3 . In the N girder shown at (iv) Fig. 63, if F 4 be the force in Q 2 K 2 , 
F 4 = F 3 sin 9 = Sk* The force in this bar is thus determined. As an 
application of the method, suppose that a single load W tons crosses the 
girder. When it arrives at C, distant z from A, the shear force Sk is 
W x cd, where cd is the ordinate of the influence line under C ; 

W z 

cd = + z/L, Sk = + Wz/L tons, and F 3 = + cosec 9 tons, which 

in this case is a tension ; F 4 = + Wz/L tons, a compressive force. The 

maximum positive value of Sk occurs when the load reaches K v the 

corresponding ordinate being k 1 j 1 ; k 1 j 1 = + xJL, max. + Sk = 

Wx Wx 

+ WxJL tons, max. + F 3 = + - cosec 9 tons ; max. + F 4 = + -j™ 

tons. When the load reaches K 2 the shearing force has changed in sign 
and is represented by the ordinate k 2 j 2 , a negative maximum ; k 2 j 2 = 

L — x 

— (L — x 2 ) /L. Hence, max. — Sk = — W — = — 2 tons, max. — F ft 

JLi 

— W — 2 cosec 9 tons ; max. — F 4 = — W . x * tons. The 
JL JU 

negative signs indicate that the stress in the bar is reversed in sign. 

If a uniform load cross the girder, the maximum positive shearing 

force in the panel will occur when the front of the load is over 

& 3 , and the maximum negative shearing force when the back of the load 

is over k z , § 33. The thin lines in (v) Fig. 63 represent the position of 

the line j x j 2 for all the other paneis of the girder. The position of the 

travelling load producing maximum shearing forces in every panel is 

thus determined by the one diagram. 

Consider next the bending moment in the panel K X K 2 of girders (ii) 

and (iii). The influence line a'jij 2 b' for the point Q 2 is shown at (vi). 

This is identical with (iii) Fig. 61, and is set out in the same way. The 

bending moment at Q 2 , for any kind of travelling load, in any position, 

can be found from this diagram by the methods previously given ; let its 

magnitude be Mq 2 . Then if F x be the force in the flange member K^, 

by the method of sections, § 8, Mq 2 = FiD, where D is the depth of the 

girder ; hence F x = The maximum value of Mq 2 can be found 

from the influence line as in previous cases, and hence the maximum 
Value of F x . Since the influence line lies entirely to one side of the base 
line a'b', the force F x cannot reverse in sign. 

In the case of girder (iv), Q 2 lies in the same vertical as K 2 , and the 
influence line for Q 2 is of the same type as (iv) Fig. 61 [see the broken 
lines in (vii) Fig. 63], the method of finding F v the force in KjKg, being 
otherwise the same. 

It will be observed that, in order to find F 1? the method of sections 
has been used. The necessary section cuts the bars K^K^, K X Q 2 , and 
Q x Q 2 > Fig. 63 ,* and in order to find the force in K X K 2 , moments were 
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Fig. 64. 


taken about Q 2 , the point of intersection of the other two cut bars. It 
was necessary, therefore, to find the bending moment at Q 2 , and the 
influence line for this point was drawn. Similarly, if the force in Q X Q 2 



INFLUENCE LINES 


91 


be required, it is necessary to take moments about K x , the intersection 
of K X K 2 and K X Q 2 . The influence line for K x is shown in full lines at 
(vii) . It is similar to (iv) Fig. 61 , and set out in a similar manner. Having 
drawn the influence line, the bending moment M Kl at K x is known for 
any position of the travelling load. If F 2 be the force in Q X Q 2 , 

Mki = F 2 D, and F 2 = ^ x . The maximum value of M Kl can be found 

from the influence line as in previous cases, and hence the maximum 
value of F 2 . Like F x , F 2 cannot reverse in sign. 

35. Influence Lines for Braced Girders with Curved Flanges. — Fig. 64 
represents a number of braced girders with curved flanges, in which, as 
in Fig. 63, the load is transmitted to the main girders by means of cross 
girders. Since the flanges are not parallel, the curved flange will carry 
part of the shearing force, and instead of influence lines for shearing force 
and bending moment, it will be necessary to draw influence lines repre- 
senting the variation in the force in each particular member of the frame. 
This is conveniently done by an application of the method of sections. 
Suppose a load W, of magnitude unity, travelling across the span from 
A to B, to have reached a point C to the left of K x and distant z from A. 
For this position the reactions are, R x = W(L — z)j L, and R 2 = Wz/L, 
where AB = L. Consider first the bar K X Q 2 in the panel K 1 Q 1 Q 2 K 2 * 
Take a section cutting the bars K X K 2 , K X Q 2 , and Q X Q 2 . To find the 
force in K X Q 2 , take moments about I, the point of intersection of the 
other two bars produced ; call clockwise movements positive. Let F x 
be the force in K X K 2 , F 2 that in and F 3 that in K X Q 2 . These 

three forces, together with R 2 , are the only forces acting to the right of 
the section, and of these, the moments of F x and F 2 about I are zero. 
Then R 2 r = F 3 r 3 , where r and r 3 are the perpendicular distances of R 2 
and F 3 , respectively, from I. Hence, inserting the value of R 2 , F 3 = 

V % V %T 

R 2 . — =Wcr . - ; and, since W =* unity, F 3 = ^ * — • This is the equation 
r 3 li r 3 xj r 3 

v 

to the straight line af, (v) Fig. 64, where bf = — , (z= L). The part 

r 3 

aj v to the left of K x , will be the influence line representing the variation 
in F 3 for different positions of the travelling load between A and K x . 
It is of the same shape as the shearing force influence line, (ii) Fig. 61, 
for panelled girders, § 33, except that bj\ instead of being unity, is equal to 
r/r 3 . The force in K X Q 2 , for any position of W to the left of K x , will be 
represented by the ordinate under the load of this influence line. Thus 
cd represents the value of F 3 when, the load is at C. When the load 

x it 

arrives at K,, the value of F, is represented by k 1 j 1 ^ . — , obtained by 

XJ '3 

putting z = x x in the expression for F 3 . If the line af be produced to 

. L + r 

meet the vertical through I (z =' L ■+■ r), m -- ■ -j- — 

When the load passes to the right of K x , a change occurs. While the 
load' remains between K x and K 2 , the state of affairs will be similar to 
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that shown in (v) Fig. 61 ; and, in addition to R 2 , the downward load 
p transmitted to the main girder by the cross girder at K 2 , must be taken 

* /£ 

into account in finding, the moments about I. As in § 33, P 2 = W j— 

the symbols having the same significance as before. Tire equation of 
moments about I is now, R 2 r - P 2 (L - z 2 + r) = F 3 r 3 . Substituting for 

R 2 and P 2 , Wl-l (z-a^L- **+ ') = F a r s ; or, since W= unity, 

V r ) _ This is the equation to a straight line. 

3 L ' r 3 L i r 3 

When z =*,, F 3 = ^ . - = hiv When z = cr 2 , since (x 2 - x x ) = L v 
r 3 

j? __ ^2 H _ jj Z = — (L+ becoming negative, and 

3 Xi f 3 r 3 

represented by jbjtfV The straight line j x j 2> (v) Fig. 64, is therefore the 
influence line for F 3 while W is between. K x and K 2 . 

When the load passes to the right of K 2 , the moment about I becomes 
1 ^ 3 = R 2 r— W(L— z+ r), for now W itself is to the right of the section 
and its moment has to be taken into account. Inserting the value 

of B 2 , and putting W equal to unity, F 3 r 3 = W^- — W(L — z ~f r) = 


~-(L -z+r), and F 3 =£.£ 


L~~ z + r 


This is the equation to 
8 L —x 2 +r . 


the straight line jj) } for when z — x 2 , F : . - — ~ k 2 h > 

±j r 3 r 3 

and when z= L, F 3 = 0. If z = L+ r, the ordinate of the line jjb is 
— = — . — = in; hence the line jjb passes through the point n. The com- 

h To 


plete influence line for the force F 3 in the bar K X Q is, therefore, aj x j 2 b. 
It is easily constructed by making 6/= r/r 8 , and joining a/, which being 
produced cuts the vertical through I in n. Join nb and produce to j % . 
The influence line aj x j 2 b is thus determined. The shear influence line, 


(v) Fig. 63, is evidently a particular case of this diagram, for if the two 
flanges were parallel, I would lie at infinity, and therefore afn and jjbn 
of (v) Fig, 64 would be parallel, as shown in (v) Fig. 63. The latter dia- 
gram is a shearing force influence line, whilst the former gives the actual 
force F 3 ; the scales are therefore different. 


An exactly similar construction gives the influence lines for the flange 
members K X K 2 and Q X Q 2 . To find the influence line for F x , the force 
in K^Kj, moments must be taken about Q 2 the point of intersection of 
the other two bars cut by the section. If, exactly as before, moments 
be taken about this point of intersection, identical equations for the 
three branches of the influence line will be obtained, except that, since 
the point of intersection is now to the left of B, the moment of R 2 about 
this point is anti-clockwise, and therefore negative, hence r must be con- 
sidered as negative. Also, the perpendicular distance r x of K X K 2 from 
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Q 2 , the point of intersection, must be substituted for r 3 . If therefore, 
in the equations obtained for each branch of the influence line for F„, r be 
made negative and r x substituted for r 3 , these equations will represent the 
three branches of influence line for F x , as shown at (vi) Fig. 64. The con- 

T r r 

struction for the influence line is exactly similar. Make in . -~ 

r r t 

in the vertical through the point of intersection Q 2 . Join no! and nb\ 
Then a'jfj^b' will be the influence line for the force F x in the bar 
K x K 2 . When, as in (iii) and (iv), Fig. 64, Q 2 and K 2 lie in the same 
vertical line, jf, j 2 '> and n all coincide, and the influence line for K X K 2 
becomes a triangle similar to (vii), but with its vertex in the vertical 


For the bar Q X Q 2 the construction is exactly similar. Moments are 
taken about the point K x ; r is negative and equal to b'k x f ; the point n 

L T T 

lies in the vertical through K v and in is equal to ^ — , where 

Jj r 2 

r 2 is the perpendicular distance of QjQ 2 from K v Join a'n and nb', 
(vii) Fig. 64. Then a'j x b' is the influence line for the force F 2 in 
QiQ 2 * ( vi ) an< * ( vii ) Kg. 64 should be compared with (vi) and (vii) 
Fig. 63. It is evident that the forces in K X K 2 and cannot 

reverse ; this applies to all the upper and lower flange members. 

Setting out the Influence Lines . — It will be observed that in all cases 


in 


IA x IB 1 
AB X r m 


where IA and IB are the horizontal distances of the intersection point 
from the ends of the span AB, and r m is the perpendicular distance of the 
intersection point from the member. This is a convenient mnemonic 
for in. 

It is further to be observed, in an influence line giving the force in a 
bar of a plane framework, that the intercept of the influence line on the 
line of action of a reaction represents the force produced in the bar by 
that reaction, if the magnitude of the latter be unity. 

Thus in (i) Fig. 64, if the girder be conceived as a cantilever fixed 
in position and direction at A, and loaded at B with a unit reaction 
R 2 = 1, the force F 3 in K X Q 2 , found by taking moments about I 
(F 3 r 3 = R 2 r), is F 3 = r/r 3 . But r/r 3 = bf in (v) Fig. 64 (see above), and 
bf is the intercept of the influence line for F 3 on the line of action of R 2 . 
This proposition really follows from the definition of the influence line, 
for as cd represents the force F 3 when unit load is at C, so (for the canti- 
lever) bf represents the force F 3 when unit load is just arriving at B. 
Similarly, the force in K X K 2 due to R 2 = 1 is represented by b'f' in (vi). 

Knowing the intercept bf, the influence line is easily set out. 

It is convenient, therefore, in order to draw influence lines for every 
member of a plane framework, to assume it fixed itx position and direction 
at one end, apply a unit reaction at the other, and find by means of a 
stress diagram or otherwise the force in each bar due to this reaction. 
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These forces, set up to scale, will give the intercept bf for every influence 
line. 

Use of the Influence Lines . Maximum Values . — The application of the 
influence lines of Fig. 64, giving the forces in particular bars, is exactly 
similar to that of influence lines for shear and bending moment. If, 
under a load of magnitude W, the ordinate of the influence line be u, 
then the force in the bar due to W is F = W u. If the load be uniformly 
distributed, the area of the influence line immediately beneath the load 
gives the force in the bar. The criteria for the maximum area beneath 
the load, given in § 33, can be used to find the maximum force in the 
bar. In the case of a train of concentrated loads, the force in the bar 
for any load position is F = SWm. Similar conditions hold for the maxi- 
mum values as in § 33. If, while the loads advance a short distance 
Sz, the ordinates increase to u + S u, then F + SF = E{W. (u 4- 8m)}, 

and in the limit, ~ F = £ , where dujdz is the slope of the 

influence line. In a three branch influence line, such as (vi). Fig. 64, 
see Fig. 65, 


d_ 

dz 


F 


2 ( w -s) 


(2W')~ + (SW'O^J + (SW" 


’) 


dz 


where du'jdz, du"[dz, and du"'jdz are the slopes of the lines a'?/, 
j 2 'b' respectively, and SW', SW", SW'" are the sum of the loads on 


AK, 


KjKa 


and K 2 B. 



A load is considered to 
remain on AK X unless it 
has actually passed K x , 
and so on. If F be posi- 
tive, and dFjdz be posi- 
tive, F has increased due 
to the increase in z 
and will go on increasing 

until a load passes either K x or K 2 . If when this happens, dFjdz becomes 
negative, a maximum has occurred, the condition for which is dFjdz — 0. 
For a maximum value of F to occur, therefore, a load must be passing 
K x or K 2 , and the value of dFjdz must change sign as a result. The 
above theory holds for the influence lines for F x , F 2 and F 3 . In the case 
of influence lines of the type shown in (vii), Fig. 64, only loads passing K x 
need be considered. In the case of F 3 , (v) Fig. 64, when finding the 
negative maximum value, it should be assumed that a load at K x has 
left AK X , and that a load at K 2 has left K X K 2 , cf. the parallel case of 
negative shear in § 33. 

Scales . — It will be evident that the ordinates of the influence lines of 

L -I- r “ 

Fig. 64 are ratios. Thus bf = rjr 3 ; in = ■ and so on. If the 

r 3 

diagram be set up to a scale 1 inch = a units, an ordinate u, measured in 
inches, represents u" x a units ; and if this ordinate occur under a load 
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of magnitude W tons, the force in the bar due to W is W u" x a tons. 
If the length scale be 1 inch = a t inches, 1 square inch of the diagram 
under a distributed load of w tons per inch of length represents a force 
in the bar of waa t tons. The sign of the force in a web member depends 
on the arrangement of the bars in the frame. 


INFLUENCE LINES FOR DIRECTION-FIXED AND 
CONTINUOUS BEAMS 


36. Influence Lines for Direction-fixed Beams.— Let AB, Fig. 66, 
be a beam of uniform cross-section, El = constant, direction-fixed at A 


and merely supported at B. To find 
the influence lines for the reactions, 
shearing force, and bending moment. 
Remove the travelling load and the 
support at B, and draw the deflection 
curve, akb, (ii), for a downward load 
W = unity placed at B. This curve 
is the deflection influence line for the 
point B of the cantilever AB. For, 
from Maxwells reciprocal deflection 
theorem, § 84, the deflection yc of the 
cantilever at C, due to unit load at B, 
is equal to y B the deflection at B 
due to unit load at C. In the nota- 
tion of § 85, ycb = ybc- That is to 
say, the ordinate y under the load W 
= 1 placed at C, gives the deflection 
of the beam at B. From eq. (2), 
§ (52), Vol. I, the equation to this 
curve is 



1 

y EI 2 6 


( 1 ) 


where z is the distance of the load from A. 

Using the properties of the influence line, the deflection of the canti- 
lever at B due to the travelling load W = I at C is Wy. Remove this, 
load and apply the upward reaction R B at B. R B is the upward reaction 
on the beam at B when W is at C. The upward deflection of the cantilever 
at B produced by this force is — R B 2 /b> where y B =» bj>. But in the 
• actual beam, if both ends remain at the same level, the deflection at B 
must be zero. Hence, when both W and R B act together on the beam, 
the upward and downward deflections at B must exactly neutralise, and 
Wy — R B y B = 0, or since W — I, 

R B = — (2) 

Vb 

But y B i& constant ; hence y, the ordinate under the load, represents to 
some scale the reaction R B , and the curve akb on the base line ab 1 is the 
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influence line for the reaction R B - Since both y and y B are measured to 
the same Beale, the actual scale is immaterial, and it is convenient to 
maTrft y B = bjb represent unit load. Further, R A + R B = W ; hence, 

R, . = W - R B = 1 — — = ^ — "> since W=I and Rb = y/y s . 

A 2/b Vb vb 

But y x is the ordinate under the load of the curve akb measured from the 
base line a 2 b, and it represents to the same scale as before the reaction R A ; 
this curve is therefore the reaction influence line for R A . 

The shearing force influence line for any point K can be found as 
follows : When the load is to the left of K, the shearing force at K is 
equal to + Rb = 2//Vb> and the ordinate under the load between the curve 
and aj 1 represents the shearing force at K. When the load is to the 
right of K, the shearing force at K is (W - R B ), and the ordinate 
between the curve and the base line j 2 b represents the shearing force. 
Hence the shaded figure in (ii) is the shearing force influence diagram 
for K. The faring force is measured to the scale to which b x b represents 
unit load. 

The bending moment influence line may be obtained as follows : 
When W is to the left of K as shown in (i), the bending moment at K is 

Mk = — R b (L — x) = — ~(L — x) = — y ~~~ • (3) 

But (L — x) jy-Q is constant. If then the curve ab in (ii) be repeated in 
(iii), the ordinate y under the load, measured downward from a'lc\ 
represents to some scale the bending moment at K. When W passes to 
a distance z to the right of K 

Mk = — H B (L — #) + WV = “ (L x) + z' = iy — 2/b t 1 (4) 

Vb Vb l L—z J 

since W = 1. Join k'b', and draw the vertical d'p'q', Then d'q' = y , and 
d'-p' = y B z j(h — x ). Hence, 

Mk = - {d'q' - d' V '} = - {p'q'} . . (5) 

and the ordinate p'q' represents the bending moment M K , when the load 
is to the right of K, to the same scale that y represents Mk when the load 
is to the left of K. Therefore the shaded figure in (iii) is the bending 
moment influence diagram for the point K ; a' k'b' is the base line from 
which the ordinates under the load are measured downward to the curve. 
If y and p'q' be measured in tons to the scale to which y B represents 
1 ton, and (L — x) be expressed in inches, the product will represent the 
bending moment at K for a unit load in inch-tons. 

The influence line for the support moment at A is obtained by 
moving K to A and joining b'a', as indicated by the broken line. The 
ordinate under the load between the curve and this line, measured to the 
scale to which y B represents 1 ton, multiplied by L in inches, gives M A 
in inch-tons. 
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If the support B sink to a distance A below that at A, eq. (2) will be 
modified, Wy — R b */b «* A, and for unit load 


R„-(y-A)/yB . (6) 

The base line ab x of (ii) must 
then be lowered a distance 
A/y B - That this line crosses 
the curve shows that, when 
W — 1 gets sufficiently near 
A, the cantilever will cease 
to bear on the support B, or 
must be held down by a nega- 
tive reaction represented by 
the ordinate between the 
curve and the line. The rest 
of the analysis for this case 
follows a parallel course. 

Influence Lines for Beams 
Direction-fixed at both Ends . — 
The influence lines for a uni- 
form beam (El = const.), 
direction-fixed at both ends, 
can be obtained in an ana- 
logous fashion to the above. 
Let (i), Fig. 67, represent the 
beam, across which a load 
W — unity travels from left 
to right. The bending- 
moment diagram for one load 
position D is shown in (ii). 
On p. 148, Vol. I, it is shown 
that R b = Ww 2 (3 — 2 n) ; 
where, with the present sym- 
bols (l x = z), n — zj L. Hence, 
if W= 1, 

R B = n 2 ( 3 - 2n) 

• = ** (3L - 2 z) . (7) 

In a manner analogous 
to (ii) Fig. 66, plot from this 
equation the curve ahb, (iii) 
Fig. 67 ; 6 X 6 = 1 ton. Then 
as in Fig. 66, the ordinate 
under the load, between the 



curve and the base line ab x , Fio. 67. 

will represent the reaction 

R b ; and the corresponding ordinate between the base line ap and 
the curve will represent the reaction R A . The curve is therefore the 
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reaction influence line for the beam. Similarly, the shaded figure is the 
shearing force influence line for the point K, cf . (ii) Fig. 66. 

Thebending moment influence line for the point K can be set out as 
follows : While W is to the left of K (considering the right-hand moments 
and forces), 

' M b 


M k = M b - K b (L - x) = 


L — x 


Kb 


(L - a;) 


( 8 ) 


When W moves to a distance z' to the right of K 

M k = Mb - Rb(L - *) + W*' = [j— - J»b - -} ] ( L ~ *) (») 


since W = 1. If eqs. (8) and (9) be compared with eqs. (3) and (4), it 
will be seen that they are similar in form except that the factor M B occurs 
in eqs. (8) and (9). Set out therefore a diagram (iv) similar to (iii) 
Fig. 66. Reproduce the curve akb from (iii) Fig. 66, shown dotted in 
(iv) ; join k' to b', to take account of the factor z'j(L — as) exactly as in 
(iii) Fig. 66. The diagram thus constructed is the influence line for the 
negative bending moment at K. This must be combined with the 
diagram for M B , the positive bending moment. From p. 148, Vol. I, 
M b = WLn 2 (1 - n), and since W = 1 and n = z/L, 

= v? (1 — n) = z 2 (L — z)/L 3 . . (10) 

JLi 

This equation is plotted in (v) [max. ord. = 4/27 when n = 2/3] to 
10 times the scale of (iv), where the curve a"h"b" represents the value of 
M b /L for every position of the moving load ; it is the influence line for 
M b . The ordinate of this curve under the load, measured in tons, 
multiplied by L in inches, gives the value of M B in inch-tons. The 
influence line for M A is exactly similar but reversed, (vi). Increase the 
ordinates of (v) in the ratio L/(L — x ), thus obtaining M B /(L — x), and 
plot them upward from the curve a ,f p r b f in (iv) as indicated. The resulting 
diagram will then represent eqs. (8) and (9), and is the bending moment 
influence line for the point K. The scale of (iv) is too small for practical 
use, and this influence line has been replotted to 10 times the scale in (vii). 
For accurate work, the difference in the calculated ordinates of afk'b' 
and a'q'b' should be plotted in (vii). The ordinate under the load of (vii) 
measured in tons, multiplied by (L — x) measured in inches [see eqs. (8) 
and (9)], gives the bending moment at K in inch-tons. Thus in (vii), 
if L « 160 in., (L — x) = 48 in., and the maximum ordinate 
k'j' = 0*294 ton; max. Mk = 14 1 inch-tons, when W = 1, which can 
easily be checked. The influence line for the mid point of the span, 
obtained in exactly the same way, is shown dotted in (vii) ; each curve 
is a parabola, maximum ordinate = c'c\ =0*25 ton. For this point 

ILL 

(L - x) « L/2, so that max. M c x 2 “ 8 as should. 

37. Influence Lines for Continuous Beams. — Let ABC, (i) Fig. 68, be 
a continuous beam, not necessarily of uniform cross section, supported 
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at A, B, and C. Suppose that a concentrated load W = unity cross the 
beam from left to right. To find the influence lines for the reactions, 
shearing force, and bending moment, remove the support B and place the 
unit load at B. Draw the deflection curve abc, (ii) Fig, 68, for this load 
condition. 

Reaction Influence Lines. — From § 40, the curve abc is the deflection 
influence line for the point B on the beam AO, and for any position D 
of the unit load W, the 
deflection produced at B 
is Wy, where y = d x d is 
the ordinate of the curve 
under the load. If W be 
removed from the beam, 
and an upward load R B 
(the reaction acting on 
the continuous beam) be 
applied at B, the deflec- 
tion produced by this 
load will be — Rays* 
where y B = bfl> is the 
ordinate of the curve at 
B. If both loads W and 
R B act together on the 
beam, the total deflection 
at B will be W y — R B y B * 

In the case of the con- 
tinuous beam ABC, if all 
three supports remain at 
the same level, the deflec- 
tion at B will be zero, 
and W y — ■ R B yB = 0 ; or, 
since W = 1,Rb = y/ys, 
and the ordinate of the 
curve abc under the load, 
divided by y B , gives the 
reaction R B - But y B is 
constant ; hence, to some 
scale, R B = y. In other 

words, abc is the reaction influence line for R B * Since y and y B 
measured to the same scale, the scale of the diagram is immaterial. 

The influence lines for R A and Rc can be obtained from the same curve. 
Place the load W = 1 at any position D distant z from A. Take moments 

about A ’ Bo (L, + L 2 ) + RbL, Wz ; 



Fiq. 68. 


are 


whence Rc — 


Li + L 2 

Lx 


{Wz - RbLJ = 


t/B (Li + Ba) 


yBZ 

l7 


7 


l, + l 2 

since W 


L. 

2/b 




1, and R b = y/ys- 
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In (ii) Fig. 68, draw abf and cbe ; let ae = y a and cf = y c - Then y c = 

cf = y B — ^- 2 and d 1 d 2 = yB 5 hence, Rc = ~{d 1 d 2 — djd} = — — dj<2, 

and the or dina tes between the curve adbc and the base line abf, divided 
by y e , give the reaction R 0 . When the curve falls below the base line, 
Rc is negative, that is to say, it acts downward. 

Similar ly, the ordinates between the curve and the base line ebc, 
divided by ya, give the reaction R A . Thus for the load position shown in 
(i), R a = + dflhja- A3 before, the scale of the diagram is immaterial, 
since both ya and d 3 d are measured to the same scale. 

Shear Influence Line— When W is in the position shown in (i) Fig. 68, 
the shearing force at any section K is 

Sk = -R a + W = W-^ ±{y a -dyi} 
ya ya 

since W = L In (iii) the curve and base lines from (ii) have been 
repeated. Draw ak x parallel to eh. Then, considering the ordinate 
under the load, d 3 d x ~ ya, and dd 4 = ya — d z d. Hence, S K=ddjy a ; 
and the ordinate under the load between the curve adbc and the line ak v 
divided by ya, represents the shearing force at K. When W passes K, 
the shearing force at K is equal to — R A , represented by the ordinate 
between the same curve and the line Jc z c divided by y a , see (ii). The 
shaded figure in (iii) is therefore the shearing force influence line for the 
point K. Ordinates measured above the curve imply positive shear, 
those measured below imply negative shear. As in the case of the 
reactions, the scale of the diagram is immaterial, since both the ordinate 
dd A and the value of y a are measured to the same scale. The broken 
lines to the right, of the figure represent the corresponding shearing force 
influence line for a point J in the span BC. 

Bending Moment Influence Line. — When W is to the left of K, as 
shown in (i), the bending moment at K is 

M k - - R a z + W(* - z) = - x + W(* - z) 

ya 

d z d — y a ~ — - l ; since R A = , and W = 1. 

s ya 

In (iv), the curve and base lines from (ii) have been repeated. Join 
a'k 2 \ Then, considering the ordinate under the load, d z d 5 ' ~ y a X ~~ Z 

and d'd s ' = d z 'd' — d z d 5 \ whence, Mk = — ~ {d'dd). 

For the point K, x is constant and ya is constant ; hence the ordinate 
under the load between the curve a'd'b'c' and the line a'k z ' represents 
to some scale the bending moment at K. When W passes K, the bending 
moment M K = — B> A x, represented by the ordinate between the curve 
and the line k 2 'c f multiplied by xjy a as before. Therefore the shaded 
figure is the bending moment influence line for the point K. Ordinates 
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measured below - the curve imply a negative bending moment, ordinates 
measured above the curve imply a positive bending moment. 

The vertical scale of the diagram is immaterial, since y a and d'd 5 ' are 
both measured to the same scale, but the correct value must be given to 
x. If the loads are expressed in tons and x is in inches, the bending 
moment will be in inch-tons. The broken lines to the right of the figure 
represent the corresponding bending moment influence line for a point 
J in the span BC. 

38. Influence Lines for Lattice Braced Continuous Girders. — The 
method of treatment for a girder on three supports, Fig. 69, is similar to 
that used in § 37 for solid beams. Take away the intermediate support 
and apply a unit load there. Find the deflection polygon abc, (ii) Fig. 69, 
for the loaded flange by means of a Williot diagreCm or otherwise, §§ 12, 
14, 15, or 70. Draw abf, cbe . Then, exactly as in § 37, if d x d^dd z be 
the ordinate under a load W ~ 1 at any point D, see Fig. 68, 


Rb = V ; Ra = ; Rc = — — — (1) 

ya ya yc w 

the scale of the diagram is immaterial; (ii) Fig. 69 is therefore the 
reaction influence line for the girder. 

To obtain the influence line for the web member K X Q 2 , consider the 
effect of the unit travelling load and the central reaction separately. 
Repeat in (iii) the polygon abc and the line cbe from (ii), producing the 
latter to cut the vertical through I, the intersection point of Q X Q 2 and 
K 1 K 2 , in n . Join na and produce it to cut the vertical through 
in ; join k-Jc 2 . Evidently ak x k 2 c is the influence line for the bar 
K X Q 2 ( c ^- Fig. 64) when the support B is removed, and the ordinate 
under the load represents the force in in these conditions. The 

force in K 1 Q 2 due to Rb will vary as the magnitude of Rb, that is to say 
will vary as the ordinate y , under the load, of the curve abc [eq. (1)]. 
Hence the curve abc to some scale is the influence line for the force in 
K x Q 2 due to Rb* But when W is at B, the total force in the bar due to 
both W and R B must be zero, and the diagram has been so drawn that 
the difference between the ordinates of the two curves at B is zero. 
Therefore both curves are to the same scale, and the difference between 
their ordinates under the load represents the actual force in K X Q 2 ; i.e. 
the figure is the influence line for the bar K X Q 2 . To find the scale, 
remove the reaction R A and find the force Fa in K X Q 2 due to a unit 
reaction applied at A. This will be represented in the diagram by the 
ordinate ae =» y a , § 35. If then a force of 1 unit produce a force Fa in 
K x Q 2 , represented by ya, the actual force in the bar will be 


Force in K l Q 2 


(Ordinate of influence) Fa 

line under the load j y a 


( 2 ) 


The influence lines for the web members where the flanges are parallel 
are indicated to the left of the diagram. Both the magnitude , and the 
sign of F a will be different in different bars. Ordinates above the curve 
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abc are to be considered as positive, i.e. they represent a tension in a bar 
such as K a Q 2 . 

The infl uence line for the flange member KK X is set out in (iv) ; the 
curve abc and the line cbe are reproduced from (ii) as before. The 
triangle a'Jfc 2 'c' represents the influence line for the bar when the support 


Reaction I.L. 







Fig. 69. 


R is removed ; the curve a'b'c' is the influence line for the force in KKj 
due to R b . Since the force in KK X is zero when W is at B, the line cW 
has been drawn to pass through b and consequently the scales of the 
diagrams are the same. If F a be the force in KK X due to R A = 1, 


Force in KK X = 


Ordinate of influence 
line under the load 
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Ordinates measured downward from the curve represent a negative 
bending moment producing a tension in the lower flange members. 

The forces in the bars of span L 2 can be found in a similar way, but 
for this purpose the line a'b'f must be used, and the scale of the diagram 
determined by multiplying the ordinates by F c /y c , where F c is the force 
in a bar due to a unit reaction at C. 

39. Use of Characteristic Points. 29 — The bending moment influence 
lines for a uniform beam, continuous over two spans, can be found by the 
construction shown in (i) Fig. 70. This is a combination of the construc- 
tions shown in (iv) Fig. 130, Vol. I, and (ii) Fig. 128, Vol. I. For any 



one position of the load W = unity, the negative bendirlg mo- 
ment diagram is the triangle a'd'e'. The locus of d ' is the parabola 
shown : maximum ordinate WL x /4 = L a /4. Divide the span L x into 
say nine equal parts, a'.1.2.3< . . * e' ; and also the distance into 
nine equal parts . . . p 2 . When the load is at any point 5, the 

dotted construction determines the characteristic point r 2 ; r 3 coincides 
with p 3 . Join r 2 r 3 , and find the intersection point i. The intersection 
points for every position of the moving load lie on the vertical oL Since 
q 2 iq z is a horizontal line, the base line a'b'c' can be drawn in. In (ii) 
Fig. 70, on the ordinate under the load, make 5V' equal to b'e! ; e" is a 
point on the M B influence line (M B is the support moment at B) . Similarly, 
5'V = mV, plotted downward on the same vertical, gives a point n* 
on the negative bending moment influence line for the point 7 in the 
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span L x ; and 5"f = Bj' gives a point on the positive bending moment 
influence line lor the point 5 in , 


the span L 2 . The same construction 
can be applied to every point in 
both spans ; the resulting diagrams 
are shown in the figure. For the 
unit load, the maximum positive 
bending moment occurs when the 
load is 0-578 of the span from the 
supported ends. The maximum 
negative bending moment at any 
point occurs when the load is over 
that point* The locus of x" gives 
the maximum negative bending 
moment diagrams for the spans. 
It may be shown * that the equa- 
tion to the line a"e"b" is 


Mb - 6 V - 


?i(l - n 2 ) L t a 
2(L X -f L a j 


and to the line a"x"V is 


M = — n{l — tt)L x 

( _ n{ 1 + n ) Lj 

1 2(l 1+ l 2 ); 

where nL ± is the abscissae of the 
points measured from A. To plot 
similar curves for the span BC, 
interchange L 2 for L x , when the 
abscissae become nL 2 , measured 
from C. 

If the ends A and C of the beam 
be direction-fixed instead of merely 
supported, the construction of (ii) 
Fig. 128, Vol. I, must be replaced 
by that of (iv) in the same figure. 
That is to say, the line passing 
through i, must be drawn parallel 
to r 1 r 4 and not horizontally ; r 1 can 
be found by the construction used 
to find r 2 . The base line will pass 
through r 1 and r 4 . 

General Case. — The solution 
when the beam is continuous over 



many spans and when I varies in 


Fw. 71. 


each is shown in Fig. 71. The positions of the Vl ,p. . . . vn points 
are found as set forth in § 79, Vol. I. These are determined once 
* Characteristic Points. Salmon. Select. Eng. Pap. I.O.E., No. 46, 1027, p. 33. 
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for all for the different spans, and do not alter with the position of the 
moving load. Suppose that a load W = unity be travelling across 
span L s . Determine the points and t s by the Ostenfeld construction, 
Fig. 127, Vol. I ; the conditions at the ends of the beam must be 
known, it does not matter what they are. The characteristic points 
r 6 , r 6 are found by the construction used in Fig. 134, Vol. I ; and r 7 
coincide with and p T Find the intersection points and i 6 and hence 
the points s & and by the construction shown in Fig. 71. The s points 
lie on the base line, which can be drawn in. It will pass through t 3 and t 8 . 
The positive and negative bending-moment influence lines for different 
points on the beam can be plotted exactly as in Fig. 70. 

If the girder is uniform from end to end, the p points divide the span 
into thirds, otherwise the construction is the same. 

40. Influence Lines for Elastic Displacements.— Mohr 23 pointed out 
that the deflection curve for a unit load, placed at a particular point on a 
beam, is the deflection influence line for that point. 

Let AB, Fig. 72, be the beam, and suppose that a 2 c 2 lcjb 2 he the deflec- 
tion curve for a load W = unity placed 
at K. Then a 2 c 2 k 2 b 2 is the influence 
line giving the deflection of the beam at 
K. This follows from Maxwell’s law of 
reciprocal deflections, •§ 84, which states 
that the deflection at a point K, pro- 
duced by a unit load applied at C, is 
equal to the deflection produced at 0 
by the same load applied at K. In the 
present instance yo , the ordinate of the 
deflection curve at C, is the deflection produced at C by unit load at K, and 
it is equal to the deflection produced at K when a unit load acts at C. In 
other words, the ordinate under the load of the curve a 2 c 2 kjb 2 represents 
the deflection at K, hence a 2 c 2 k 2 b 2 is the deflection influence line for the 
point K. If there be a number of moving loads, the deflection at K, 
y K = E Wy, where y is the ordinate of the influence line under a load W, 
exactly as in the case of shearing force and bending moment influence 
lines. 

The theory is equally true for the deflection of braced girders, and 
for displacements generally, provided that all the loads be parallel. 

For a uniform beam, El = constant, the equation to the curve 
a t c 2 h 2 [see eq. (26), § 52, Vol. I ; W = unity] is 

V 6EI L “W 
and to the curve h 2 b 2 is 

y= *m. ' i** 8 - 3Lx * + 2L * x + Px - ° 2 > 

The curve a 2 k i b i is of frequent occurrence in influence lines, and the 


f* — t -iW-l 

fcZfB 

V 
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following graphical method of setting it out may be used. In Fig. 73 
let AK = nL ; calculate 

_ 3EI 6EI v ' 

_ n(l - »)*( 1 + n) L* _ »(1 - n)l? _ „ _ ^ 

KK -s 6El 6EI v 1 

n \ I - «)( 2 - w)L 8 _ »(1 - «)L 3 
KK 4 6El RET 1 ’ 

and set them up as ordinates under the load. Join AK^, BK^, 

AK 4 . Let 1.6 be any ordinate of the curve. Draw 2.3, parallel to AK 4 ; 



Fig. 73 . 


join A.3, cutting 1.6 in 4. Draw 4.5 parallel to AK 4 ; join A.5 cutting 
1.6 in 6 ; then 6 is a point on the curve. Similarly, by drawing lines 
parallel to BK 3 and joining to B, the point 16 on the ordinate 11.16 is 
determined. It is unnecessary and confusing actually to draw all the 
construction lines ; the points 3, 4, 5, and 6 can be marked with a pencil. 

If El be not constant, the deflection curve for unit* load at K must 


be found by the methods of § 54, 
Yol. I. For braced girders, use 
the methods of §§ 12, 14, 15, 
Chapter I, or of § 70 Chapter V 
in order to find the displacement 
curve. 

Worked Example , — To find 
the deflection of the panel point 
m of the braced girder shown 



Fig. 74 . 


in Fig. 36 when the load system shown in Fig. 74, travelling across 
the girder, reaches the position indicated. The deflection polygon for 
the bottom flange of this girder, when loaded with 12 tons at the 


point m, is given in Fig. 37. The corresponding deflection polygon 
of the girder, when loaded with 1 ton at the same point, is obtained by 
dividing the ordinates of Fig. 37 by 12. It is shown in Fig. 74 ; the 
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maximum ordinate bexiig 0*86 12 = 0*072 inch. This deflection 

polygon is the deflection influence line for ra. The ordinates y under the 
loads are indicated in Fig. 74 and the calculation for the deflection is as 
follows : 

W 1 y l = 2T. x 0*036 in. = 0*072 inch. 

W ^2 - 4 T. x 0*060 in. - 0*240 

W 3 y 3 = 3 T. x 0*054 in. = 0*162 

Deflection at m = y m = 0 *474 inch. 
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QUESTIONS ON CHAPTER II 

1. A single concentrated load of 5 tons rolls across a beam of 40 ft. span ; 
(a) Plot on a com m on base line the shearing-force diagrams for load positions 
at intervals of 5 ft. from one end of the beam to the other. Show that 
the enveloping curves are straight lines. (6) Plot on a common base line 
the bending moment diagrams for the same load positions. Show that the 
enveloping curve is a parabola. What is the equivalent uniformly distributed 
load ? 

Am. 0 * 25 ton per foot. 

2. Two connected loads of 6 tons and 10 tons, spaced 12 ft. apart, roll 
along a girder which is freely supported on a span AB of 30 ft. Draw curves 
of maximum bending moment and maximum shearing force, and show the 
positions of the loads for maximum bending moment. (U.L.) 

Am. See§ 20; max. S.F. = 13*6 tons ab A ; max. B.M. = 86*7 ft.-tons, 
under the 10-ton load, 12 ft. 9 in. from A. 

3. A rolling load, length £L, intensity w per ft. run, traverses a girder of 
span L. Find for a point K distant £L from the left-hand support, (a) the 
maximum positive and negative shear forces, and (b) the maximum bending 
moment. Indicate the positions of the load when these occur. (U.L.) 

Am. Max. -f S K = 5wl / 96 ; front of load at K. Max. — - S K = I Zwl/96 ; 
back of load at K: Max. M K = — IwP/lU ; back of load 1/12 from K. 

4. A braced girder of 160 ft. span has bo carry a uniformly distributed 
load of 1 ton per foot run, and a uniformly distributed rolling load of tons 
per foot run. Over what length of the girder will it be necessary to put 
counter bracing ? (U.L.) 

Am. The middle 48*6 ft. 

^ locomotive and tender, with loads as shown in Fig. 75, pass over a 
bridge of 60 ft. span. Draw by the tracing paper method the maximum 
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shearing-fore© and bending-moment diagrams, and determine the equivalent 
uniform loads, (i) for shear, (ii) for bending moment. (ILL.) 

Ans. Follow the method of § 21. 

6. In Q. No. 2, show that the bending moment under the 10-ton load is 
a maximum when that load, and the centre of gravity of the two loads, are 
equidistant from the centre of the beam. 

7. Four loads of 11, 16, 19, and 14 tons respectively, connected together 
at 10-ft. intervals, centre to centre, roil along a girder of 60 ft. span. ~ Find 
the position of the loads when the maximum bending moment is produced 
and the value and position of that moment. (U.L.) 

Ans . Max. B.M. occurs when the 14-ton load is 13 ft. from the end of 
the beam ; 494*8 ft.-tons ; under the 19-ton load. 

8. A locomotive, with wheel loads as shown in Fig. 76, passes over a plate 
girder bridge of 60 ft. span, from left to right. Determine the maximum 
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bending moment produced at the points A and B distant 16 ft. and 30 ft. 
respectively from the left-hand reaction. 

Ans . Max. B.M. at A = 478 ft.-tons ; at B = 622 ft.-tons. 

9. A rolling load of 4 tons travels across a beam AB of 40 ft. span. Draw 
a diagram such that the ordinate at any point C represents the bending 
moment at a point D 10 ft. from A when the load is at C. Dimension the 
maximum ordinate. Honco show that if two 4-ton loads, coupled together 
8 ft. apart, cross the beam, the maximum bending moment at D occurs when 
one of the loads is at D. Show on the diagram the position of the two loads 
when this maximum occurs. (I.C.E.) 

Ans. Max. ordinate = 30 ft.-tons. 

10. What is an influence line ? The main girders of a through bridge 
of 120 ft. span are warren girders, the lower flanges of which are divided into 
6 panels of 20 ft. each. A xmiform travelling load of 2 tons per foot run, 
longer than the span, crosses the bridge. Draw a simple diagram which 
determines the position of the load when the shearing force is a maximum 
in any panel. Hence determine the maximum shearing force in the 4th 
panel from the end of the bridge at which the train enters. (I.C.E.) 

Ans. See (v) Fig. 63 ; 18 tons per girder. 

1^. Solve Q. No. 3 by means of influence lines. 
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12. A bridge has two main girders as shown in Fig. 75. A uniform live 
load of 2 tons per foot (longer than the span) crosses the bridge from right 
to left. Find the maximum forces in the members CD, EF, and CE of one 
girder. (ILL.) 

Am . Forces ; CD = + SO ; EF = — 96 ; CE = + 25*45 or — 5*66 
tons. 

13. Draw to scale diagrams showing the variations of the forces in AB 
and AC, Fig. 75, as a load of 1 ton travels along the girder. Show how these 
diagrams may be used to find the maximum forces in AB and AC for a 
uniform travelling load of 2 tons per foot run longer than the span, and find 
these maximum forces. (XJ.L.) 

Ana. Forces: AB = — 72*7; AC = + 8*54; — 18*26 tons; if load 
carried by two main girders. 

14. A rolling load of 2 tons carried on two axles 6 ft. centre to centre, 
crosses a floor supported by longi- 
tudinal beams carried on cross girders 
10 ft. centre to centre, Fig. 76. 

Assuming that the longitudinal beams 
are merely supported where they 
connect on to the cross girders, find 
the maximum load which comes on a 
cross girder as the load rolls along the 
floor. 

Ans . 1 * 4 tons. 

15. A locomotive with axle loads 
as shown in Fig. 76 passes over a single 
line bridge of 60 ft. span. Determine 
the maximum shearing force at the 
end and at the centre of the span. 

(ILL.) 

Ans . 46*8; 18*3 tons. 

16. Solve Q. No. 8 by the aid of 
an influence diagram. (XJ.L.). 

17. In Q. No. 5 determine the 
maximum bending moment at the 
centre of the span, and the maximum 
shearing force at the ends, by means of influence lines. Compare these results 
with those obtained in Q. No. 5. 

Ans. Max. B.M. = 1031*3 ft.-tons. Max. S.F. =74*6 tons. 

18. The figure represents the outline of one leaf of a small swing foot- 
bridge, pivoted at A and B and standing out cantilever fashion. A load of 
1 ton rolls along the frame from A to H. Find the maximum forces which 
occur in the four bars meeting in the point C due to this moving load, and 
state whether they are tensile or compressive. (I.C.E.) 

Ans. Max. forces : CD = + 3*33 ; CE = -f 1-22 ; CG » 4- 3*64; 
CF 1*0 tons. 

19. If the beam in Q. No. 2 were fixed in direction at each end, find the 
maximum bending moment which occurs at the central cross section as the 
specified load rolls across the beam. 

Ans. 38*4 ft.-tons. 

20. Find the maximum deflection of the point m in Fig. 41 when the given 
load system, Fig. 76, travels across the beam from left to right. 

Ans. 0*163 inch, when the leading load is at m. (Find the deflection 
polygon for the girder with a unit vertical load at m. This is the deflection 
influence line.) 
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CHAPTER III 

WIND PRESSURE 

41 . Its Importance. The pressure of wind on a large exposed structure 
such as a long-span bridge, or a very tall building, may be one of the 
chief straining actions to which it is subjected. In small , low, and 
shielded structures the effect of wind pressure may be relatively unim- 
portant, but in ordinary design it is usually necessary to take it into 
account. 

42. Wind Velocity and Pressure.— Many observations have been 
made of the velocity and pressure of the wind. The velocity is usually 
measured by means of an anemometer of the revolving cup type. For 
measuring the pressure, a Dines tube, which is an adaptation of the 
Pitot tube, is commonly used. This is often calibrated to read the velocity, 
but the instrument measures the pressure. In addition, estimates of the 
force due to wind pressure can be obtained from vehicles overturned 
during a storm. 

To correlate such observations, it is necessary to know the relation 
between pressure and velocity. From a number of experiments 16 it has 
been found that P = 0- 0032V 2 , where P is the pressure in lb./sq. ft. on 
a flat square surface normal to the direction of the wind, and V is the 
velocity of the wind in miles per hour. 10 This constant varies with the 
barometric height and moisture content of the air. 

Forth Bridge Records.— A number of records of wind pressure, over 
a long series of years, were made at the Forth Bridge. Owing to the 
type of gauge used there is good reason to think that the readings were 
much too high, but the results are of interest as showing the variation 
in wind pressure likely on such a structure. 


Pressure in lb./sq. ft. 

Gauge No. 

1 

2 

3 

4 

5 

Maximum , 

55 

50 

65 

20 

55 

Average . 

28 

23 

50 

13 

30 

Minimum , 

20 

15 

18 

10 

20 

Height of gauge above high \ 
water (ft.) * . . / 

214 

163 

378 

50 

214 
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The records 15 of the wind gauges erected on the 
bridge itself, during fifteen of the most violent 
storms which occurred between January 1901 and 
February 1906, are given in the preceding Table. 

The position of the gauges is shown in Fig. 77. 
These gauges were pressure plate revolving gauges, 
each having an area of 1 J square feet. 

When a large 300 sq. ft. gauge recorded 19 
Ib./sq. ft., a gauge of 1} sq. ft!, at its centre, recorded 
28*5 lb./sq. ft., and a 1J sq. ft. gauge at the right- 
hand top corner recorded 22 lb./sq. ft. When on an- 
other occasion the large gauge recorded 18 lb. /sq. ft., 
the small centre gauge recorded 23J lb./sq. ft., and 
the small corner gauge 22 ib./sq. ft. 

From a study 19 of the records taken at 
different meteorological stations, it appears prob- 
able that in the British Isles, even in the most 
violent storms, the mean wind velocity seldom 
exceeds 75 miles per hour (18 lb./sq. ft.), with 
occasional gusts which may reach, but seldom 
exceed, 100 m.p.h. (32 lb./sq. ft.). In India, during 
cyclones, the corresponding figures are 90 m.p.h, 
(26 lb./sq. ft.), and 120 m.p.h. (46 lb./sq. ft.), re- 
spectively. Velocities of over 200 m.p.h. have 
been recorded at Mount Washington, U.S.A. Such 
velocities are very exceptional. 

43, Wind Structure. — It is evident from the 
Forth Bridge observations that the wind pressure 
increases with increase in height (compare gauges 
3 and 4). The following figures are taken from a 
Weather Report of the Meteorological Office : 

i l 


Height in metres 
Belative Wind 
Velocity . 


3 


0-50 0-59 0-73 0-80 0-85 


5 10 

0-89 1-00 


15 20 

1*07 M3 
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L 
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CO 


30 

1*20 


T 

* 

> 

5 


jL. 

3. 


T 


For heights up to 30 m., formulae of the type 
V = lcR n have been proposed to represent the 
variation in velocity, where n ranges from } to J. 

Curves representing the variations in wind velocity 
up to a height of 500 m. have been given by Dines 
in the Fourth Report on Wind Structure to the 
Advisory Committee on Aeronautics, and by others. 

Lateral Variation , — A second point brought out 
by the Forth Bridge observations is that the average 
pressure per square foot on a large area is much less 
than that on a small area. Thus the pressure recorded 
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areas, one at the centre and one at the top corner of the large gauge, 
is much greater than the average pressure over the whole large 
gauge. It appears from Stanton's experiments, 10 however, that, in a 
steady wind, size has little effect, i.e. the dimensional effect is small. 
The explanation is to be sought in the lateral variation in velocity which 
occurs in all actual winds. Dines * has recorded that simultaneous 
readings of velocity instruments of the same type, placed as close together 
as 11 ft., were in the ratio of 3 to 5, and that the velocity recorded by 
one instrument was increasing at a moment when that recorded by the 
other was decreasing. Such want of uniformity would affect a small 
surface more than a large one. It is evident that a gust of limited 
extension, which would produce a heavy pressure on a small area, would 
not much affect the average pressure on a large area. It is common, 
therefore, to assume a greater mean pressure on small structures than on 
large. On the other hand, observations made at the Tower Bridge f 
appear to show that, for spans up to 250 feet, lateral variations in wind 
velocity are not considerable. It also appears probable that such 
variations decrease with increasing height. 

According to Dr. Simpson, if V be the greatest mean velocity of the 
wind in miles per hour, 

Maximum velocity in gusts = 1 *3V + 1*5 
Minimum velocity in gusts = 0*65V —1*0 

These formulae apply to Great Britain. Remfry 19 takes as the factor 
for lateral variation in wind pressure, V 2 /( 1 *3V + 1*5) 2 . 

44. Dynamic Action of Gusts. — The question arises as to whether 
wind pressure should be treated as a live or as a dead load. Very little 
information is available as to the time rate of increase of wind velocity. 
Cases are on record when the velocity rose from zero to 33 miles per hour 
in one minute, from 9 to 62 miles per hour in about two minutes, and 
from 6 to 45 miles per hour in five minutes. Considered as live loads 
these rates of increase are very slow, and the dynamic increment due to 
them must be very small. It appears quite unwarrantable, therefore, to 
treat the wind pressure as a suddenly applied load, or to apply an impact 
factor to the wind load. 

Synchronous vibrations may, however, be set up in tall structures 
such as chimneys, see Omori, and Pagon, Ref. No. 42, Bib., and the effect 
may be serious. 

45* The Coefficient C. — The pressure of the wind, as determined by 
the formula P = 0* 0032V 2 , is the mean intensity of resultant pressure 
on a square flat plate placed normally to the direction of the wind. It is 
convenient to express the mean intensity of resultant pressure on any 
other shape of plate, or on a body placed in the wind stream, in the 
form P « 0-0032CV 2 , where C is a coefficient to be determined experi- 
mentally, and equal to unity in the case of the square flat plate placed 
normally to the wind. 

* Quar. Jour. Roy. Meteor. Soc. t 1894, vol. xx, p. 183. 
f Proc. Inst. G.E., vol. ccxvi, 1922-3, p. 36. 
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In what follows, unless otherwise indicated, by the term pressure is 
to be understood an intensity of pressure, usually expressed in lb./sq. ft. 
The mean resultant pressure on a plate or body is the total force on the 
plate or body due to the wind, divided by the face area of the plate, or 
divided by the projected area of the body, measured normal to the 
direction of the wind. 

46 . Wind Pressure on a Plat Plate Normal to the Wind. — Fig. 78 

illustrates the distribution of pressure on a square flat plate placed 
normally to a uniform current of air. 9 The section shown is taken across 
a diameter at right angles to a side. It will be seen that there is a positive 
pressure on the windward side, and a negative pressure or suction on the 
leeward side. The resultant pressure is the added effect of these. The 
positive pressure reaches a maximum 
at the centre of the plate, and is equal 
to p — \pv 2 lb./sq. ft., where p denotes g 
the weight per cubic ft. of the air in <j£ 

lb. g in ft. /sec. 2 , and v is its velocity in ^ 

ft. /see. This maximum is the same for ~f 
all shapes of plates. The negative 
pressure is practically uniform except 
near the edges. The ratio of the in- co 
tensities of positive and negative pres- 
sures at the centre of the plate varies 
with its shape. In the square plate this ratio is 1 : 0*57 ; in a circular 
plate it is 1 : 0*48 ; and in a rectangular plate (l : b = 25) it is 1 : 0*69. 
It follows that the mean resultant pressure, and hence the value of C, is 
different for different shapes of plates. 

Square plate .... 

Circular plate .... 

Rectangular plate * l : b = 15 , 

30 . 
an 

47 . Effect of Shape. — The shape of an object exposed to the wind 
has considerable effect, on the magnitude of the force exerted by the 
wind upon it. Thus the force on a cylinder is only about one half, and 
that on a sphere only about one-third of the force on a flat plate placed 
normal to the wind, and of equal projected area. The values of the 
coefficient C giving the relative pressures will be found in the Table 7 
below. In all cases the pressure P = 0 -0032CV 2 is that on the projected 
area normal to the wind. 


10 

1-2 

1*4 



Square flat plate . . . . .1-0 

Cube, or square tower, one face normal to 
wind . . . . . .0*90 

Cube, or square tower, diagonal normal to 
wind 0*63 


Cylindrical tower 
Octagonal tower 
Sphere . 


C. 

0*52f 

0*00 

0*36f 


* According to Flachsbart’s experiments 2 » the effect of lib (the aspect ratio) is 
only appreciable for values above 10. 

t These values are affected by turbulence, roughness of surface, etc., and varv 
with the Reynolds’ number. 
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For a prism of square cross section (face normal to wind) Dr. 
Nokkentved (Proc. Amer. Soc. C.E. , September 1936), gives 

Bafcio of height to side = 2*3 3*0 5*0 

C: 05 1*30 1*50 1*91 

For a lattice girder 29 ft. long by 3 ft. 1\ in. deep, with a double 
system of lattice bracing, C = 1*26 (Stanton 10 ). Melbourne University 
experiments 7 give C= 1*45 for a lattice girder of an ordinary type. 
More recently, Flachsbart 29 has carried out a series of experiments on 
model braced girders of different types, and concludes that the maximum 
wind force ¥ w on a girder occurs when the wind is normal to the girder, 
and is 

¥ w = pdKd = lpv 2 aKd = |py 2 <£AK d . . (1) 

where K a — a coefficient (the drag coefficient). 

p = max. theoretical wind pressure on the girder = Jpv a (see above) 
(lb./sq. ft.). 

v the velocity of the wind (ft. /sec.). 

p = the density of the air (wt. per cub. ft >jg). 

a = tlie sum of the projected area of all the bars (sq. ft.). 

A saa the area of the contour of the girder (sq. ft.). 

<p = a /A, a fullness factor. 

Usually <f> > 0*25, when Kd is approximately constant and equal to 1*6 ; 
when <f> <0*25, K d varies with <f > , but approximates to 1*8. The type 
of framework, type of bar profile, 
and shape of contour make no 
practical difference to the value 
of Fw (the difference is less than 
10 per cent.). 

Since the value of K<tf for a 
square plate = 1 *27, it follows from 
the above, if P = 0* 0032V 2 , that 
when $ > 0*25, C = 1*26; when 
cf> <0*25, 0= 1*42. 

48. Shielding. — If two similar 
plates be placed one behind the 
other in a current of air, it is found 
that the windward plate shields 
the leeward plate to an extent 
depending on their distance apart. 

The results of some experiments on pairs of parallel circular plates by 
Stanton, 9 are given in the following table : 

Distance apart in Diameters .0 1 li 2 3 4 

Value of C for the pair . . 1*0 0*83 0*74 0*89 1*44 , 1*73 

and are plotted in Fig. 79. The interesting fact appears that when the 
plates are 1 J diameters apart, the total pressure on the two plates is only 
about f of that on a single plate, and in these circumstances, the pressure 
on the leeward plate is found to act in the opposite direction to that on 
the windward plate. These experiments were made using circular discs ; 
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it was found that the shielding effect was considerably less in the case of 
long rectangular bars. In the case of parallel plates, without holes, at 
moderate distances apart, the air in the region between the plates was at 
a uniform pressure. This suggested that the resultant pressure on a 
short cylinder would be nearly the same as that on two plates of the 
same dimensions as its ends, which proved to be the case. 

Lattice Girders .— The shielding effect in the case of similar, similarly 
situated, models of lattice girders was found to be independent of the 
scale ; but in two lattice models of the same type, but with different 
widths of bars, when the models were the same number of times the 
width of the bars apart, the shielding effect was greater for the wider 
bars. 

The total pressure on two lattice girders } each of depth D, placed a 
distance D apart, was 1*29 times that on one. If these girders were 
connected by a roadway, top or bottom, this figure was reduced to 1 • 15 ; 
or to 1 *25 when the distance apart was 2D ; so that if C = 1 -26 for the 
single girder, C = 1-26 x 1 *25 = 1 *58 for the pair. If the angle of 
incidence of the wind was not normal, there was a slight increase in th© 
pressure, which amounted to approximately 5% when th© angle of 
incidence was 75°. 

In the above experiments the openings were approximately 50 per 
cent, of the total area. 

In the case of model single web lattice girders tested in pairs (no 
floor), Sir Benjamin Baker obtained the following results : 

Distance apart in terms of depth .... 1 2 3 4 

Ratio of pressure on pair to that on single girder . 1-2 1*5 1-7 1*8 

The addition of one or more extra girders, placed between the outer 
girders, made little difference to the total wind load (about 4% for 3 to 4 
diameters apart). For the single girder 0=1-15. 

In continuation of the work summarised in § 47, Flachsbart and 
Winter 29 made a series of experiments on model braced girders in pairs, 
the more important results of which are as follows : The influence of the 
leeward girder on the windward girder is small even at small distances 
apart. The shielding influence of the windward girder is considerable. 
The wind velocity and pressure close behind a lattice girder takes a wave 
formation with minima values behind the bars, and maxima values 
behind the open panels. This formation equalises slowly with increasing 
distance, and the shielding effect is still perceptible at relatively large 
distances apart. The efficacy of the shielding depends primarily on the 
fullness factor <f> } § 47 ; the relative distance apart of the girders ; and 
congruency (i.e. whether the bars of the girders lie exactly one behind 
the other), this is chiefly important at small distances apart. The effect 
of type of girder is small. 

The experimental results for congruent girders are plotted in (i) 
Fig. 80 ; where, if F w , eq. (1), § 47, is the wind force on the windward 
girder, $E W is the wind force- on the leeward girder, and (1 + tp) F w that 
on the pair. The values of ip for <^ — 0*6 to 1*0 are shown by dotted 
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lines, because they depend to some extent on the aspect ratio Ijb of the 
individual members of the frame. For values of <f> between 0 * 1 and 0 * 6, it 
is sufficiently accurate to use iff = 1 *15 [1 *0 — 1 *45 (R/D)*] ; B denotes 
the distance apart of the girders, and D their depth. Obliquity of the 
wind direction had little effect on the value of F^, but increased the 
value of iff slightly, the maximum effect occurring, at an obliquity of 25°. 
In all the experiments the girders were unconnected by a roadway, 
which would slightly reduce the total wind load on the pair (see supra). 
(ii) Fig. 80 gives approximately the relation between $ and <f> for a pair 
of girders placed B = D apart, but shifted relatively half a bay, under 
normal wind loading. 


Plate Girders . — For these </>=!, (i) Fig. 
80, but the value of iff depends to some ex- 
tent on the aspect ratio L/D, and on the 
presence of a roadway, [According to 
Melbourne University experiments, 7 for a 
plate girder bridge with a roadway top or 
bottom, if B = D, 0=1-0; if B = 2D, 
C= 1-20.] 

Tall Masts . — From experiments on 
model sections of square lattice braced 
masts, it appears that, under normal wind 
pressure, the forces on planes parallel to the 
wind are negligible, and the mast may be 
treated as two parallel girders, using the 
formulae given above. When the wind acts 
diagonally, the total wind' force may be 
increased by 20 per cent, (or even more), 
depending on the type of framework. For 
maximum effect the wind force may be 
taken as acting at 45°, though the angle of 
obliquity for a maximum was in some cases 



about 25° - 30°. 


Fig. SO. 


From tests on a ^th scale model, 

Katzmary and Seitz * found that, under diagonal wind pressure, the 
maximum wind force on a tall mast was 1*5 times the normal wind 


force Fw on one face ; and equivalent to forces equal to F w acting 
simultaneously on two perpendicular faces. 

49. Wind Pressure on Inclined Surfaces. — Fig. 81 shows the dis- 
tribution of pressure on flat plates inclined at angles of 30° and 45°, 
respectively, to the direction of the wind. 9 It will be observed that 
these distributions differ considerably from the distribution of pressure 
on a plate normal to the wind, particularly as regards the negative 
pressure on the back of the plate due to eddies. 

A number of formulae have been proposed to express the relation 


Der Bauingenieur, 1934, p. 218. 
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between p, the resultant normal pressure on a plate inclined at 6° to the 
direction of the, wind, and P, the pressure on a plate normal to the wind. 



Let p = KP, where p and P are both expressed in lb. per sq. ft. of the 
face area of the plate. Then according to the formula derived by 



Hutton 1 from his experiments with a whirling machine, made in 1786-7, 
see Fig. 82 * : 

log K = log (p/P) = (1 *84 cos 6 — 1) log sin 9 . . (1) 

Ry Duchemin’s formula, 2 


K _ p _ 2 sin 0 

P 1 -f sin 2 0 


( 2 ) 


p/P =* 0° J45 approx : max. = 1. 
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while Rayleigh 3 deduced theoretically that 
K _ P _ (4 + t r) sin 6 

? 4 + 77 sin 0 ^ 

This latter formula gives the positive pressure on the front of the plate, 
not the resultant pressure. Stanton found that, in the case of a rect- 
angular plate, the value of K depends on whether the longitudinal or trans- 
verse axis be inclined to the wind. It will be seen that, according to 
Hutton’s formula, the resultant pressure on a plate inclined at from about 
60° to 90° to the wind is more than that on 
a normal plate, Fig. 82. This is an experi- 
mental fact ; the increased pressure is the 
effect of eddies, which increase the negative 
pressure on the back of the plate. 

The most commonly occurring case of 
wind acting on an inclined surface is that 
of an ordinary roof. As will be seen in the 
next article, however, the effects of wind 
on a sloping roof surface are very different 
from those on an inclined flat plate placed 
in the wind stream. 

50. Wind Pressure on Roofs and Chim- 
neys. — Many experiments have been made 
to determine the distribution of wind pres- 
sure on roofs. Fig. 83 shows the distri- 
bution of external pressure on three closed- 
in buildings with A roofs, as determined at 
the N.P.L . 9 The roof angles in the three 
cases were 45°, 30°, and 60°, and the pres- 
sures were measured for three different wind - 

velocities, 10*0, 13*6 and 16*8 m.p.h. It 13*6 „ ^ 

will be noticed, that, due to eddies, there 13.3 , „ , 

is a negative pressure or suction on the + Tpre&SMVe 

leeward side of the building, first observed Suction, 

by Irminger , 8 of the same order of magni- 83 

tude as the normal pressure on the wind- 
ward side ; and that in the case of the 30° roof, (ii) Fig. 83, the positive 
pressure on the windward slope is small. These observations have been 
confirmed and extended by other experiments. In addition, there is the 
internal pressure (i.e. the pressure inside the building) to be taken into 
account, see infra . This subtracts from the external pressure. In a closed- 
in building the internal pressure is found to be negative ; that is to say, it 
increases the resultant pressure on a surface which carries a positive 
external pressure, and diminishes the resultant negative pressure on a 
surface which carries an external suction. In the case of a building with 
open windows and doors, or in an open shed, the resultant pressures on 
the sloping surfaces may differ considerably from those on a closed-in 
building. 
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According to the N.P.L. experiments, 10 in the case of a building pro- 
vided with windows and doors, the worst effects' produced by the wind 
occur when the windows and doors on the windward side are all open, 
and those on the leeward side shut. In these circumstances the values 
found for the coefficient K were as follows : 


Angle of roof 
Windward slope, K = 
Leeward slope, K =* 


30° 45° 60° 

+ 0*47 + 0*88 +1*06 

— 0-69 not determined -1-00 


As in the case of the fiat plate inclined to the wind, the pressure on the 
60° slope is greater than that on the normal plate. 

In the case of the open shed roof, contrary to what might perhaps 
have been expected, the difference in pressure on the leeward side was 
so small as to be negligible. It would appear that the wind blowing 
under the roof, i.e. through the building, produces a suction which, 
practically speaking, balances the exterior suction due to eddies from the 
windward slope. In this case the values of K were : 


Angle of roof .... 30° 45° 60° 

Windward slope, K = . . +0*47 0 * 88 +1*06 

Leeward slope, K = . . negligible 


For the purposes of design, the following interpolated values may be 
used : 


Ratio rise to span 
K, windward slope 
K, leeward slope : — 

(i) Ordinary buildings . 

(ii) Open shed 

+ pressure. 


t i 

+ 0-3 +0-4 


i 

+ 0*6 


-0*5 -0*6 -0*75 

negligible. 

— suction. 


i 

+0*9 
- 0*9 


In all the above cases, KP is the total pressure on the slope, i.e. the 
difference between the external and internal pressures. 

Collating all the published experimental work on the : subject, the 
American Committee on Wind Bracing in Steel Buildings 40 (Fifth Progress 
Report) propose the following as the maximum likely values for K e , 
where K e P is the external pressure on the roof. 


Windward slope : — 

6 - 20° or less 20°~30° 30° 30°-60° > 60° 

K<? sss — 0*7 (0*070 — 2*1) 0 (0*030 — 0*9) 0*9 

Leeward slope : — 

K e = — 0 * 6 for all values of 0. 


To obtain the value of K, the coefficient IQ for the internal pressure 
must he taken into account ; K = K e — IQ. 

Internal Pressure . — The value of the coefficient 3Q has been variously 
estimated, depending chiefly on the arrangement of the window openings. 
Irminger and Nokkentved 24 point out that an airtight building cannot 
exist in practice, and cite a case in which an impervious covering was 
stripped from the roof in the first storm. Relief holes were thereafter 
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fitted, which completely cured the trouble. For a 4 leaky’ building, 
they find that if the leaks are uniformly distributed throughout the 
building, I U does not vary with the wind velocity or the area of the leaks, 
but is affected, by the shape of the building, i.e. by the distribution of 
external pressure. For such cases they suggest the values Ki = — 0-25 
to — 0*35 ; Ki is always negative. 

The maximum positive internal pressure is produced when all the 
windows and doors are open on the windward side, and closed on the 
leeward side ; and the maximum negative internal pressure, when the 
conditions are reversed. The Australian experiments 25 suggest a range 
for Ki = -f 0*8 to — 0*5. 

Curved Roofs.— Fig. 84 shows the average of a number of readings, 
under various conditions as to height of walls, open and closed ends and 
sides, of the external pressure on a 


building with a semicircular roof, 
made at Perdue University. The 
wind is blowing from left to right. 

The American Committee (l.c.) 
suggest the following procedure for 
curved roofs : a representative circu- 
lar arc is described, passing through 
the two eaves and the ridge, and 
subtending at its centre an angle </>. 
The ratio of the height of the arc to 
the span of the roof is called r. The 
arc is divided into three parts (cf. 
Fig. 84) subtending at its centre 
the angles a, f3 and y respectively. 
The angle a, starting at the wind- 
ward eave, is a = (r/4 + 0*125) <f> ; 

7 = <£/ 4 - 

For segment a : r = less than 0*2 



Fia. 84. 

0 *2 to 0 * 35* *0 *25 and over 


Roof on elevated ) 

Ke- 

supports. \ 

Arc starts from 

Kg * 

ground level. 


For segment /? : Any type of support 
For segment y : Any type of support 


— (2-1 — 6r) + (2-8r- 0*7) 

4* l-'4r 

K e = - (r+ 0*7) 

Ke- -0*5. 


Flat Roof. K e = — 0*7 all over. 

These are the maximum likely values of Kg ; to obtain K the value 


of Ki must be subtracted ; K = Ke — Ki. 


Knowing the value of K, and of P for a given wind velocity, the roof 
should be designed to carry the pressure p — KP, see §§ 6, 212, 209. 

For the distribution of pressure on the surface of an airship shed , 
see ArroVs Bridge and Structural Engineers' Handbook , 1st ed., London, 


1920, p. 180 et seq. 


Thus in the original. 
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Circular Chimney.— Fig. 85 shows the distribution of wind pressure 
on a 12* 6-in. diameter model, 5 ft. long, of a circular chimney , as 
determined by Dryden and Hill. 43 The wind speed was 80 ft. /sec. 
(log 10 vD/v = 5*7 ; vD/v is Reynolds’ number). Section (i) was taken 
0*5 in. (0* OSD), and (ii) about 17 ins. (1 *4D) from the top end. In these 



Fig. 85. 

diagrams, pressures p , normal to the surface, are indicated by polar 
co-ordinates. The shaded areas represent positive pressure, non- shaded 
areas negative pressure. The pressures are expressed in the non- 
dimensional unit pjpv 2 , the scale being indicated by the concentric 
circles ; v ~ velocity in ft. /sec., p = the density of the air in lb. per 
cub. ft. ~~ g = 0*00237. As may be seen from Fig. 85, the general shape 
of the pressure distribution was very similar from one end of the chimney 
to the other. The pressure on the chimney in pounds, per sq. ft. of 
projected area may be expressed by the formula P = pv*Kd, where Krf 
is a non-dimensional drag coefficient varying with the aspect ratio L/D 
and the Reynolds’ number; provisionally fixed at 0*4. The great 
magnitude of the negative lateral pressure in (ii) Fig. 85, should be noted. 

51. Effect of Position and Neighbouring Buildings. — As in the case 
of a flat plate, the angle of incidence of the wind makes very considerable 



Fig. 86. 


difference to the distribution of pressure on a building. 24 Also the presence 
of neighbouring buildings may completely modify the effects of the wind. 
The information given in § 50 has been obtained from experiments on 
single models and only applies to isolated buildings. In a case such as 
(i) Fig. 86, where an open shed stands close to a higher building, there 
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may be considerable 4 uplift ’ on the leeward side EC,* as also in a 
grandstand with an open front (ii), and the coefficients in § 50 would 
be quite inapplicable to such cases. 

Experimental studies 27 * 28 to obtain some exact information regarding 
the effect of adjacent buildings have been undertaken both in America 
and at the N.P.L. From such experiments it may be possible to lay 
down some general rules for guidance in design, but the problem is com- 
plicated by so many different considerations that it is unlikely that 
definite wind pressure values in particular circumstances can ever be 
obtained without special experiments. 

52. Wind Pressure on Structures and Buildings. Practical Assump- 
tions.— From the figures given in §§ 42 and 43, it would appear that in 
Great Britain it is sufficient on isolated structures up to 30 ft. high to 
assume a horizontal wind pressure of 20 lb./sq. ft. in unexposed areas, 
which might be increased to 25 lb./sq. ft. for structures up to 100 ft. high. 
Projections should be designed to resist 30 lb./sq. ft. In very exposed 
areas a pressure of 30 lb./sq. ft. should meet all requirements. It is 
customary to permit a 25 per cent, increase in the allowable stresses when 
the stresses due to wind are combined with the dead and live load stresses. 

Buildings . — According to the L.C.C. Code of Practice, 1932, for 
buildings in the London area a wind pressure of 15 lb./sq. ft. should be 
assumed on the upper two-thirds of the vertical projection of the surface 
of such buildings, with an additional pressure of 10 lb./sq. ft. on all 
projections above the general roof level. On the sea coast, and in other 
very exposed positions, these pressures should be increased by 10 lb./ 
sq. ft. A 33J per cent, increase in the allowable stresses is permitted 
when the wind stresses are combined with the other stresses in the 
structure. If the height of a building is less than twice its average width, 
wind pressure may, in general, be neglected, provided that the building 
is adequately stiffened by floors and walls. 

According to the Standard Specification of the American Institute of 
Steel Construction for structural steel for buildings, the wind pressure 
should depend on the conditions of exposure. If the steel frame during 
erection be designed to carry a wind pressure of not less than 20 lb. /sq.ft., 
and the finished structure a wind pressure of not less than 15 lb./sq. ft., 
acting on the vertical projection of the exposed surfaces, when the wind 
stresses are combined with those due to the other loads, the permissible 
working stresses may be increased by 33J per cent. (20,000 + 6600 — 
26,600 lb./sq, in. in direct tension and compression, 1936). 

For a discussion of wind pressure on buildings and methods of resisting 
it, see Wind Stresses in Buildings , R. Fleming, New York, 1930. 

Bridges . — It has been customary to specify that a bridge carrying a 
railway should be designed to resist a horizontal wind load of 50 lb./ 
sq. ft. on the unloaded structure, or 30 lb./sq. ft. on the bridge when carry- 
ing a train. In the case of a road bridge the latter figure is reduced to 


* See some remarks in Beck's Structural Steelwork , London, 1920, p. 239. 
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20 lb./sq. ft. These figures have been very generally adopted by engineers 
for many years, and axe embodied in the British Standard Specification, 
but for bridges intended for use in this country, 50 lb./sq. ft. appears to 
be an excessive allowance, see § 42. As the result of a study of the avail- 
able data, Remfry 19 suggests that, for bridges in this* country, a wind 
pressure on unloaded spans up to 1000 ft. in length of 40 — 0*016L 
lb./sq. ft. should be assumed ; and on similar loaded spans, of 35 — 0 *013L 
Ib./sq. ft. (L = span in feet.) For Indian bridges an increase of about 
40 per cent, is recommended. 

When the stress due to wind is combined with the stresses due to the 
dead load, the live load plus impact, and the centrifugal and longitudinal 
forces, it is permissible to increase the allowed stress by 25 per cent., 
since it is unlikely that all these loads will produce their maximum effects 
simultaneously. 

The General Specifications for Steel Railway Bridges, 1935, of the 
American Railway Engineering Association require that, for fixed spans 
less than 400 ft. in length, a moving wind load of 30 lb./sq. ft. shall be 
allowed for, acting on 1| times the face area of the floor system, plus 
the vertical projection of all trusses, but not less than 200 lb. per lineal 
foot, acting at the loaded flange, and 150 lb. per lineal foot at the 
unloaded flange. The wind load on the train, which is supposed to act 
simultaneously with the above, is to be taken as a moving load of 300 lb. 
per lineal foot on one track, applied 8 ft. above the base of the rail. 
Alternatively, the unloaded bridge must carry a wind pressure of 50 lb./ sq. 
ft. An increase of 25 per cent. (18,000 + 4500 = 22,500 lb./sq. in. in 
direct tension) in the allowable stresses is permitted when the wind 
load stress is combined with that due to the dead load 4 live load 4 im- 
pact -f centrifugal force 4 longitudinal forces. 

If the bridge is not required to conform to the British Standard 
Specification, it would appear that the wind pressures suggested by 
Remfry and given above might be provisionally adopted as best repre- 
senting the information available ; except that most engineers would 
consider that it is not necessary to assume more than 30 lb./sq. ft. on 
a loaded span in normal circumstances in Great Britain. 

Wind pressure on a bridge has three main effects : 

(i) It tends to overturn bodily the bridge (with or without the 
train). 

(ii) The wind pressure on the bridge proper forms a lateral load 
on the structure. That on the train forms a lateral rolling load on the 
structure. 

(iii) The wind pressure on the train will increase the pressure on the 

leeward rail, and therefore increase the vertical load on the leeward 
girder of the bridge. * 

The factor of safety against overturning should not be less than 1*5 
under the worst conditions likely to occur. As an example of the method 
of calculation, consider the deck bridge shown diagrammatically in Fig. 87. 
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Let W x be the weight of the bridge proper, P x the total wind pressure on 
it ; let W 2 be the weight of the train and P 2 the wind pressure on it when 
it covers the bridge. Then the overturning moment is F 1 r 1 + F 2 r 2 , and 
the righting moment is (W x + W 2 )B/2. The factor of safety is 


V = 


(W 1+ W a )B/2 

•pi i -pT L'O 

-r J? 2^*2 


or, considering the empty bridge, 


7 ] - 


W*B/2 

E iri 


> 1-5 


Both these conditions must be satisfied. 

In calculating the exposed area of the structure itself, the area of all 
double surfaces must be taken into account according to the principles 
discussed in § 48. A worked example will be found in § 196. The wind 
load on the bridge must be assumed to act at the centre of area of the 


exposed surfaces. For the purpose 
of calculation the area of a railway 
train can be taken at 10 sq. ft. per 
lineal foot, and the pressure may be 
assumed to act at a point 7 ft. 6 in. 
above the top of the rail. The 
vehicles should be supposed empty, 
and of the lightest type likely to cross 
the bridge. 

The lateral wind load on the bridge 
must be carried to the abutments by 
horizontal wind girders provided in 
the plane of the upper and/or lower 
flanges for the purpose, see § 191. 
The flanges of the main girders are 
arranged to form the flanges of 
the wind girders, and lateral bracing 



Fig. 87. 


is provided to form the webs. The wind pressure on the train is 


evidently a lateral rolling load on the bridge, and the wind girder in the 
plane of the loaded flanges must be designed to carry this rolling load. 
Suitable portal and sway bracing is also necessary to prevent distortion, 


§191. 


The tendency to concentrate load on the leeward rails and girder is 
one of the most important effects of the wind pressure on a bridge, though 
it is sometimes neglected in design. It will be apparent from Fig. 87, 
if r 2 be the height of the point of application of F 2 above the rails, that 
the effect of the moment of the wind load F 2 r 2 ' will be to increase the load 
on the leeward rail and decrease it on the windward rail by an amount 
B/' = Eg", such that B 2 "G = F 2 r 2 '. Hence, due to wind, the load on the 
leeward rail is increased from W 2 /2 to W 2 /2 + F 2 r a '/G. In a similar way 
the load on the leeward girder is increased by an amount B/, Fig. 87, 
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such, that R 2 'B = F^ + F 2 r 2 , and the total load on the leeward girder 
is increased from (W , + W 2 ) /2 to 

(W, + W 2 \ (F ^ + F 2 r 2 ) 

V T~) + B 

In certain cases these increases may produce the largest part of the 
increase in stress due to wind. 
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QUESTIONS ON CHAPTER III 

1. Discuss the effect of wind pressure on structures, and state what 
assumptions you would make as to wind pressure on : (a) a double track 
lattice-girder railway bridge 50 ft. deep, and 350 ft. span ; (h) a large open 
shed 600 ft. long, 100 ft. high, and 150 ft. span. (U.L.) 

2. Calculate by Hutton’s formula, or by another formula commonly 
used, the normal pressure per square foot on a plate sloping at an angle 
of 25° to the horizontal, if the wind is blowing at 50 miles per hour. 
State briefly the results of some recent experiments on the distribution and 
intensity of the pressure of wind on roofs. (U.L.) 

Am. 4*5 Ib./sq. ft. (Hutton) ; 5*7 Ib./sq. ft. (Duchemin). 

3. Find the bending moment at the foot of a cylindrical chimney 18 ft. 
in diameter, 200 ft. high, on the assumption that the intensity of the wind 
pressure varies as the square root of the height above the ground. At a 
height of 100 ft. it is 24 Ib./sq. ft. on a flat surface. The coefficient of wind 
resistance for a cylinder is 0*6. (U.L.) 

Am. 586,400 ft.-lb. 

4. A chimney 120 ft. high, 12 ft. square at the base and 9 ft, square at 

the top, is subjected to a wind pressure of 30 Ib/sq. ft. Find the maximum 
wind load on the chimney, and the point at which it acts. * 

Am. 34,000 lb. (diagonally 99 per cent, of this) ; 57*14 ft. up. 

5. The area of a lattice girder is made up as follows : Bottom flange 
200 sq. ft., top flange 160 sq. ft., verticals 150 Bq. ft., diagonals 230 sq. ft. 
Take the value of C, § 47, as 1 * 3, and find the total wind load on the girder 
under a wind pressure of 30 Ib./sq. ft. 

Am. 12*9 tons. 

6. Two such girders (Q. No. 5), placed 0- 85D apart, connected together 
by a plate deck, form a bridge. The side area of the floor system proper is 
430 sq. ft. What is the total wind load on the empty bridge ? 

Am. Assume the pressure on the pair is 1 * 1 times that on a single girder, 
§48 ; total wind load = 12*9 X 1*1 +5*8 —20-0 tons. 



CHAPTER IV 

WORKING STRESSE8-IMPA0T 

53. Working Stresses. Suitable Values.— The choice of suitable 
working stresses for given conditions, involving as it does the real relation- 
ship between the calculated stresses and the material properties, is not a 
simple problem ; many difficult considerations come into question. 

54. Calculated Stresses. Their Conventional Character.— In the first 
place it must be remembered that anything like a true determination of 
the stresses in a structure from the nature of the case, is, practically 
speaking, impossible. All ordinary theory assumes that the structure 
is perfectly elastic, and that it is initially unstrained. It assumes that 
the joints (usually riveted) are frictionless pins ; or, if an attempt be made 
to allow for secondary stresses, that the joints are perfectly rigid. In- 
determinate stresses occur of which no account whatsoever is taken in 
ordinary calculations. Now a perfectly elastic structure is a mathematical 
abstraction. Nearly every member of a structure has to be straightened 
cold, which means that the yield point is exceeded in many places, and 
that initial stresses are set up in every member. The shop processes, 
punching, drilling, riveting, welding, all induce initial stresses, often of 
considerable magnitude. Any thoughtful person who has watched a 
braced structure being drifted up tight, and then riveted up, must come 
away with very qualified views as to the possibility of determining 
accurately the real stresses in structures from theoretical considerations. 
The joints are never frictionless pins, which means that deformation 
stresses, § 114, often of considerable magnitude, will be induced in the 
structure. These, in certain cases, may be calculated, on the assumption 
that the joints are rigid, which riveted joints never are. Even in the 
simplest of members the stresses are of a complex nature, as a glance at 
Fig. 320, Vol. I, which represents the stress distribution in a tension 
specimen, will show. 

In most instances it is not possible accurately to define even the load 
conditions, and in many cases the stresses are found from conventional 
loadings on conventional assumptions. Thus the bending stresses on 
a ship in a seaway are estimated by assuming the ship to be poised on 
a wave of conventional length and height. At sea the ship will meet with 
waves of all lengths and heights, and it is unlikely that she will ever be 
poised on one, as is assumed. The floor and wind loads assumed to act 
on a tall building are merely conventions, as are the methods employed 
in finding the stresses. The ordinary methods of calculating the primary 
stresses in a bridge are likewise quite conventional. 
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55. The Quality of the Material. Conventional Tests. — If the factors 
which represent the quality of the material be carefully considered, it will 
be found that they, too, are of a conventional nature. The quality factor 
most easily and most frequently determined is the ultimate tensile 
strength of the material, and engineers quite rightly insist that the 
material must be perfectly satisfactory in this important particular. 
Yet the load intensity implied by the expression ‘ ultimate tensile 
strength * has no physical existence. It is determined by measuring the 
area before the experiment, and the maximum load three-quarters 
the way through, when the area is considerably reduced, and dividing 
the one by the other. It is a conventional ‘ stress 5 implying a certain 
quality of material.* 

Nor can the proportional limit or the yield point be regarded as 
definite standards of quality. The proportional limit is one of the most 
variable of all the properties of materials. Its position depends very 
largely on the previous history of the material. Overstraining in one 
direction may reduce it to nearly zero in the other, § 241, Vol. I, and it is 
not uncommon to find perfectly satisfactory material in which the pro- 
portional limit is very low. It is probable that the primitive proportional 
limit is exceeded at times during the life of every structure, at least in 
places, without in the least endangering the existence of the structure. 

The yield point, too, depends on the previous history of the material, 
and by overstraining and recovery it can be raised up to the maximum load 
point, § 241 , Vol. I. Not only so, but the upper yield point has been shown 
to vary in position with the shape of the specimen and other test conditions, 

§ 216, Vol. I. The position of the yield point in material which has been 
subjected to shop processes, cold straightening and the like, is very variable. 

The following figures are taken from the Progress Report of the 


j Average Stress in 1000 lb./sq. in. I 

I 


Highest. 

Lowest. 


Tension . 

Proportional limit 
Yield point 

Ultimate strength 

Compression. 

Proportional limit 

Yield point 

30-7 * 
41*8 * 
64*2 * 

37-0 + 

40 • 0 * 

26-1 f 
31-7 f 
52-2 t 

22-5 tt 
30-y t 

* 8" x 32 lb. X-Beam. 
t 10' x 20 lb. Channel 
ft 10' X 10 lb. Channel. 

J 10' x y. Plate. 


, . Sof test figures are equally conventional. Thus, in the rotating bar fatigue 
test, the fatigue limit is a calculated bending stress on the original area, whei^as 

h!in!n!A° n6 f by f an \ nt6nse stress concentration at the bottom of a 
crack. The ball hardness test is also quite conventional. It is singular that the 
conventional test figures from both these experiments boar a constant ratio to the 

w'T f ° ton f\ 8tren S th - Again, one of the early objections 
taken to the notched bar test was to its conventional character. 
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Special Committee on Steel Column Research of the American Society 
of Civil Engineers (. Proc Feb. 1929, p. 412) and give the results of tests 
on 204 tension specimens and 182 compression specimens. They well 
illustrate the variable nature of the material properties in commercial 
rolled steel members [see also p. 359]. 

56. Overstraining and Recovery.— The mutability of the proportional 
limit and the accompanying loss of elasticity in ordinary steel, referred 
to above, would be a serious matter were it not for the wonderful property 
of materials called recovery after overstrain which, as Muir proved, 
§ 243, Vol. I, takes place not only when the load which overstresses the 
member has been removed, but also while the load is still acting on the 
bar ; it is not too much to say that without this property, steel structures, 
as at present constructed, could not exist. When a structure, for example 
a bridge, is first erected, the material everywhere will be in a state of 
initial stress set up during manufacture. As it deflects under its own 
weight, and still more when the test load is applied, these stresses will 
be augmented by both the primary and secondary stresses which occur. 
It is very probable that the proportional limit in many of the members 
will be low, and will at once be exceeded. Locally, where stress con- 
centrations occur, it is more than likely that the yield point will be 
overstepped. If passing the proportional limit and yield point meant 
immediate failure of the member, the structure would at once collapse. 
Fortunately, due to the ductility of the material, the effect of such high 
stress concentrations is mitigated. The metal yields slightly and allows 
the stress to redistribute itself.* Temporarily, the material which has 
thus yielded has lost its elasticity, but it becomes strain-hardened, and 
in time recovers its elasticity ; the yield point rises to at least the point 
to which the overloaded material was stressed, see § 241, Vol. I. In 
riveted structures there is no doubt that the secondary stresses , are 
relieved also by the ‘ give ’ of the riveted joints. 

The material thus overstrained has lost some of its ductility, so that 
the process of overstraining and recovery cannot be repeated an indefinite 
number of times ; but having once been overstrained and reached a 
state of comparative ease, further applications of loads of the same 
magnitude as before would not produce stresses above the yield point, 
raised as the latter would be by the previous overstressing. 

57. The Factor of Safety.— The method commonly adopted of over- 
coming the difficulties which the choice of a suitable working stress 
involve is to assume a sufficiently large factor of safety. Questions 
then arise as to what is intended to be covered by the factor of safety, and 
to what material property the ratio in question should rightly he applied. 

The factor of safety must cover : 

(i) Defects in the material. 

(ii) Initial stresses due to cold straightening, punching, riveting, and 
shop processes generally. Cooling stresses in castings. 

* For a study by Haigh of the effect of ductility in mollifying the high stress 
concentration at the edges of a hole, see Jj 67 at end. 
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(iii) Faulty workmanship. 

(iv) Erection stresses. 

(v) Deformation and other secondary and indeterminate stresses. 

(vi) Stresses due to secondary flexure, buckling, particularly in com- 
pression members. 

(vii) Stresses due to temperature variations not otherwise allowed for. 
(viii) Loss of area due to corrosion. 

(i) Mild steel is now so reliable that defective material is exceptional ; 
in cast iron and timber flaws are always to be feared. Welded material 
is sometimes faulty. 

(ii) High initial stresses may be set up during the severe treatment 
which the material gets during the shop processes. Sir Benjamin 
Baker suggests* that due to cold rolling, the real stress in a plate girder 
flange may be twice the nominal stress. Attention has repeatedly been 
called to the effect of cold straightening in bringing about the early col- 
lapse of struts. f The effects of cooling stresses in castings are well 
known. 

(iii) Even with the most accurate and careful workmanship it is 
hardly possible to ensure that the lengths of members are absolutely 
exact, or that the rivet holes are in perfect alignment. When the 
workmanship is not first-class the errors may be considerable. Large 
initial stresses may be the result. An error of 1 /100th inch in the length 
of a tie bar 10 feet long would result in an initial stress of over 1 ton/sq. in. 
when the member is forced into place, unless relief occurs by the distortion 
and stressing of some other part. Not only so, but due to poor bearing, 
and eccentricity of loading resulting from faulty workmanship, the 
stresses produced by the applied loads may be much increased. It is 
not unknown in old bridge trusses, where the tension members are 
formed of two parallel flat bars, to find one bar carrying all the load, the 
other being slightly buckled ! 

(iv) Severe stresses may be induced in a structure during erection 
resulting from inaccurate setting out of columns, inadequate temporary 
supports, settlement of foundations and similar causes. 

(v) Deformation stresses may be due to stiff joints in framed structures 
§ 114, the bending produced by the cross-girder loading in a bridge, 
§ 112, and other similar causes. Theoretically, these stresses may, in 
particular cases, reach high magnitudes. In the case investigated in 
If 9, § 118, the deformation stress was 75 per cent, of the primary stress, 
and other estimations have been made in which the deformation stresses 
in the webs of bridge trusses are of this order.J There is no doubt that 
these high theoretical values are much reduced by the give of the riveted 
joints, and redistribution due to plastic yield (see also §§ 50 and 67), 
for in properly designed frames, no serious effect due to secondary stress 

* Proc. Inst . C.E., vol. cxli, p. 83. 

f Howard,' Proc. Amer. Soc. Test . Mali vol. viii, 1908, p. 336. 

t Grimm, Secondary Stresses in Bridge Trusses . New York, 1908. 
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appears to occur in practice,* Lurching, § 62, may set up torsional 
strains in a bridge, which, with other not easily calculated stresses, 
must be covered by the factor of safety. 

.(vi) Secondary flexure, the buckling of plates between the rivets, 
the buckling of outstanding plates, web buckling, and similar effects, 
considerably increase the stresses in compression members. Rusting 
between two plates in contact forces the plates apart and results in local 
stresses of a like nature. 

(vii) In statically indeterminate structures of any considerable 
magnitude an estimation of the stresses due to changes in temperature is 
usually made, but in many structures no provision is made for expansion, 
and the material must carry the temperature stresses. A commonly 
occurring example is the ordinary steel frame building, in which expansion 
in the floor beams can only occur by bending, and so stressing, ‘the 
columns. Expansion joints in bridges are often unsatisfactory, in which 
case the structure has to carry the temperature stresses. A 12° F. 
variation in temperature would produce a stress of 1 ton/sq. in. if the 
member is prevented from expanding. 

(viii) Steel structures in exposed positions are subject to continual 
rusting, in spite of their protective coating of paint. There is therefore 
a progressive loss of area and increase in stress in the structure due to 
corrosion. In special cases the thickness of the material theoretically 
necessary is increased on this account. 

An exact determination of the stresses enumerated above is not 
possible. To make provision for their occurrence a sufficiently high 
factor of safety must be used. The value assumed should depend' on 
the accuracy with which the true primary stresses can be determined, 
and to what extent the secondary effects are allowed for directly. It 
does not follow that in given circumstances the same factor of safety 
would be applicable to different materials. Attempts are sometimes 
made to estimate the probable magnitudes of all the stresses in a member, 
including those which occur under the heads (i) to (viii) above ; and it 
is argued that if the maximum stress intensity, thus determined, does 
not exceed the proportional limit of the material, the structure will be 
safe. From what has gone before it will be evident that, at best, the 
proceeding is the comparison of a questionable estimate of the maximum 
stress with a variable material property for a standard. Nor is the 
matter greatly improved if the primitive yield point be substituted for 
the primitive proportional limit ; the yield point is also a variable 
material property. Fortunately, it can only be raised, not lowered, by 
overstrain, but it is not a fixed standard of comparison ; nor, in the case 
of repetition of stress, does it bear a definite relationship to the limiting 
range of stress. Also the question arises as to whether the upper or 
lower yield point, § 216, Vol. I, is the true criterion, and what it is to be 

* In large modem bridges, initial distortion of the main girders is sometimes 
resorted to in order to minimise distortion stresses when under load, see Jour . Inst . 
C.E., Feb. 1937, p. 91. 
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in the case of hard steels and non-ferrous metals which exhibit no yield 
point, Figs. 260, 262, Vol. I. The true criterion in the case of combined 

stresses is still a disputed point, Chap. XVI, \ ol- 1- 

58 Working Stresses. What should Determine them?— What 
then is the real basis which should determine the working stress in a 
material? The answer is successful practice. 

The real criterion on which working stresses are based is something 
like the following : Experience has shown that if, in ordinary structures, 
a mild steel with an ultimate tensile strength of from 28 to 33 tons/sq. in. 
and an elongation of not less than 20 per cent, in 8 inches be used, and the 
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stresses (so-called) in the members be determined by certain simple 
well-known methods and ruled, provided that the areas and sizes be so 
proportioned that these stresses do not exceed certain limits (e.g. 8 tons/Bq. 
in. in simple uniform tension), the structure will be satisfactory in 
practice. 

The question then arises as to what should be the standard of reference 
in altered circumstances, or for new or different materials. In altered 
circumstances the engineer has to rely on his judgment supplemented 
by special tests. The true standard of reference for a new material 
should depend on the predominating stress conditions under which it 
will work. Where constant reversal of stress occurs, the fatigue limit 
will be the determining factor. In other cases the ultimate tensile 
strength should decide. In ductile materials not likely to fail by fatigue, 
either the ultimate tensile strength or the lower yield point may be 
used. Professor Haigh, who has made a special study of this question, 
considers that the latter may be used with confidence. Comparing the 
new Chromador steel with a ductile mild steel,* he shows that their 
properties are very similar, and that the ultimate strength, lower yield 
point, and endurance limits of the two steels all bear the same ratio 
1*45-1*5 to I, which may be regarded as the ratio of their strengths; 
but the mild steel has the greater elongation. 

In work-hardened material, where the yield point is artificially raised 
in a higher ratio than the ultimate tensile strength, implying a reduced 
capacity for further strain hardening, the ratio of the working stresses 
should not be raised in direct proportion to the yield points. 

59. Normal Working Stresses. — In normal circumstances, the working 
stresses given in the Table on p. 134 are commonly adopted. 

Steel castings should comply with B.S.S. No. 30 for Steel Castings 
for Marine Purposes, Grade B ; stresses should not exceed those specified 
for structural mild steel. 

For working stresses in welds see § 145 ; in masonry see .§ 356 ; in 
concrete see § 374 ; and in reinforced-concrete see § 309. 

IMPACT 

60. Impact in Bridges. — It has long been recognised that some 
allowance must be made for the c liveness 5 of a load travelling over a 
bridge. One of the earliest methods of making such allowance was to 
double the live load and add it to the dead load, treating the sum as a 
static load on the bridge or member. This is equivalent to regarding the 
live load as a suddenly applied load, and leads to an unnecessarily large 
area for the members, for in no ordinary bridge is the load thus applied. 

Efforts to introduce a more exact procedure have followed two lines 
of thought.* In the first, an attempt was made to allow for the variation 
in the stress in the members as the train travelled across by a range of 
stress formula, based on Wohler’s or other repetition of stress formulae. 

* Engineering , December 28, 1934, p. 698. 
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In the second, the effects of the liveness of the load is expressed as an addi- 
tion to the live load ; this addition is referred to as the effect of impact. 

A full discussion on the subject of range of stress formulae will be 
found in Fidler. 31 . The work of Stone, 32 who originated a well-known 
formula of this type, may also be consulted. From the considerations 
set forth in § 66, it may be concluded that, provided impact be properly 
taken into account, with the working stresses adopted in modem bridge- 
work, no question of fatigue will arise. 

61. Impact Formulae.— The method of providing for impact in bridges, 
commonly adopted, is to use an impact formula. This expresses the 
fractional increment, called the impact factor , by which the live load 
stress must be increased in order to take account of the ‘ liveness ’ of the 
load. The original of such formulae is the Pencoyd formula 

. 300 

% 300 + L W 

where i = the impact factor, 

and L = the length in feet of that portion of the span covered by the 
train when the maximum stress due to the travelling load 
occurs in the member under consideration. 

In the case of cross girders, L is usually taken as twice their distance 
apart ; in the case of rail bearers L is taken as their effective span. 
Eq. (1) is plotted in Fig. 93. 

The Pencoyd formula has been replaced by a number of modifications 
based on stress or deflection measurements on actual bridges. The 
method of determination is as follows : 

The stress /av in a particular member is measured by means of a record- 
ing extensometer while a train is just crawling over the bridge. The 



Span in Feet 
Fig. 88. 

train is then run over the bridge at speed, and the maximum stress, 
/max, is similarly recorded, (i) Fig. 96. The ratio (/max - /av) //av 
is the fractional increment in stress due to impact, i.e. the impact factor. 
In other experiments the impact factor is calculated from deflectonaeter 
readings obtained from s imil ar experiments. 

The experiments are repeated for a number of bridges of differing 
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spans, and at different speeds. The results are plotted r as shown in 
Fig. 88. The enveloping curve represents the maximum increment in 
stress likely as the result of impact. This figure embodies the results 
of some deflection experiments reported by a special Committee of 
the American Railway Engineering Association in 19I0. 6 Many other 
experiments were made, including a large number made with extenso- 
meters. Professor Turneaure has suggested the following formula to 
represent the collected results : 


30,000 
30,000 + L* 


• ( 2 ) 


the symbols having the same significance as in eq. (I). This formula 
has been replaced in the 1935 A.R.E.A. Standard Specification for Rail- 
way Bridges by the following : 

L < 100 ft. % = 1 —0-006 L -b 1/S ; max. = 1.] 

L > 100 ft. i = 0*1 -f 18/(L - 40) + 1/S. [ A) 


where L = span in ft. of main girders, cross girders, and rail bearers. 

S = spacing in ft. of main girders and rail bearers, and span of 
cross girders. 1/S is the allowance for lurching. 

Much work has been done, and many experiments have been made, 
by the Indian Railway Bridge Engineers to determine a suitable allow- 
ance for impact. Their 1925 14 Report gives the following expression 


65 

45 -b L 


. ( 3 ) 


for the impact factor to be used for the purposes of design. 

The Ministry of Transport formula, 9 which has been adopted as the 
British Standard for Girder Bridges (No. 153, Pt. 3, 1933), is as follows : 

120 

t — -r— . . . . (4) 

90 + L 

with a maximum of 1 • 15 ; n = the number of tracks. 

For comparison, eqs. (1), (2), (3), and (4), have been plotted in Fig. 93. 

In all the above formulae, i is the impact factor for steam loco- 
motives, and except in eq. (2A), L is the loaded length as in the 
Pencoyd formula. 

62. The Causes of Impact. — The factors causing impact stresses in 
railway bridges are enumerated by the American Committee (A.R.E.A.) 6 
as follows : (1) Unbalanced forces from the locomotive driving wheels ; 
(2) rough and uneven track ; (3) flat or irregular wheels ; (4) eccentric 
wheels ; (5) rapidity of application of load ; (6) deflection of cross girders 
and rail bearers, giving rise to variations in the action of the vertical 
load ; to which should be added, (7) lurching of the locomotive, causing 
periodical shifting of the weight from one wheel to another. Of all 
these factors, the action of the unbalanced driving wheels was shown 
conclusively by the tests to be the most influential in causing impact ; 
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at least #0 per cent, of the increase in stress or deflection was found to 
be due to this cause. When properly balanced compound and electric 
locomotives were used, the impact was found to be small. In most tests, 
ordinary heavy two-cylinder locomotives were employed ; the crawl 
speed was 8-10 m.p.h., the maximum speeds ranged from 60-70 m.p.h. 
The experiments were made on plate girder bridges ranging from 25 to 
100 feet span, and on braced girder bridges ranging from 60 to 500 feet 
span. For spans above 75 feet, the impact stresses increased with the 
speed up to a certain limit and then diminished. In spans of 250 to 
300 feet in length, the maximum impact occurred at speeds of 25 to 30 
m.p.h., speeds of 50 to 60 m.p.h. giving much lower results. It was 
shown that the maximum impact occurred when the revolutions per second 
of the driving wheels coincided closely with the natural rate of vibration 
of the loaded structure. There is, therefore, a critical speed for every 
bridge, which depends on its flexibility, the dead and live loads, and the 
diameter of the driving wheels of the locomotive. In short spans the 
critical speed is so high that it was not reached in the experiments ; in 
long spans it is, in many cases, below the ordinary running speeds. 
Experiments with deflectometers showed that the deflection of the bridge 
could be divided into two parts : a general deflection which was, practically 
speaking, unaffected, whatever the speed ; and oscillations about this 
general deflection curve due to the periodic forces from the locomotive 
driving wheels. These observations have been both confirmed and 
extended by the work of the British Bridge Stress Committee 16 and the 
Indian Bridge Standards Committee. 14 

Except in short spans, the major cause of impact, therefore, is the 
kammer-bbw,* that is to say, the unbalanced vertical force from the 
locomotive balance weights. This up-and-down force is periodic — pul- 
sating — and should its period happen to synchronise with the natural 
period of vibration of the partly loaded bridge , large deflections and 
stresses are likely to he set up due to resonance. The number of pulses 
per second of the periodic force is evidently equal to the revs, per sec. 
of the locomotive driving wheels ; which, with a diameter of 6 ft. 6 in., 
at a speed of 70 m.p.h., make almost exactly 5 revs, per sec. 

The approximate natural period of vibration of a bridge, loaded or 
unloaded, can be found by the methods of §§ 155-1.57, Vol. I. For the 
unloaded bridge, eq. (9), § 157, Vol. I can be used 

~ V }j El g 

where w is the weight of the bridge per unit of length (work in inches and 
tons, and take g in inches per sec. per sec.). The natural frequency of the 
bridge in any condition can be found experimentally by setting up oscil- 
lations therein, and observing the frequency at which resonance occurs. 

* Mr. Wragge ( Proc . Inst. C.E., vol. cxli, 1899-1900, p. 100) reports the case of 
a runaway locomotive down a long incline, which broke the rails in a number of 
places. The distance apart of the breakages corresponded exactly with the circum- 
ference of the driving wheels ; these carried heavy balance weights. 
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The apparatus used to incite the oscillations consists of two eccentrically 
loaded disks, so mounted that their speeds of rotation, sense of rotation, 
and eccentricity of loading are separately adjustable. These disks are 
driven by an electric motor, and the whole apparatus is carried on a 
trolley, which can be clamped down. Periodic forces of known magni- 
tude, direction, and frequency can thus be applied to the bridge. The 
behaviour of the structure under these forces can be ascertained by 
observing the deflections or the stresses pro- 
duced. Unless resonance occurs, the deflections 1 500 
remain small, but during the resonance range 
the amplitude of oscillation attains high values. J40Q 
The natural frequency can most easily be found 
from observations on the energy supplied to 
the motor. 20 The oscillation-energy in a 
vibrating system increases as the square of 
the amplitude, and if the square of the am- 
plitude be plotted on a frequency base line, 
the curve would rise very rapidly in the 11 00 
resonance range. It therefore follows that a 
curve representing the energy output of the 1000 
motor would rise very rapidly when resonance 
occurs, and as will be seen in Pig. 89, which 900 
represents actual readings on a bridge of 71 m. 

(233 ft.) span, this is found to be the case. 

Wattmeter readings of the motor input serve 
therefore to determine the natural frequency. 

The natural frequency of unloaded bridges ranges from a mean of 
about 9 vibrations per second for a span of 50 feet to a mean of about 
2J vibrations per second for a span of 300 feet. The natural frequency 
of loaded or partly loaded bridges is, of course, smaller. 

In short spans, L < 40 feet, the frequency of the pulsating force 
(which may be taken as 6 revs, .per sec. as a maximum) is too low for 
synchronism to occur. The effect of the hammer blow is of the nature 
of a push, and it can almost be regarded as a static load. Fig. 90 is a 




30-40 ftSpdn, 
^Hammer . 

Fig. 90. 


typical graph showing the deflection of the centre of the girder as the 
locomotive passes. At each blow the girder deflects an amount pro- 
portional to the load, and then recovers. There is practically speaking no 
oscillation. In long spans, at the highest speeds, the frequency of the 
pulsating load is too high for synchronism to occur. There may be 
resonance at lower speeds, but the hammer blow is then smaller, for its 
intensity varies as the square of the speed. At spans between 100 and 
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200 feet, synchronism will occur at high speeds. Fig. 91 shows a typical 
graph of the deflection at the centre of the girder as the locomotive crosses 
the span at the critical speed. The deflection begins when the leading 
axle enters the bridge, and continues until the last axle has left it, so that 
the base line represents a length equal to the span plus the total wheel 
base. The oscillations gradually increase as the locomotive travels across, 
reach a maximum, and then die away, but the bridge is left oscillating 
after the locomotive has gone. It was shown in § 163, Vol. I, that the 
effect of a periodic force, synchronising with the natural frequency of a 
spring, would be to produce an indefinitely large amplitude of vibration, 
were it not for damping effects. That this does not occur in a bridge, and 
consequently bring about its destruction, is due partly to the energy 
wasted in friction at the bearings of the bridge and in the springs of the 
locomotive, and that transmitted to the ground through the abutments ; 
and partly to the changing natural frequency of the bridge as the train 
travels across, so that the period of synchronisation is short. So effective 



Fig. 91. 


is the damping, that at the critical speeds the amplitude of vibration is 
found to be proportional to the force producing it. 

An interesting point which the British Bridge Stress Committee 
discovered is that, in bridges of from 130 to 150 feet span, not only were 
large oscillations set up at speeds corresponding with the natural frequency 
of the loaded bridge, but oscillations of even greater amplitude occurred 
at speeds well above the critical speed. Professor Inglis showed that 
this effect was due to the: action of the spring gear of the locomotive. In 
spans of from 200 to 300 feet, the engines oscillate as one with the mass of 
the bridge. In shorter spans, and at certain speeds, the springs of some 
locomotives come into play to such an extent that only the wheels and 
the non-spring-borne parts of the locomotive oscillate with the bridge, 
the spring-borne parts moving in a path of their own. This has the 
effect of raising the natural frequency of the loaded bridge above that 
for the bridge and engine oscillating as one and, in consequence, syn- 
chronism occurs at much higher speeds. 

63, Impact Allowances. — For the purpose of estimating the effect 
of hammer blow, Professor Inglis 25 has given the following formulae. Let 

L '-= the span of the bridge in feet. 

N = revs, per sec., and D = the diameter in feet of the driving wheels. 

v = the velocity of the locomotive = 7 tDN. 

P = hammer blow in tons. 

yc — the central deflection of the bridge in feet due to a static load P 
applied there. 
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yd = the dynamic increase in the above deflection in feet, when the 
locomotive is passing the centre of the bridge. 

Wb = the total weight of the bridge in tons. 

Wu — the part of the weight of the locomotive which is unsprung. 

W s -• the part of the weight of the locomotive which is spring-borne. 

Wl « W u H- W 3 = the total weight of the locomotive (excluding the 
tender). 

n 0 the natural frequency of oscillation of the unloaded bridge. 

nb ^ the damping coefficient of the bridge (experimental value). 

n =- v/2L = ttDN/2L. 

wd — the combined equivalent uniform load, tons /ft., expressing the 
effect of the hammer blow. 


Long Bridges , — L > 200 feet. 

Maximum state of oscillation developed when N = n Q 


' W b 
W 6 + 2W l ’ 


the static deflection is then yo = P^/27t 2 W6?i 0 2 
in which circumstances yd = £yc 2 

“t j 

where == nbWb/(Wb + 2Wz) 


Bending moment at the centre resulting from the inertia of the bridge 
= JW&LN 2 ?^ ft.-tons. 

Equivalent uniformly distributed load = W&N 2 yd tons. 

Concentrated load at the centre of the bridge due to the vertical accelera- 
tion of the locomotive = 47 t 2 N 2 W lydjg tons. 

Equivalent uniformly distributed load = 7T 2 WiWyd/ 4. 

Total combined uniformly distributed load representing the effect of the 

7T 2 

hammer blow = wdL = (W b + tons. 

Example. — Span L = 270 ft. ; W b = 450 t. ; n 0 = 3 ; nb — 0*12; 

Wz=100t. ; v=15N; P = 0*5N 2 . 

For maximum oscillation N=3 a/450 /650=2* 50; P — 0-5N 2 =3*13 t. 
n= 15 x 2-5 4 - 2 x 270 = 0-069 ; ra&' = 0-12 x 450 4- 650 = 0 *083 ; 
>0 - 3-13 x 32-2 4 - (2t r 2 x 450 x 3 2 ) - 0-00126 ; yd~i* 0-00126 x 
2-50 x 0-083 4 - (0-069 2 + 0-083 2 ) - 0-0112 ft. 

Hence, wdL = (450 + ~ X 100)2-5 2 x 0-0112 = 48*8 tons. 

If two similar locomotives, in tandem, are on the bridge together, and 
the hammer blows are in phase and l feet apart, the above equations are 
modified as follows : 


==w ® 1 / 


W& 

W & -h 4 Wl cos 2 (irZ/2L) 




4W/ cos®(iri/2L) 
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y c is now the central deflection due to the combined action of the two 
hammer blows P, statically applied at a distance lj 2 each side of the 
centre, the same expression for yd holds, and 

/ L — l 7rl \ 

wdD = ( W& + WZ 7 T 2 ~2j^~ cos 2 l )^ 2 yd tons. 

Medium Span Bridges . — 100 < L < 200. If N 2 be the r.p.s. when the 
maximum state of oscillation occurs, N 2 2 is the larger root of the equation 


and 


N 4 - N 2 ^ 1 + n s z Jn 2 2 ) + ^iX 2 = 0 


Vd = yc 


T i 

2N 2 n& L 


4F* N 2 2 ~| 

ttP N 2 2 - J 


feet. 


The total combined uniformly distributed load representing the effect of 
the hammer blow = wdL = W bN^yd tons. 

In these equations : 

n z = VW(W& + ZW U ) ; ni = n 0 2 Wb!(Wb + 2Wi) 
n 8 = the frequency of oscillation of the locomotive on its springs (taken 
in an example = 3). 

F* = the frictional resistance of the springs (mean value taken = 8 tons). 
%b is taken as 0*36 for a 150 ft. span. 

If two similar locomotives are in tandem on the bridge together, and 
the hammer blows are in phase and distant l x from the two ends of the 
bridge, the same formulae apply, but n x 2 and n 2 2 are replaced by n x 2 ~ 
n 2 W b j[W b 4- 4W u sin 2 (7rZ 1 /L)] ; n 2 2 = ?i 0 z Wb/[Wb 4- 4W/ sin 2 (nlj L)] 



and y c is found for two hammer blows P, statically applied at a distance 
(L/2 — Z a ) from each side of the centre. 

For spans of from 50 to 100 ft., take N 2 = 6 in all the above, and apply 
the static load P at the centre of the span. 

£ Tlie Bridge Stress Committee give experimental values, Fig. 92, for 
a dynamic magnifier 5 k such that y 0 4- yd = kyc, from which yd can 
be found, and hence Wd as above. The values obtained thus considerably 
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exceed the theoretical values. Further information is required regarding 
the values of ?ib and IV The Committee take three typical loadings, 
A, B and C, as representative of normal British practice. Loading A 
applies to three- and four-cylinder locomotives (weight = 20 B.S.I. units), 
in which, owing to the method of balancing, the hammer blow is relatively 
small, and may be taken as 0*2N 2 . Loading B applies to two-cylinder 
locomotives (weight = 16 B.S.I. units), in which the hammer blow is 
considerable, viz. 0 -5N 2 . Loading C, in which the hammer blow reaches 
0-6N 2 , may be regarded as exceptional. The allowance for lurching is 
estimated at N/24ths the live load per rail, so that the corresponding 
equivalent uniformly distributed load is N/24ths the uniformly dis- 
tributed live load. Rail joints and unevenness in the tracks produce 
effects equivalent to a static point load of N 2 /6 tons, or to an equivalent 
uniformly distributed load of N 2 /3 tons. In the case of the example 
given above, therefore, the total uniformly distributed load would be, 
since N = 2*5 r.p.s., 


Weight of the Bridge == 450 tons. 

Live load ‘ B * (16 B.S.I. units for 270-ft. span) = 16 x 30 = 480 „ 
Hammer blow effect as calculated . . . . — 49 „ 

Lurching = 2*5/24ths of 480 tons . . . . = 50 „ 

Rail joints — 2-5 2 /3 = 2 „ 


Total for this particular case 


= 1031 


Short Spans . — L < 40 ft. The Indian Bridge Standards Committee 
(see Gelson 27 ) have made special investigations regarding the necessary 
impact allowances in short span bridges, L < 40 ft., and find that, for 
such spans, lurching is the most important factor. For a X.C. class 
‘ Pacific s locomotive with a total hammer blow P = 0*526N 2 tons, they 
give as the impact factor under one coupled wheel V/100, where V is the 
speed in m.p.h. ; this includes the effect of both lurch and hammer blow. 
The maximum rail joint effect under one driving wheel (f inch gap, 
2 ft. timber spacing) is 1-6 tons at 10 m.p.h., 3-8 tons at 30 m.p.h., 
and 5 tons at 50 m.p.h. and above ; i.e. at 60 m.p.h. a total impact 
effect of (0*6W -f 5) tons per driving wheel; W = the wheel load. 
The combined impact factor is shown by the line JJ, Fig. 93. 

The magnitude of rail joint and of lurching effects depends on the 
standard of track maintenance. Rail joints should be avoided in spans 
under 60 ft., and placed where possible near the ends of bridges. 

64. Approximate Values. — The Bridge Stress Committee express 
their results in the form of tables of equivalent uniformly distributed 
loads based on the standard B.S.I. loadings. If from the tabulated 
figures for loading A at 6 r.p.s. (bending moment) the equivalent impact 
factor be calculated, the dotted curves (i) and (ii). Fig. 93, are obtained, 
(i) applies to single track and (ii) to double track bridges. 17 These 
curves take account of hammer blow and rail joint effect; lurching 
(i = N/24) is to be added thereto. The equivalent uniform loads. 
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including impact, for loadings A and B are found to be, practically 
speaking, equal. If, therefore, the bridge be designed to carry loading A 
it will carry loading B, but it must be understood that the impact factor 



is different in the two cases, for the hammer blow is not proportional to 
the weight of the locomotive, but is greater in the lighter engine. 

Web Members . — The percentage increase in shearing force necessary 
to allow for impact in web members suggested by the British Com- 



mittee is considerably lower than has been hitherto adopted. The web 
impact factor (for hammer blow and rail joint effects) given in Fig. 94, 
% — 2 *4/(2 + v^), represents approximately the proposed allowance (see 
the Report for exact figures) . The impact factor in this curve is intended 
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to apply to all web members, though it would appear that the effect 
of impact is greatest at the f points of the span. There appears to be 
no justification for the c loaded length ’ procedure commonly adopted 
with the 4 Pencoyd ’ type formulae, but the value of i should be increased 
by N/24 to allow for lurching ; 

total i « N/24 + 2 -4/(2 + */L) . . . (i) 

The suggested load increments for rail bearers (including the effect of 
lurching), can be expressed with fair accuracy by the formula 

i = 2 ** 1/(| + v^L), max. = 0-8 . . (2) 

and those for cross girders by 

i = 5/(6 + L), max. * 0-46 . . . (3) 

The Committee consider that no allowance for lurching is necessary in 
the case of cross girders. In both formulae L denotes the pitch of the 
cross girders, and they apply for a range of 0 to 30 ft. These values have 
reference to loading A at a speed of 6 r.p.s. 

On Fig. 93 is plotted the Indian Covering Formula, eq. (3), § 61, and 
it will be seen that, in the present state of knowledge, it represents a 
practical working compromise for long and short spans, cf. eq. (2A), 
§61. It may be used for ordinary design, and it is suggested, for both 
flange and web members, see § 196. 

65. Impact in Road Bridges. — In their loading requirements for 
road bridges, § 23, the Ministry of Transport include for an impact factor 
of 50 per cent. The B.S.S. for Girder Bridges calls for an impact factor 
of § that given by eq. 4, § 61 ; max. 0*7. The American Committee on 
Impact on Highway Bridges 22 suggest an impact allowance of 25 per 
cent, in floor beams, suspenders, and trusses of less than 40 ft. span ; 
for longer spans they propose as an impact coefficient i = 50/(L+ 160) ; 
L = span in ft. 

Impact in road bridges is caused by wheels passing over obstacles ; 
either by shock when the obstacle is struck, or when the wheels drop 
back on to the roadway. The higher the percentage of unsprung weight, 
the greater is the ratio of blow to static load. The greater the speed, 
the greater is the blow. On floors, the percentage impact increment 
decreases as the load increases. 

66. Repetition of Stress in Bridges. Fatigue.-— The question next 
arises as to whether it is necessary to make allowance for the effect of 
the repetition of stress which occurs in a bridge, in addition to the allow- 
ance for impact. Both the American and British Committees who 
investigated the impact problem conclude that it is unnecessary. Another 
school of thought holds that the effect of repetition of stress must be the 
same in a bridge as in a machine, and argues that when failures occur 
they are usually due to fatigue, quoting some remarks of Sir Benjamin 
Baker in support of this view. 
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It is worth while considering the question from first principles, (i) 
Fig. 95 shows the outline of the N bridge of § 196 ; (ii) gives the influence 
lines for web members 


Nos. 24 and 25, and (iii) 
that for flange member 
No. 5. Suppose that a 
uniformly distributed 
load, twice as long as the 
span, cross the bridge; 
the consequent variation 
in the force, and there- 
fore in the stress, in bar 



No. 5 is shown in (i) Fig. 


Fig. 95. 


96. The rectangle AD 

represents the stress in the bar due to the dead load. The variation in 
stress due to the travelling load can be obtained from the influence line, 
(iii) Fig. 95. When the front of the load has reached d', the ordinate at 



Fig. 96. 

E> (i) Fig. 96, which represents the stress, will be proportional to the 
area a'd'c'. When the front of the load has reached b\ the ordinate at 
F will be proportional to the area a'c'V, (iii) Fig. 95. The span is now 
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completely covered and will remain so during the next 160 feet of travel, 
the corresponding stress in the bar remaining constant. As the load 
rolls off the span, the area under the load gradually diminishes as indicated 
by GHD. The figure CFGJL) will represent, therefore, the variation in 
the stress in the bar due to the travelling load during the passage of the 
320-foot train. Assuming the train to be headed by one or more loco- 
motives, the stresses set up by the hammer blow must be superposed 
on the curve CFGD. These will reach their maximum in the range FG 
(cf. Fig. 91), and are represented in Fig. 

96 by the wave outline. 

The average stress in the bar (/ av ) 
during the passage of the train will rise, 
therefore, from AC at the beginning, to 
a maximum between F and G, and then 
die away to BD = AC at the end. This 
is a relatively slow variation. The 
maximum and minimum stresses, /max 
and /min, are represented by the crest 
and trough of the wave line. Repro- 
ducing these values on the repetition of 
stress diagram (cf. Fig. 347, Yol. I) 
for a 28- ton mild steel, Fig. 97, it will 
be seen that the average stress during 
the passage of the train travels up the line OU from’C to F and down 
again ; with superimposed oscillations as represented diagrammatically 
in the figure. So far as is known, no repetition of stress experiments in 
which the average stress of the cycle is varied during the experiment 
have been made, but assuming that no injurious effects from fatigue will 
arise, provided that the stress 
does not overstep the limiting 
range of stress represented by 
the lines PIT, QU, it may be 
shown that in bridges designed 
by the ordinary conventional 
methods there is no necessity to 
make special allowance for fatigue. 

This conclusion can conveni- 
ently be established by means of a 
Haigh diagram. Fig. 98. 

In this diagram the average 
stress OF of a cycle is plotted 
along the x axis, and the semi-range of stress FJ as an ordinate. Then J 
represents the maximum stress of a cycle. The limiting range of .stress in 
the case of mild steel appears as a Gerber parabola MU (§ 286, Yol. I), 
in which OU represents the ultimate strength = 28 tons/sq. in., and 
OM *= r r /2 = 13 tons/sq. in. is the semi-range of stress for reversals of 
stress (0 ± r r /2). Every point on a line 16.16 at 45° represents the 



Fig. 98. 
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maximum stress in a cycle for which /max = /av + r l% — 16 tons/sq. in., 
md so on. 

Suppose that the permissible working stress in the conventional 
calculations is limited to 8 tons /sq. in.,* and as a safe estimate, assume 
that the indeterminate and secondary stresses enumerated in § 57 
have the effect of doubling all the calculated stresses f, so that in 
reality /max. = 16 tons/sq. in. Along Ox, in Eig. 98, mark off 
OC + CP = fd + fl to represent the dead and live load stresses, and 
FJ = / 0 vertically to represent the stress due to the oscillations. Then, 
/max = fd + fl + fo= 16 tons/sq. in. is represented by the point J. 
But /max = fd + /z(l + 4 )> 'where i is the impact factor; therefore 
/max = fd + fl + f 0 =fd+ fl{l + *), and i = fjfl = tan </> ; see (i) 
Fig. 96. 

For the purpose of setting out this diagram the forces have been taken 
from the stress sheet, § 196, and doubled for the reason explained. It is 
evident that the point J lies so far below the line MTT representing the 
limiting range of stress, that no question of fatigue can in this case arise. 
M / V / in the same diagram represents the results of fatigue experiments 
by Haigh 41 on mild steel specimens (/ u lt = 26*6 tons/sq. in.) pierced 
with a small hole as a stress raiser, see § 67. The point J lies well below 
this line, showing that no fatigue will occur even at stress concentrations. 
As the worst case which might arise, suppose that in a very short span 
the dead load is negligible compared with the live load, that tan <j> has 
the maximum value tan ^=1, Fig. 93, and /max. = 16 tons/sq. in. 
The point J x> Fig. 98, plotted as before, will represent these extreme 
conditions. J x still lies well inside MU, but just outside M'V', suggesting 
that if the effects of fatigue ever became serious in a bridge, it would be 
at a stress concentration in a short main girder or rail bearer. In such 
members oscillations do not occur, § 62, and failure by repetition of 
stress is unlikely. 

The curve representing the variation in / a v for web member No. 24 
is shown in (ii) Fig. 96. On this should be superposed the stress variation 
due to hammer blow. Except that the variation in the average stress 
is rather more complex than in the case of the flange, it is clear that the 
arguments which apply to the flange member will also apply to the 
web member, (iii) Fig. 96 shows the stress variation in bar No. 25 in 
which the stress actually reverses, so that at one moment during the 
passage of the train the point E lies below the origin. It does not appear 
that this fact affects the conclusions reached, particularly as both the 
average and hammer-blow stresses will be small. Also there appears 
to be no necessity or justification for the increase in the area of the 
member to allow for 6 reversal * called for in certain specifications. 

67. Effect of Holes and Yield. — In establishing the above theory, use 

* bi the B.S.S. for Girder Bridges, 1933, the permissible working stress in 
tension has been increased to 9 tons/sq. in., but the same arguments hold if /max, 
does not exceed 16 tons/sq. in. 

t It is taken for granted that the maximum wind pressure is unlikely to occur 
at the same moment in which the other stresses all reach their maximum, see § 62. 
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has been made of the ordinary Gerber Parabola for mild steel. This 
curve is obtained from experiments on plain specimens in which great 
care is taken to avoid stress concentrations. Every riveted bridge 
member is pierced with holes, and theoretically the stress at the edge of 
a hole rises to three times the average stress in the member, Eig. 325, 
Vol. I. It becomes necessary, therefore, to investigate as to what is 
the effect of the holes in bridge members subjected to repetition of 
stress. 

Some experiments by Wilson and Haigh 34 are illustrated in Eig. 99. 
The material was a soft mild steel ; ultimate strength = 22| tons/sq. in., 
yield point 13 tons/sq, in., elongation 22i per cent, in 3 inches. The 
specimens were all 1| inches wide and ^th inch thick, shaped as shown in 
the figure. Specimens (iii) to (vii) were scale models of a 9 x f in. tie bar, 
with H in. holes. The holes were drilled. The results of repetition of 
stress experiments in a Haigh machine were as follows : 



/*.\ /!!\ /iu'N /i#\ A/7\ fl/in 


Bang© of ^tress 
tons/sq. in. 

I ± 6 Unbroken at N = 2,852,000. 

(i) Solid bar . . . ■ ] 7| ± 6 Yielded slowly (fy = 13 tons/sq. 

in.). 

(ii) Similar bar to (i) with a small (J _ L 5 , Unbroken at N = 2,786,000. 

hole to produce a 3 : 1 stress ej. + (J Fractured at N = 998,000. 

concentration. 

(iii) Model tie bar with rows of holes) 6 db 5 Unbroken at 38T = 2,578,000. 

at a spacing equivalent to a 8 ± 5J- Fractured at N == 908,000 

pitch (slight elongation). 

(iv) With zig-zag riveting , ' . 7 ± 5 Fractured at N = 534,000. 

(v) Ditto at closer pitch . . 7 ± 5 Fractured at N = 456,000. 

N = number of reversals, in specimens (iii), (iv) and (v) the stress is calculated 
on the minimum ixet area of the bar normal to the pull. 

Taking the safe range of stress in the material as 6J i 6 tons/sq. in., 
( fm».v = 121 tons/sa. in.), it will be seen that in such soft steel the effect 
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of the holes is not large. It will further be observed that in all the speci- 
mens with holes, the crack c which leads to fracture starts at the edge 
of a hole, and is normal to the line of the pull, which suggests that the 
crack was started by the stress concentration at the edge of the hole. 
This is true even in (vi) with the close pitch of holes, showing that the 
arrangement of holes longitudinally has little effect on the fatigue strength 
of the member. Specimen (vii) was unbroken. 

Experiments by Haigh and Beale 36 on specimens similar to (ii), but 
made of cold rolled high tensile strip, showed that in hard steel the stress 
concentration does reduce the fatigue limits, but the specimen behaved 
as if the stress in the plate were increased 2 • 15 times, instead of to three 
limes its nominal amount as theory predicts. Varying the diameter of 
the hole from 0-0365 to 0-200 inch made little difference. 

Some further experiments on this subject were made by Haigh and 
Robertson 40 on a 0-16 C rolled mild steel in the normalised condition. 
This steel had a high manganese content (0*75 per cent.). Its properties 
were : ultimate strength 30 -2 ; upper yield point 22 - 0 ; lower yield point 
18-75, tons/sq. in ; elongation 26-8 per cent, in 13£ diameters. The limit- 
ing range of stress of this material, for reversals, was 0 ± 14 tons/sq. in., 
and when /av = 3*3, was 3-3 ± 14-6 tons sq. in. When a 0-0312 in. 
diameter hole was drilled in the 0*50 in. cylindrical mid-part of the test 
piece, the limiting ranges of stress were 0 ± 7 • 5 and 6 • 0 ± 6 • 5 tons /sq. in., 
or approximately one-half of those for unpierced test pieces. Professor 
Haigh concludes also from these experiments that in the pierced test 
pieces, while / av < 6 tons/sq. in., the limiting range of stress is nearly 
independent of the magnitude of the average stress. 

It appears, therefore, that while in a very soft mild steel the limiting 
range of stress is very little reduced by stress concentrations due to holes, 
in hard steel or medium mild steels it will be halved in value. 

The Effect of Plastic Flow at the Yield Point . — Suppose that in a 
repetition of stress experiment on a mild steel, the maximum stress of 
the cycle be gradually increased. When /max exceeds the upper yield 
point, Liiders* lines break out and spread over the surface of the specimen, 
which begins to lengthen as in an ordinary tension test, showing that, 
plastic flow is taking place. Considerable cyclic permanent set appears, 
but as Bairstow showed (§ 289, Vol. I, p. 556), provided that the range 
of stress remain within certain limits, this cyclic permanent set gradually 
dies out and the specimen regains its elasticity due to strain-hardening, 
but is permanently elongated. Haigh 40 found that if a specimen in 
which plastic flow has just started be immediately subjected to 
further cycles of stress, the limiting range of stress is reduced ; but 
if a period of rest occur between the first production of plastic flow 
and the subsequent repetitions of stress, the limiting range is not much 
affected. 

It has been seen that local yield may be of great service in relieving 
stress concentrations in structures, “ and the experimental work cited 
above confirms the practical experience that no deleterious effects due 
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to fatigue are likely to arise as a result of such local yield. This 
conclusion is subject, however, to certain limitations. In the Haigh 37 
diagram shown in (i) Fig. 100, MU represents the fatigue limit and 
YY the yield point. Provided that the real stress in the material, 




Fig. 100. 

as represented by a point such as P, Fig. 101, lies within the area 
OMKY, no question either of fatigue or plastic yield can arise. In the 
ordinary repetition of stress diagram, (ii) Fig. 100, which is lettered to 
correspond with (i), the real maximum stress must lie below the line 
MKJ. If the maximum stress fall within the shaded area, Professor 
Haigh points out, that fatigue failure will precede yield, and no benefit 
from the latter is to be expected. 

The following explanation of Jw 

the effect of ductility in miti- 
gating the evils of high stress 
concentration at the edge of a ,£ 
hole is due to Haigh. 37 In the 
Haigh diagram, Fig. 101, let 
Y X Y X and M X U X represent the 2 
yield point and fatigue limit in ^ M 
a very hard alloy steel, / T = 60 
tons/sq. in., and suppose that a 
nominal stress cycle 10 ± 5 

tons/sq. in. be applied to a speci- - . 

men of this steel pierced by a Tons/ sq. in. 

small hole. The point P repre- Fig. 101. 

sents the nominal maximum 

stress of the cycle, but the effect of the hole will be to cause a 
theoretical stress concentration at the edges of the hole of three times 
this nominal value, and the theoretical maximum stress is, therefore, 
45 tons/sq. in., represented in the diagram by the point P . This 
point lies on the fatigue limit M 1 U 1 , which in these conditions would be 
reached before the yield point Y X Y X = 50 tons/sq, in. A crack would 
form at the edge of the hole, and the material would fail by fatigue. 




Fig. 101. 
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Next suppose that a similar pierced specimen of mild steel, / T = 30 tons/ 
sq. in., be tested. YY represents the yield point, and the parabola MV 
represents the fatigue limit. If a gradually increasing stress cycle be 
applied, in which as before the ratio /av/r = 2, when the nominal stress 
cycle reaches 4f ± tons/sq. in., the real maximum stress at the edges 
of the hole will reach 21 tons/sq. in., represented by F" on the yield point 
line, the metal at the edges of the hole will flow, and the stress will 
redistribute itself. When the stress cycle 10 ± 5 tons/sq. in. is reached, 
the stress at the edge of the hole will still be 21 tons/sq. in,, not 45 
tons/sq. in., as in the hard steel. P" falls well below the fatigue limit 
line MV, and it follows that this ductile steel is better able to resist such 
stress cycles than the hard alloy steel of double its ultimate strength. 
Such considerations should be reflected in the factor of safety. 
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CHAPTER Y 


THE APPLICATION OF THE STRAIN-ENERGY THEORY 
TO FRAMED STRUCTURES 

68. Work done in Deforming a Framed Structure.— It will be 
assumed that all the members of the frame are simple ties or struts, that 
the cross section of each member is uniform from end to end, and that 
the whole of the work done is expended in straining these members. 
Tensions will be considered as positive forces, compressions as negative 
forces. Then, if F be the force in any one bar due to the deformation of 
the frame, l the length of the bar, and a its area, the alteration in length 
due to F will be 81 - FZ/Ea ; the work done by F will be |F.8Z = F 2 Z/2Ea, 
and if U be the total internal work stored up in the whole structure 

• ■ ■ • w 

Now l la is a constant for any one bar, which, if the dimensions be known, 
can be calculated ; let Ija = A. Except in the rare cases where E is 
different in different bars of the structure, it is more convenient from an 
arithmetical point of view not to introduce the numerical value of E 
until the final stage of the calculation. 

Eq. (1) can then be written 

■ • • • < 2 > 

The summation must include all the bars forming the structure. It 
is best to make the calculation in tabular form thus : 


Bar No. 

... 

Length l 

Area a. 

li 

Force in 
bar F. 

F J A. 

i 

h 

a x 

j 

A, 


F 1 ‘A l 

2 

k 

a i 

A, 

Ft 

IV A, 

3 

h 

a 8 

A, 

1 * 

F s 

F s * Aj 

n 

l n 

a» 

A n 

i 



F*'A« 

2F»A 
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The addition of the final column is S F 2 A, and U = gg S F 2 A. In 

making this table the length and area of each bar must be known, 
A can then be found. The values of F are determined from a stress 
diagram or other appropriate process. It is usually convenient to use 
inches and tons as units. 

69. Deflection of Framed Structures.— The prin- 
ciple of work may be used to determine the deflection 
of a framed structure. In a simple frame, like that 
shown in Fig. 102, the vertical deflection of the 
point C can be found by equating the external 
work done by the load to the internal work stored 
in the structure. It will be a ssumed that the wall to 
which the frame is attached is sensibly rigid, that is 
to say, that A and B are fixed points. Then if y be 
the vertical deflection of C, external work done by 
W 

the load is ~^y, since the load increases gradually 

from zero to the value W. If l t and Z 2 , a x and a 2 be the lengths and 
areas of the bars AC and BC respectively, and F x and F 2 the forces 
therein, then from eq. (1) of the preceding Article, the internal work is 



JLsF 2 ~ = — FJ — 

2E a 2E ( 1 a x 2 a 2 


Now the triangle ABC, Fig. 102, will represent the triangle of forces for 
the point C. Hence 


■p - w wh • 
W *AB” W l ’ 


W 2 ill lj ll U 
2E l 2 a x l 2 ' a z 


W JV . VI 

2EZ 2 [a x ‘ aj 


But the internal work U must equal the external work JW y ; 


therefore, 


w l?i! , .VI 

W EZ* v a, ^ oj 


( 1 ) 

( 2 ) 


70. Determination of the Displacements of the Node Points in Framed 
Structures. — Given a framed structure in equilibrium under a system 
of loads, as in Fig. 103, to find the displacement of the point of application 
of any load along the line of action of that load. This is the general 
theorem of which the above is a particular case. Let ABCD, (i) Fig. 103, 
be the frame under the action of a system of loads W 1} W 2 , W 3 . . . 
As a result of the application of these loads the frame will deform slightly, 
and each of the points A, B, C and D will move a small distance from its 
original position. The movement of A, the point of application of W x , 
can be resolved into two components, one at right angles to, and the other 
along the line of action of, W x . Call the latter component A x . Then A x 
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is the displacement of A along the line of action of W x , and therefore the 
distance moved by that force. Hence the work done by W x is pV x A x . 
No work is done by W x in consequence of the second component at right 
angles to the line of action. If the movement of A along the line of action 
be in an opposite direction to the sense 
of the force W x , then A x is negative, 
and the external work done by W x 
would be negative. 

In a similar way, if A 2 be the 
displacement of B along the line of 
action of W 2 , and A 3 the displacement 
of C along the line of action of W 3 , 
the external work done by all the ap- 
plied loads is 

PA+WA+WA+ . > .) 

which must be equal to U the internal work stored in the structure 

U - PA + W,A 2 + W 3 A 3 + . . .) . . (1) 

Suppose that one of the forces, say W x , be increased to (W x -b SW X ), 
the structure remaining in equilibrium ; and that, in consequence, A x 
becomes (A X +SA X ), A 2 becomes (A 2 -fSA 2 ), A s becomes (A 3 + 8 A 3 ) 
and so on. Then, neglecting the second order of small quantities, the 
increase in work done will be, see (ii) Fig. 103, 

SU=]W 1 + 11 SA 1 + W 2 .SA 2 + W 3 .SA 3 + . . . 



and dividing through by SW X , 

i£_w Mi , M 

awj. x sw x 2 

In the limit, when SW X is very small, 

_ Ytj dA x ™ Ml ™ 0^3 

9W X " 1 3W X + 2 3W X 4 3 ^ 


4 . W„ Ml 4 . W, M» . 4 

T * » 2 ' ”3 j>TXT ' 


' 8 W X 


3A 3 

3W X 


( 2 ) 


the symbols of partial differentiation indicate that 8 U is the result of a 
variation in W x alone. Differentiate eq. ( 1 ) with respect to W x , 


3U 

3W X 


Mi 

3W X 


A X + W X -JXJT + W 2 awr + Wj ,7 + 


3A 2 

3W X 


3A S 

3W X 


(3) 


an 


Multiply eq. ( 3 ) by two, and subtract eq. ( 2 ), then, A x = a 

dTJ 9U 

similar manner it may be shown that A 3 = > A 3 = ; and generally, 


A = 


au 

aw 




That is to say, the displacement of the point of application of any 
load, along the line of action of that load, is equal to the partial differential 
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coefficient of the expression for the internal work, with respect to the 
load in question. 

Particular Case . — This theorem may be applied to the example of 
Fig. 102, in order to find A the displacement of C along the line of action 
of W, i.e. vertically downwards. The calculation is as follows : The 

W 2 l 3 7 3) 

internal work due to W is given by eq. (1), § 69, U = —5 -L + JL[ 

2EZ flj, £1&2 ) 

3U W l 8 l 

Differentiating this expression with regard to W, A = ~~~ = — l - 4. A . 

oW E l 2 x a 2 

which is the value obtained for y in eq. (2), § 69. 

If the load in such an example have a definite numerical value, it is 
necessary, in order to differentiate, to call its value W. The numerical 
value is afterwards inserted in the differential coefficient in order to 
obtain the numerical value of A. 

Ry means of eq. (4) the displacement in any direction of any node point 
of a framed structure can 
be*readily determined. Sup- 
pose, for example, it be 
desired to find the displace- 
ment of the point G, Fig. 

104, in a vertical direction. 

Apply an extra load W' at 
G, acting vertically down- 
ward, and find U the total 
internal work due to all the 
forces acting on the structure inclusive of W'. To do this it will first be 
necessary to find the extra reactions produced by W', as otherwise the 
forces in the bars due to W' cannot, in general, be obtained. The direc- 
tions and magnitudes of these extra reactions will depend on the manner 
in which the frame is supported, and are found in the usual way. Then 
A, the displacement of G along the line of action of W', i.e. in a vertical 

9U 

direction, from eq. (4) is A = This displacement includes the effect 

of W'. But the equation holds for all values of W', and therefore when 
W' = 0. If W' be put equal to zero in the expression for A, the displace- 
ment of the point in question due to the action of the applied loads by 
themselves will be obtained. 

In symbolic form, 

A ^ W ) w ,, 0 ( 5 ) 

which is the displacement required. 

The value of U is determined by the methods of § 68. It will include 
terms containing W' (see example below) as well' as those due to the 
actual loads. It is then only necessary to differentiate the expression 
so obtained with respect to W', and to' put W' = 0 in the differential 



STRAIN-ENERGY THEORY 


159 


coefficient, in order to obtain the required displacement A. It is to be 
understood that if A comes out negative, the displacement will be in an 
opposite direction to that assumed for the force W'. The load W' is 
called a virtual load . 

Example . — Given a plane frame ABC, of the dimensions shown in 
Fig. 105, to find the horizontal displacement of C due to a vertical load of 
10 tons applied at that point. The calculation for U should be made in 
tabular form, after the manner of § 68, as set forth below. 


Bar 

No. 

l 

a / 

A 

IV 

F' 

F 

F a A 

1 

in. 

80 

sq. in. 
1*6 

60 

tons. 
+ 8 

+ 0*61 W' 

8 + 0*61 W' 

50(8 + 0*61 W') 2 

2 

70 

2*5 

28 

- 7 

+ 0*72 W' 

- 7 + 0*72 W' 

28( — 7 + 0*72 W') 2 


EF a A 


In the second and third columns of 
the table the lengths and areas of the 
members are entered, from which the 
values of A are calculated. In column 
5 the magnitudes of Fw the force in 
each member due to the actual load 
(W = 10 tons) are tabulated. These 
are obtained from the triangle of forces 
for the point C which is represented 
by tire triangle ABC. Since it is re- 
quired to find the horizontal displace- 
ment of C, a virtual horizontal load W' 
will be applied at that point, acting 
away from AB. The triangle of forces 
for this load is the triangle bca , (ii), 
and the forces in the members calcu- 
lated therefrom are entered in the sixth 
column under the head F'. The total 
force F in each member when W' is 



acting is Fw 4* F' ; and the 


addition of the final column gives E F 2 A, whence U = E F 2 A. 


U=i, [50(8 -+> 0-61W') 2 + 28(— 7 + 0-72W') 2 ] 
2R 

= i= [4572 + 205 • 8W' + 33 • 1 (W") 2 ] 

2 hi 


3U _ 1 
3W' 2E 


[205-8 + 66-2W'J. 


from which 
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Putting W' = 0 in this expression, the horizontal displacement of C 
in the direction of W' is A — f = 0*0079 inch, if E == 13,000 

tons/sq. in. 

The above method can be simplified as follows : It is evident from 
the table that the magnitude of F, the total force in each bar, is always 
made up of two parts, Fw the force due to the actual loads, and F the 
force due to the virtual load W\ Of these parts, F w is constant with 
respect to W', and F' appears in the form cW', where c is a coefficient 
independent of W' and merely* depending on the shape of the frame. 
Thus for bar No. 1 of the , preceding example, F w = 8, c — 0*61, 
F' * 0-61W', and F « (8 + 0-61W'). Hence, for any one of the bars 
composing the frame, the value of F 2 A is (Fw + cW^) 2 A, and the total 

internal work is U = E (F w + cW') 2 A. Differentiating this with respect 

jiJtj 

to W. ~ = ~ 2 2(F W + cW') cA. 

Then, putting W' = 0, A = = 2 F w cA, 

see eq. (5). It is evident that the value of A is independent of the value 
of W\ for none of the factors on the right-hand side depend on the value 
of W'. Now c = F'/W' (see above) ; give to W' the value unity, then 
c — F', where F' is now the magnitude of the force in a bar due to the 
application of a virtual load W' of magnitude unity. Then the above 
equation, which is true whatever be the value of W', becomes 

A = gSF w FA . . . . (6) 

(compare eq. (6), § 144, Vol. I, for the deflection of a beam due to bending). 
Hence, to determine A, the displacement in any direction of any node 
point on a frame, apply a virtual load W' = unity to the point in question, 
acting in the direction of the required displacement. Find F w the force 
due to the actual loads, and F' the force due to the unit virtual load, in 
all the bars ; the magnitude of A is then obtained from eq. (6). If 
Fw or F' be a tensile force, it is to be given a plus sign, if com- 
pressive, a minus sign. If the value of A come out positive, it implies 
that the displacement is in the same direction (sense) as the virtual 
load; if it come out negative, the displacement is in the reverse 
direction. It is best to use a tabular method of calculation as shown 
below. 

Example.— To find the horizontal displacement of C in the previous 
example, Fig. 105, by this modified method. W' the horizontal virtual 
load is now unity. The tabular calculation becomes — 
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Bar No. 

i. 

a 

A 

F w 

F' 

F W F'A 


in. 

sq. in. 


tons. 

tons. 


1 

80 

1*6 

50 

+ 8 

+ 0-61 

+ 244 

2 

70 

2*5 

28 

- 7 

+ 0*72 

- 141*1 





. 

S 

= + 102*9 


and A (hoz.) = EPwF'A = 0*0079 inch, as before. 


Similarly, to obtain the vertical displacement of C, a virtual load 
W' = unity should be applied at C acting vertically downward, in addition 
to the load of 10 tons already acting there, It will evidently produce 
forces in the bars of the same sign, but of one-tenth the magnitude, of 
those due to the actual load. The tabular calculation becomes — 


Bar No. 

l 

a 

A 

F w 

F' 

F W F'A 

1 

in. 

80 

sq. in. 
1-6* 

*50 

tons. 

+ 8 

tons. 

4 0*8 

+ 320 

2 

70 

2*5 

28 

- 7 

- 0*7 

+ 137-2 






I 

! » + 457*2 


and A (vert.) = A 2F W FA - = 0 -035 inch. 

From these calculations it is evident that' since A is positive in each 
case, C moves 0*0079 inch horizontally away from AB, and 0*035 inch 
vertically downward. By combining these two displacements the actual 
movement of C is determined. (Compare the Example § 12.) 

• The vertical displacement of C might have been obtained directly 

from eq. (4), using the equation U = ~ 21 E 2 A in order to find the internal 

work, as was done in the first particular case of this article. The 
calculation is — 


Bar No. 

l 

a 

A 

F 

F Z A 

1 

in. 

80 

sq. in. 

1*6 

50 

+ 0-8W 

+ 32 W 2 

2 

70 

2*5 

28 

— 0-7 W 

4- 13 *7 W 2 


£F 2 A = 4* 45*7 W 2 


U = ^2PA = ^(45-7W*); A = 


3U _ 45-7W 

aW~" e 
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Putting E = 13,000 tons/sq. in., and W — 10 tons, A = 0*035 inch, as 
before. 

In all cases in which a virtual load is applied to a structure, corre- 
sponding virtual reactions will, of necessity, be called into play, in order to 
maintain the equilibrium ; for the structure must be in equilibrium both 
before and after the application of the virtual load. Usually the structure 
will rest on fixed supports, at which the virtual reactions will act, and 
their magnitude can be found by the ordinary means. In the case of a 
structure thus supported, the displacements determined by the methods 
of this article will be displacements relative to the fixed supports. • Thus, 
in the case of (i) Eig. 106, the virtual reactions at A and B due to W 7 
can be found by taking moments, and the vertical displacement of C is 
the deflection of that point below the line AB. In general, it is necessary 
to know these reactions in order to determine the forces in the bars due 
to the virtual load, and hence to obtain the internal work. In a few 



simple cases, for example Eig. 105, it is possible to determine the forces 
in the bars without direct reference to the reactions. If, however, the 
frame of Eig. 105 be modified by the introduction of a third bar AB, as 
shown at (ii) Eig. 106, so arranged that B is capable of vertical movement, 
and a virtual load W 7 be applied at C in order to find the horizontal 
displacement of that point, it will be found necessary to take the horizontal 
virtual reactions at A and B into account in order to determine the forces 
in the bars. 

Suppose that two such frames be united back to back, as shown at 
(in) Eig. 106, and that the complete frame is suspended from a fixed 
point A. So far as the applied loads W, W, are concerned, the frame is 
in equilibrium ; but if a virtual load W 7 be applied at C, in order to find 
the horizontal displacement of that point, it must be balanced by a second 
force W 7 at D, in order to maintain the equilibrium, and the question 
then arises as to the effect of this second force on the theorems established 
above. It is evident that the displacement of C away from AB will be 
the same in both (ii) and (iii) Eig. 106, and further, that the displacement 
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of D away from AB will likewise be of the same magnitude. [It may 
be imagined that bar No. 3 of (iii) is a duplicate member consisting of 
two bars each of the same area as bar No. 3 of (ii).] But from eq. (5), 
the horizontal displacement of C in (ii) is 


A = 


/ dU \ d 

\dW'J Wmt0 Jw 


Ux + Ut + TJ, 


W' = 0 


( 7 ) 


where U x , U 2 , and U 3 represent the internal work stored up in bars No. ], 
2, and 3 respectively. Applying this same equation to (iii) 


U x + U 2 + U 3 + U,+ U 4 +U^ (8) 

J w' = c 

which, since bar No. 3 is a duplicate bar appearing in both the identical 
frames of which (iii) is the combination, is exactly double the displace- 
ment given by eq. (7). In other words, eq. (8) gives the horizontal 
movement of C plus that of D in the opposite direction ; that is to say, 
the displacement of C relative to D. If D were a fixed point, and A 
were capable of movement horizontally, eq. (8) would give the actual 
displacement of C. This is an important consideration, and applies to 
any displacement found by the application of a virtual load. Such a 
displacement is the movement of the point in question relative to the 
point (or points) at which the virtual reaction (or reactions) acts. 



REDUNDANT FRAMES 

71. Redundant Frames, — It was pointed out in § 3 that one of the 
necessary conditions for the statical determination of the stresses in a 
framed structure is that the frame must consist of sufficient members to 
divide it into triangles, no more, no less. 

If there be more than the number of 
bars necessary for complete triangula- 
tion, some of the bars are redundant, 
and the frame is called a redundant frame. 

The ordinary statical means of deter- 
mining the stresses being inadequate in 
such cases, a redundant frame is some- 
times referred to as a statically indeter- 
minate structure , see § 87. 

72. Stresses in Redundant Frames.— 

The principle of work is a convenient 
method of determining the forces in the 
bars of a redundant frame. Suppose 
that an extra member CD, (i) Fig. 107, be introduced into the 
frame shown in Fig. 105. This member is not necessary for equili- 
brium, and is therefore redundant. Consider the force F 3 in this bar, 
and suppose it to be a tension. So far as the bars AC, CB are 
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concerned, the force F 3 in CD has the effect of a horizontal pull at C, 
(ii) Fig. 107 ; so far as the bar CD itself is concerned, F 3 is a longitudinal 
tension, (iii) Fig. 107 ; (ii) and (iii) represent, therefore, the component 
parts of the redundant frame shown at (i). From (ii) it will be clear 
that F, the actual force in a bar such as AC of the frame, will be made 
up of two parts, F w the force due to W, determined in the usual way 
after removal of the redundant member, and Fr the force due to the 
load F 3 which replaces the redundant member, i.e. F = F w 4 Fr. In 
the case of the redundant member itself, (iii) Fig. 107, the only force in 
it is F 3 . 

Owing to the action of F 3 , internal work will be stored up in the bars 
AC and BC of (ii), and in the bar CD of (iii). The internal work due to 
F 3 in any one of the bars will be |Fr . 81, where Fr is the force in the 
bar due to F 3 , and 81 is the total alteration in length of the bar. Hence 
the total internal work stored up in the frame due to F 3 is Ur = Fr . 81, 
the summation embracing all the members of the frame, including the 
redundant member. Now 81, the total alteration in length of any bar, 
is made up of two parts, that due to Fw and that due to Fr. In symbols, 

F/ 1 1 

.§ I -= = (Fw 4* Fr) = £ (Fw + F r) A, whence 

Ur = S(F W 4* Fr)FrA . . (1) 

This internal work is entirely due to f 8 > an internal force, and not to 
the action of any external force on the frame. But unless some external 
force does work on the frame, no internal work can be stored up in it, 
and it follows that Ur must be zero. Hence, if E be constant, 

2(Fw 4 Fr)FrA — 0 . . . . (2) 

In other words, the total internal work done by the force in a redundant 
member on all the members of the frame, including itself, is zero. 

This principle, embodied in eq. (2), enables the force in the 
redundant member to be calculated. It is best to adopt a tabular 
method of procedure as in the example below. Tensile forces are 
considered as positive, compressive forces negative. 

Example. — Suppose that a horizontal member CD, in Fig. 107, be 
introduced into the frame shown in Fig. 105. Its length is 55*6 in., its 
area 1*39 sq. in. To find the force in this member due to a vertical 
load of 10 tons applied at C. The calculation is given in the Table, 
p. 165. The triangle of forces for F 3 is similar to (ii) Fig. 105 ; but, 
assuming F 3 to be a tension, the signs will be reversed. 

From eq. (2), S(F W 4 Fr) FrA = 0, hence - 102 *9 F 3 4 73 • 1 F 3 2 = 0, 
see the Table, or F 3 = 1*41 tons, which is the force in the redundant 
member CD. Since the result comes out positive it follows that F s is a 
tension, as was assumed. 

The force Fw in CD,, bar No. 3, is quite/ correctly given as zero in 
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column 5 of the Table, for the bar has been removed from the frame. 
The total force in CD is F w + Fr = 0 + F 3 = F 3 , as given in column 7, 
which must be the case. 


Bar 

No. 

l 

a 

A 

F w 

Fr 

(Fw + Fr) 

(Fw “b Fr) Fr A 

1 

in. 

80 

sq. in. 
1*6 

50 

tons. 
+ 8 

- 0-61F 3 

+ 8 - 0*01F 3 

-50(8 - 0* 01F 3 ) x 

2 

70 

2-5 

28 

- 7 

- 0-72F, 

- 7 - 0'72F 3 

O-fllFj 
— 28( —7 — 0* 72F 3 ) X 

3 

55*6 

1*39 

40 

! 

i 0 

+ Fa 

+ f 3 

0*72F 3 

-b 40 F 3 a 






X (Fiv + F e ) F r A = - 

- 102-9 F, -b 73-1 IV 


It will be observed that, by the addition of the redundant member, 
the force in bar No. 1 has been reduced from 8 tons to 8 — 0*61 x 1*41 
= 7*14 tons, but the force in bar No. 2 has been increased from — 7 to 
— 7 — 0*72 x 1*41 = — 8*02 tons, so that had bar No. 2 been designed 
to carry 7 tons only, it would be overstrained by the addition of the 
redundant member. 


The method may be summarised as 
follows ; Remove the redundant member 
from the frame, and find the values of F w 
the force in each of the remaining bars due 
to the actual loads W x W 2 . . . Remove 
the loads W x W* 2 . . . replace the redun- 
dant member by the force F r which it 
carries, and find the values of Fr the force 
in every bar, including the redundant 
member, due to F r . Then the force in the 
redundant member is given by the equation 
E(F\y -f* Fr)FrA = 0, due account being 
taken of the signs of the forces. The 
theorem holds equally well for a frame of 
any type. In a case like that shown in 
Fig. 108, the redundant bar CD is replaced 



Fig. 108. 


by the two forces FrFr, each equal to the 

force in CD. The frame will remain in equilibrium, and the reactions 
will not be affected. The total internal work done by the two 
internal forces F r must be zero, and eq. (2) will therefore be applicable. 
In finding the value of Fr for the various bars, both forces Fr must 
be taken into account, but in some cases it may be convenient to treat 


them separately. 

Now the value of Fr for any bar can be written in the form Fr o r 
(compare § 70), where c is a coefficient depending on the shape of the 
frame. The coefficient c is the value of Fr when Fr, the force in the 
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redundant member, is made equal to unity ; let this value of Fb be called 
F, so that c - F'. Then eq. (2) becomes, 

2(Fw + cFr)cFfA = S(Fw + F/F)F?FA = 0 
or, dividing each term by F r , 

EFwF'A + F r S(F0 2 A = 0 

from which F r = — . (3) 

an expression giving the force in the redundant member. In each case 
the s um mation includes every bar in the frame, but as pointed out above, 
the value of F w for the redundant bar is zero. This formula leads to 
what is probably the simplest method of determining the force in a 
redundant member. Remove the redundant member and find the force 
Fw in all the remaining bars due to the actual load or loads. F w for the 
redundant member is zero. Next, replace the redundant member by 
unit loads [for example, the two forces F r in (ii) Fig. 108 will be put 
equal to unity], remove the applied loads and find F' the force in each 
remaining bar due to these unit loads. The value of F' for the 
redundant member is' unity. Both F w and F' are now known for 
every bar of the frame, and eq. (3) can be solved, giving the value of F r . 
As before, tensions are positive, compressions negative. A positive, 
answer indicates that the force in the redundant member acts on the 
frame in the same direction as the unit loads, a negative answer that the 
assumed direction should be reversed. The actual force in any bar is 
F = Fw + FpF 7 . 

The application of this method to the worked example on p. 164 is 
Its follows : 


Bar No. 

l 

a 

A 

F w 

F' 

¥ 

F w F'A 

(F') 2 A 

1 

in. 

80 

sq. in. 
1-6 

50 

tons. 

“f* 8 

- 0-61 

- 244*0 

+ 18-6 

2 

70 

2-5 

28 

- 7 

- 0-72 

+ 141-1 

-f 14*5 

3 

55-6 

1*39 

40 

0 

+ 1*0 

0 

-f- 40 * 0 

\ 





2 = - 102-9 

+ 73*1 


From eq. (3), F s = - 1 -41 tons. 


73. Frames with more than one Redundant Member. — Suppose 
that a second redundant member CG, (i), Fig. 109, be added to the frame 
shown in Fig. 107. The frame will then dissect into three parts, (ii) 
(iii) and (iv) Fig. 109 ; (ii) shows the forces acting on the non-redundant 
bars, the redundant bars in (i) being replaced by the forces F 3 and F 4 
which they carry ; (iii) and (iv) show the forces on the redundant bars. 
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Then, as before, the internal work done by the internal force F 3 on all the 
bars of the frame which remain after removal of the redundant members, 
but including that done on bar No. 3, is zero. Likewise, the internal 


work done by the internal force F 4 
on all the bars which remain, but 
including that done on bar No. 4, 
is jzero. The internal work stored 
in any bar due to F 3 is JFr 3 . SI, 
where Fr 3 is the force in that bar 
due to F 3 , and Si is the total 
elongation of the bar. This elonga- 
tion is in part due to F w , the force 
in the bar due to the actual loads, 
in part due to Fr 3 , and in part 
due to Fr 4 , the force in the bar due 
to F 4 . In symbols, 



= g (Fw 4- F R3 + Fr 4 )A ; 


and therefore the total work stored in all 


the bars of the frame, due to F 3 , is Ur 3 = ^ E(F W + Fr 3 + F B4 )F B3 A, 

which is zero. Hence, if E be constant, 

S(F W 4- Fr 3 + Fr 4 )F B3 A — 0 . . . (1) 


By exactly similar reasoning it follows that the internal work stored 
in any bar due to F 4 is |F B4 8£ ; and, therefore, that the total work stored 

in the frame due to F 4 is U B4 = ^ 2(F W + F B3 4- F B4 )F B4 A ; 


consequently, S(F W + F B3 + F B4 )F B4 A = 0 (2) 

From eqs. (1) and (2), solved in tabular fashion as in the previous article, 
the values of F 3 and F 4 can be obtained. It is more convenient to adopt 
the artifice of replacing the redundant members by unit forces. As 
before, F B3 = cF 3 , where c is a coefficient for the bar depending on the 
shape of the frame. If F' be the value of F B3 when F 3 is made equal to 
unity, c = F', and F B3 = F S F'. Similarly, F B4 = F 4 F", where F* is the 
value of F B4 when F 4 is made equal to unity. Inserting these values in 
eqs. (1) and (2), 

2(F W 4- F 3 F' 4- F 4 F*)F 8 F'A - 0, 
and E(F W 4- F 3 F' + F 4 F')F 4 F"A - 0, 

from which EF W F'A 4- F 3 £(F') 2 A 4- F^EFFA = 0 . . . (3) 

EF W F"A + F 3 SF'F'A 4- F 4 S(F") 2 A - 0 . . . (4) 

The solution of these two equations will give the values of F 3 and F 4 , the 
unknown forces in the redundant members. 

Example . — Given a frame of the type shown in Fig. 109, of the 
dimensions given in the following Table, and loaded with a vertical load 
of 10 tons at C, to find the stresses in the redundant members, bars Nos. 3 
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and 4. This is exactly the same frame as in the previous example, with 
the addition of the member CG. Tensions are +, compressions - . 


Bar 

No. 

l 

a 

A 

F w 

V 

F" 

FwF'A 

F W F*A 

F'F'A 

(F') 2 A 

(F') 2 A 

1 

in. 

80 

sq. in. 
1-6 

50 

tons. 
+ 8 

tons. 

- 0-61 

tons. 
- 0-8 

- 244-0 

- 320-0 

+ 24-4 

+ 18-6 

+ 32-0 

2 

70 

2-5 

28 

-7 

-0*72 

+ 0-7 

+ 141-1 

- 137*2 

- 14*1 

+ 14-5 

+ 13*7 

3 

55-6 

1-39 

40 

0 

+ 1 

0 

— 

— 

— 

+ 40-0 

— 

4 

57*5 

1 • 15 

50 

0 

0 

1 





+ 50 -C 


S = - 102-9 - 457-2 + 10-3 + 73-1 + 95;7 


In this Table the values of F w , the force in the bars remaining after 
removal of the redundant members, due to the load of 10 tons, are the 
same as in the previous example. The values of F', the force in the 
bars due to a unit load replacing the redundant bar No. 3, are identical 
with those of Fr, column 6 of the Table on p. 165, if F 3 = 1. The values 
of F", the force in the bars due to a .unit load replacing the redundant 
bar No. 4, are evidently one-tenth the values of F w , and of reversed sign. 
It is to be observed that F w for each of the redundant bars is zero, and 
also that F" for bar No. 3, and F' for bar No. 4 are likewise zero. Inserting 
the numerical values of the summations in eqs. (3) and (4), 


- 102-9 + 73*1F 3 + 10-3F 4 = 0 

- 457-2+ 10-3F 3 + 95-7F 4 = 0 

from which F 3 = 0-75 ton, and F 4 = 4*70 tons. Since both answers 
come out positive, the assumed directions for the unit loads were correct, 
and both F 3 and F 4 are tensions. 

Knowing F 3 and F 4 , the forces in all the bars of the frame can at once 
be determined. For example, the actual force in bar No. 1 is Fw + F 3 F' 
+ F 4 F" = 8- 0*75 x 0*61.- 4-7 x 0-8 = 3-78 tons ; and in bar No. 2 
is - 7 - 0*75 x 0*72 + 4-7 x 0-7 - - 4-25 tons. 

Note.— -In general, two unit forces (F r = 1) must be applied to replace 
each redundant bar; see Fig. 108. 

74. Redundant Frames. General Case.— The method of the pre- 
ceding article will -apply whatever be the number of redundant bars in 
the frame. If in a framework of n bars, the pth, gth. and rth be redundant, 
it may be shown, exactly as in § 73, that 


S(Fw + Fr£> + Fr^ + Fr^Fr^A = 0 
E(Fw + Frp + Fr^ + Fr,)Fr $ A — 0 
2(Fw + Fr p + Fr ? + Frt*)Fr7-A = 0. 


. ( 1 ) 


[compare eq. (1), § 73], which equations, solved as simultaneous, will give 
the values of F p, F g, and F r , the forces in the redundant bars. If there 
be m redundant bars in the frame, m equations of the above type will be 
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obtained, from which the m unknown forces can be determined. If, as 
in the previous article, ¥ Rp « EpF ; F R(Z = ¥qF" ; and F Rr == F r F"', 
eq. (1) becomes, 

S(F W + FpF' + F g F" + F r F")FA - 0) 

S(F W + F^F' + F^F" + F r F")F'A = 0 . . (2) 

S(F W + FpF' + F^F" + F r F")F"A - 0. 

and 

EFwF'A + FpEFF'A + F^EF'F'A + FrSF^'F'A * 0) 

SFwF'A + FpSF / F"A + F g EF"F"A + FrEF^'F^A » ol . (3) 

SF W F"X + FpSFF"A + F g EF"F"A + FrEF ,// F"'A - 0) 

from which the law of formation is evident, and corresponding equations 

can be at once written down for any number of redundant bars. The 
summations embrace all members of the frame. 

To find the forces in the redundant members, remove all -these members 
from the frame, and find the force Fw in all the bars regaining due to 
the actual loads. F w for each redundant bar is zero. Next, remove the 
actual loads and replace one of the redundant members by two loads of 
unit magnitude, acting one at each point of attachment of the redundant 
bar. Find the force F' in all the remaining bars due to these unit loads. 
F' for this particular redundant bar is unity, for all the others zero. 
Next, remove these unit loads and replace a second of the redundant 
bars by two other loads of unit magnitude. Find the force F" in all the 
remaining bars due to these loads ; F" for the second redundant bar is 
unity, for all the others zero. Repeat this process for every redundant 
bar. The value of F w , F, F", F"', ... for every bar in the structure 
is now known. Effect the summations implied in eq. (3) by a tabular 
calculation. If there be m redundant bars, there will be + 3) 

summations necessary, from which the magnitudes of the forces in the 
redundant members can be obtained by inserting the numerical additions 
in eq. (3). Tensions should be called +, compressions — . For con- 
venience in calculation, the forces in all redundant members should be 
assumed to be tensions and called positive. If the roots of eq. (3) come 
out positive, it implies that this assumption is correct ; if negative, that 
the force is, in fact, a compression. 

For a worked example, see § 76. 

75. Principle of Least Work. — It follows from the principle of con- 
servation of energy that the work stored up in an elastic system in 
equilibrium, due to the action of external forces, must always be 
a minimum. This is called the 'principle of least work , and it is 
true whatever may be the character of the strains produced. By 
its aid the forces in the members of a redundant frame can be 
determined. 

For a framed structure, the principle of least work may be deduced 
from § 70 thus : Let (i), Fig. 110, be a frame containing a redundant 
member CD. Replace the redundant member by the two forces F r F r , 
each equal to the force in that member, which will be assumed 
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tensile, (ii) Fig. 110. The equilibrium of the frame will not be affected 
by this. Then from eq. (4), § 70, the displacement of the point C 

9U dTJ 

relative to the point D is A = g^ = gg-, where U is the total internal 

work stored in the system shown at (ii), and W, in the present case 
the force F r , is the force applied at C in the direction CD. Each 
of the points C and D will 
be displaced by an amount W, \ 

A/2. (i) 

But if the force in CD n. 

is a tensile force, the defor- nX 

mation of the frame must 

have increased the length R| 

CD ; that is to say, both 
C and D have moved away 
from AB to positions such 

as C 7 and D 7 , (ii) Fig. 110. (ii) JfL 

The movement of C and f n. 

D is therefore in an opposite p^ ^C \C ^C' 

direction to the sense of the /C\ r 

forces Fr, and the sign of A «R N. ^2 A 

A is negative. Let Sl r be 2 

the actual increase in length \yw 

of the bar CD, of which 2 

the original length was Z r . ^ IGL 110 * 

^ <5U 

Then Sir = — A = — . But if a r be the area of CD, the alteration 


Fig. 110 . 


2 ? 


But if Or be the area of CD, the alteration 


of length due to a force F r is, 


and therefore, 


g F r A r = 0 


Now the total work stored in the whole structure is Ut = U + ~ F r 2 Ar, 

2 hi 

where U is the internal work stored in the essential bars of the frame 

shown at (ii), Fig. 110, and ^ F r 2 A r is the internal work stored in the 

redundant member. But the first differential coefficient of this expression 

with respect to F r is ^ F r A r , which, by eq. (1), is equal to 

zero ; it is possible to show also that 3 2 U T /dF r 2 is positive, whence it 
follows that the magnitude of F r is such that the total work done is a 

minimum 

Now Ut = 2F 2 X, see eq. (2), § 68, the summation including the 
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redundant member. Since, for a minimum, 



a 

9F r 



■o, 


and £F 2 A = ggr S(Fw + Fr) 2 A = 0 • (2) 


for F = Fw + Fr, § 72. From this equation the unknown force Fr can 
he determined. 

In like manner, if there be more than one redundant bar, and each 
be replaced in the frame by forces equal to the force which it carries, 
the first partial differential coefficient' of the expression for the total 
internal work stored in the frame with respect to the force in each of the 
redundant members will be zero, and the second will be positive, therefore 
the total work done must be a minimum. If, in a frame, the pth, gth, 
and rth bars be redundant, three equations similar to eq. (1) will be 
obtained. 


i£ + If a -o-^ 

3F P + E tpAp ~ ° ~ dFp 
3U . 1 „ , „ aiJr 

9Fg 
SUt 
3F r J 


dF a 1 E 
9U 1 
dF r + E 


+ p FqXq = 0 


+ =s FfAr 


0- 


( 3 ) 


from which the three forces F p, Fg, and F r can be obtained, and so on, 
however many redundant bars there may be. . 

Putting in the value Ut == 2F 2 A, eq. (3) becomes, 

• JL XF 2 a[ = 0 = SF 2 A 
|2E I 9F» 

and so on. Hence, since F = F w + Fr^ + F B g 4- F»r, 


9Ut 

a Ft> aF 


p 


ggr SF 2 A = ~ S(F W + F Bp + Fag + F E r) 2 A = 0 

SF 2 A = S(F W + F n P + Fag + F Kr )*A = 0 (4) 

SF 2 A - S(F W + F Rp + Fjtg + F*r) 2 A = 0 


These equations, solved as simultaneous, give the values of F p, Fg, 
and F r . 

Example . — The following is an application of the above theory to the 
example of Fig. 109. F 3 and F 4 , the unknown forces in the redundant 
members, will be supposed tensile, as before. The calculation for the 
total work done is given in the following Table (see § 73). Fr 3 is the force 
in a bar due to F s , and Fr 4 that due to F 4 . Tensions are positive, 
compressions negative. 
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Bar 

No. 

l 

a 

X 


Fr 3 


(Fw + F E3 + F E4 ) 

(F w + F S3 + F R4 )^ 

1 

in. 

80 

sq, in. 
1-6 

50 

tons. 
+ 8 

tons. 

— 0*61F 3 

tons. 

- 0* 8F 4 

(+ 8 - 0-61F 3 

50(+ 8 - 0-61F 3 
- 0 * 8F 4 ) 2 
28( — 7 — 0*72F 3 

2 

70 

2-5 

28 

- 7 

- 0*72F 3 

+ 0*7F 4 

- 0-8F,) 
(- 7 - 0-72F 3 

3 

55-6 

1*39 

40 

0 

+ F, 

0 

+ 0’7F ( ) 

+ f 3 

+ 0*7F 4 ) 2 
+ 40F 3 2 

4 

57:- 5 

1*15 

50 

0 

0 

+ F 4 

+ f. 

+ 50F 4 2 


Then U T , the total internal work stored in the frame, is 


S(F W + Fb 3 + Fb 4 ) 2 A = i (addition of the last column). 

The magnitude of F 3 and F 4 must be such that Ut is a minimum, i.e. 

and must both equal zero [see eq. (3)]. It is convenient to 
dF - o .r 4 

differentiate the last column line by line, and then add the results, thus : 
0*61F 8 — 0*8F 4 )( — 0*61) 

+ 56(- 7 - 0-72F 3 + 0-7F 4 )(- 0-72) + 80F 3 = 0 
0*61F 3 — 0 *8F 4 )( — 0*8) 

+ 86(- 7 - 0*72F 3 + 0-7F 4 )(+ 0-7) + 100F 4 = 0 

- 102-9 + 73-lF s + 10‘3F 4 = 0 ; - 457-2 + 10-3F 3 + 95-7F 4 = 0 

Solving these equations as simultaneous, 

F 3 = + 0-75 ton, F 4 = + 4-70 tons, as before. 

It will be seen that the above process is, in effect, a solution of eq. (4). 
For a further worked example of the method, see § 76. 

It may be shown that the equations of § 74 for any redundant frame 
follow from the principle of least work thus : Suppose that the pth, qth, 
and rth bars of the frame be redundant ; and, as before, let F p, F q } 
and F r be the forces in these redundant bars. Beplace each redundant 
member by two forces, each equal to the force in the replaced bar. Then 
the force in any member due to F p will be c'Fp ; due to F q will be c"F q ; 
and due to F r will be c'"F r ; where c', c", and c"\ are coefficients depend- 
ing on the shape of the frame. Hence U T , the total internal work, will 
be given by an expression of the form 

, Ut = 21 2(F W + c'lp + c"V q + c'" F r ) 2 A 

the summation including all the bars of the frame (compare § 72, and the 

Table above). But from eq. (3), |jj| = ]jgr* = |gr = 0, 


9U t 
9F S 

aUr 
aF 4 

whence, 


- 100(8 - 
= 100(8 - 
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whence, g^r ~ 0 — S(Fw + o'Fp + c"F q + c'"Fr)c'X 
gjjr = 0 = 2(F W + c'F p + c"F q + c'"F r )c" A 

a' J “ 0 = 2 ( F w + c'Fp + e"Fg + e"'Fr)c'"A 

Since the force in any bar due to Fp is c'Fp, it follows that c' will be 

equal to F', the force in the bar due to Fp, if Fp = unity. Similarly 

c" = F", and c'" = F /// . The above equation becomes, therefore, 

S(F W + FpF'+ FqF" + F r F'")F'X » 0\ 

2(F W + FpF' + FqF" + FrF'")F"X = 0|- (5) 

. S(F W + F^F + F q F" -f F r F /// )F'"A = 0 

This equation is identical with eq. (2) of § 74, and it follows that the 
other equations and methods of that article are deducible from the 
principle of least work. 

76. Redundant Frame. Worked Example.-— As a practical example of 
the above theory, consider the unsymmetrically loaded plane frame 
shown at (i) Fig. 111. To find the areas of cross section of the members, 



it must be divided into its component frames (ii) and (iii). The forces 
in all the bars can then be found in the usual way, and are given in the 
Table on p. 174 ; the combined bar forces for the complete frame are given 
in column 4. 

The necessary areas of cross section can now be found, and are given 
in column (3) of the second Table. Knowing the values of l and a, the 
values of A can be calculated ; these are tabulated on p. 175. The gross area 
of the members should be inserted in column (3), both for ties and struts. 
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Forces in Bars. 

Jtsar jno. 

' 

Frame (ii). 

Frame (iii). 

Total. 

1 

4* 8*67 

+ 8*67 

4-17*33 

2 

+ 8’ 67 

+ 12-0 

4- 20*67 

3 

+ 10-0 

4- 12-0 

4- 22*0 

4 

+ 10*0 

+ 10-0 

4- 20*0 

12 

- 12*0 

- 8-67 

- 20*67 

13 

- 12*0 

- 10-0 

- 22-0 

21 

- 10*83 

- 10*83 

- 21*67 

22 

+ 4*17 

— 

4- 4 *17 

23 

+ 2*5 

— 

4* 2*5 

24 

- 12*5 

- 12*5 

- 25*0 

42 



- 4*17 

- 4*17 

43 

— 

- 2*5 

- 2*5 

30 

0-0 

+ 4*0 

4- 4*0 

32 

+ 4*0 

+ 6*5 

+ 10*5 

33 

+ 6-0 

4* 7*5 

+ 13*5 


The calculations for the stresses in a redundant frame depend essentially 
on the alteration in length of the bars. In most ties, the rivet holes only 
occur at the ends of the member, and it is the gross area which determines 
the alteration in length 81. In ties composed of sections riveted together 
throughout their length, the area lost by rivet holes would increase the 
total extension from panel point to panel point, but it is usual to neglect 
this increase in ordinary 


calculations. Any effect 
which the attachments at 
the ends of the bars may 
have is also neglected. 

The next step is to 
remove the two redun- 
dant members No. 42 and 
No. 43 from (i) Pig. Ill, 
and to calculate the 
values of Fw from the 
given loads (i), Pig. 112. 
Note : Fw must not be 



Fig. 112. 


taken from the combined forces in col. 4 of the first Table ; in this case 
the values of F w are double the figures given in col. (2) of that Table. 
The values of W and F" are found by replacing the redundant members, 
one at a time, by two forces of unit magnitude, supposed tensile, as 
shown at (ii) and (iii), Fig. 112, and calculating the forces in the remaining 
bars. In the present instance, as shown in the figure, only one panel is 
affected, the forces in the remaining bars being zero. The values of Fw, 
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F', and F" are carried to the second Table, and the calculation follows 
the course set forth in § 73. If F 42 and F 43 be the actual forces in the 
two redundant bars, since there are only two redundant members, eqs. (3) 
and (4), § 73, reduce to, 

£F W F'A + F 42 2(F') 2 A + F 43 ZF'F'A = 0 
EFwF'A + F 42 SF'F'A + F 43 S(F) 2 A - 0 
Inserting numbers from the Table, 

312-6+ 196-5F 42 + 14-9F 43 = 0 
— 76*6 + 14-9F 42 + 196-5F 43 = 0 

from which, F 42 = — 1-63* tons, and F 43 = + 0-51 ton. The actual 
force F in every bar may now be calculated. In any bar 

F = F w + F 42 F + F 43 F", 

§ 73. Thus in bar No. 2, 

F 2 = + 17-33+ (- 1 • 63)( — 0-8) + 0*51 x 0 - + 18-63 tons, 

and so on for the others. These values are tabulated in the last column 
but one of the second Table, and for comparison the approximate values 
from . the first Table are given in the final column. 

As an alternative treatment of the problem, the method of least work, 
§ 75, will next be applied. The calculation is given in the third Table, 
which is self explanatory. The first five columns have been taken 
from the preceding Tables ; cols. 8 and 9 are obtained from col. 7 by 
differentiating line by line. Let F 42 = Fp, and F 43 = F^ ; then from 
e< + (4), § 75, and by addition from the last two columns of the Table, 

r) * 

gjjr = + 625 -2 + 393 -0F p + 29-8F g = 0 

gjr SF 2 A = - 153-2 + 29-8% + 393-0F g = 0 

These equations are evidently the same 
as those previously obtained, except that 
the coefficients are doubled. The values 
of F aa = Pp, and F 45 : F p, are therefore 
the same as before, as are also the values 
of F obtained from col. 6 of the third Table. 

77. Displacements of Redundant Frames. 

— Having found the forces in the redundant 
bars, and thence the actual forces in the 
remaining bars, the displacement (Williot) 
diagram, § 12, can then be drawn in the 
usual way for the frame without the re- 
dundant bars, which diagram gives the 
displacements of all the node points in the 
frame. Alternatively, the methods of § 15 or § 70 may be applied. 

As a simple instance, consider the example of § 73. From the data 
there given, F 1 = 3-78 tons, A 2 = 50, and hence « x « 0-0145 inch; 



A h = 0-0023 = Sl 3 

Fig. 1X3. 
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F 2 = 4-25 tons, A 2 = 28, and hence 8 1 % = 0*0092 inch. The displace- 
ment diagram for the point C is shown to scale in Fig. 113, from which 
Ay = 0*018 inch, and Ah = 0*0023 inch. As a check on the accuracy 
of the working, it will be observed that Ay must be the alteration in 
length of bar No. 4, i.e. SZ 4 , and A E the alteration in length of bar No. 3, 
i.e. 8 L. But 

3 E x S? 4 13000 x 0*018 

-b 4 = 


F* 


A 4 

E x 8/ 3 


50 

13000 x 0*0 023 
~ 40 


4*7 tons. 


0*75 ton 


as given in § 73, which verifies the values of Ay and of Ah* It will be 
noted that the displacement diagram indicates an extension of both 
bars, implying that both forces are tensile. . 

LEAST WORK-GENERAL THEORY 

78. General Expression of Least Work. — The principle of least work 
is equally true whatever may be the character of the strains set up in the 
statically indeterminate structure. The total in- 
ternal work stored up, due to whatever agency, 
must be a minimum. If an indeterminate force, 
bending moment, or shearing force act on the 
structure, the magnitude of that force, moment, 
or shearing force must be such that the total in- 
ternal work, including the effect of the unknown 
force or moment, is a minimum. If then an ex- 
pression be found for the total internal work 
stored up in the structure, the first differential 
coefficient of this expression with respect to the 
unknown force or moment must be zero. This is 
true for each of the unknowns separately con- 
sidered, however many there be. By equating 
each differential coefficient to zero, a sufficient 
number of equations is obtained to determine all the unknown forces or. 
moments. 

The general expression for the total strain energy in a member of 
length l, (i) Fig. 114, subjected to a direct force F, a shearing force S, 
a bending moment M&, and a twisting moment has been shown to 
be [see eq. (5), § 148, Vol. I], 



•*F 2 


u = — f 

2Ej 0 a 


2GJ 0 a 2E. 0 I 


dx+ 




( 1 ) 


a is the area, I the moment of inertia, £ a coefficient depending on the 
distribution of shear stress over the cross section, and the torsional 
rigidity of the cross section. 

To make this expression applicable to structures generally, it is 
necessary to modify it slightly. In order to include the case of a curved 
beam, Sx will be changed to SI, an elementary length of the centre line, 
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(ii) Fig. 1 14. Also, in the case of a curved beam, the symbol F for the 
normal force on the cross section will be replaced by N, to distinguish it 
from the longitudinal force in a bar which might form part of the samp 
system. Using F to denote such a longitudinal force, and ass uming the 
area of the bar to be constant as in an ordinary braced frame, the first 
integral becomes for a tie bar or a strut 

i r 1 f 2 . 

2eJ 0 (j ' *~ S 2Ea 


the sign S indicating that all such bars in the frame under consideration 
are to be included. Again, in order that the equation may apply to 
composite frames, § 245, the symbols E and G will be retained within the 
integral. Then eq. (1) becomes 




m 

2Ea 


+ 


•2 JJIi 

0 2Ea 


dl + 


J 0 2 Ga 


dl + 


'i 

Jo' 


2EI 


. dl .+ 


' l w 

0 2® 


. dl (2). 


It is to be understood that only such terms as are applicable are to be 
included in any particular case, and that if more than one member of 
the structure is subjected to bending and/or torsion, a summation sign S 
is to be prefixed to the appropriate term. 

If then there be at some place in the structure a force F 0 on a bar ; 
a direct force N 0 ; a shearing force S 0 ; a bending moment M& 0 ; and/or 
a twisting moment Mf 0 ; each an indeterminate magnitude, it follows 
from the principle of least work that the magnitude of each of these 
unknowns must be such that the internal work U is a minimum with 
respect to each unknown separately considered, i.e. that 

au au au au au ■ 

— u . • (o) 


d¥ t 


o aN 0 as 0 3M& 0 dM to 


Instead of finding U by effecting the integrations in eq. (2) and then 
differentiating, it is often convenient first to differentiate eq. (2) and 
afterwards to integrate, see § 79 following. 

The wider application of the above equations 
will be found in § 91, et seq . 

79. Applications of the Principle of Least Work. 

— Consider the case of a rigid rectangular frame 
subjected to tensile forces WW as shown in 
Pig, 115. This frame is statically indeterminate. 

Bending moments will be set up in all the bars of 
the frame, the magnitudes of which may be found 
by means of the principle of least work. Due to 
the symmetry of the conditions, the stresses on 
the cross section at A will be equivalent to a 
longitudinal tension W/2 and a bending moment 
M 0 ; the shearing force at this section will be zero. 

The internal work stored up in the frame can 

be obtained from eq. (1), § 78 ; to simplify the analysis, the work 

stored up due to the longitudinal tensions, and shearing forces, will 
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be neglected in comparison with that due to the bending moments. 
Then, for the quadrant AB, using the third term of eq. (1), 


U 


AB 


1 

2E 


*m&* 


. dx — - 

o I . 2EI 


1 f° 

srl M »' 


• dx + S™ Mk2 • dx 


where M K = M 0 + W xj2 is the bending moment at any point K in CB, 
distant x from C ; hence, 


Uab 


2EI 




Mn dx 


i r^ 2 / 


lJO 


2EI 


M 0 4 


2»'0 


V 


W*\ 

TJ 


dx 


or for the whole frame, 


tt t r 1 ^ + 

l_2EV 2 2ElJ 2 


H, ^ M 0 W/ 2 * 

2 ~ + + 96 


;] 


The statically indeterminate magnitude in this equation is M 0 , and from 
eq. (3), § 78, 

30 

M = W W 

0 8(iA+iA) 


dM n 


whence, 


The negative sign implies that M 0 acts in the opposite direction to that 
shown in Fig. 115. Knowing M 0 the bending moment and stress every- 
where in the frame can be found. 

An investigation of the stresses in the 
transverse framing of a ship calls for an 
application of the principle of least work. 

Fig. 116 represents half such a transverse 
frame. Assume that it is cut through at 
A, and let N 0 , S 0 , and M 0 denote the 
direct force, the shearing force, and the 
bending moment, respectively, acting on 
the cut section, all at present unknown. 

Then, knowing the external water pres- 
sure, and the internal and deck loads WW 
acting on the frame, the corresponding 
values of N, S, and M, at any section K, 
can be calculated in terms of N 0 , S 0 , and M 0 . The total internal work 
stored up in the frame can be calculated from the second, third, and 
fourth terms of eq. (2), § 78, 



1 * B N 2 

U - ± -1 .dl 
2E * a 


i *w ! . i 
so. ~ il+ m 


6 2 


.dl 


integration being taken right round the frame from A to B ; or, if the 
conditions be asymmetrical, right round the complete frame. In this 
problem there are three statically indeterminate magnitudes, ]ST 0 , S 0 , and 
M 0 , so that the value of U must be a minimum with regard to each 
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[eq. (3), § 78] ; or 


= 0. These three equations serve 


au au 
as 0 3M 0 

to determine the three unknowns and hence the stresses everywhere in 
the frame. 

It is convenient in practical cases to write these expressions thus : 

dl = 0 

dl - 0 

0 


£5 *( 

•»N 

' 

dN 

dl 

•f 

l 

B £S 

as 

1 

-L .. 


3M 6 

3N 0 EJ 


a'N 



GJ 

1. a 

' 3N, 

' UJ 

! A 1 

9N„ 

au i 

f B N 

aN 

dl 

+ 

1 1 

[ B £S 

as 

* + ij 

r B M b 

3M& 

as 0 e 

Ja a 

' 3S 0 

g' 

Ia a 

dS 0 

L i 

as n 


" B N 

3N 

dl 

4- 

M 

-B£ S 

as 

dl + 1 
E. 

• m& 

aM 6 

3M 0 EJ 

L a ' 

3M 0 



GJ 

l A a 

'3M 0 

I 

9M 0 


that is, to differentiate first, and integrate afterwards. 

For practical examples see Biles, The Design and Construction of Ships , 
Vol. I, Chap. xxvi. 

As a simple example of this class of problem, consider the semicircular 
ring DAC shown in Fig. 117, of uniform cross section a, and mean radius 
R, the ends CD of which are tied 
together by a rod of area a r . The 
ring rests on a support at A, and is 
loaded with vertical loads Wff at 
CandD. It is required to find the 
pull P in the rod CD, and hence the 
stresses in the ring . The structure 
is statically indeterminate, and in 
this case, it will be convenient to 
take P as the statically indetermin- 
ate magnitude. Suppose that at A 
the thrust in the ring is N 0 , the shearing force S 0 , and the bending moment 
M 0 , the corresponding values at any section K, making an angle 6 with AB, 
being, N, S, and M. Consider the equilibrium of the portion AK of the ring. 

Equating vertical components, S 0 = N sin 6 + S cos 9 
Equating horizontal components, N 0 = N cos 6 — S sin 9 
Taking moments about A, M 0 M — S(R sin 9) — NR(1 — cos 6). 



From the conditions of the problem, N 0 P ; S 0 = W ; and M 0 — 
PR — WR = (P — W) R ; whence, 


W - N sin 9 + S cos 9 ; P « N cos 9 - S sin 9 ; 

N = W sin 6 + P cos 9 ; S « W cos 0 - P sin 0 ; 

(P - W)R = M - SR sin 9 - NR (1 - cos 9) 

and, M - R{P cos 9 - W (1 - sin 9)} 


From the first term of eq. (1), § 78, and the second, third and fourth 
terms of eq. (2) . § 78, the internal work stored in half the structure is 


U 


1 ~ c P» 

2E fc i&cir 


dx + 


2EI 


|*c If 2 
a 


.dl + 


}.[ 

2GJ, 


£S a 

a 


.dl 


1 f c M 2 
2El A I 


.dl 
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where dl = R . d6 is an element of length of the arc AC. Putting in the 
known values, 


p2 fB ft, pw/2 

U= dx+ ~~ (W sin <9 -f P cos d) 2 dd 
zEctfj o 2EaJ o 

ftf pir/2 ft3 pir/2 

+ (Weos0~Psin0) 2 ^+ — {P cos 0 - W(1 - sin <9)^0 

2G&Jo 2LlJo 


— + ~ !-(w 2 + p 2 ) + wp! 

2Ea r 2Ea(4 v ' )■ 


sl|i< w ’ +p! >- wp ! 


+ £{i p ‘- wp+ (?- 2 H 


In this equation P is the statically indeterminate magnitude, and for U 
to be a minimum, 


au 

ap 


0 = — J-P + w- + — - ! -P - wl + — l-P 
- T j 2EI(2 


.PR R (tc_ 
Ecty 2Eu (2 


R£ (7Tj 

2Ga(2 

t 


whence, 


P= W 


J 

R 2 

2EI + 2Ga 2E« 

7tR 2 ttJ 7TT 1 

4EI 4Ga 4Ea E a r 


wl 


If the work done by the direct and shearing forces be neglected, P = 2W /tit. 

This result could have been obtained rather more easily by the device 
of differentiating first and integrating afterwards. Thus, from the first 
expression for U, p. 181, 


au^ _i 

9P Ea?*J o 


V<fe+ * 

. EaJ 


•»■/* 3N 

0 ap 


+ 


5rs.£d»+irM.Sd»-o 


Gala 9P 


ElJo 

3M 


ap 


9N 9S 

Inserting the known values for N, S, M, and 

or or or 

PR R M 3 R ypr/s 

+ =- 1 (Wsinfi-f P cos 8) cosd.dd—-^ (W cos 6— P sin 9) sin d.dd 

rucir iiiCtrj o J o 


+ # T r C °S 8 — W(1 — sin 8)} cos 9 . d$ = 0 
E1J 0 


Multiplying out and collecting terms, 

, n 

Eo^ 2GaJ 


pir/2 p 

(1 — cos 29) dd - 1 — 
o 2 


J_ R^l 

Ea + El 




I_1 , R 2 ' 

Ea Ga El 


fjr/li 

j (1 + cos 20) dd 

r*P WR 2 M 2 

sin 29 . dd — — cos 6 . dd = 0 

Jo El Jo 
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whence, as before, 
P 


(VtR 2 tc 1 

1EI + 4Go + 4Eo + Ea, 


W 


R 2 


t 


2EI + 2Ga 


1 

2Ea 


The above frame may be regarded as an Inverted, semicircular, tied 
arch, loaded with a single load 2W at the crown. 


VIRTUAL WORK 

80. More General Theory. Virtual Work. — The following is a more 
general treatment of the application of the work theory to framed 
structures. It includes the effect of temperature alterations, and of move- 
ments of the abutments (reaction displacements). Using the principle 
of virtual work, it leads to the theorems of Maxwell, Betti, and Mohr. 
Let F = the force in a bar of a braced structure due to any cause 
whatsoever. 

a = the area of the bar. 

I = the length of the bar. 

A = the ratio Ija, 

t = the alteration in temperature. 

a = the coefficient of expansion per degree. 

The positive alteration in length (extension) of the bar due to a 
force 4 F (tension), and an increase in temperature 4 f, is 

nv 

H-jg+a a (1) 

In Fig. 118, let AB be the 
bar, and suppose that, as the 
result of the deformation of the 
structure, AB move to A'B'. 

Let the coordinates of A be x a > 
y a ; of B be xb, yb ; of A be 
{%a 4 faa), (ya 4 8 y a ); and of 
B' be (xb+Sxb), (y&4Sy&). 

Then the lengths AB and A'B' 
are, respectively 

l* * (xb - % a ) 2 4 (yb - ya) 2 

(1 4 - SI) 2 - {(x b 4 Sx b ) - (x a 4 Sx a )} 2 4 {(yb 4 Syb) - (ya 4 Sy a )f 
Multiply out . the latter equation, and neglect the second order of small 
quantities, since the displacements are very small. Then, 

? 2 4 2i(.W = (xb — x a ) 2 4 2(xb — Xa)(S%b — $ x a) 

4 (yb - ya) 2 4 %yb - ya)$yb ~ mb 

Subtract from this the expression for l 2 , and divide all through by 2£, 

81 « (8 xb ~ 8 x a ) cos 6 4 (8 yb - Sy a ) cos <f> . • ( 2 ) 

where cos 0 = (xb — x a ) H ; cos <j> » (yb — ya)fi- 
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From eq. (1), 

F l 

81 = (Sa# — Sa?a) COS 6 + (8yb — tya) COS <f> = + atl . (3) 

By a similar analysis it may be shown that in a space frame, if the 
coordinates of A and B are respectively x a , ya, z a ; %b, yb> z b, 

81 = (8 zb — 8 x a ) cos 6 4 (8 yb — $ya) cos cf> 4 (S %b — 8 z a ) cos t/t 
Tf/ 

• < 4 > 

where cos \jj = (zb — z a )/l> 

Eqs. (3) and (4) give Si, the alteration in length of the bar, in terms of 
the displacements, parallel to the axes of coordinates, 8x a , 8 y a , Sz a ; 
8a’6, 8 yb, 8 z&, of its ends. 

Equilibrium of a Panel Point . — In a structure in equilibrium, all the 
forces acting at any one panel point must be in equilibrium. If at a panel 
point, W x W 2 W 3 . . . be the external loads, and F a F 2 F s . . . be the 
forces in the bars, then resolving parallel to the coordinate axes, 

hWx 4* 2 Fcos 0=0] 

liWy + E Fcos <j> = 0 [ . . . . (5) 

SWz 4 E Fcos i fj = O] 

The symbol EW# denotes the sum of the components parallel to the axis 
of x of all the external loads ; the E Fcos 9 denotes the sum of the 
corresponding components of the forces in the bars ; and similarly for 
the other equations. In a plane frame the third equation disappears. 

Virtual Work . — In a structure in equilibrium, suppose that a number 
of forces FF . . . act at any panel point. These forces may be external 
and/or internal forces. Each will have a component F cos l parallel to 
any arbitrary axis of reference, where l is the angle which the force 
makes with that axis. For equilibrium, the resultant force in any 
direction must be zero, hence 

E(F cos £) = 0 . . (6) 

where the summation includes all the forces and loads acting at the panel 
point. Suppose that, without destroying the equilibrium, the panel 
point be given a small arbitrary displacement A in the direction of the 
axis of reference. Then the work done by any one force is (F cos £)A,* 
and the total work done by all the forces acting at the panel point is 

£(F cos £)A = A x £(F cos £) = 0 . . . . (7) 

since, from eq. (6), £(F cos £) = 0. 

But the expression (F . cos £)A may be written F(A . cos £), and 
(A . cos l) is the projection of the displacement A on to the direction of 
the force F, which for any particular force F-p may be denoted by Ap, hence 

E (F cos £)A = SFpAp — - 0 . . . (8) 

* Not J(F cos £)A, for the force F remains constant during the displacement A, 
see (ii) Fig. 103. 
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This is called the law of virtual work. It implies that in a structure in 
equilibrium, the total work done by all the forces acting at a panel point 
resulting from a small arbitrary displacement A of that point is zero. 
This is true for any panel point in the structure and therefore for every 
panel point, and thus for the whole structure. It is to be observed that 
the displacement A is quite arbitrary, and is in no way dependent on 
the magnitude and directions of the forces PF. A might be due to a 
real set of loads acting on the structure, and the forces FF be due to a 
virtual load system, also in equilibrium. It will be convenient to denote 
the forces FF by italic capitals, as has been done in eq. (8), to indicate 
that these forces and the displacement A are quite independent one of 
the other. 

If the displacement A be made in a time 8t, the velocity of the panel 
cl 

point is (A p) y and eq. (8) becomes 

EJ.^(Ap) = 0 . . . . (9) 

which is called the law of virtual velocities. 

81. Mohr’s Work Equations. 4 — Suppose that certain arbitrarily 
chosen loads TP IP be applied to a statically determinate structure, so as 
to form with the corresponding reactions a system in equilibrium. These 



Fig. 119. 


loads, combined with any temperature changes, will produce forces 
FF in the members of the structure. Next suppose that all the panel 
points of the structure be subjected to certain very small arbitrary 
displacements AA ; these displacements, for example, might be due to 
a second load system applied to the structure. The magnitude and 
direction of the displacement of each panel point will, in general, be 
different. 

Consider any panel point, (i), Fig. 119, and take the direction of the 
displacement A as the axis of reference. Suppose the external force TPm> 
which acts at the panel point, to make an angle £ with the axis of reference, 
and the forces FF to make angles £ £ with the same direction. Then, 
from the law of virtual work, eq. (8), § 80, 

(W m cos f)A + E(F cos £)A = 0 . . - (1) 
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This expression gives the virtual work done at any panel point. It may 
be written 

WmAm + %FpAp = 0 . . . (2) 

where A m denotes the projection of A on to the external load W m , and A p 
the projection of A on to any particular force Fp. Eq. (2) holds for every 
panel point ; hence the total virtual work for the whole structure is 

YiWmAm + %FpAp — 0 . . . . (3) 

These summations include every external load, including the reactions, 
and every member in the structure. 

Consider AB, the pth bar of the frame, (ii), Fig. 119. Let the pro- 
jections on to this bar of the displacements AA at A and B be A# and A&. 
As shown in (ii), both A a and A b are extensions. Hence, at A, the force 
in the bar, F a b, is a tension and acts away from the panel point. Similarly 
at B, the force Fba acts away from the panel point. Both F a b and Fba, 
therefore, act in opposite directions to their respective displacements 
and the work which they do is negative. This is always true of internal 
forces. It may be noticed, in passing, that if an external load be applied 
to the bar, the displacement which it produces is in the same direction 
as the load, and the work done is always positive, (iii), Fig. 119; if, 
however, the projection of the displacement at a panel point on to an 
external load acting there be opposite in sense to that load, the work 
done by that external force will be negative. 

Returning to (ii) Fig. 119, the work done by the two forces Fab and 
Fba will be — (F a bAa + F&oAfc). But F a b =?= Fba = Fp , the tension in 
the bar, and (Aa + A b) = 8 Ip the alteration in length of the bar. Hence 
the work done is — Fp . Sip. The same reasoning applies to every bar 
in the frame, and therefore the factor HFpAp in eq. (3), which represents 
the total internal virtual work, may be replaced by — 2(Fp . Sip), and 
eq. (3) becomes 

luWrn&m E ( Fp . 8 Ip) = 0 ; or, l&WmAm = S(F-p . 8 Ip) . (4) 

Griveh, therefore, a framework in equilibrium under a load system, 
which framework is subjected to very small arbitrary displacements, the 
external virtual work done by the external loads is equal to the internal 
virtual work resulting from the deformation of the frame ; and since the 
total virtual work done is zero [see eq. (8), § 80], each component, external 
and internal, is likewise zero. 

STFmAm = E (Fp . Sip) = 0 . . . . (5) 

The term HtWmAm includes the reactions, see eq. (3). If, therefore, 
the reactions BE suffer small displacements A?A r in their own directions, 
due to movements of the abutments or other causes, eq. (4) may be written 

STFwiAm + EJ?Ar — 2(Fp . Sip) = 0 . . . (6) 

where JuWwAm now includes only the applied forces. This is the general 
form of the virtual work equation for a framed structure. It must be 
remembered that Am, A r, and Sip are all displacements brought about 
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by the same cause, which cause is independent of the loads and forces 
W m , R, and F p . 

The theory is equally true if W , R, and F, represent the actual loads 
and reactions producing the displacements A, in which case eq. (6) may 
be written, 

SWmAm + 2RA r = 2(Fp . Sip) = S -f Fpcdl^ . (7) 

In eq. (6), suppose all the arbitrary loads W to be removed except 
one, the magnitude of which is unity, then 

1 x A m ~j“ S-KA^* — S(Fp . Sip) = 0 

and Am = S(j F p ' . Sip) — S^Af .... (8) 

in which equation F' and R' denote the forces in the bars and the reactions 
due to the unit load. 

From this equation the displacement A m of any panel point, in any 
direction, due to an actual load system WW, can be found by applying a 
unit force at the panel point in the required direction, and effecting the 
summations implied in eq. (8). In this case Sip will denote the alteration 
in length of the bars due to the load system WW combined with that 
due to alterations in temperature, if any. In the particular case where 
the temperature remains constant, and A r is zero at each support, 
Sip — F w lp /Eap = F w Xp /E, where, as in § 70, F w is the actual force 
in the pth bar. Eq. (8) then becomes 

A m = g 'LF w Fp / X . . . . (9) 

[see eq. (6), § 70.] 

Eqs. (6) and (8) are known as Mohr’s work equations. 

82. Relative Displacement. — The relative displacement between any 
two panel points M and N, Fig. 120, of a 
framed structure in equilibrium under a N 

system of applied loads WW can be ob- m 

tained from Mohr’s second work equa- 
tion, eq. (8), § 81, as follows : Apply two 
unit loads W m = unity acting in oppo- 
site directions along the line MN. Then 
if A m be the relative displacement of M Fig. 120. 

to N, from eq. (8), § 81, 

A m - EF' . SI - XR'Ar . (1) 

In this equation SI denotes the alteration in length of a bar due to 
the actual load system WW, temperature changes, and reaction dis- 
placements A r if the latter affect the value of SI ; F / denotes the force in 
a bar, and R' a reaction due to the unit loads. 

From eq. (1), § 80, SI = + atl = + oil 
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where Fw denotes the actual force in the bar due to the applied loads WW, 
and the reaction displacements. Then from eq. (1), 

A fyi = 2F / (F\vA/E -j- atl) — ER * Ar . . . (2) 

If the value of A m comes out negative, it implies that the displacement 
is in the opposite direction to that assumed for the forces Wm — L 

83. Self-Stressed Frames. —Let (i), Fig, 121, represent part of a re- 
dundant frame in which the redundant member has 
been made too short by an amount A. By heating 
the bar or otherwise it could be got into place and 
attached. When it cooled it would shorten and 
stress the frame. Such a frame is called a self- 
stressed frame. If the resulting stress in the re- 
dundant bar be F r , the corresponding alteration in 
length of the bar will be 8 l r — F r A r /E. Owing to 
the action of the forces F r F r on the frame, (ii) 

Fig. 121, the points M and N will come together 
a distance A m ; and the amount by which the 
redundant bar lengthens, plus the amount by which M and N come 
together, must equal A, 

A = Sir -f- Am . . . . . (1) 



Am can be found from eq. (2), § 82. The applied loads are F r F r , and 
using the symbol F R for the force F w which they produce in a bar, Am = 
EF'FrA/E ; F' denotes the force in a bar due to the unit loads W m W m 
applied along the line MN ; the other terms in the equation vanish. Then, 
from eq. (1), 

A - F r Ar/E + XF'FbA/E 


But if F' is the force in a bar due to unit loads acting along MN, Fb the 
force in the bar due to the loads F r F r which act along the same line 


must be 
Hence, 

and, 


F i T? EV 

B — 

EA = F r A r + F r E( F') 2 \ 

V - EA 
r A r+ 2(JTA • 


( 2 ) 


In this equation E(F') 2 A does not? include the redundant bar itself. 
Knowing F r , the initial stresses F E = F r F' in all the bars can be found 
directly. 

Worked Example . — Suppose that the bar CD of Fig. 107 is made 
1/100 inch too short, and forced into place. Find the initial forces in 
the bars of the frame. Remove the bar CD and apply a unit load acting 
from C towards D. The forces F' produced in the remaining bars by 
this load are F t ' = — 0-61, F s ' — — 0-72, see the Table, p. 166. The 
values of A for the bars are 50 and 28 ; hence, 

E(F') 2 A = (- 0-61) 2 x 50. + (- 0-72) 2 x 28 = 33 1 
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A r for the redundant bar CD = 40, and A = + 0-01 inch, A is + since 
the redundant bar is short. Then, from eq. (2), 


Fr 


13000_x 0-01 
40 + 33 • 1 


= + 1 -78 tons. 


which is the initial force in the redundant bar, and is tensile. The 
initial force in bar No. 1 = F B = E r F^ = 1-78 x (— 0-61) = — 1-09 
tons; andinbarNo.2 = F B = F r F 2 ' = 1-78 x (- 0-72) = - 1-28 tons; 
both compressive. 

Note. — Even if the redundant bar is too long, still apply- the forces 
F r = 1 in the direction shown in Fig. 121, but call A negative, for the force 
in the redundant bar will be compressive. Any bar in a panel containing 
superfluous bars can be regarded as a redundant bar. 

If the force F' in the redundant bar be called + 1, as in the Table on 
p. 166, the term {F') 2 X for this bar = A r , and eq. (2) may be written, 


F - EA 

* Y(F) 2 A 


. (3) 


where the summation now includes the redundant bar. The denominator 
is obtained at once from the sum of the last column S(1 T/ ) 2 A in the Table, 
and such a tabular solution is by far the best method of treatment. 

84. Keciprocal Displacements. Maxwell’s and Betti’s Theorems. — 
Suppose that a load W m = unity be 
applied at the point M of the frame 
AB, Fig. 118, in the direction indicated, 
and that it produces forces F m , and 
extensions ¥ m l /Ea = F m A/E in the 
different bars of the framework. To find 
the displacement of the point N in the 
direction indicated in Fig. 122, due to 
Wm, apply a unit load Wn at N acting 
in that direction, and suppose that this load produces forces F n in the bars. 
Then, from eq. (6), § 70, the displacement of N, due to Wm applied at M, is 



±nm g EFmFftA 


(1) 


since in this case Fm = Fw and Fn = F'. 

Again, suppose that a load Wn = unity be applied at the point N of 
the same frame AB in the direction indicated in Fig. 122, and that it is 
required to find the displacement of the point M in the direction indicated 
in the figure. The force Wn will produce forces Fn and extensions FnA/E 
in the different bars of the frame. Apply a unit load W m at M, acting in 
the given direction, and suppose that this load produces forces Fm in the 
bars of the frame. Then, from eq. (6), § 70, the displacement Amw of M, 
due to W n acting at N, will be 



EFnFmA 


since in this case F n == F w and F m = F\ 


( 2 ) 
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Now it will be obvious, since both loads are of unit magnitude and both 
are applied to the same frame and in the same directions, that the forces 
E m and Fn in the bars of the frame will be the same in both equations 
(1) and (2). Hence, 

A nm = g EF W F«A = ^ EFnFmA = Amn 

and, Amn = A nm .... (3) 

which is Maxwell’s law of reciprocal displacements. 3 

Stated in words, the displacement of any point N in a particular 
direction, due to a unit load applied at a point M in a second direction, 
is equal to the displacement of M in the second direction, due to unit load 
applied at N in the first direction. 

The law is equally true if A nm represent the relative displacement 
between any two points NN X , due to unit loads applied at another pair of 
points MM a along the line joining them ; and if A m n represent the relative 
displacement between any two points MM 1} due to unit loads applied at 
another pair of points NN X along the line joining the latter. This follows 
from § 82 by a similar proof. 

Maxwell’s theorem can be proved by a direct application of the 
principle of work as follows : Apply a load W m = unity to the point M 
of the frame AB in Fig. 122 in the direction shown, and suppose that it 
produces displacements A mm and A nm at the points M and N respectively 
in the directions indicated in the figure. Then the work done by W m in 
producing these displacements will be VW m A mm- Next apply the load 
Wn = unity at N in the direction shown, producing further displace- 
ments Amn and A nn at the points M and N in the said directions. Then 
W w will do a further amount of work Wm A mn , and W n an amount of 
work iW^Ann* The total amount of work done by the two loads is, 
therefore, 

U = |WmAmm + WmAmn + |WnAnn • . . (4) 

Again, to the same frame, apply a load W n = unity to the point N in 
the direction shown, producing displacements Amn and Ann at the points 
M and N respectively in the directions indicated. The work done by 
Wn will be ¥WnA n n> Next apply the load Wm = unity at M, producing 
displacements A mm and A nm at M and N in the given directions. Then 
the work done by Wm will be hWmAmm, and Wn will do a further amount 
of work WnAnm- The total amount of work done by both loads is, 
therefore, 

U = JWnAnn + ^WmAmm + WnAnm • • . (5) 

But the total amount of work done by applying the two loads to the 
frame must be the same, irrespective of the order in which they are 
applied. Hence, from eqs. (4) and (5), 

U — f WmAmm + WmAmn+^WnAnn == ^ WnAnn *i~ "|WmA mm -h WnA nm 
or > WmAmn “ WnA nm ; whence Amn — A nm, 

since Wm = Wn = 1, which proves Maxwell’s law. 
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Angular Displacements.— Maxwell’s law of reciprocal displacements is 
equally true for angular displacements. Suppose that loads WW be 
applied to the frame shown in Fig. 123 at right angles to the line 
forming a couple of unit magnitude. 

This will produce an angular dis- 
placement 9mm of the line MM X , and 
an angular displacement dnm of the 
line NN V The work done will be 
JM mOmm> where = unity is the 

magnitude of the applied couple. 

Next suppose that ' a couple Mn of 
unit magnitude be applied to the line 
NN r This will produce a further angular displacement of the line MM* 
of 8mn, and an angular displacement of the line NN X of 6nn- The work 
done by Mn will be \M n 9nn ; and, in addition, the couple M w will do 
a further amount of work M mOmn- Hence the total amount of work 
done by both couples is 

U = |M mdmm + M mdmn + fMn^nn • • * (6) 

Again, by applying the couples in the reverse order, it can be shown, as 
before, that the total work done is 

U = rSnn + mQmm + M ySnm • • • (7) 

Since the total work done by the two couples must be the same, 
irrespective of the order in which they are applied, from eqs. (6) and (7), 
since M m = Mn = unity, 

Omn = 8nm . . • . . ( 8 ) 

which is Maxwell’s law for angular displacements. 

Betti's Law? — Maxwell’s theorem is a particular case of a more general 
theorem due to Betti. 

Suppose that a framework is in equilibrium under two systems of 
loading W m . . . and W n . . . simultaneously applied in given direc- 
tions. Remove all the loads, and then reapply the group Wm . . « ; 
this will produce displacements A mm ... of the points of application of 
the group of loads W m . . . , and displacements A nm ... of the points 
of application of the group Wn . . . , all in the given directions. Then, 
as in the preceding case, the work done by the loads Wm . • * will be 
JEWmAmm* Next, reapply the load group W n • • • > which will produce 
displacements of the points of application of the load group Wm ... of 
A mn . . and of the points of application of the load group Wn . . . 
of Ann • . . The work done due to the application of the load group 
W n ... will be 'LW m Amn + &W n Ann ; and the total work done by 
the two load systems will be 

U - } EWmAmm + SWwW + \ SWnAn . - (») 

Again, remove all the loads and reapply the load group Wn . . . 
separately. This will produce displacements of the points of application 
of the load group Wm ... of A mn . . •» and of the load group Wn . • • 
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of A nn • • all in the given directions. The work done by the load group 
W n • • • will be |£WnA n w- Next, reapply the load group W m . . 
which will produce displacements of the points of application of the 
load group W m ... of A mm • • •, and of the load group W n . . . of 
A run ■ • • The resulting work done will be + EWnAnw 

Hence the total work done by the application of the two load groups will be 

U = §SW « Ann + JSWmAmw + SWnAnw • . (10) 

But the total amount of work done by applying the two load systems 
to the same frame must be the same, irrespective of the order in which 
the loads are applied. Hence, from eqs. (9) and (10), 

U = $ZWmAmm + nn 

— ^SWnAnn 4- JSWmAmm ~f SWnSnm 

and, SWmAmn = SWnA^m . . . (11) 

which is Betti’s law, a generalised form of Maxwell’s law of reciprocal 
displacements. If each load group consist of a single force W m = W n 
= unity, eq. (11) becomes A mn = A nm, which is Maxwell’s law. 

It will be evident from the nature of the proof that both Maxwell’s 
and Betti’s laws also hold for redundant 
frames and solid bodies. Betti’s law holds 
equally well for angular as for linear 
displacements. 

85. Maxwell’s Law. Simple Exam- 
ples. — The application of Maxwell’s law 
to some simple examples will next be 
considered : 

(a) Let AB, (i) Fig. 124, be a cantilever 
of uniform cross section, El = const., loaded 
with a load W = unity at B. The equation to the deflection curve, 
eq* (2), § 52, Vol. I, is 

origin being taken at A. Hence the deflection at C, distant l from A, 

ifW-l.is J m P , n 

ycb El [ 2 ” 6[ “ 2EI | L - 3j 

Now suppose the load removed from B and placed at C. Then, 
according to Maxwell’s law, the deflection ybc at B, with unit load at C, 
is equal to the deflection y c b at C, with unit load at B. Hence 

l 2 T 1 

ybc ycb gEI l 3 

which, as proved in eq. (9), § 55, Yol. I, is the case. 

(b) In (ii). Fig. 124, let AB be a beam, El = const., supported at 
A and B, and loaded with a load W = unity at D distant l % from A. The 


W |L^ ^ 

El { 2 ~ 6 
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equation to the deflection curve between A and D, see eq. (25), § 52, 
Vol. I, is 


y = 


_W L -l t 
6EI ‘ L 


{hi 2L - l 2 )x - a: 3 } 


origin being taken at A. Hence the deflection at C, distant L from A 
if W = 1, is 


Vcd — — Z 2 ) ~ h 3 } = 


(L 




6EIL 


{l 2 (2L -IJ-lfi 


Now suppose the load removed from D and placed at C, distant l x 
from A. The equation to the deflection curve between C and B, is 
W l 

V = ^ ^ {x z ~ ZLx 1 + 2L 2 x + l x 2 x + L^ 2 } 


origin being taken at A, loc. cit. Hence the deflection at D, distant l 2 
from A, if W = 1, is 


Vdc = 


h 

6EIL 


{Z 2 3 - 3LZ 2 2 + 2L 2 Z 2 - l*l 2 - U 2 } 


It is easy to show that y c d = ydc , proving Maxwell’s law for the 
particular case, 

86. Application to Statically Indeterminate Structures. — In certain 
cases of external indeterminateness, § 88, Maxwell’s law is of great help 
in constructing the influence lines. As a simple example, consider the 
case of a two-hinged arch, Fig. 125. 
and a vertical force W = unity be 
applied at the point Q, (i). This 
will produce a horizontal displace- 
ment A aq of the point A. Next 
suppose the vertical force be re- 
moved, and a horizontal force of 
unit magnitude acting in the direc- 
tion B to A be applied at A, (ii). 

This will produce a vertical displace- 
ment A qa at Q, and a horizontal 
displacement A aa at A. Then by 
Maxwell’s law, A a q = A qa- If now 
the unit vertical force at Q be again 
applied, and the unit horizontal force be replaced by one of magnitude 
H, acting from A to B, such that the point A is ppshed back an 
amount A aq to its original position, (iii), it is evident that H will 
be the actual horizontal force on the pin when the arch is carrying 
the unit vertical load ; that is to say, H is the horizontal thrust of the 
arch. But if a unit force at A produce a displacement A aa, and 


Suppose the pin at A be removed 



H produce a displacement 



A gq 


qa 
A aa 


H = 


1 

A aa 


• Aqa 


( 1 ) 


and 
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Now A aa depends only on the unit load at A, and is a constant for the 
arch. Therefore Hoc as A qa, the vertical deflection at Q due to the unit 
load at A. If, therefore, a displacement diagram be drawn, showing the 
value of A qa (due to a unit horizontal load at A) everywhere, (iv) Fig. 125, 
the ordinate of this diagram under the unit load W will represent to 
some scale the value of H, and the diagram is the influence line for H. 
The values of A qa for the unit horizontal load at A can be found by the 
methods of §§ 12, 15 or 94. The value of A aa must be similarly calculated. 

Eq. (1) may be written in the form 

X . A aa = 1 . A qa • * • . (2) 

where X (= H) is the statically indeterminate magnitude ; A aa is the 
displacement of its point of application due to a unit load acting in the 
opposite direction ; and A qa the displacement of any other point on the 
structure due to the same unit load. 

It will be noticed that the statically indeterminate magnitude always 
acts in the opposite direction (sense) to the unit force at its point of 
application which produces displacements of the same sign as W. 

The application of the above theory to direction-fixed and continuous 
girders is given in §§ 36-38, and to a two-hinged braced arch in § 94. 
The theory may be extended to include the case of redundant frames and 
cases of multiple redundancy [Molitor, 16 p. 127 ; Muller-Breslau, 10 p. 128]. 

STATICALLY INDETERMINATE STRUCTURES 

87. Conditions of Indeterminateness.— (i) Fig. 126 represents an 
ordinary N girder merely supported at each end. It is statically deter- 
minate; the reactions can he found by 
taking moments about each end in suc- 
cession ; the forces in the bars can be 
found by drawing a stress diagram or by 
the method of sections. Suppose that, for 
the purpose of strengthening the girder or 
otherwise, a central prop or support is in- 
troduced as shown in (ii). It is now ho 
longer possible to find the reactions by 
taking moments (i.e. by the principle of 
the lever), and until they are known the 
forces in the bars cannot be found. The 
structure is now statically indeterminate. Next, suppose that, instead of 
the central prop, extra bars are introduced into the girder as shown in (iii). 
The structure has now become a redundant frame, and although the 
reactions can be found by taking moments, the forces in the bars cannot 
be found from a stress diagram or by the method of sections. The frame 
shown in (iii) is also an indeterminate structure. 

it is apparent, therefore, that there are two possible conditions of 
indeterminateness : (i) external, (ii) internal. The latter condition, 
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brought about by the introduction of redundant members into the frame, 
has already been discussed in § 71 et seq . ; the former condition will be 
considered in the next article. 

From the above simple cases two tests for statical indeterminateness 
may be distinguished : (i) if all the reactions cannot be found by statical 
means (the loads not necessarily being vertical) the structure is externally 
indeterminate ; (ii) if, knowing the reactions, the forces in all the members 
cannot be found by drawing a stress diagram, or by the method of 
sections, the structure is internally indeterminate. A third test may be 
included : if stresses are set up in the structure due to alterations in 
temperature, the structure is statically indeterminate either externally, 
internally, or both. 

It should be added that while test (ii) 
shows that the structure is statically inde- 
terminate, it does not follow that it is a 
redundant frame ; it might be an imperfect 
frame (§ 3). 

Tests (ii) and (iii) prove that structures 
such as the arched rib tied together at its feet, the tied arch , Fig. 127, 
are internally statically indeterminate, for the stresses in neither the arch 
nor the tie can be found by statical means, and both stresses are affected 
by temperature. This is typical of many structures where members 
subjected to bending are combined with other members subjected to 
direct stress ; see for example Figs. 117, 373, and 386. If, in Fig. 127, 
the tie be removed, and the feet be anchored down to rigid abut- 
ments, the arch would then be externally indeterminate instead of 
internally. 

88. External Conditions of Indeterminateness. — If a beam be sup- 
ported on rollers at each end, as shown in (i) Fig. 128, the external 
conditions are statically determinate. In this case 
there are only two external restraints, the two 
vertical reactions. A beam thus merely supported 
is free to move horizontally. Such motion would 
usually be undesirable, but the beam may be 
anchored down at one end as shown at (ii) without 
making it indeterminate, for the reactions may 
still be found by statical methods, and since the 
girder is free to expand at one end, alterations in 
temperature will not set up stresses in the girder. 

There are now three restraints, the two vertical reactions and possibly 
the horizontal reaction preventing motion, but the beam is still statically 
determinate. If, however, hinges as in (ii) be put at both ends, the 
reactions cannot be found by statical methods ; alterations in the overall 
length due to temperature alterations are prevented, and temperature 
stresses will be set up ; the girder is externally statically indeterminate. 
There are four restraints, the vertical and horizontal reactions at both 
ends. 




Fig. 127. 
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It is evident, therefore, that when there are only three restraints the 
structure is externally statically determinate'; when there are more than 
three such restraints the structure is externally indeterminate. When 
there are four restraints, i.e. one more than three, the conditions are 
spoken of as simply or singly indeterminate ; when there are more 
indeterminate restraints than one, i.e. more than four restraints in all, 
the conditions are said to be multiply indeterminate. The direction- 
fixed beam shown in (iii) Fig. 128 is an example of multiple indetermin- 
ateness. There are three restraints at each end, the one vertical and two 
horizontal reactions. 

89. Solution of Statically Indeterminate Problems, — The stresses in 
a statically indeterminate structure must be found from a consideration 
of its elastic properties. Thus in a beam, direction-fixed at each end (see 
Chapter VI, Vol. I), an expression is found for the slope of the beam at its 
ends, which, being equated to zero, gives the magnitude of the end-fixing 
moments. These known, the stresses everywhere can be determined. In 
a two-hinged arch (§ 220) the horizontal motion of the pins is calculated. 
If the abutments are rigid, this motion is zero, a condition which 
determines the horizontal thrust of the arch and hence the stresses in 
the arch. 

In general, use is made of strain-energy considerations, either an 
application of the principle of work (§ 74), the principle of least work 
(§ 78), or the principle of virtual work (§ 80), all of which lead to the 
same fundamental equations (§ 91). 

The general method of treatment is this : Reduce the statically 
indeterminate structure to a statically determinate structure by removing 
one or more restraints in the case of external indeterminateness, or by 
removing one or more redundant bars in the case of internal indeter- 
minateness. The framework which remains is called the 'principal 
statically determinate system. Find by separate computations the forces 
in the members of the principal system due to (a) the.applied loads, and 
(b) each of the at present unknown forces XX which replace the restraints 
and/or the redundant bars which have been removed. From the sets of 
forces thus obtained, the unknown forces XX can be found by -means of 
the equations of § 91. Knowing the forces XX, the actual forces in all 
the members of the indeterminate frame can be found. 

The application, in the case of simple and multiple redundancy in a 
plane framework, has been given in §§ 72 and 74. In § 72, F r , the force 
in the redundant bar, is the unknown X, Fw denotes the forces in the bars 
of the principal system due to the applied loads, and F' those due to 
X. = F r = unity ; X is made equal to unity for convenience. Then 
from eq. (3), § 72, 


X = F r = 


XFwF'A 

X(F) 2 A 


( 1 ) 


and the actual force in any bar of the redundant frame is 

F = F w + F r F' (2) 
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In the case of multiple redundancy (see § 74), sufficient bars must be 
removed to render the principal system statically determinate ; and by 
applying the same process in tqrn for each bar removed, sufficient equa- 
tions are obtained to find the stresses in them all. 

90. Choice of the Principal Statically Determinate System.— The 
right choice of the principal system has muph to do with the accuracy 
and simplicity of the. calculations. In some cases the best procedure is 
evident. For example, a two-hinged arch should be transformed into a 
girder supported at each end by replacing the pins by vertical and hori- 
zontal forces. The horizontal force H is taken as X, the statically inde- 
terminate unknown. In the case of a suspension bridge with a stiffening 
girder without joints, the calculation is much simplified by taking the 
force in the lowest link of the chain as the statically indeterminate 
unknown. The stiffening girder then becomes the principal system, 
and when the said link is removed, the 
forces F w due to the applied loads in 
both chain and suspension rods all 
become zero, see § 238. In the case of 
a plate web system, one of the reactions 
may be used as the unknown ; or, again, 
the bending moment at a particular 
point, say over a support, may be more 
suitable. 

As a general rule, the simplest 
possible principal system should be 
chosen, having regard to the calcula- 
tion of the stresses. It should differ as 
little as possible from the statically 
indeterminate structure, particularly as 
regards the magnitude of the deforma- 
tions. When possible, it is usually best 
to choose the beam which most nearly 
corresponds. As an example of the 
possibilities in the choice of a principal Fig. 129. 

system, consider the case of a, direction- 

fixed arch, (i) Fig. 129. One of four principal systems may be used. 
One of the simplest is the corresponding beam, (ii) (cf. § 222). The 
arch may also be transformed into a cantilever (iii), or divided in 
the middle and considered as two cantilevers (iv) (cf. Fig. 348). A 
three-hinged arch, (v), may be used as the principal system, but although 
closest in character to the direction-fixed arch, the stresses therein 
are more difficult to determine, and the influence lines more difficult 
to set out, than those for the simple beam, (ii). The relative magni- 
tude of the deflections in these structures stands in the order (i), (v), 
(ii), (iv), (iii) ; but the simplicity of the beam and cantilever makes them 
the more desirable choice. The method . of treatment is the same for 
them all. 
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91. General Equation for Statically Indeterminate Structures.— The 
general equation for the total strain energy in a structure is 

2fi» J 0 2E» J 0 2G« J»2EI J 0 2<t 

-f* XFatl -{- SRAj- .... (1) 

see eq. (2), § 78, where the symbols are defined. The two last terms for 
temperature stresses and reaction displacements, §§ 80 and 81, have 
been added for completeness, but these effects are best treated separately 
(see § 93), and these terms will be omitted in what follows. 

Framed Structure . — For a structure entirely composed of bars sub- 
jected only to longitudinal forces, all the terms of eq. (1) but the first 

will vanish. _ 

F 2 l 

U = 2 --A (2) 


Suppose the structure to be indeterminate, and that it can be made 
determinate by the removal of a single restraint or redundant bar. 
Then, if XX be the forces replacing the restraint or redundant member ; 
F w the force due to the applied loads in any member of the principal 
system ; and F' the force due to X = 1 in that member ; the actual 
force in the same member of the indeterminate frame under the applied 
loads will be 

F = F w + XF' (8) 

fcf. § 72 ; F r = X]. Differentiate eq. (2) with respect to X. By the 
principle of least work the first differential coefficient must be zero, 
§ 75, and, 

° 1 7 '■VTT T"T T -m 


But from eq. (3), 9F/9X 


_ S H ?L- o 

^ Ea ’ 3X ~ °‘ 
hence, 


v FI 9F V FF'Z V F W F7 , vv (F')H A 
^Fa' dX" 1, F a ^ E a + ^ Fa ~ 0 


[cf. eq. (3), § 72]. The summations include all the bars of a structure, 
but in a redundant bar F^ = 0. 

Plate Web System . — In a plate web system, for example an arched rib 
subjected to a normal force, a shearing force, and a bending moment, the 
second, third, and fourth terms of eq. (1) are retained : 


!£■**£ 


Let X be the statically indeterminate unknown which replaces a restraint 
or redundancy, and denote by W, S', and M' the normal force, shearing 
force, and bending moment respectively due to the action of X = 1 
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acting alone on the principal system. Then, if N w , S W) and M w he the 
corresponding values due to the applied loads, the normal force on any 
section of the indeterminate structure will be 

N = N w + XN' (6) 

the shearing force will be 

S = S W +XS' (7) 

and the bending moment will be 

M = M w + XM' (8) 

Differentiate eq. (5) with respect to X ; as before the first differential 
coefficient must equal zero, 


r* N 
Jo E® 


N 9N 


1 2Ga ' dX. 


■ l M 3M 

0 Ef ’ dl dl: 


and from eqs. (6), (7), and (8), || = N' ; || = S' ; || = M', 
hence, f 1 NN' „ f* £SS' „ fMM' TI 


S--+ 1 1 


,dl = 0 


Introduce the values of N, S, and M, from eqs. (6), (7), and (8) ; as 
before, each term splits into two of the type 


r* NwN' 


dl+ X 


whence, 


£SwS' 


(NT , f 

^■ dl+ )o 


C l M w W 
J o El 
f r (M0 5 , 


Having determined X, the actual values of the normal and shearing 
forces and of the bending moments can be found from eqs. (6), (7), and (8). 

In most cases the deformation and strain energy due to shear are 
relatively small, and the S terms may be neglected. When the direct 
stress is also relatively small, or non-existent, the N terms may also be 
neglected, and ^ MwM' 

),T' S u 

“ ITT- ' ' 

In cases like the tied arch of Fig. 127, where both beams and tie 
bars (or struts) occur in the same structure, eq. (4) must be combined with 
eq. (10) in order to find the value of X. 


, FwF'Z 


n [ l N w N' _ 7 f z JE 
Ea Jo Ea Jo 


1 £S W S' 


f 1 MwM' 
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For many purposes this equation may be simplified by omitting the 
N and S terms as was done in eq. (11). 

Applications of these formulae will be found in §§94, 238, 245, 
248, etc. 

92. Multiple Indeterminateness. — If there be more than four external 
restraints or more than one redundant bar, sufficient restraints or redun- 
dant bars must be removed from the structure to make it statically 
determinate. If X 1( X 2 . . . be the corresponding statically indeter- 
minate unknowns, U must be differentiated with respect to each. In 
this way sufficient equations are obtained to determine all the unknowns. 
Thus, for a framed structure with two redundant bars, eq. (3) § 91 
becomes 

F = F w + X x F' + X 2 F" (1) 


F is the force in a bar of the principal system due to X x = 1 ; F" that due 
to X 2 = 1. Then, from eq. (2), § 91, 

3U _ „ FZ 3F dU v R dF 

ax; " * e^ ‘ 3X X ~ u ; ax 2 ” 21 Ea • ax 2 ~ u 

From eq. (1), ~ = F ; j^r = F" ; and 

^ (F w + XjF' + X 2 F ")l r , . v (Fw + X x F + X 2 F ")l w A 
S Wa . F = 0 , 2 m .F =0 


or 


S 

s 


FwFi , v v (F')H , 

“W + Xl2j_ W + 

FwF'7 , v v FY'l , 

Ea +Xi2j Ea + 


X 2 S 


F'F'7 

Ea 


X 2 S 


(F yi 
Ea 


= 0| 


( 2 ) 


' [cf . eqs. (3) and (4), § 73]. 

These equations, solved as simultaneous, will give the values of X x , 
X 2 . . . The equations for X, S, and M can be treated in an exactly 
similar way. It is possible in certain cases, by suitably choosing the 
conditions, to make to vanish all terms such as X l S(F / F // i/Ea) which 
contain products of F' and F". The equations then reduce to a series of 
the same type as in a singly indeterminate system, each with a single 
unknown. 

93. Temperature Stresses and Reaction Displacements. — The altera- 
tion in length of a bar of length Z, when temperature alterations are 
taken into account, is 8Z = FZ/Ea ■+ aZZ, eq. (1), § 80. Hence the internal 
work in a framed structure composed of bars is ^EF 2 Z/Ea + SFaZZ. 
If there be reaction displacements this work will be increased by an 
amount ERA r . The total internal work is, therefore, 
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Suppose that a reaction be taken as the statically indeterminate 
unknown X, so that R = X, and A r =- A x ; then as in etp (3), § 91, 

F = F w + XF' ; 9F/9X = F' (2) 

, 9U „ F l 9F v . 9F . 

and dx - S Ea . dx + Xatl dx + A x 


(the other reactions disappear during differentiation) ; then as in e<j. (4), 
§91, 

+ ZF'atl + A x 


The parts of X due to temperature and reaction displacements are 
evidently 

v 2F 'atl v Ax , AX 

Xt ^-uFWr Xr = ~ 

E a 

so that these effects can be studied separately, as usually is desirable. 
If the reaction displacements be zero, X$ in the temperature equation 
may represent any statically indeterminate unknown, chosen for 
convenience. 

The summations include all the bars in the structure ; increase in 
temperature is considered positive; a displacement in the same sense 
as its reaction is considered positive. 

Temperature and reaction stresses can only occur in cases of external 
indeterminateness unless, in any indeterminate structure, the temperature 
is different in different bars. If the structure rest on elastic supports 
these must be treated as part of the elastic system ; the reaction displace- 
ment equations will not apply. 

94. Design of Two-Hinged Braced Arch. Outline Programme. — As 
an example of the application of the general formulae, the method of 
design for a large two-hinged braced arch will be very briefly set forth. 
The outline of the arch is shown in (i) Fig. 130. The system is singly 
statically indeterminate. Take for the statically indeterminate unknown 
X = H, the horizontal thrust of the arch. In the first instance, consider 
only the bending moments on the arch.* Then from eq. (11), § 91, 



* To conform with the symbols used in the general strain-energy equations, 
M' in this articlei signifies the bending moment due to the unit load, and must be 
distinguished from M' in Chapter XIII. 
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Here E = const, and disappears ; I 0 is the moment of inertia at the 
crown. Assume that I oc d m , where d is the depth of the frame, and m a 

d 0 =40-2 , -\ *C 


U 977 - 6”' Span- 

' , / ff 

i T!P< 


♦j— 00 —I* - 




I.L. for H 


Fig. 130. — Hell G-ate Arch. 


constant ranging from 2 J to 3 in braced arches ; m = 3 
for the Hell Gate arch, Fig. 130 [Krivoshein 28 ] ; then 

Io/I - 

In such long-span arches, for the 'preliminary calcula- 
tions , it is sufficiently accurate to take U == 8x = const. = 
the panel length, Fig. 131 ; also when X=? 1, M' = 
1 xy, hence 


M w(J) 

;**(§)’ 


The depths d 0 and d can be obtained from the out- 
line, and X found by tabular calculation (compare § 220 
and the Table, p. 491). 



Fig. 131. 
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The value of H for a particular load system producing M w is given 
at once from the summations of the last two columns. 

For the purpose of design it is neces- 
sary to determine the influence line for 
H ; to do this the theory of § 86 will be 
used ; H = A qa/Aaa, eq. (1), § 86. As- 
suming that 8 1 — $x, the vertical deflection 
of the arch anywhere, A qa , Fig. 132, due 
to a unit horizontal load acting at A, can 
be found from eq. (3), § 53, Yol. I, which 
becomes 

*M 



±qa 


If: 


El 


. dx . dx. 


The horizontal displacement A a a is given by eq. (10), § 91, Yol. I ; which, 
if 81 = 8x, becomes 



In both these expressions M, the bending moment at any section of the 
arch due to a unit horizontal load at A, is M = 1 x y. Hence, 


H = 


t^ga 

Aaa 


If® * * IHfr*-* 

I® 9 '* JMt)’ * 


E is constant and cancels out ; 1 /I is represented by (d 0 ld) m as before. 
To find the curve for the deflection Aqa, plot a diagram representing 
y{djd) m everywhere, (iii) Fig. 130 (instead of M/EIasin§54, Yol. I), and 
using this as a 44 load curve ” find the 44 bending moment diagram ” (iv), 
which will be the required deflection curve. Use the ordinate y(d 0 /d) m 
of each division 8x, (iii) Fig. 130, as the 44 load,” not the area y(d 0 ld) m X 8x> 
when the integral in the denominator becomes %y 2 (d 0 ld) m , the length 8x 
cancelling out top and bottom. This summation is given in the Table 
above. Then from § 86, the deflection curve (iv) Fig. 130 is the 
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influence line for H, but the ordinates must be divided by Hy^d^/d ) 771 to 
get numerical values. 

From the influence line, the value of H for any load condition can be 
found, and hence all the forces in the bars and the necessary areas. 
The latter can then be used for a more accurate determination of H and 
of the forces in the members. The effect of temperature variations and 
reaction displacements must also be examined. 

For the application of the above theory to a number of long-span 
bridges, Krivoshein 28 may be consulted. 
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QUESTIONS ON CHAPTER V 

( Unless otherwise instructed, take E = 13,000 tons/sq. in.) 

1. Find (a) by the principle of work, and (b) from eq. (4), § 70, the vertical 
deflection of the point C of the triangular frame shown in Fig. 133. It is 
constructed of 3 x 3 X f in. angles (area 2-1 sq. in.) ; W — 2 tons. 

Ans. 0-027 in. 

2. Find the displacement of the point A of the crane shown in Fig. 133 
when loaded with 5 tons. Area of jib =9 sq. in . ; area of tie 3 sq. in. ; 
E = 30,000,000 lb./sq. in. (U.L.) 

Ans . 0- 104 in. hoz. ; 0-079 in. vert. 

3. Find the horizontal movement of the point C of the frame shown in 
Fig. 133 due to a vertical load of 10 tons applied at the point A. BA = AC = 
CD s= BD = 6 ft. 8 in. long, area =3-75 sq. in. ; AD = 4 ft. long, area 
= 2-11 sq. in. 

Ans . 0-0028 in. 

4. Find by means of eq. (6), § 70, the vertical deflection of the point p of 
the girder shown in (i) Fig. 34, § 14, loaded as shown, (a) taking all the members 
of the girder into account, (b) neglecting the deformation of the web members. 

Ans. (a) 0-148 in. ; (6) 0-105 in., cf. Figs. 37 and 34. 

5. If the girder of Q. No. 4 be inclmed at 30°, Fig. 133, and supported on 
rollers at its lower end, find (a) the vertical displacement of the point m when 
unit load is applied there, and (6) the horizontal displacement of the rollers. 

Ans. (a) 10-3 X 10" 3 in. ; (b) 5-04 x 10~ 3 in. 
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6. In Q. No. 5, suppose the unit load to be applied horizontally at 6 
instead of at m, and find the vertical displacement of m. 

Am. 5*04 X 10’ 3 in., proving Maxwell’s law for the particular case see 
§ 84. 

7. The outlind shown in Fig. 133 represents a swing-bridge supported on 
its roller path at A and B. Find the forces in the bars of the central panel 
when loaded as indicated. Assume that the reactions are vertical. Areas • 
AB = CD ~ 92 ; AC = BD = 58 ; AD = CB = 22 sq. in. 

Ans. Forces : AB = — 366 ; CD = + 404 ; AC = BD = — 132 ; AD = 
CB — — 35 tons. 


8. Find the forces in all the bars of the redundant frame loaded as shown 
in Fig.. 133. 


Ans. Forces : AF — + 
2*41 ; FB — + 2-44; CE = 
- 3*30; ED - - 3-27; EF 
= + 4*24; DB = — 2*46 ; 
AE = — 3-40; CF = + 
4*68; FD = -f 4*09; EB 
= — 3*05, tons. 

9. State the principle of 
Least W ork. A lattice girder 
of the Warren type, loaded 
as shown, Fig. 134, has four 
equal bays in the lower boom. 
The girder is supported at the 
ends and in the centre. All 
the members have the same 
area and the same length. 
Find the reactions and the 
force in the top flange above 
the central support. (XJ.L.) 

Ans . Reactions : 3*95, 
12*11, 3*95 tons; +2*44 
tons. 

10. A wall crane ABC, 
Fig. 134, loaded as shown, 
has free pin joints at B and 
C, and a stiff riveted joint at 
A ; AB may be treated as 
rigid. Find the forces in the 
bars and the bending moment 



Fig. 133. 


at A. (U.L. modified.) 


Ans. Forces : BC = + 3*68 ; AB = — 3*25 tons M A 84 inch-tons. 


11. Three parallel rectangular beams of the same material, each 3 in. 
wide and 9 in. deep, are pitched 10 ft. apart with their ends resting on two 
parallel stone walls 20 ft. apart, the tops of the two walls being in the same 
horizontal plane. A fourth beam of the same material, width and depth, 
supporting a uniformly distributed load of total magnitude W, rests centrally 
across the three beams. Find in terms of W the pressures exerted by the 
ends of the beams on the walls. (U.L.) 

Ana . Outer Reactions 11W/80 ; Inner Reactions 18W/80. 

12. A rolled steel beam 10 in. deep, max. I = 166 in. 4 , is used as a beam 
of 20 ft. span. It carries a load of 10 tons uniformly distributed. The 
centre of the beam, before the load is put on, just rests in a saddle carried 
by two f-in. diameter bolts, 3 ft. long, Fig. 134. At the upper ends the 
bolts are connected to a rigid support, and the two ends of the beam rest on 
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rigid supports. Determine (a) the force in the bolts; (6) the maximum 
deflection of the beam ; (c) draw the bending moment diagram for the beam. 
(U.L.) 

Am. (a) 6-11 tons in the two ; (6) 0-019 in. (Questions of this type 
can be most easily solved by equating the stretch of the bolts to the deflection 
of the beam, each expressed in terms of P 
the pull in the bolts.) 

13. A davit, 2 in. diameter, consists 
of a vertical part 4 ft. high and a curved 
part at its upper end forming a quadrant 
of a circle 4 ft. radius. A load suspended 
from the end of the curved part produces 
a stress in the material due to bending 
of 8000 lb./sq. in. Calculate the vertical 
displacement of the weight, taking bending 
moments only into account. E = 30 X 10 6 . 

(U.L.) 

Am . 1 - 1 in. 

14. Fig. 135 represents part of a trough 
floor carrying an axle load. If the span 
of the troughs is 12 ft., the spacing of the 
rails 5 ft. centres ; the X of a complete 
trough 436 in. 4 ; that of a rail 31 in. 4 ; and 
the load is spread over 5 troughs, show 
that a unit axle load will be distributed 
as indicated in the figure. [Cf. Martin, 12 
P- 63-] 

15. Find by means of a Williot-Mohr diagram, § 12, the deflection polygon 
for the girder of Fig. 41 when a vertical load of 1 ton is placed at m. Hence 
find from Maxwell’s theorem the vertical deflection of m when the girder is 
loaded as shown in Fig. 41. 

Am. 0*272 in. 




Fig. 135. 

16. AB is a uniform beam supported at B and direction-fixed at A. 
Using Maxwell’s theorem, draw 4 the influence line for the reaction R 2 as a 
load W = 1 travels across the beam from A to B. 

Am. The I.L. for R 2 is the deflection curve of the beam when loaded 
with unit load at B, R a being removed. Cf. § 36. 




CHAPTER VI 

BRACKET LOADS ON STANCHIONS 


95. Bracket Loads on Stanchions.— Stanchions 
are often subjected to bending moments at points 
intermediate between their ends ; one of ' the 
commonest cases is that shown in Fig. 136, 
where the stanchion carries a bracket supporting 
the rails for a travelling crane. In many in- 
stances these - applied bending moments are so 
large that the additional bending moment due to 
the effect of the longitudinal load can be neglected 
in comparison therewith. In such cases, so far as 
bending moments are concerned, the member may 
be treated as a beam in a vertical position, and 
the shearing-force and bending-moment diagrams 
are easy to obtain. The real difficulty of the 
problem is that the end conditions met with in 
practice cannot be defined with precision, and a 
more or less probable assumption must be made 
as to the degree of constraint which will exist. 

96. Bending-Moment and Shearing-Force Dia- 
grams.— Case (1). Let AB, (i) Fig. 137, be a stan- 
chion of length L, fixed in position but not in 
direction at A and B, and acted on by a moment of 
magnitude M at the point D distant l from A. This 
moment will call into play two equal reactions R x 
and R 2 at A and B, of which the magnitude can be 
found by taking moments about B ; R X L = M, or 
R x = R 2 = M/L. The direction of R x and R 2 
will be as shown in the figure. The shearing 
force will be positive and uniform from end to 
end of the stanchion, (ii), its magnitude is equal to 
R x = + M/L. Due to the reaction R x , the bending 
moment will increase uniformly from zero at A 
to + R X 1 at D. This is shown by the line a'g' in 
(iii), where d'g' = -f R J = -f M IfL. Due to the 
reaction R 2 , the bending moment will increase 
uniformly from zero at B to — R 2 (L — l) at D. 
This is shown by the line b'h', and d'h' = - R 2 (L— l) 



Fio. 136. 
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* — M(L - Z)/L. The bending moment changes in sign (i.e. is zero) 
at D, and there is a point of inflexion in the deflection curve there, (iv), but 
d'g ' + d'hf = g'h' = M. Knowing the bending moment everywhere, the 
deflection and stresses can be found in the usual way. It does not follow 
that the deflection is zero at D. 



Fig. 137. 


Case (2). Position - and Direction-fixed Ends . — If the ends be fixed in 
direction as well as in position, (i) Pig. 138, the member may be regarded 
as a direction-fixed beam, and the simplest way of dealing with the 



Fig. 138. 


problem is by the Characteristic Point method.* Let e'g'h'f in (iii) be 
the bending-moment diagram, assuming that the ends are merely 
position-fixed (Case 1). Then if r x and r 2 be the characteristic points 
(see § 71, Vol. I), by definition, if El be constant, 


* For an alternative method see § 97. 
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Ju 

Pi r i “ ^2 {Moment of the area of the Bending-Moment diagram about/} 

= ^ | (dV) l x ( L ~ l +l) + W ^ * jj( L - 1 ) ' 


„ , MZ , /7 / M(L - l) , 
<Zg = + -j- ; <Z A = --j - — - ; and 


2M (Z 2 ( T 21 

«■*“ i? M L - 3 


1) ~ 'V 5 ! ■ 55 ,L ' _ 3(L - ■ ■ (1) 


Similarly, 


p 2 r 2 = y~ {Moment of the area of the Bending-Moment diagram about e'} 
JLr 

2 (. / l 21 . 7/7/ . L — l ( r B — l\ 

_ X>f' ) 2 X 3 +( " , -2 _ * V + -r)\ 

-i{2i>-(L-l)>(L+2i)}--^{L>-3J>} . . .(2) 


As shown in (iii), Big. 138, the values of / p 1 r 1 and p 2 r 2 are plotted from 
the line e'f at points L/3 from the ends of the span, due regard being paid 
to sigh. Since the beam is direction-fixed at each end, the base line a'V 
will pass through both characteristic points, and the bending-moment 
diagram, (iii), can be completed. The ordinate a'ef represents the 
direction-fixing moment M A and is negative ; b'f represents the direction- 
fixing moment Mb and is positive. The shaded area is the complete 
bending-moment diagram. 

Consider the double triangle a'e'f'b' in (iii), which is isolated, for 
clearness, in (v). Draw through p 1 and p 2 lines parallel to a'b' . Then, 
from the geometry of the figure, since p 1 and p 2 divide the span into equal 
parts, M a + (p 2 r 2 ) = 2 (p 1 r 1 + p 2 r 2 ) ; M B + (p 1 r 1 ) = 2(p 1 r 1 + p/ 2 ) ; 
or, M A = 2(25^0 + (p 2 r 2 ) ; M B = (pjfj) + 2 (p 2 r 2 ). 

In these expressions the signs of the magnitudes involved have been 
ignored for the moment. Inserting the values of p 1 r 1 and p 2 r 2 from 
eqs. (I) and (2), and neglecting the sign of p 2 r 2 , 

~ {L 2 3(L - Z) 2 } + ^ {L 2 - 3Z 2 } = ~ {- L 2 +4LZ-3Z 2 } 

This is the numerical value of M A , which is a negative bending moment. 
Giving to it its correct sign, 

m a = -J{- L 2 + 4LZ - 3Z 2 } = ^{L 2 - 4LZ + 3Z 2 } = ^{L-Z}{L-3Z} (3) 
M 9M 

Similarly, M B - {L 2 - 3(L - Z) 2 } + jg{L 2 - 3Z 2 } ; or since M B is a 

positive bending moment, 

M b = ^{2L-3Z} . . . . (4) 
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Particular Cases.— If l = L/2 ; d'g' = - d'lh’ = M/2 : «,r, = - « r 
= M/12 ; - M a = + Mb = M/4. ' 1 


If / = nL ; d'g' — + nM 

PiT 2 = - M(i - n2 } l M a = 

Fig. 139 shows the variation in 
'p 1 r 1 and p 2 r 2 for different values of 
n. 

From the form of the above 
equations it is evident that the 
signs of M a and Mb will depend on 
the value of n . 

Having determined the direc- 
tion-fixing moments, the reactions 
B> 1 and R 2 can be found, and the 
shearing-force diagram plotted. 
Take moments about B, R X L = 
M — M a + M b [since M A is a 
negative moment, this implies 
that the numerical values of all 
three moments add, as indicated in 
(i)Fig. 138] or, from eqs. (3) and (4), 

R,L = M - 


d'h' = - M(1 - n) ; p x r t = M{(*-(l-n)*}; 
M(1 — w)(l — 3 n) ; M B = M{m(2 - 3 n)}. 


- 4LZ + 3Z 2 } 


and, 

if l = nL. 

R.i 88 R2* 


R x = R 2 = ^{L 
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fl 
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Fio. 139 . 


1 } = — {«(1 - *)} 


(5) 


The shearing-force diagram is a rectangle, (ii), of height 



Case (3). Position-fixed at each End , Direction-fixed at Lower End . — 
If the stanchion be fixed in position but not in direction at the top end. 
Fig. 140, the bending moment there will be zero. If it be fixed both in 
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position and direction at the lower end, the base line will pass through 
the characteristic point r v Draw the bending-moment diagram e'g'h'f 
(iii) , on the assumption that the ends are merely position-fixed (Case 1 ) , 
set up the characteristic points r x and r 2 as before ; the heights and 
p 2 r 2 are given by eqs. (1) and (2). Then the base line a'b' will pass through 
/' and r x as shown in (iii), aV represents the negative direction-fixing 
moment M A , and the shaded area is the complete bending-moment 
diagram. From the geometry of the figure, a'e' == $■ p x r x ; or, from eq. (1) J 


M - = -2^ {L2 - 3(L - i)2 } = -T 


- (I - w ) 2 


( 6 ) 


\fl~nb. To find the reactions, take moments about B ; 

R X L = M — M A = M + ~ {L 2 - 3(L - Z) 2 } ; 

whence, R x = R 2 = ?~{2L - 1} = |^{»(2 - »)} 


• (?) 


if l = nL. The shearing- 
force diagram is a rectangle, 
(ii), of height R x = R 2 . 

Case (4:). The Continuous 
Stanchion . — The character- 
istic point method of treat- 
ment is very convenient if 
the stanchion be continuous 
past a floor or other lateral 
support, as in Fig. 141, 
which represents the bend- 
ing-moment diagram for a 
stanchion, position-fixed at 
the top end, position- and 
direction-fixed at the lower 
end, and continuous over 
the support B. The point 
B is assumed to remain 
fixed in position. Suppose 
that the moment of inertia 
of AB is I x and of BC is I 2 . 
Make e'f' - L v and /V = 
b 2 L 1 II 2 . [It is to be under- 
stood that the vertical 
length scale of the span BC 
is altered in the ratio I x : I 2 , 
see § 78, Yol. I.] Set up 
the characteristic points r 1 
and r 2 for the span AB, 
as in Case 2 ; the character- 
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istic points for the unloaded span BC will be r 3 and r 4 . Then, since the 
stanchion is position-fixed only at C, the bending moment there will be 
zero, and the base line will pass through c'. Since the stanchion is 
position- and direction-fixed at A, the base line will pass through 
the characteristic point r v The base line, therefore, is a'b'c', which 
can be easily obtained by the methods of § 73, Vol. I ; the modified 
Ostenfeld construction to determine s 3 should be noted. The verification 
of the work is that q 2 q 3 passes through the intersection point i. The 
shaded figure is the complete bending-moment diagram, a'e! represents 
the negative bending moment at A, and b'f the positive bending moment 
at B. Having determined these support moments, the reactions at A, B, 
and C, can be found in the usual way, and the shearing- 
force diagram can then be plotted. 

97. Deflection Curves. — The support moments and de- 
flection in any of the above cases may be found by the 
methods of §55, Vol. I, or by direct integration. Consider 
the general case shown in Fig. 142. Let the span AB = L, 
and suppose that a bending moment M acts on the stanchion 
at D, distant l from A. Support moments M A and M B also 
act on the stanchion at A and B respectively. These may 
be of any magnitude and sign, but are shown for convenience 
as positive moments. 

If the stanchion were merely position-fixed at A and B, 
the bending moment due to the applied moment M, at any 
point K lying between A and D and distant x from A, 
would be M' = + Mx/L . Due to the support moments. Fig. 142. 
there will be a bending moment at K of magnitude 

M" = M a -f — ~ -x (cf. § 57, Vol. I). The total bending moment at 
L 

K is, therefore. 



M'+ M" 


+ + “*"“** 




where /3 = Hence, if y be the deflection at K, 

Ju 


EI d = M * + fSx 

El.g = U A x + + C x 

EI .y = iM A £ s + + CjX + C 2 


If the end A is fixed in position, y = 0 when x = 0, and C 2 = 0. 

Consider next the bending moment at any point K', coordinates 
x and y as before, lying between D and B. If the ends of the stanchion 
were merely position-fixed, the bending moment at K/, due to the applied 
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moment M, would be W = — M(L - x) /L. Due to the support moments, 

M* = M A + Mb x, as before. 

L 

The total bending moment at K / is, therefore, 

M' + M' = — M(L j 7 — + M a + Mb ^ = (M a - M) + fix. 

Hence, El . 0 = (M A - M) + fSa 

EI.^= (M A -M)a; + pe 2 + C 3 . . . . (3) 

ax 

EI . y = |(M a — M)* 2 + pc 3 + Cga: + C 4 . . . (4) 

If the end B be fixed in position, y = 0 when x = L, and 

0 = |(M a - M)L 2 + pL 3 + C 8 L + C 4 
or, El . y = - |(M a - M)(L 2 - x 2 ) - p(L 3 - a:*) - C 3 (L - a;) . (5) 

At D, where x=~-l, El . % from eqs. (1) and (3), and El . y from 
ax 

eqs. (2) and (5) must be the same. It is assumed that A and B are 
position-fixed, and therefore that C 2 = 0. 

El.f^l = M A Z + p» + Ci = (M a - M)Z + p* + C 3 
ax] x _ i 

whence, C x = MZ + C 3 ; or, C 3 — C x = MZ . . . . (6) 

(El . j/) I _ i =p A Z 2 +p !, +C 1 Z=-KM A -M)(L 2 -Z 2 )-^(L i >-Z 3 )-C 3 (L-Z) 

or, |(M a - M)L 2 + |MZ 2 + pL 3 - (C 3 - C JZ = - C 3 L ; whence, from 

Tvr/2 

eq.(6), C 3 =-i(M A -M)L-^L 2 + i'-j- 

MZ 2 

and C x = - J(M a - M)L - pL 2 + J ~ - MZ . . (7) 

Substituting for /?, 

Cx = ^{2M - 2 M a - Mb} - ^{2L - Z} 

C 3 = ^{2M - 2M a - M b } + ^ 

Particular Cases . Case (1). Position-Fixed Ends . — M A = Mb = 0 ; 

^ ___ ^ ML M Z rcvr T , ~ ML MZ 2 T i. 1.1 i 

j8 = M/L J Ci = — g- — 2 l{ 2L “ l ) 5 C 3 = -y + 2 |-. Insert these values 

in eqs. (I) and (3), (2) and (5). 

From A to D, if l— nL, 

I - em< 2L! -«“+»■+ M - gncW - «* + 3- ! > + »■> 

M M 

2/ = gin;{(2L 2 - 6LZ + W)x + a: 3 } = ^{L 2 (2 -6n+ 3n*)x + as 2 } 
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At D, where * = b V = ^(L - l )( L - 21) = |g w (l _ n)( i _ 2n ) 
From D to B, 

i - 3P ~' 6L '+ M- - «L»+ 3^ 

y = 6Effj 2L * “ * 2 - ~ *} = 6ML^ 2La: ~ xt - ^ 2 L 2 ;{L - *} 

From these equations the slope and deflection everywhere can be 
obtained. 

Case (2). Position- and Direction-fixed Ends.— 11 the stanchion be 
direction-fixed at A and B, dyjdx = 0 when x = 0, and when x = L. 
From eq. (1), C x = 0 ; and from eq. (3), C, = - (M A - M)L - 1SL 2 
Hence from eq. (8), w ' 

Cx = ^{2M - 2 M a - Mb} - ^{2L - Z} = 0, 

M 

whence 2M A + M B = ^{2L 2 - 6LZ + 3Z 2 } ; 

L M/2 

further, C 3 = ^-{2M - 2M A - M B } + ~ = - (M A - M)L - ■ 

M 

whence, inserting the value of /?, M A + 2 M b = j- 2 {L 2 - 3Z 2 } ; 
and therefore, M A = ^{L 2 - 111 + 3Z 2 } ; M B = ~{2L - 31} 

[compare eqs. (3) and (4), § 96]. j8 = — + ^ ~ M a _ ^( L _ ^ 

Insert these values in eqs. (1) and (3), (2) and (5). From A to D, 
if l — nL f 

{L(L — 3 l)x + 3Zx 2 }(L — l) = {(1 - 3n)La; -f 3na: 2 }{l — n } 

M M 

V “ 2EIL 3 ( L ( L ~ 3Z )* 2 + 2 ^ 3 K L ~ 0 = 2EIL {(1 ~' 2n ) Lx * + 2 ^}{1 ~ "} 

At D, where x — Z, 

M/2 MTi2 

y = {L - 2Z}(L - l)* = ^ . »>( 1 - n)\l - 2 n) 

From D to B, since from eq. (6), C 3 = M l, 

% = {L*Z — (4L — 3 ljUx + 3(L - Z)Z* 2 } 

~ Is; {La - (4 “ 3w)L * + 3(1 “ 

M7 

y - 2^3 {(2L - l) Lx - 2(L - l)x* - L 2 Z}(L - x) 

= “ B ) L ® - ~ n )* 2 “ wL,2 K L - *) 
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Case (3). Position-fixed at each End, Direction-fixed at Lower End . — 
Since the stanchion is position-fixed, merely, at R ; M B = 0. Since it 
is direction-fixed at A, dyjdx — 0 when x — 0, and from eq. (1), C x = 0 ; 
hence, from eq. (6), C 3 = M l. From eq. (8), 

C, == g{2M - 2M A } - ^®{2L - 1} = 0 ; 

whence, -M A = - 2 ~ {L 2 - 3(L - Z) 2 }. 

„ M + M b — M a 3MZ ,_ T .. T , ,, . 

p = j- — = 2^3 {2L — «}. Insert these values in eqs. (1) and 

(3), (2) and (5), 

From A to D, if l = nL, 

dx ~ 4EIL 2 [2{3(L - 1)2 ~ L2 > Lx + 3 < 2L " « 

= [2{3(1 - n)* - 1} Lee + Zn(2 - n)x 2 ] 

y = jeIE-3 K 3 ( L - V - L2 } L* 2 + (2L - l)lx*l 

= 4 Ml [{3(1 “ a ) 2 “ Lx2 + n < 2 ~ 


At D, where x = l, 


M7 2 

y = isn? {{2L - 1)2 ~ 2L2} {L 

ML 2 


From D to B, 


dy 

dx 


4EI 

MZ 


w 2 (l — n){ 2 — 4w + ?a 2 } 


4EIL 2 

4EI 
MZ 

4EIL 3 

Mw 

4EIL 


{4L 3 - 3(2L - l) (2Lx - x 2 )} 

{4L 2 - 3(2 - ra)(2Lx - x 2 )} 

{(2L - Z)(2Lx - x 2 ) - 2L 2 Z}(L - x) 
{(2 - w)(2Lx - x 2 ) - 2nL 2 } (L - x) 


Case (5). Position- and Direction-fixed at A, quite Free at B. — At A 
where x = 0, y = 0 and dyjdx = 0. Hence, from eq. (I), Cj. = 0, and 
from eq. (2), C 2 = 0. Since the stanchion is quite free at B, M B = 0, 
and for equilibrium, M A = M ; therefore p == 0. Eq. (1) becomes, 
d%i JMr 

^ ” El J ' w ^ ic ^ &* ves tiie s * ope between A and D. At D, where x = /, 

dy , . Mx 2 

(tx 858 El * rom ec L giving the deflection between A and I), y= ; 
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which becomes y = ^ at D. From eq. (3), El . = C 3 , hence C 3 /EI 

is the slope from D to B, and therefore at D. But the slope at D is MZ /El. 

Hence C 3 = ML From eq. (4), El . y = C 3 » + C 4 = Mfe + C 4 . At D, 

MZ 2 t n MZ 2 MZ 

where x = Z, y = ggj ; therefore C 4 = j-, and y = ^ {2 x - 1} ; 

which gives the deflection between D and B. 

98. Bracket Loads. A Closer Approximation. —In the preceding 
articles it has been assumed that the applied moment acts at a point. 
In many practical cases the moment is applied through the medium of 
a bracket, (i) Big. 143. If the depth of the bracket be small compared 



Fig. 143. 


with the height of the stanchion, no serious error is introduced by 
assuming that the moment is applied at the centre of the depth of the 
bracket. If the depth of the bracket be considerable, a somewhat closer 
approximation may be obtained by replacing the applied moment by 
two forces FF, such that the moment F = M = Wr, where W is the 
applied load and r its distance from the centre line of the stanchion. 
The shearing-force and bending-moment diagrams can be obtained in a 
manner similar to that used in the previous cases. They are given in 
Fig. 143 ; (iii) and (iv) are the shearing-force and bending-moment 
diagrams for a stanchion position-fixed at each end. The magnitude of 
and R 2 is M/L = Wr/L, whence the shearing-force diagram can be 
drawn. The bending-moment diagram is similar to (iii) Fig. 137, except 
that g'hf is a sloping line instead of being horizontal. 

(v) is the bending-moment diagram for a stanchion position- and 
direction-fixed at both ends. The figure e'g'h'f' is similar to (iv) ; the 
direction-fixing moment at A is, 

Wr 

M a = a'ef = L2& 2 - 2^3 -m 2 }; 

and the direction-fixing moment at B is, 

Wr 

Ma« *7- l JVhh+hh-h 2 }* 
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hence the bending-moment diagram (v) can he completed. The 
reactions are, 

Ri = R 2 = ~{3^ 2 + 61,1, + 3 lj 3 + l*}, 

from which the shearing-force diagram can be set out. It is similar 
to (iii). 

(vi) is the bending-moment diagram for a stanchion position-fixed at 
both ends, direction-fixed at the lower end only. The figure e'g'h'f' is 
set out as before ; the direction-fixing moment at A is, 

M a = a!d = — + 2^2 + ~ ^Z 3 2 } > 

M b = 0. The reactions are, 

Wj* 

B x = B 2 - W + 61J 2 + «A + 3 Z 2 Z 3 + 2Z 2 2 } ; 

the shearing force diagram is similar to (iii). 

The characteristic points for the bending-moment diagram (iv) are, 

Pxf 1 = gpW + 2 hh + 2ZA - hh - 2i 3 2 } 

W. = ^{2 t* + 1,1, - 21,1, - 2 1,1, - l?} 

These may be used in the case of direction-fixed and continuous stanchions. 
The expressions as they stand give the correct sign to / p 1 r 1 and p 2 r 2 . 


PORTAL BRACING 

99. Portal Bracing. — If a rectangular frame ACDB, (i) Pig. 144, with 
pin joints, he subjected to a sideways force F, it is necessary for the 
stability of the frame to 

introduce stiffening, such c DC D 

for example as the diag- F * 

onal AD, to prevent pr*- / I 

lateral deformation. If / G f — — H J 

the frame form the portal / | | 

or entrance to a bridge, or / b — ► ^ 

is part of a building such / | 

that a passageway is re- / (i) ^ h-c | 

quired through it, it is not A / BA i B i 

possible to introduce the * p ‘ 

diagonal AD, and some ** 1 2 * 

form of portal bracing Fig. 144 . 

must be used. The sim- 
plest type of portal bracing is shown at (ii) Fig. 144. The diagonal reap- 
pears as the bar GD, and CDHG forms a rigid panel. If, then, the columns 
ACand BD be made sufficiently strong to carry the bending moments which 
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will be set up in them, the frame will resist the sideways force F. It will 
he assumed in the first instance that all the joints are pin joints, and 
incapable of carrying a bending moment. Suppose that the force F act 
at C ; there will be an overturning moment F A on the frame. This will 
call into play vertical reactions R x and R 2 at A and B respectively. 
R x will be a downward force, and R 2 an upward force. They will be 
equal in magnitude, and form a couple R x 6, equal to the overturning 
-moment FA. Then R x 6 = FA ; and R 1 = R 2 = FA/6. In addition to 
the vertical reactions at A and B 5 horizontal reactions F x and F 2 
respectively will act at these points, such that F x + F 2 = F. Under 
the action of the force F, the columns will deflect and the panel CDHG 
will move to the right. If the panel were absolutely rigid, it follows that 
the movement of G to the right of A would be equal to the movement 
of H to the right of B. If, further, the column AC be of the same length 



Fro. 145. 

and cross section as the column BD, it follows that the force F x would 
equal the force F 2 , for GA and HB may be regarded as two cantilevers 
projecting from G and H respectively, and each deflected an equal 
amount by the forces F x and F 2 . Strictly speaking, the elastic deforma- 
tion of the panel CDHG should be taken into account, but to do this 
considerably complicates the analysis. It will be assumed for present 
purposes that F x = F 2 = .F/2. Having determined the reactions, the 
forces in the members can be found by the method of sections, § 8. Cut 
the bar GH and replace it by Fgh, the force in the bar. Take moments 

F^ FA 

about D of the forces acting on BD. Then F 2 A = Fgh-c, Fgh = ^ 

and is compressive. Next cut the bar CD and replace it by Fcd? the 
force in the bar. Take moments about G of the forces acting on AC. 
Then F X (A — c) 4- Fe = Fcd*c? and 


Fcd = F + F x 


= F -f- 


'h — C 


F (A 4~ c 
2 
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This also is a compressive force. If Fgd be the force in the diagonal 
GD, its vertical component, Fgh> sin 6 = R 2 . Hence, F GD = R 2 cosec 6 


= ~ V6 2 + c 2 “ 
be 


a tensile force. 


The bending-moment and shearing-force diagrams for the two columns 
are shown in (ii) and (iii) Fig. 145. The shearing force in AG and BH 
is F/2 ; that in GC is F — Fqd = F(/fc — c)/2c ; and that in HD is 
F GH _ F/2 = F (h - c)/2c also. The maximum bending moment occurs 
at G and H. and is F {h - c)/2. In addition, there is a longitudinal force 
F h jb in AG and BD. The longitudinal force in CG is zero. The members 

AG and BD must be 
designed to carry both 

the longitudinal force and ^ 

the bending moment. ^ ^ 

If the force F may ^ ® ® 

act either to the right or 

to the left of the frame, A] [B — 

it is usual to cross-brace 146. 

the panel, (i) Fig. 146. 

This is the case when F is a load due to wind pressure. If the cross- 
bracing be constructed of fiat bars, which are incapable of withstanding 
compression, only the diagonal in tension need be taken into account 
when finding the forces in the members, see (ii) and (iii) Fig. 146. If 
both diagonals are capable of resisting tension and compression, the 
method of superposition, § 7, must be applied, and the frame split up 
into two component frames, each carrying one half of the force F, (ii) and 
(iii) Fig. 147. Having . 

found the forces in the -*• v— — 

members of each simple 2 z 

frame, they must be com- G H 

bined in the usual way in ,*•!% 

order to. find the forces in 

the compound frame. ^ |B J 

Should the force F act ^ ra 147 

at some point other than 

C, or if the length and moment of inertia of the columns AC and BD 
be not the same, the above simple expressions will no longer hold. The 
more general case is treated in § 104. 

100. Portals with Direction-fixed Bases.-— Suppose the column bases 
to be rigidly attached to foundations of such a nature that the columns 
may be considered as direction-fixed at A and B, Fig. 148. As before, 
it will be assumed that AC and BD are of equal length, and that the 
moment of inertia of these members is the same. The force F at 0 will 


Fig. 147. 


bend the columns to the shape shown at (ii). There will evidently be a 
reversal of the curvature in the lengths AG and BH, and points of 
inflexion such as K, (ii) Fig. 148, will exist, where the. bending moment 
is zero. If these points of inflexion c$n be determined, the methods of 
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the preceding article can -be applied, for that portion of the frame above 
the points of inflexion J and K, Fig. 149, is in exactly the same condition 
as is the frame shown in Fig. 144. The reactions R ls R 2 , F 1; and F 2 , 
may be assumed to act at J and K respectively, instead of at A and B. 
Consider the right-hand column BHD, Fig. 148. If the panel CDHG 




were perfectly rigid, so that the member DH always remained parallel 
to itself as shown at (ii) and did not deflect, it is evident that the curve 
BKH would be symmetrical about its centre point, and the point of 
inflexion K would lie half-way between B and H. Actually, if D and 
H are pin joints, the member will bend as indicated at (iii), and K will 
no longer bisect BH. Nevertheless, as will be seen, its true position is 
very close to the mid-point, so that for practical purposes it may be 
assumed to coincide therewith. 

Consider the flexure of the column 
BD. To bend it into the form 
shown at (iii) Fig. 148, which is 
reproduced at (i) Fig. 150, forces 
Fd at D and Fh at H must act 
upon it. These forces are for the 
moment unknown, but if the 
panel CDHG retain its shape, 
their combined action must bend 
the column in such a way that the 
points D and H will still lie in a 
vertical straight line after the deformation of the column, (i) Fig. 150. 
That is to say , the deflection of D and the deflection of H, each to the 
right of B, must be equal in magnitude. The deflections produced by 
the two forces Fd and F H can best be examined by isolating their effects, 
as shown at (ii) and (iii) Fig. 150. In each figure the column can be 
regarded as a cantilever, fixed at its lower end and loaded with a single 
load. From eq. (9), § 55, Vol. T, the deflection at D due to F H , (ii), is 

Fh ( h — c) 2 j, h — c] Fh(^ — c) 2 
EI ' 2 IT} 6EI 



y d 


{2 h + c} 
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and the deflection at H due to F H is y-R = j . The deflection at 

F A 3 

D due to F D , (iii), is yv = ; and the deflection at H due to F D 


Fd [h.{h - c) 2 (h - c) 3 ) 

is 2 /h - gj | 2 6 j 

the total deflection at D, when both forces act together, is 


F h (A - c) 2 fe)J> , ^ F d . h 3 

»>“— 6ET- <2 * + c >-TEf 


, see eq, (2), § 52, Yol. I. Hence 

• ( 1 ) 


and the total deflection at H, when both forces act together, is 

2/h = Fh( 1~ C) - 3 - (A - o) 2 (2h + c) . . (2) 


But if D and H lie in the same vertical straight line after distortion 
of the column, y& from eq. (1) must be equal to yn from eq. (2) . Equating 
these values, it follows that 


F h 3 A 2 - c 2 
Fd ~ 3(A — c) 2 


At K, the point of inflexion, the bending moment must be zero. The 
bending moment at K is F H (A — c — x) — F D (A — x), where BK = x. 
If this bending moment be zero, 


F h __ A — x 
F j)~~ h — c — x 


3 A 2 - c 2 
3 (A - c) 2 


[from eq. (3)] 


whence, 


A — c 3 A — c 
2~~ ‘ 3A ~ 2 c 


• ( 4 ) 


This equation determines the point of inflexion K. In practical 
cases, K will be found to lie very near the mid-point of BH. Thus if 
c = A/3, x = 1 * 143 (A — c)/2. In view of the approximate nature of the 
assumptions made regarding portal bracings, for all practical purposes 
K may be taken as lying midway between B and H. The error thus 
introduced is on the side of safety, and allows for a small imperfection 
in the direction-fixing. 

All the analyses given in this Chapter for portal bracings of this type, 
and loaded with a force F at C, may therefore be applied equally well to 
portals with pin joints at the feet A and B, or to portals with direction- 
fixed feet. In the latter case the reactions must be assumed to act at 
the points of inflexion J and K, Fig. 149, which can be regarded as virtual 
feet. For practical purposes these points of inflexion can be regarded as 
lying midway between the points A and G, and B and H, respectively. 

It must be remembered that the values of and R 2 , for portals with 
direction-fixed feet, must be determined by taking moments about J 
and K. Thus in Fig. 149, F x DK = B x x JK. From Fig. 148, 

DK = h — x, and JR = AB = l. Therefore, R x = R 2 = F . h -^~ 
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h _j_ £ 

li x= (h — c)/ 2, R : = K 2 = F . not F. hjb as in the case where 

A and B are pin joints. The fixing moments at the feet of the columns 
are M x = F x a; at A, and M 2 = FjX at B. If F x = F 2 = F/2, and x = (h—c) /2, 


- h-c-x 


.r h-c-i 

t c 



kf[H kM^** 




Fig. 151. 


then M x = M 2 = F(A — c)/4. The bending-moment and shearing-force 
diagrams are shown in Fig. 151. 

101. Braced Portals.— Having determined the reactions at the feet 
of the portals, the stresses in the members can be found by the method 






D D 

A ^ 


D 



M 

A&B Pin. Joints. 


fin 


A&B DtreciionrftrecL . 


Fig.'162. 


of sections, as in § 99. Alternatively, a stress diagram can be drawn ; 
(vi) Fig. 152 is a typical example. To draw this diagram, the equivalent 
forces acting at the joints must be determined. It is evident that the 
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pressure on the framework at the point H, (i) Eig. 152, due to the force 
E 2> will be much enhanced owing to the leverage at which the force F 2 
acts. The two members AGC and BHD can be regarded as levers, acted 
on by the forces and reactions shown at (ii) and (iii). Consider BD, (iii) ; 
to balance F 2 at B, a force F a (A — c)/c at D is required. Hence the 
reaction at H is F Jijc. Similarly, the force at C is F x (h — c) /c, and at G 
is F -Ji/c. If, therefore, the portal bracing proper be isolated, the equi- 
valent forces acting on it will be as shown at (iv). A little consideration 
will show that the forces acting on the framework will be opposite in 
direction to the reactions on the levers shown at (ii) and (iii). To the 
force at C must be added the applied load F which also acts there. The 



stress diagram for (iv) is shown at (vi). For the conditions indicated 
R x = R 2 = F hjb. If F x = F 2 = F/2, the force at C is F + F(A — c)2c ; 
that at D is ~F(h — c) /2c, and those at G and H are F/&/2c. 

Direction-fixed Bases . — If the portal be direction-fixed at A and B, 
the forces Fj and F 2 may be taken as acting at J and K, the points of 
inflexion (see Fig. 149). If these points bisect the members AG and BH, 
so that GJ = HK = (h — c) /2, then the magnitudes of the forces will be 
as shown at (v). It is evident that in order to obtain the values shown 
in (v) from those given in (iv), all that is necessary is to substitute 
(h — c) /2 for (h — c) everywhere ; or, what is equivalent, to substitute 
(h + c)l 2 for h. This applies also to the values of R x and R 2 . 

Some other types of portal bracings are shown in Fig. 153 ; and the 
stress diagram for type (i), when A and B are pin joints and a lateral 
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force F acts at C, is given at (v). The equivalent forces on the bracing, (iv), 
are the same as those in (iv) Fig. 152. In cases like (iii) Fig. 153, the 
bracing must be divided up into two component frames each carrying 
one-half the load, and the stresses thus found properly compounded, in 
order to obtain the forces in the actual members. 

102. Portal with Knee Braces.— In this form of portal. Fig. 154, 
the member CD must have a girder cross-section, suitably arranged to 



Pig. 154. 


carry the bending moments set up. As in previous cases, the equivalent 
load at the panel point H, due to the force F 2 , will be F^/c, (ii) Fig. 154. 
The triangle QDH will represent the triangle of forces for the point H, 
hence the compressive force in the diagonal HQ is F 2 . M/ce,smd its vertical 
component is F 2 A/e. The tensile’ force in the bar DH is evidently 
(F^h/e - R 2 ). If F x = F 2 = F/2 as before, and R x - R 2 = F hjb, 

then the force in the diagonal is F . and its vertical component is ^ . 
The force in the bar DH is 



F h . 



gh 

2be 


The vertical forces on the girder CD, and the corresponding shearing- 
force and bending-moment diagrams, are shown at (iii) Fig. 154. The 
shearing-force and bending-moment diagrams for the bars AC and BD 

^ £ 

are as shown in Fig. 145. The longitudinal force in the bar DQ is F . - ^ 

J ^ 

(tensile) ; that in PQ is F . F . , and is compressive ; 

JtC LC 

that in CP is — ~ ~ F . ^ — F. ~ -k— % compressive. The member 

CD must be designed to carry these longitudinal loads in addition to 
the. bending moment and shearing force. The force in GP is equal in 

Q 
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magnitude to that in HQ, but is tensile ; and that in CG is equal to that 
in DH, but is compressive. The forces in AG and HB — dz Fh/b, 

103. Plate Girder Portal.— The panel CH is sometimes made in the 
form of a stiff plate girder, Fig. 155. If the cross-section of this girder 



be symmetrical, the neutral axis NN will lie at a distance c/2 from CD. 
The shearing-force and bending-moment diagrams for the girder CH are 
then as shown in Fig. 155. At DH the shearing force is equal to R 2 , 

and at CG equal to R r The bending moment at DH is F 2 (h — , and 


at CG is - R.p. If F x = F 2 = F/2, and R x = R 2 = Fh/b, 


the bending moment at DH is 




and at CG is 


?(*+!). 


104. Portals Carrying Lateral Loads. More General Cases. — Let (i) 
Fig. 156 represent a portal, acted on by a force F at C, and a uniformly 



distributed load w per unit of length on the column AC. It will be 
assumed that all the joints are pin joints, including those at A and B. 
Suppose the columns AC and BD to be of different heights h x and A 2 , 
and that their respective moments of inertia be I x and I 2 . Let the 
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vertical reactions at A and B be R, anH R t. . 

5i»», r ^ ctivelr - Then ' — ‘ t? — - “uTb?” 

■®x = ; P + wh x = Pj -}- 1 8 

and, taking moments about A, 
wh, 2 

' ~ P*(^i ~ A 2 ) — R 2 5 = 0 . 


(1) 


FA 1 + 


(2) 


...'=r*fr=cs:rsfe-^- 

from the straight line DH will he «_ _ - c) 2 „ _ 

3EI • To find the 

deflection of A from the straight Hda m ;+ • „ 2 . 

force, acting on AC into two groups „ Anm ,7^ 

the above, the deflection of A due to the force l’ (ffi^ 

b6 ' »*' “ ■' Mil, — ' I’tom eq. (10), 1 66, Vol. X, the deflection of A 

due to the uniform load, (iv), -will be y. " = wh i( h i ~ c) , 

yA 24EL — ~ 5 ^i c + c 2 }. 

The actual deflect-' on of A will be the difference between y / and « - 

y, = y.'-y A " = F ^~^ "MAx-0 

y y y 3EI; 24EI (3V-5A lC +c 2 } 


_ A 1 (A 1 — c) 
3EI 


~ c ) ~ f{3V - 5A lC + c 2 }J 


But since the panel CDHG remains rigid, the deflection of the two points 
A and B, found as above, must be the same, for it is the actual movement 
of the portal ; in other words, y A = y Bl whence 

' £Fi(Ai — c) — w{3A x a — 5 h x c + c 2 }"l = ~ c ) a 

__ 1 J 3EI 2 

From eq. (1), F 2 = F + wh x - F x ; hence 


Fi-jl + 


I 2 h\(hi 


J) 2 ' 

cj 2 


^1 ^2(^2 

, (3) 

IVoni eq. (3) the value of F, can be found, F 2 is obtained from eq (1) 
and Ri and R 2 from eq. (2). AH the external forces on the frame are 
thus discovered, and the stresses in all the members can be found as in 
previous cases. The shearing-force and bending-moment diagrams for 

(ih) Ftel45 A ° ^ aS Sh0Wn ^ (V) ^ (Vi) ’ th ° Se f ° r BD ^ R ™ iW to 
Particular Cases. — If w — 0, from eq. (3), 

F . = J Ii^afAj. - c) 2 )_ _ 

(IiA 2 (A 2 — c ) 2 + — c) 2 j ’ 
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and from eq. (1), ^ 1^ - c ) 2 

If h x — A 2 = h, and I x = I 2 , from eq. (3) 


cfj 


F. 


U) 

2F t = F + wh + g - ^ -~ ~ ~j {3^ 8 — 57j,c -f c 2 }, 
and „ F w (11 h* - Uhc + c 2 ) 

Fl= 2 + l6( h=~c p 

hence from eq. (1) 

F w [oh 2 - 3 he - c 2 ' 

Jp - r= — -j~ 

2 2 16 h-c 


Direction-fixed Feet . — If 
the feet A and B of the 
portal be direction-fixed, 
it may be assumed as a 
rough approximation that 
the points of inflexion J 
and K occur midway be- 
tween A and G and B and 
H (see § 100 and Fig. 148) ; 
which points may be re- 
garded as the feet of the 
portal, and the above equa- 
tions may be applied. This 
assumption ignores the fact 
that the lateral deflection 
of the parts JA and KB of 
the columns will not, in 
general, be equal. A more 
correct solution may be ob- 
tained as follows : From 
eqs. (6) and (3), § 52, Vol. 
I, and eq. (9), §55, Vol. I, 
considering (i) Fig. 157, 



Vc 


( 4 ) 


. V A£ _ (Ei _ W , 

' 8EI X 3EI 1 + 6EI7 ( l + c > 

Using eq. (5), § 52, Vol. I, 

c) 2 (3fe 1 2 + 2fe 1 c+ c 2 ) F 3 — F ,,, 

Va ~ 24EI X ' "6EI~ (Al ~ C) ( 2 ^+°)+— 3 ej- ( 5 ) 

Considering (ii) Fig. 157, 


V d 


_ ^2 3 ; f 6 (A 2 — c) 2 , 

3EI 2 + 6EI, (2/l2 + c) 


( 6 ) 




( 7 ) 
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If, as assumed in § 100, the rectangle CDHG remain rigid in shape, 
y c — y G = yv = = A, the sideways deflection of the portal. 

Equate yc to yc, 

™ 4(F 3 - F)(3V - c 2 ) - HK4AJ* - c 3 ) 

*4 — 


Equate yi> to ys> 


I2(h x - c) a 


Tjl _ -Cl 

6 ^stv-c)* 


Equate 3/0 to i/ D , and use eqs. (8) and (9), 

I 2 (3A 4 + c)(h x — c) w? I 2 ( /i-! 3 — 3A t 2 c — 3/^c 2 — c 3 )(fe x — c) 


( 8 ) 


( 9 ) 


( 10 ) 


t? _/■ p . .•pr a v 1 ,v 1 : — z—z: zjjz 

s ' 3 I 4 (3A 2 + c)(ft 2 — ®) 4c Ij (3/i 2 + c)(A 2 c) 

Also from (iii) Fig. 154, 

F 3 -F 4 + F 5 -F 6 =0 . . . .(11) 

From the four equations (8), (9), (10), and (11); the four unknowns 

F F 4 , F 5 , and F 6 can be found. It is simplest to substitute numbers 

before solving. From (i) and (ii) Fig. 157, 

M a « ^ - (F, - V)hx + **(*i - c) . . (12) 

M B = - F 5 /t 2 + F 6 (/t 2 - c) . . . .(13) 

• (14) 


F 4 = wAj + F — F 3 + F 4 ; F 2 — F 6 +F 6 


Taking moments of the external forces about A, 

R. - - f 


R x 


b + fa x - f# 4 - K) 


(M a + M b ) 


• (15) 


Knowing F 3 . . . F 6 , and the reactions R x , R 2 , the forces in the bars of 
the framework CDHG can be found, (iv) Fig. 157 ; the bending-moment 
and shearing-force diagrams for the columns AC and BD can also be set 
out. 

Worked Example . — In the portal shown in Kg. 157 let Ti 1 — h 2 
= 25 ft., c = 7 ft. 6 in., 6 = 17 ft. 6 in., and I 4 = I 2 . Let F = 20 tons, 
and wh-y = 10 tons. To find the values of F 3 , F 4 , F s and F 6 ; F 4 ,F 2 , 
R, and R,. 

From eq. (8), 588F 4 = 1164F 3 — 27,253 ; 

from eq. (9), 49F 6 = 97F 6 ; 

from eq. (10), 396F 5 = 396 F 3 8,117 ; 

F 9 


from eq. (11), F 3 — F 4 + F s 


F. = 0. 


Eliminate F 4 , F s , and F„ from the last equation, 

F 3 = 39,060 4- 1152 = 33-9 tons ; F 4 = 12,207 - 588 = 20-76 tons ; 

F 5 = 33-9 - 8,117 4- 396 = 13-41 tons ; F 6 = 97 x 13-41 4- 49 
5 = 26-55 tons. 

From eq. (14), 

F, = 10+ 20 - 33-9 + 20-76 = 16-86 tons ; F 2 = - 13-41 + 26-55 

= 13-14 tons. 
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Erom eqs. (12) and (13), 

M A = 10 x 25/2 - 13-9 x 25 + 20-76 x 17$ = 140-8 ft.-tons. 
M B = - 13-41 x 25 + 26-55 x 17$ = 129-38 ft.-tons. 

Erom eq. (15), 

R x = R 2 = — L{10 x 25/2 + 20 x 25 - (140-8 + 129-38)} = 20-28 tons. 


FRAMEWORK WITH STIFF JOINTS 
Slope-Deflection Methods 

105. Stiff Framework. — There are many practical structures which 
depend for stability entirely on the stiffness of their joints : a common 
case is that of the ordinary bicycle ; 
and Vierendeel has shown that it is 
possible, and even economical, to con- 
struct open-web girders of large span 
with no diagonals, the safety of the frame 
depending solely on the stiffness of its 
joints (§ 249). 

It is usual, in calculating the stresses 
in such frames, to assume that the joints 
are perfectly rigid, and to neglect the 
deformations due to the longitudinal 
loads in the members. The results ob- 
tained are approximate only, and are not 
applicable unless the joints in the frame- 
work possess considerable rigidity. Some 
typical examples are given below. 

Method of Attack . — One of the simplest 
methods of treating a stiff framework 
is to apply the theorems given in § 55, 

Vol. I. It was there shown that if AB, 

(i) Fig. 158, be a uniform beam subjected 
to a bending moment M A at A, and M B 
at B, (ii) Fig. 158, the deflection of the 
beam at the point A, below the tangent 

at B, is equal to ™ x (moment of the 

hii 



area of the bending moment diagram about A) . 
1 (M A L 


That is to say, 


A'A = 


El 


L , M b L 2L 

x r + -2 x ~3 


L 2 


6EI 


,{M A +2M B } 


( 1 ) 


B'B 


6 ^{2M a + M b } 


( 2 ) 


and similarly, 
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Then cr A , the slope of the beam at A, is 

and cr B , the slope at B, is 


CTa AB 6EI^ 2Ma + Mb ^ 
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• (3) 


A' A L 

o-s = + = + 0gj{M A + 2 Mb} . (4) 

As indicated, cr A must be regarded as a negative slope, to agree with the 
convention regarding signs, Fig. 80, Vol. I, viz. that a distance measured 
to the right is positive, and a downward deflection is positive. From 
eqs. (3) and (4), 

2EI .. . ,, 2EI 

M a = jj- (2 ct a + <r B ) ; M b = + -jj- (<r A + 2 ct b ) . (5) 
These equations can also be obtained from first principles thus: 


At a distance x from A the bending moment is 
Hence, 


M A + — ^ 




EX. | 

-ext Tv/r , M b — M a x 8 _, T 

El • V = M A . g- + g— - . g + El . a A x 


when x = L, y = 0, hence a A = - ^{2M A + M B } 


when x = L, ~ = a B , hence cr B = + 


g M (m A + 


The above results are equally true when, as in (iii) and (iv) Fig. 158, 
M A is negative and M B positive. There is then a point of inflexion at J. 
The particular case when c r A is zero, i.e. when the beam is direction-fixed 
at A, is important. From eq. (3), if cr A = 0, 




i.e. M a is one-half the magnitude of M B and opposite in sign. The point 
of inflexion then lies at a distance L /3 from A. If M A = 0, i.e. if the beam 
be merely supported at A, 


A'A 


M B L 2 ^ M b IA __ __ M b L M b L 

3EI • aiS ~ 6EI ’ CTa 6EI ’ aB + 3EI 


(7) 


If, in addition to the moments M A and M B , external loads act on the 
beam between A and B producing bending moments represented by the 
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diagram a'e'i', (v) Fig. 158, of which the area is a and the centre of area 
lies at a distanoe x from A ; then, using the same theorems as before, 


2M b } + g ; B'B = gg{2M A + M b } ■ 


a(L— x) 
El 




(9) and (10) 


If the nature of the load be such that 
the bending moment produced is every- 
where negative, i.e. opposite in sign to 
M a and M b in (i), the area a must be given 
a negative sign. 

The above formulae hold while the 
supports A and B remain at the same level. 
Suppose that, as shown at (i) Fig. 159, the 
support B sink to a point A below A. Let 
W, acting at a distance z from A, be the 
resultant downward load on AB ; let M A 
and M b be the support moments at A and 
B respectively. Taking moments about B, 
M a -f W(L — z) = R X L + M b 
whence, 

Ri = ^{(M A - M B ) + W(L- 2 )} . (II) 
Similarly, taking moments about A, 

R 2 = 1{(M b - M a ) + W 2} . (12) 



Fig. 159 . 


The deflection of the beam at A, below the, tangent at B, is 
A'A 

Conceive the beam as a cantilever projecting from B, carrying the load W, 
and acted on at A by an upward load and a bending moment M A . 
Let a'b'd'c', (ii) Fig. 159, be the bending-moment diagram for the down- 
ward load on AB ; area = a ± ; distance of centre of area from A — x t ; 
moment of area about A «= The bending-moment diagram for 

the load R x is the triangle 1 ' 9 (iii), where = - R X L. The 

area of this triangle is — R x L 2 /2 j distance of centre of area from 

A ~ 2L/3 ; moment of area about A = — ^ == — R x L a /3. 

Jd o 

The bending-moment diagram for the moment M A is the rectangle aV, 
(iv) Fig. 156 ; area M A L ; distance of centre area from A — L/2 ; moment 
of area about A = M A L x L/2 - M A L 2 /2. Then, from eq. (13), 


1 j moment of the area of the bending- 
El{ moment diagram about A 




FRAMEWORK WITH STIFF JOINTS 


233 


Inserting the value of Rj from eq. (11), 


« 1*1 - - M b ) + W(L - z)} + 




(L - 2) - a x x} { J 


WL 2 

But ~(L 


z) = JW(L — z)~\ — , which is the moment of the area of 
( 2) 3 


the triangle a'5'd' in (ii) about A, for b'd' = W(L — z). Hence 
(WL- ) 

. _ — (L — z) — a'jXtf is the difference between the moment of the area 

3 ) 

of the triangle a' b'd' and the moment of the area a'b'd'c' , both about A. 
In other words, it is the moment of the shaded area a'd ' in (ii) about A. 
But this shaded area is the bending-moment diagram for the downward 
load on AB, considering AB as a beam merely supported at the ends. 
Denoting this shaded area by — a , and the distance of its centre of area 
from A by x, eq. (14) becomes 

A ' A = 5m< M » + 2M »> + m -m 

identical with A'A in eq. (8). 

Similarly, it may be shown that 

B'B = ^j{2M a + M b } + . (16) 

In eqs. (15) and (16) the area a, if due to a downward load, is to be 
regarded as essentially negative. 

From Fig. 159, B'B = B'B X + B X B = a A L 4- A ; and, 

- < B ' B -W-- [>* + + “eiT’’ - e] • < 17 > 

The negative sign denotes that <r A is an upward slope from left to 
right. 

Also, A'A = A'A X — AA X = cr B L — A 

r L ctx Al 

aB = + L6 EI {Ma + 2Mb} + ML + Lj ‘ • (18) 


:]• • 


If A = 0, eqs. (17) and (18) reduce 

to eqs. (9) and (10). If, also, a = 0, L > 

they reduce to eqs. (3) and (4). y j C n 

Signs . — Unless otherwise specified, v 
the conventions as to signs, used in ^ + [)' 

Vol. I, will be followed here. A moment (i) 
tending to make the beam convex 
upward will be regarded as positive, Fig xeo. v 

(i) Fig. 160. Distances measured to 

the right, and downward deflections, will also be regarded as posi- 
tive. Thus, in (ii) Fig. 160, CD X is a positive direction, and D X D' is 
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positive. CA-, is a negative direction and A-jA' is negative. Hence, 
D D' A A' 

cro = ~ tsV" a P os ^ ve slope l = +crcL ; AjA' = — cr c L. 

CPj vAj 

D'D and A'A are both deflections below the tangent at C and therefore 
positive : 

D X D = DJD' + D'D = + acL + D'D . . . (19) 

A X A = A X A' + A'A = — acL + A 7 A . . . (20) 

These equations hold equally well for the case shown in Fig. 161, 




Fig. 161. 


Fig. 162. 


where o*c is a positive slope as in Fig. 160, but D'D and A'A are deflections 
above the tangent, and therefore negative. 

In Fig. 162, CD X is positive ; D X D' is upward and therefore negative ; 
CA X is negative ; A X A' is downward and positive. Hence, 

go = a negative slope ; and therefore, 

OJLJ x OA x 

D X D' = -f- opL j A x A' = — crcL. 

D'D and A'A are both deflections below the tangent and therefore posi- 
tive; hence, 

D X D = D X D' + D'D = + <r c L + D'D ; 

A X A = A-jA' + A'A = - a c L + A'A ; 

equations identical with eqs. (19) and (20). 

In Fig. 163, the slope <j g is negative as in Fig. 162, but D'D and A'A 
are deflections above the tangent and 
therefore negative; eqs. (19) and (20) 

hold as before. D* 

Particular Cases . — Suppose that in A,. , q 

(u) Kg. 160, or in Kg. 163, A and A x A " ‘ 

coincide, so that A X A = 0, and eq. (20) fi! ' 

becomes 0 = A,A' + A'A = - o c L + 

A'A. Then Fla 163 ‘ 


A X A' = - A'A ; and o- 0 L A X A' = A'A . . (21) 

Similarly, if in Kg. 161 or in Kg. 162, D and Dj coincide, D X D = 0 
and eq. (19) becomes 0 = D X D' + D'D = + t 7 0 L + D'D. Then 

D X D' = - D'D ; and a c L = + D X D' D'D 


.( 22 ) 



FBAMEWORK WITH STIFF JOINTS 


235 


Slope-Deflection Equations . — If the values of M A and M B 
from eqs. (17) and (18), 


M a =- 
M b = + 


f2EI 

L L 

F2EI f n 3A) 2a 

LTT'^+^-Tf-L 


O 3A) 2a f 

2a A + a B - -jjj- + ^-j2 


(3# 

L 



be found 


- (23) 
. (24) 


These expressions are known as the slope-deflection equations, given 
here in their general form. The last term in each will be recognised as 
the values of M x and M 2 in eq. (4), § 60, Yol. I, since cr A , cr B and A are 
there all zero. When the bending moment due to the external loads 
acting on the member is negative, a is to be given a minus sign. 

In certain cases, particularly where the framework consists of the 
combination of a large number of vertical and horizontal members, it is 
more convenient to adopt the following conventions as to signs ; 


A clockwise external bending moment is called positive. 

A clockwise change of slope in an end tangent is called positive. 

A deflection measured away from the base line in the same direction 
as a positive. slope is called positive. 

If these conventions be applied to Fig. 159, it will be seen that M A 
must be regarded as a negative moment and its sign changed throughout, 
otherwise the analysis still holds, hence eqs. (23) and (24) become 


M ab 


2EI ( 3A) 

i2o* a + cr B j-j - 


M ba 


Tr 

_ 2EI ( 


°a + 


3A) 

Lj 


2a (3d? 

l(l ~ 


• (25) 

• (26) 


where Ma& = — M A and M ba = M B . The first suffix denotes the node 
point, the second determines the particular member. 

These equations must be applied in turn to each member of the frame- 
work. A number of equations is thus obtained, and these, treated as 
simultaneous, give the values of the unknown support moments. When 
the number of members is large, these values must be determined to 
many significant figures, otherwise incorrect results are obtained. 
Applications will be found in §§ 109 and 113. 

Note. — Whenever this second series of conventions is employed, 
double suffixes will be used to designate the moments. When a single 
capital letter suffix is used, it denotes that the ordinary conventions as to 
sign, Fig. 80, Yol. I, are implied. 

106. Stiff Portal Carrying a Vertical Load. Hinged Feet. — -As a 
simple example of the application of the theorems of the preceding article 
to a stiff framework, consider the portal ACDB shown in Fig. 164, with 
stiff joints at C and D and hinged feet A and B. Suppose the top member 
CD to be symmetrically loaded with a vertical load as shown. It will 
be assumed that the two columns AC and BD are of equal length and 
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have the same moment of inertia I v and that the moment of inertia of 
CD is I 2 . Under this loading the frame will distort into the shape shown 
dotted in (i) ; for since the joints at C and D are rigid, the members CA 
and DB will tend to spread outwards as CD deflects. This will be resisted 
by the hinged joints A and B, and horizontal reactions F x and F 2 , of equal 
magnitude, will be called into play. The vertical reactions R> x and R 2 
will be unaffected by the rigidity of the joints at C and D. 

For the purpose of analysing the conditions thus set up, it is com 
venient to open out the frame as shown at (ii) Fig. 164, by rotating each 
of the legs CA and DB through a right angle. Since the angles at C and D 



are right angles, both before and after distortion, the four points ACDB 
will open out into the straight line AB in (ii) , and the deflection curve in (ii) 
will be a continuous curve. It is then evident that ACDB is a continuous 
girder ; and the bending-moment diagram will be as shown at (iii), g'n'hf 
being the negative diagram due to the applied load, and a'c'd'b' the 
positive diagram due to the horizontal reactions F x and F 2 ; a'c'd'V is 
the base line. Since the feet A and B are hinged, the bending moment 
at these points will be zero ; at C the bending moment is Me = F x ? x = 
F^ = Mb. The magnitude of F 1? and hence the bending moment every- 
where, can be found by the methods of § 105. 

Let A'CD', (ii), represent the slope over the support C. Then A' A is 
the deflection of the beam at A, below the tangent at C, and is equal to 
the moment of the area of the bending-moment diagram a'c'g' about a' ; 
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Me*! 2 


n . A'A 
ClSffc= AC 


from eq. (7), § 105, A'A = and hence the slope of the tangent at 

Mc?i F-.L 2 • nr 7 rm . 

) since Me ~ F This span, AO, is an 

example of the Particular Case given on p. 234, and the value of a c used 
above follows from eq. (21), § 105. Again, considering span CD, <j c is 
also equal to — D'D/CD, see eq. (22). D'D is the deflection of the beam 
at D above the tangent at C, and is therefore negative ; hence cr c is a 
positive slope, as shown. From eq. (8), § 105, 

{elT, (2Mo + Md) + A, 


D'D 


SFjW,* al, L 

+ 2EI, “ 2Efj FlZlZa + 4- 


6EI, 


where — a is the area of the negative bending-moment diagram g'n'h', 
x = Zjj/2, and Me = M© = F The slope of the tangent at C is, therefore, 
D'D 1 

Til) ” ~~ 2ET^ Fi ^^ + a ^ m ® ( l ua ^ n s this to the value of cr c 
¥ l 2 1 

3ET x = ~ 2El^ + 4 > from whicl1 


crc 


previously obtained, a c 


F x = — 7 f-jj . Knowing the value of F v the bending-moment 

! 4 + »i5( 

diagram can be drawn, and the stresses due to bending in all the members 
can be determined. These must be combined with the stresses due to 
the longitudinal loads J& 1 and R 2 in the members AC and BD, and with 
those due to the longitudinal load F x = F 2 in CD. 

Particular Cases . — If the load on CD be a uniform load of w per unit 
of length, the negative bending-moment diagram is a parabola, maximum 
ordinate — iwl 2 2 , and area a = — ^wl 2 z - In this case, 




wl 2 

12?i jl + f 


i H 
IA) 


= R 



For a single concentrated load W at the centre of CD, the bending- 
moment diagram is a triangle, maximum ordinate — £W7 2 , and area 
— %Wl 9 2 ; whence. 



Ri = R 



The bending-moment diagram (iii) could very conveniently have been 
obtained by the method of characteristic points, and the value of F x 
obtained from Me (see § 108). 

107. Stiff Portal Carrying a Vertical Load. Direction-fixed Feet. — 
If the feet A and B of the portal of the previous article be direction-fixed 
instead of hinged, (i) Fig. 165, the deflection curve will take the shape 
shown in (i) and (ii) Fig. 165, and the slope at A and B will be zero. The 
bending-moment diagram is shown at (iii) ; there will be a negative 
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bending moment M A = Mb at A and B respectively, and the bending 
moment at C is 

Mo = M a + F l l 1 = Mb H- F 2 £ x — Md . . (1) 

Since the slope at A is zero, it follows from eq. (6), § 105, that M A = 
— |Mc, and that the point of inflexion in AC is from A. From 
eqs. (21) and (4), § 105, the slope o*c is 

crc = ^= ^{Ma + 2M C } = ^ ; since M A = - pi c . If 


now the span CD be considered, from eqs. (22) and (9), § 105, the slope 
crc is 



Fig. 165. 


where — a is the area of the negative bending-moment diagram g'n'h ', 
and M c = Md. Equating the two expressions for crt, 

Gc ~ iEIj = ~ 2K4 lMc?2 + ’ 

whence, 
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From eq. ( 1 ), M c = M A + F t ^ = — t - c + F^ ; whence, 

T, 3M C 3 a 

ll + *T" ,3) 

12 ( + *!& 

Particular Cases. — If the load on CD be a uniform load of toper unit of 
length, the area of the negative bending-moment diagram is — ^wl 2 3 , and 

Mo = M d = --—- 22 - r , ; M a = Mb = - - 

m+ ItT 24]1+ A 


. T> _ -p _ 

( T 7 > i*! — ~ "S" * 


Fj. = F 2 = 


For a single concentrated load W at the centre of CD, a = — £W7 2 2 , 
and, 

Tl/T T IT WZ 2 , T -j. «. WL 

M 0 = Mb — Vr M a = M b = — - 7 — ! TTT* 

8 t‘+ig‘ 


■^1 — ^2 ~ 


1«J1+ l- 


, Rx = R 2 = 


108. Stiff Portals. Application of Characteristic Points. — When, as 
in the two preceding sections, the portal and the load system are both 
symmetrical about a vertical centre line, the method of characteristic 
points furnishes a neat solution. Consider three contiguous spans of a 
continuous beam, AC, CD, DB, (i) Fig. 166, of which CD alone is loaded. 
Both the beam and the load system are symmetrical about the centre of 
CD. If the value of I for the spans AC and DB is different from that 
for span CD, the length scale for AC and DB must be adjusted as ex- 
plained in § 78, Vol. I.* In the first instance, suppose that the beam is 
merely supported at A and B. Since the spans AC and DB are unloaded, 
the characteristic point r 2 will coincide with p 2 , and r 5 will coincide with 
p 6 , (ii). Then, if a'c'd'b' is the base line, and Me = Mp are the support 
moments at C and D ; from the geometry of the figure 

P 3 r 3 = c'g' + r 3 q 3 = c'g' + r 2 q 2 . y = c'g' + \c’g ' . ^ 

Hence, 

oj 

Mo = c'g' = 2li + ’ 3 ^ p z r 3 = M D 

where p 3 r 3 is the height of the characteristic point for the span CD. To 
determine Me = Mp, all that is necessary is to draw a horizontal line 


* If the span CD be plotted to a scale l” = a inches of span, AC and DB must 
be plotted to a scale 1* = inches of span. 
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Tjjk, making jk = ? x / 3 (k lies on the vertical through p 5 ), join k to 0, 
the centre point of g'h', cutting h'j in d' ; then a'c'd'b' is the required 
base line, and M 0 = M D = c'g' = d'h\ If the ends A and B of the beam 
are fixed in direction, (iii), the same construction holds, but jk = ^/4 ; 
also the base line a'c'd'b' passes through the characteristic points r v r 6 , 





Fig. 166. 


next to the fixed ends, as shown in (iv) Fig. 166. It is not correct, on 
the ground that r 1 and r 6 are points of inflexion, to treat / p- L g' and pji' 
as spans merely supported at p x and p 6 , because the deflection at p x 
and p 6 is not zero. 

The application to stiff portals is shown in (v) and (vi) Fig. 166. 
In (v), the feet A and B of the portal are hinged, and when opened out 
the system is represented by (i). In (vi) the feet are fixed in direction, 
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and when opened out the system is represented by (iii). Provided that 
the portals and the loading thereon are symmetrically arranged, this is 
the quickest method of dealing with such cases. 

If it be preferred to set out AC, CD, and DB, all to the same scale, 
make jk = Z X I 2 /3I X and Z X I [ 2 /4I x in (v) and (vi) respectively. 

109. Stiff Portal carrying a Vertical Load. More General Case.— 
If the load on CD be unsymmetrical, or if the legs AC and BD be of 
unequal length or of unequal stiffness, the above theory will not apply. 
In any of these circumstances, the slope over the support C will be different 



from the slope over the support D ; and, in order to attain a position 
of equilibrium, the portal must deflect sideways as shown in Fig. 167. 
Otherwise the horizontal force F x would be different from the force F 2 , 
which cannot be the case unless an external horizontal force is applied 
to the frame. The behaviour of a simple model will make this point clear. 

Case (1). — In the first instance, suppose the feet A and B of the portal 
to be hinged. The distorted shape of the frame is shown dotted at 

(i) Fig. 167. If the frame be opened out, so that the verticals through 
C x and D x come into line with C X D X , the deflection curve AC X D X B, 

(ii) Fig. 167, is obtained; (iii) is the corresponding bending-moment 
diagram. The difference between these diagrams and (ii) and (iii) of 
Fig. 164 will be evident. Let the lengths of AC, CD, and DB, (i) Fig. 167, 
be l v Z 2 , and Z 3 ; and their respective moments of inertia be I x , I 2 , and I 3 . 
From the general conditions of equilibrium the following relations hold : 
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F x «= F 2 ; R x + R 2 = W, the total vertical load. These vertical 
reactions are increased and diminished by an amount R', found by 
taking moments about the foot B, E 1 (^ 1 — 1 3 ) = R'Z 2 ; so that the total 
vertical reactions at A and B are (R x + R') and (R 2 — R') respectively. 
The bending moment at C is 

Me = F^Z-^, and at D is Md = F 2 Z 2 — FjZ 2 * . (1) 

Consider the span (ii) Fig. 167. From eq. (20), § 105, 

A X A = AjA' -j- A' A = — ac^i H - A' A 
But A X A = A, the sideways deflection of the portal ; and from eq. (7), 
§ 105, A'A, the deflection of the beam at A below the tangent at is 
Mc? 1 2 /3EI i i hence, M^Z 2 

A =-<^i+3e£ (2) 

From eq. (22), § 105, considering the span CJD V a c = — D'DJl^. 
D'D X is the deflection of the beam at D x above the tangent at C t , which 
from eq. (8), § 105, is 

D ' D >- 6B; (3Mo + M » ) + “ (! E7, i>l 


where — a is the area of the negative bending- moment diagram g'n'h 
and x is the distance of its centre of area from g' . Then 


<?c = 


D'Di 

l. 


(2Mc + Md) + 


From eqs. (2), (3), and (1), 
l 


a{l 2 — x) } 

El A f 


(3) 


A = i. 


6EI, 


(2M C + M d ) + 


a (l 2 — x) | t M C Z X : 

3ElT 


?ih 3 




e y 2 


+ 


3EIj 1 6EI 2 


(2 li + h) + 


n(Z 2 

ei 2 z 2 


(4) 


Next consider the span DjB x . From eq. (19), § 105, 

B X B = BjB' + B'B = + ctd 1 3 + B'B. 

Here, B X B = — A, measured upward ; and from eq. (7), § 105, B'B, the 
deflection of the beam at B below the tangent at D 1( is MdZ 3 2 /3EI 3 . Hence, 

- A = a D l 3 + M D Z 3 2 /3EI 3 . . . (5) 

Again, considering the span C^Dj, from eq. (21), § 105, on = C , C 1 /Z 2 , 
where C'Cj is the deflection of the beam at C x above the tangent at ; 
hence, using eq. (10), § 105, 


on 


C'Cj 

h 


l 


= j~- (Mo + 2M d ) + 


From eqs. (5), (6), and (1), 

l 


ax 

eiJ 2 


( 6 ) 


-h 


"2 
6EI, 


(Mo + 2 Md) + 


F^j 

3EL 6EI, 


ea s 


ax 
El ~l 




M d Z 3 2 

3EI. 


(h + 2Z 3 ) 


axl 3 

ElJs 


(?) 
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From eqs. (4) and (7), 

3 a{lyl 2 - x{l x - g}I 1 I 3 

1 : WA 3 + IAW + hk + VT+ IiIA 3 } (8) 

Knowing F x , the bending moments everywhere, the longitudinal 
forces in the members, and the stresses everywhere can he found. The 
value of A is obtained from eq. (4) or eq. (7). 

In cases where the vertical legs are of the same length and cross- 
section, l 1 ~= l z and I x = I 3 ; eq. (8) then becomes 


F 1 = - 


!+t ft 

x r2 


the same expression as was obtained in § 106 for a symmetrical load. 
Putting this value in eq. (4) for A, 

al x 2x — Z 2 al x ( x 

a = ~ev 2h 

which is evidently zero for a symmetrical load, when x = \l 2 . It is to be 
remembered that, for a downward load on CD, a is a negative area. 

Slope-Deflection Method. — The above results can also be obtained 
from the slope-deflection equations (23) and (24), § 105. Consider span 
AC, (ii) Fig. 167 ; the foot A is hinged, therefore M A = 0. The span is 
unloaded, therefore a = 0 ; taking origin at A and comparing the span 
with AB, Fig. 159, it is evident that A is an upward deflection and 
therefore negative. Inserting these values in eqs. (23) and (24), § 105, 

r 2 EI 1 f rt 3A)1 ™ r 2EI n ^ 3A) “1 

0 = “ |_T~ t 2orA+ <ro+ ~dJ ; Mc==+ LTT A+2ffc+ ~dJ-' 

Treating the loaded span CD in a similar way, C and D remaining at the 
same level, and A = 0, 


fo - + [ s 


- 2 {2o- c + ctd} + 

■ 2 {ffC + 2(31)} — 


2a I3x 


) — I 

-}] 


Similarly, for the unloaded span DB, where A is again upward and 
negative, 

r2ELf 3AH r2EI 3 f o 3A )1 

Mi = ~ hr r® + aB + T 3 j] : 0 = + hrp + 2(78 + J 

From the first pair of equations, 

A = - • • • ■ w 

From the second pair of equations, 

ac = - 0r a (2Mc + Md) + %xrl ’ * (3) 

°* == + leM: (Mo + 2Md) + MX | • • ’ (6) 
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Erom the third pair of equations, 

A = — 01)1$ — 


M D Z 3 a 

3EU 


( 5 ) 


as previously obtained. The solution follows as before. 

It is evident from the above that had the value of A been assumed 
positive, the values of the moments and slopes would not have been 
affected. 

Case (2). — If the feet of the portal are direction-fixed at A and B, 
Fig. 168, the deflection curve when opened out will be as shown at (ii) 



Fig. 168 ; the corresponding bending-moment diagram is shown at (iii), 
where M A and M B appear as negative bending moments to agree with the 
deflection curve (ii). Actually, their sign will depend on the arrange- 
ment of the frame and its load. In the working which follows, therefore, 
the sign of M A and M B will be taken as positive, as shown in (i) Fig. 168. 
If, from the resulting expressions, their magnitude is found to be negative, 
the deflection curve and bending-moment diagram will be as shown in 
(ii) and (iii) Fig. 168, otherwise these figures must be corrected to suit. 

As in the previous case, F x = F 2 ; and R x + R 2 = W, the total load. 
Taking moments about B, F^ - l z ) + M A — M B = R'Z 2 , where the total 
vertical reactions at A and B are (R x + R') and (R 2 - R') respectively. 
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From (ii), CTC,, the deflection of the beam at C x above the tangent 
at A, is — A ; from eq. (2), § 105, 


h 2 


C" Cl = ^j-(2M a + M c ) = - A 


( 9 ) 


From eq. (20), § 105, considering the span A^, A X A = — cr a h + A' A, 


where A X A = A, and, from eq. (1), § 105, A' A = 
Hence, 

l 2 

A = — crc^i + gj|j (M a + 2Mc) 


f, 2 


-(M a 


6EI,'~ a 


Considering the span C^D^ as in Case 1, eq. (3), 

DTq l 

h 


<xc = 


(6EI (2M ° + Md) + EI 2 / 2 


2M 0 ). 

• ( 10 ) 

• ( 11 ) 


where — a is the area of the negative bending-moment diagram g'n'h', 
and x is the distance of its centre of area from g'. Inserting the value of 
<jo from eq. (11) in eq. (10), 


= l1 


u 


A Zj j.6EI 2 (2M ° + Md) + EI 2 Z 2 


a(l 2 #)) Z x 2 


+ 6 ^( M a + 2M C ) . (12) 


From eq. (19), § 105, considering span T> X B V B X B = a D £j 4 * B'B ; 


where B X B = — A, and from eq. (2), § 105, B'B =- — |=-(2M D -f M B ); 


hence, 


6EI a 
l 2 

A = avis + v — o + M b ) 


(13) 


Again, considering the span C JD V as in Case 1, eq. (6), 


crj> 


C'C X fj 2 


ax | 


h 


(6EI 2 (Mc + 2Md) + El aZ,) 


Inserting this value in eq. (13), 

' h 

1 (6EI 2 


ax 


ls i«WT (Me + 2Mn) -t- EI ^ j 


7 2 


6EI. 


(2M D + M b ) . (14) 


From eq. (1), § 105, D"D l3 the deflection of the beam at below the 
tangent at B is 


1 2 


D "D ± = ^|-(Md + 2M b ) = A 


. ( 15 ) 


Neglecting any bending moment produced by the vertical reactions 
Ri and R 2 in AC and BD, resulting from the deflection A, 

Mq == B 1 l 1 +M a j Md = F 2 Z 3 -f* Mb = F -f- Mb? 

M c -M a Md — M b * 

= jj 2 = 


h 


k 


. (16) 
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Collecting equations (9), (12), (14), (15) and (16), 

a= " 61!; (2Ma+Mo) (9) 

+ m ° ) + + M,,) + itcrr ■ (I2) 

_ l >',sr, IUc + 2Mb) + 117 ] - m, {m ° + Mb) • (14 > 

- ^-(Md + 2M b ) (15) 

Mc-M a M d — M b 

_ (16) 

From these five equations the five unknowns M A , M B , M c , M D> and A 
can be found ; F x follows from eq. (16) 

« mh - k) + M a - Mb}/Z 2 . . . (17) 

whence the total reactions at A and B can be found. 

Particular Case . — Let Z 3 — h> I 3 = I 1? then 


6EA L 

r (2M A +M 0 ). (9a) 

h 1 i 

= f(M A + 2M C ) + -|^(2M C + M d ) + ( 12a) 

X 1 i 1 2 X 2^2 

l g \ 7 

” — 'f(Mc + 2 Md) -f yt \ ~ f^(2Mc + Mb) . (14a) 

l A 2 X Z L V A 1 

L 

=^(Mi> + 2M b ) (15a) 


M c - M a = M d - M b ; R' = (M A - M B )/Z 2 - 

(16a and 17 a) fK 

Equate (9 a) to (15 a) and use (16 a), /I I | IK 

2M d + Mb = - 3M a ; 0*896/ 4 ^ tan K 0*818 

m..- mb+ 3 2m », ypka k 

Equate (12 a) to (14 a) and eliminate M b and Md, ^ , jl 2 ^ ^ 
(M a - M c )( 2I 1 Z 2 + = 3al x . . (18) | ' 12 "*« 

Equate (9 a) to (14 a) and eliminate M B and Md, t ® 

M a (8I^ 2 + 151^) - M c (5I 1 Z 2 - 3I 2 Zj) ’ -It 

- lSaljX/l^ = 0 . (19) , 

From eqs. (18) and (19) M A and M c can be A l 0 ' 389 0 

found, and hence aJ* the other unknowns. ^ 

^ ^8* 169, 1 2 = 2I X ' a = — 36 ft. 2 /tons ; Fio. 16 

* = 8 R- ; from eqs. (18) and (19), 

7(M A - Mo) = - 9 ; 48M A + 3M C = - 16 ; M A = - 0-389 ; 

M B = - 0-467 ; M c = + 0-896 ; M D = + 0-818 ft./tons. 


Fig. 169. 
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110. Stiff Portal carrying a Single Lateral Load .— Case (1). Hinged 
Feet . — Let ACDB, (i) Fig. 170, be a stiff portal subjected to a lateral 
load F at C. The joints at C and D are rigid, and the feet A and B are 
hinged. Let the lengths of the three members forming the portal be l v l 2 , 
and Z 3 , and their moments of inertia I l5 I 2 , and I 3 , respectively. For 
equilibrium, horizontal forces F x and F 2 , and vertical forces R x and 



R 2j will be called into play at A and B, as shown in (i), such that 
F x + F 2 = F, and R x = R 2 . Then, taking moments about A and B, 

R J 2 = FL — F«(L - L) 

R 1 Z 2 = FZ 3 +F 

and R, = R 2 = Um 3 + Vjffi - l 3 )} = h*7i + F/ 3 } . . (1) 

Owing to this arrangement of forces, the frame will distort as shown 
by the dotted lines in (i), moving to the right a distance A. Since the 
joints at C and D are rigid, they will remain at right angles after distor- 
tion, and if the frame be opened cut as shown at (ii), the deflection curves 
of the three members will form a continuous curve. The corresponding 
bending-moment diagram is shown at (iii). Let the bending moment 
at C be M c , and that at D be M D . Consider the span A x C l3 (ii). From 
eq. (20), § 105, 

A X A = A X A' + A 7 A = — uc^x + A 7 A 
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But A X A = — A (an upward displacement), for AA X is the sideways 
deflection A of the portal. From eq. (7), § 105, A'A, the deflection of the 
beam at A above the tangent at G v is M C ? 1 2 /3EI 1 ; hence, 

— A = — crc^i ~h Mc^i 2 /3EI 1 .... (2) 

From eq. (22), § 105, considering the span CJ0 V a c = — D'D 1 /l 2 . 
D'Dj is the deflection of the beam at D 1} above the tangent at C x , which 
from eq. (2), § 105, is 

D'D X = g^-(2M c + M D ) ; whence cr c = - q~(2M c -f M D ) (3) 

From eqs. (2) and (3), 

+ • • • • <*> 

Next consider the span From eq. (19), § 105, 

B X B = BJS' + B'B = + o d ? 3 + B'B. 

Here B X B = + A (a downward displacement) ; and from eq. (7), § 105, 
B'B, the deflection of the beam at B below the tangent at D v is MdZ 3 2 /3EI 3 ; 


hence A = wl z + M d ? 3 2 /3EI 3 . . . . (5) 

Again, considering the span crjy = C'C X /Z 2 , where C'C^ is the 

deflection of the beam at C 1 below the tangent at D x . From eq. (1), 

§ 105, C'C! = g^-(M c + 2M d ) ; hence, a D = - g ^(M c + 2M D ). In- 

serting this value in eq. (5), and equating the resulting value of A to 
that given in eq. (4), 


^3 


M p Z 3 2 


* = 6® Mc + 2M ») + m 

whence. 


6EI 


(2M C + Md) — 


Mc ^ 2 

3El! 


M c 


f2L 2 l 2 , , 

1 f x - + f(2l 1+ l z ) 

•*•1 i i 


+ M d 


L t 2U 

t (^i + 2Z 3 ) -f y~ 

Ail 


0 


(6) 


(7) 


But, neglecting any bending moment produced in AC and BD by the 
vertical reactions It! and R 2 , resulting from the deflection A, 

Me = F^! ; Mb = F 2 1 3 ; hence 


Fi+ F, 


Mc,M d 

T + y- = * > 

l l l 3 


or, M C Z 3 — M d Z x + FZjlj = 0 . (8) 


By solving eqs. (7) and (8) as simultaneous, the unknown bending moments 
M c and M D can be found, and hence F„ F 2 , R^ R 2 , and A. 

Particular Case. — If l x = l 3 , and I x = I 3 , so that the frame is sym- 
metrical, eq. (7) becomes M c + M D = 0, and M c = - Md- From 
eq. (8), Mj> = — Me = FZ x /2 ; F x = F 2 = F/2 ; R x = R 2 = FZj/Z, ; and, 
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Case (2). Direction-fixed Feet .— The analysis in the case of a portal 
with direction-fixed feet, Fig. 171, is of a similar character. As before, 
F x + F 2 = F ; Rx = R 2 . Taking moments about A and B, 

R 2 Z 2 — F l x — F 2 (Z X — y — (M a — Mb) 

R x Z 2 = FZ 3 -f F x (Zx — l z ) — (M a — M b ) ; 

whence Rx — R 2 = y{FZ 3 + F 1 (Z 1 — l z ) — (M A — Mb)} 

“ f’JFih + (M A — Mb)} (9) 



Fig. 171. 


As in § 109, and as shown in (i) Fig. 171, both M A and M B have at 
present been taken as positive. Their real sign will be given by the 
equations deduced. 

The distorted shape of the frame is indicated in (i) and (ii) ; (iii) is 
the corresponding bending-moment diagram ; Me and Mb denote the 
bending moments at C and D respectively. 

From (ii), C*Cx, the deflection of the beam at C x below the tangent at A, 
is equal to A the deflection of the frame to the right ; hence from eq. (2), 
§ 105, 

C"C 1 = g^-(2M A + Me) = A . (10) 

From eq. (20), § 105, considering the span A X C X , A X A = — ach + A' A, 
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where A t A = — A (an upward displacement) ; and, from eq. (1), § 105, 

1 2 
n 


A' A 


6EIi 


(M a 4- 2M C ), hence 


V 2 


A = — crc^i 4 0gj (M A 4- 2Mc) 


From eqs. (22) and (2), § 105, considering the span CjD^ 

D'D, h 


o’ c = — 

Inserting this value in eq. (11), 


6EI 


(2Mc + Mb) 


A = — 


7 2 


(M a 4- 2Mc) 


hh 


(2Mc + Mb) 


( 11 ) 


(12) 


( 13 ) 


6EI X V 1 w 6EI 2 
From eq. (19), § 105, considering the span DjBj., B^B = o*b ^ 3 4 B'B ; 

7 2 

where B X B = A, and B'B = (2M D 4- M B ) ; hence 

UJDjla 


A = 0"B^3 4 


6EL 


(2Mb 4* Mb) 


• (14) 


Again, from eqs. (21) and (1), § 105, considering the span 

™ - TT " Sir*’ + 2M »> 

Inserting this value in eq. (14), 

A = 6eIi (M c + 2M d ) + (2 M d + M b ) 


• (15) 


From (ii), D"D 1; the deflection of the beam at D x above the tangent 
at B, is equal to — A (an upward displacement), hence from eq. (1), § 105, 

D"Di - g|r, (Ml) + 2 M b) - ~ A . (16) 

Neglecting any bending moment produced by the vertical reactions 
Ri and R 2 in AC and BD, resulting from the deflection A, 

M 0 = M a -F 1 7 1 ; M d = F 2 Z,+ M b 

Mb 


Hence, F x 4- F 2 

Collecting results, 


t ? M A — Me Mb — 

r “ T, + 


(17) 

(18) 


A = 


7 2 
n 


(2 M a + M c ) 


6EI X 

^ 6EI x (Ma — 0g| (2M 0 4* Mb) 

= 6M; (Mc + 2Ml>) + 6ir 3 (2M]D + Mb) 

7 3 

fra 


6El 4 D + 2Mb ^ 


F ! 


M. 


*3 

M c 


+ 


M d - M b 


(10) 

(13) 

(15) 

(16) 
(18) 



FRAMEWORK WITH STIFF JOINTS 


251 


These five equations will give the five unknowns M A , M B , M c , Md 3 
and A ; R x and R 2 follow from eq. (9), and F x and F 2 from eq. (17). 

Particular Case . — If l 1 = Z 3 , and I x = I 3 , so that the frame is sym- 
metrical, M a = — Mb ; Me = — Mb ; F x = F 2 = F/2. 

From the collected equations, 




Fig. 172. 


lateral load be distributed in any way over the leg AC such that F is its 
resultant, acting at a distance z from A. The joints at C and D are 
rigid, but the feet A and B are hinged. Let the lengths of the three 
members forming the portal be Z ls Z 2 and Z 3 , and their moments of inertia 
be I x , I a , and I 3 , respectively. For equilibrium, horizontal forces F x 
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and F 2 , and vertical forces R x and R 2 , will be called into play at A and B, 
such that F x + F 2 = F, and R x = R 2 . The analysis for this case follows 
very similar lines to that of Case 1, § 110, and the equations have been 
numbered to correspond. Taking moments about A, 

•^ 2^2 ^ — -^2(^1 ^3) > 

whence, R x = R 2 = ^{(F x + F 2 )z - F 2 (Z X - Z 3 )} 

= ^{F-,2 + F,(* — Z x + Z 3 )} . (1) 


The distorted shape of the frame is indicated in (ii) Fig. 172 ; and the 
bending-moment diagram in (Hi). These are very similar to the corre- 
sponding diagrams in Fig. 170, but there will be a negative bending- 
moment diagram a'n'q\ due to the load on the member AC, to be taken 
into account. 

Consider the span A x C l3 (ii) Fig. 172. From eq. (20), § 105, 

A X A = A X A 4 - A A — — <rcZ x -j- A A \ as in § 110, A X A = — A, and 

]^[ C Z 2 ax 

from eq. (15), § 105, A'A = 1 jgj- 5 where — a denotes the area of 

the negative bending-moment diagram a'n'tf : and x is the distance of its 
centre of area from A. Hence, 


A 7 , McZ -, 2 ax 

- A - - O0h + ggj- + ^ . . 

From eqs. (22) and (2), § 105, considering the span C^D^ 
D'D X U 

&c = ~ 

From eqs. (2) and (3), 

hh 


h nkmc + Mv) 


A = 


ax 


6EI 2 (2Mc + Md ^ 3El\ El 


( 2 ) 


(3) 


(4) 


In like manner, from eq. (19), § 105, considering span DjB,, 
BjB = B,B + B B = T oi>l s + B 7 B ; where B X B = + A, and from 
eq. (7), § 105, B'B = M D Z 3 2 /3EI ; hence 

A = ctd1 3 + Md( s 2 /3EI 3 .... 


(5) 


Considering span C^, from eq. (1), § 105, a D = 4V( M c + 2M D ) ; 

oJtiiXo 


hence, from eqs. (5) and (4), 

^3 r\ir _ . oat \ , MdZ 3 


A = 


•»«’ + 2M “» + sf ~ + *>>- as - m 

whence, 

2^i 2 , 7 . ) f l-i n . 2Z 3 2 ) Qaz 

I + j (^i + h) r +Md - y (l x + 2( 3 ) + — - y~ • (?) 

1 A * ) . ( A * 1 3 ) Ii 

Neglecting any bending moment produced in AC and BD by the 
vertical reactions R x and R 2 , resulting from the deflection A, 

M c = - F x l x + F(l x - z) ; M d = F 2 Z 3 ; 


Moli 2 


( 6 ) 


Me 
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hence, Me = — F 1 Z 1 + (F 1 -f Fg)^ — Fz — F 2 Z X — Fz v ~ — y — — F z 

or, M C Z 3 - M d ^ + F l z z = 0 . . . . . (8) 

If eqs. (7) and (8) be solved as simultaneous, the unknown bending 
moments M c and Md and the reactions can be found. 

Particular Cases. — (a) If the load F be concentrated at C, z = l v 
a = 0, and the equations reduce to eqs. (7) and (8) of § 110. 

(b) If the load F be uniformly spread over 
the member AC, z = Z x /2, the bending moment 
diagram is a parabola of which the maximum 
ordinate is — FZ-J8, a = — § x l x x FZ*/8 = 

— FZ X 2 /12, x = Z x /2, and ax — — y^FI x 2 x IJ 2 = 

— ^4 FZ X 3 . If this value be substituted in eq. (7), 
eqs. (7) and (8) can be solved as simultaneous. 

(c) If the load condition be as in Particular 
Case (b), and Z x = Z 3 , I x = I 3 , so that the frame 
is symmetrical, Fig. 173, z = IJ 2, a = — 
x = Z x /2, and ax = — 



Eqs. (7) and (8) become 

(Mo + M D ) 3I ^+ 2 ^ = 


F4 2 


whence, 


F7 

(Me Md) = - -f ; 

_ 3-^1 21,4 + IgZ, 

° " 8 31 , 4 + 21,4 

FZ, 61,4 + 5I a Z, 

D 8 ' 31,4 + 2I 2 Z, 


From eq. (6), 


48EI,I 2 " (2Il?2 + 51 * ll) 

Md F 6I,Z 2 + 5I 2 Z, 
17 “ 8 ' 31, Z 2 + 21 2 Z, 


F, = F ~ ] 
Talcing moments about B, 
R, = R 2 = 


F 181,4+ 11IA 
2 8 3I,Z 2 + 2I 2 Z, 


• 0) 

• ( 10 ) 

. ( 11 ) 
- ( 12 ) 

• (13) 

• (14) 


Case (2). Direction-fixed Feet . — The corresponding analysis for a 
laterally loaded portal with direction-fixed feet. Fig. 174, is as follows : 
If F be the resultant of the external forces which act on the member AC, 
F, + F 2 = F, and R, = R 2 . Taking moments about A and B, and 
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assuming for the present, as shown in (i) Fig. 174, that M A and M B are 
both positive, 

R 2 Z 2 = Fz - F 2 (h - y - ( M A - Mb) 

R a Z 2 = F(z — Zi + y + FjA — y — (M a — M b ) • . (15) 

R x = R 2 = i {F l2 + F 2 (z -h+ l 3 ) - (M a - Mb)} . . (16) 

The distorted shape of the frame is shown at (ii) Fig. 174 ; (iii) is the 



bending-moment diagram. From eq. (16), § 105, considering the span 

aa, 

C'A = ^ (2M a + Mo) + . (17) 

where — a denotes the area of the negative bending-moment diagram 
e'n'g\ (ii) Fig. 174, and x is the distance of its centre of area from A'. 

From eq. (20), § 105, considering the span A^, A X A = — <r c £i + A 'A, 
where A X A = — A ; from eq. (15), § 105, 

A'A = g^(M A + 2M C ) + , 

and from span CA, <r c = — -~=- (2M C + M D ) ; eq. (12), § 110. Hence, 

OH1I2 

g- (K, + JKo) - 6 %2 Mo + M„) _ ^ . (18) 


A = — 
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Similarly, as in § 110, B X B = a n l a + B'B = A ; where 

B ' B = 6Er 3 (2Ml>+ Mb) > 

and from span C^D,, a D = (M 0 + 2M D ). Hence, 

A = m 2 {Mo + 2Md) + ^L (2Md + M b) (19) 

Also, ijrom (ii), 

D "Di = g|^(M D + 2M b ) (20) 

Neglecting any bending moment produced by the vertical reactions 
R, and R a in AC and BD, resulting from the deflection A, 

M c = M a - Fj/i + F (l t -z); M D = F 2 Z 3 + M B (21) and (22) 
(M A - M c )Z 3 + (M D - Mb)^ - FZ 3 z = 0 (23) 

Collecting results : 

A -6H-,< 2M * +M «» + ^ ■ • ■ <”> 

6Ee/ Ma + 2M °) ' 6ST, (2Mo + Mr, j “ El, C8) 

= ^(Mc + 2M d ) + g^(2M D + M B ) (19) 

= ~ 6m; (Md + 2Mb) • • • (20) 

(M a - Me )l 3 + (Mb - Mb)*! - F l z z « 0 . (23) 

The above five equations will give the five unknowns M A , Mb, Me, 
Md, and A ; F x and F 2 can be obtained from eq. (22) ; and E 2 from 
eq. (16). 

Particular Cases. — (d) If the load F be concentrated at C, z = l v 
a = 0, and the equations reduce to eqs. (10), (13), (15), (16), and (18) 
of § 110. 

( e ) If the load F be uniformly spread over the member AC, z = IJ2, 
a = — -j^FZj 2 , x = IJ 2, and ax = — ^F l x * [cf. Particular Case (b) above]. 

(/) If l x = Z 3 , Ii = I 3 , so that the frame is symmetrical, and the load 
be uniformly spread over the member AC ; using the values given in 
Particular Case (e), the five equations become : 

7 2 Tp7 3 

A = 6M-/ 2M - +Mo) -2isr 1 (24) 

7 2 7 / VI ^ 

- a -5ir,< MA + 2Mc » + «; (2M « +M » ) -HH I - (25) 

^(Mc + 2M D ) (2M D + M b ) . (26) 
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A = (M d + 2M b ) (27) • 

1 Xf7 

M a = Mb + Me - Md + -gi (28) 

Eliminate M A from eqs. (24) and (25) by means of eq. (28). Add 
eqs. (24) and (25), and eqs. (26) and (27) ; subtract the latter sum from 
the former ; a value for (Me — Mb) is thus obtained. Add eqs. (25) 
and (26), and eqs. (24) and (27) ; from twice the former sum subtract 
the latter sum ; a value for (M c + Md) is thus obtained. M c and M D 
can now be found ; M B follows from the addition of eqs. (26) and (27), 
and M A from eq. (28) ; A can be obtained from eq. (27), F, and F 2 from 
eq. (22), and R, and R, from eq. (16). The values are as follows : 


F/, 151,*/,* + WltlJih + SOW 
A " 24 ' (21,/, + I,/,)(I ,/, + 61,/,) 

F /, 91 , 2 /, 2 + 351,1,/,/, + 18I, 2 /, 2 
B - 24 ‘ (21,/, + I,/,)(I,/, 4 - 61,/,) 

M _ *V l2 231,/, + 61,/, 

C ~ 24 ' (21,/, + I,/,)(I,/, + 61,/,) 

_F/, 2 I, 251,/, + 181,/, 

24 (21,/, + I,/,)(I,i, 4- 61,/,) 

A _JV hk ± 2I A 

~ 16EI, I,/, + 61,/, • 


Fi 


F 13*1 1^2 + ^2^1 TJI ®I'1^2 H" 

Q 2IA + 1^ 21 X Z 2 + I 2 l x 


P Hi** 

2 W* + M A) 


(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 


It will be observed that M A and Mb are 
positive moments, and M B and Me negative 
moments [see (iii) Fig. 174], 

112. Lateral Framing of a Bridge. — The 
bending moments induced in the lateral framing 
of a bridge due to cross-girder loading may be 
simply obtained by means of Characteristic 
Points. It will be assumed that the frame 
ACDB, (i) Fig. 175, is continuous, and that all 
the joints are stiff. The area of the bending- 
moment diagram for the cross-girder, (ii), is 
WZ 3 (Z 2 — y. Hence the heights of the character- 
istic points for this span (see § 75, Vol. I) are 

2 ( moment of the area of the bend-) 

Pit* i 2 == t - o 1 • v 

£ 2 2 (mg-ipoment diagram about a') 

= q • (h - h ) = w k 1 *- k 


C D 



Fig. 175. 


(1) 
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In Fig. 176, set out the spans AR = l 2 , BD = l l9 CD = l 2 as shown, 
and erect the characteristic points Pi?i and p 2 t 2 , just found, for the span 
AB ; those for the spans BD and DC will lie on the datum lin e AC, since 
these spans are unloaded. Find the intersection points i z and i 4 . Since 
the moments of inertia of the three spans are I 3 , I l5 l 2 , respectively, 

2^3 = r jh = Vi . and V&i = _ Ii^2 

Vzh Va 1^2 ’ hh 

See § 78, Vol. I, at end. 

Suppose that a'b'd'c\ Fig. 176, be the required base line. Since both 
frame and loading are symmetrical about the centre line, it follows that 
the bendi ng moment at A is equal to that at B, and the bending moment 



at C is equal to that at D. In Fig. 176, a' A. = 6'B and df D — c'C. 
Further, from the theory of characteristic points, g 2 q 3 must pass through 
i z> and q±q 5 must pass through t 4 . Then by similar triangles, 

^4 = => M* = P** = Hi 

tj) m p 5 q 5 p 5 ; 4 ia 

This relation fixes t v which can be obtained by the construction indicated 
in Fig. 176. A definite point Z 4 on the base line is now known. Join 
r 2 B, draw t 4 i z and produce it to cut r 2 B in s 2 (cf. Fig. 71) ; s 2 is a point 
on the base line a'b' which can be drawn in (a horizontal line) ; draw 
Vt$ and d'c' ; then a'b'd'c' is the complete base line, and the bending 
moment everywhere is determined. 

This construction can be used for a double track railway bridge if 
both tracks are equally loaded ; the characteristic points are found from 
the area of the cross-girder bending-moment diagram as indicated above. 
It breaks down if the conditions are unsymmetrical. 

113. Networks. Moment Distribution— (i) Fig. 179 illustrates a typical 
network of beams and columns such as might form part of the skeleton 
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of a steel-framed building. As normally constructed, with bolted or 
riveted cleats, the joints between the beams and columns, although 
possessing considerable stiffness, cannot be considered as rigid (§§ 378 
and 378 a). Usually the beams are treated as isolated spans. When for 
the purpose of resisting wind pressure, or due to the nature of the 
construction, stiff joints are introduced, an exact and complete solution 
is possible, but becomes very laborious if there are a large number of 
bays. The problem may be solved by slope-deflection methods, § 105 
(see for example Wilson and Maney 1 and Wilson, Richart and Weiss 2 ), 
or the Moment Distribution method of Hardy Cross 19 may be applied. 
In certain cases, the tabular procedures of Takabeya 15 and Unold 25 
possess advantages, and Bateman 26 has adapted strain-energy methods 
to give a practicable solution. Model analysis, § 380, has also been 
pressed into service. Usually, however, in practical cases, simplifying 
assumptions are made as to the points of inflection and load distribution ; 
for a discussion of such practical methods Fleming’s book, Wind Stresses 
in Buildings (New York, 1930), may be consulted ; see also Bib., 
Chapter III, Ref. No. 30-41. . 

For frames with semi-stiff joints, see Baker. 24 

Moment Distribution. — The method of moment distribution for treating 
stiff framework, mentioned above, is a procedure in which, by successive 
arithmetical approximation, the node-point moments in a network can 
be found with sufficient accuracy for practical purposes. For a frame 
in which the node points are all fixed in position, and the I of each member 
is constant throughout its length, the theory is as follows : Imagine that 
all the node points in the framework are prevented from rotating. Each 
member will then be direction-fixed at its ends, and the end fixing 
moments of the loaded spans can be calculated in the usual way ; the 
end moments of the unloaded spans mil be zero. Next suppose that one 
of the node points is released, the others remaining direction-fixed. The 
bending moments at the node point at the moment of release will, 
generally speaking, be unbalanced ; that is to say, if clockwise moments 
be called positive and anti-clockwise negative, the algebraic sum of the 
moments at the node point will show a resultant moment in one direction 
or the other. This resultant moment will bend all the members which 
meet at the node point through the. same angle ; they will share the 
moment in proportion to their stiffness, which may be defined as the 
bending moment necessary to produce unit rotation of the end of a 
member, i.e. as Wja, where M" is the end bending moment acting on 
the member and u the angular change which it produces. But from 
eq. (7), § 105, Wja is proportional to I/L; therefore the unbalanced 
bending moment at the node must be distributed, i.e. apportioned, 
among the members which meet there in proportion to the different 
values of I/L. But it follows from eq. (6), § 105, that in a uniform beam, 
merely supported at one end and direction-fixed at the other, if a bending 
moment M" be applied at the supported end of the beam, it will induce 
a fixing moment M"/2 at the other. If, therefore, a bending moment M" 
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is distributed to one end of a member, a bending moment M"/2 must be 
distributed to the other ; this step is termed the carry-over. The following 
procedure, therefore, is to be applied in turn to every node point : 
(a) From the algebraic sum of the direction-fixing moments there, the 
unbalanced moment must be found, (b) This moment must be dis- 
tributed among the members meeting at the node in proportion to the 
values of I/L. (c) A moment equal to one-half the value of the distributed 
moment must be carried over to * the other end of the member. Due to 
the carry-over, there will again be unbalanced moments at the node points, 
and steps (a), (6) and (c) must be repeated several times until the want of 
balance is negligible. The method is best illustrated by an example : 

Let CDE, (i) Fig. 177, represent a continuous beam merely supported 
at C, direction-fixed at E, and loaded as indicated. The value of I/L 
for span CD is 300/288 = 1*042 and for span DE is 600/384 = 1-563, 





the ratio being 2 : 3. Make a table, p. 260, with a column for the moment 
at the end of each member, and a column at each node point for the 
unbalanced moment (U.M.). The symbol M c d denotes the external 
moment at node C acting on the member CD, (ii) Fig. 177. Clockwise 
moments are + , anti-clockwise — . It is convenient to indicate the ratios 
I/L for the different members. Calculate the direction-fixing moments 
at the end of each span and enter them in the top line. For the uniform 
load, the direction-fixing moments are WL/12, and for a concentrated 
load, Wl 2 [L and WIJL, where M' = WljlJh is the bending moment 
under the load when the ends of the span are freely supported (see p. 148, 
VoL I). 

Step (a ), — Calculate the unbalanced moment at each node point, 
i.e. the algebraic sum of all the D-F moments there, enter it in the column 
marked U.M, 

Step (b ), — Distribute this moment among the members meeting at 
the node point. At C there is only one member CD, merely supported 
at C, so that this must carry the whole unbalanced moment 384 inch-tons. 
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At D, the U.M. = 640 ; CD and DE meet there, and this moment must 
be divided between them in the ratio 2 : 3 (see p. 259), i.e. DC carries 
256 and DE carries 384. At E the member is direction-fixed, so that this 
node is not released and there is no U.M. Enter the distributed moments 
in their appropriate column, changing the sign* 


Units ; tons, inches, inch-tons. 


Node Point. 

C (supported). 


D (continuoi 

is). 


E (direction- 
fixed). 

Tiled 

U.M. 



M de 

U.M. 



U.M. 


Ratio I/L 

2 



2 

3 



3 


D-F moment 

-384 

- 384 


4- 384 

- 1024 

- 640 


4- 612 

0 

Distribution (6) 

+ 384 



4-256 

4- 384 

+ 192 


0 


Carry-over (c) 

+ 128 

4- 128 


4- 192 

0 


+ 192 

0 

’ (h) 

- 128 



! - 76*8 

-115*2 



0 


( c ) 

- 38-9 

- 38*9 

: 

- 64 

0 

- 64 


- 57*6 

0 

(6) 

+ 38-9 



4-25*6 

4- 38*4 



0 


(c). 

4- 12-8 

4- 12*8 


4- 19*4 

0 

4- 19*4 


4- 19*2 

0 

(6) 

- 12-8 



- 7*8 

- 11*6 



0 


(c) 

- 3-9 

- 3*9 


- 6*4 

0 

- 6*4 


- 5*8 

0 

(6)' 

4- 3-9 



4- 2*6 

4- 3*8 



0 


(e). 

+ 1-3 

+ 1*3 


4- 2*0 

0 

4- 2*0 


4- 1*9 

0 

(6) 

- 1-3 



- 0*8 

- 1*2 



0 


(c). 

- 0*4 

- 0*4 


- 0*6 

0 

- 0*6 


- 0*6 

0 

(b) 

4- 0*4 



4- 0*3 

4- 0*3 



0 


Totals . 

0*0 



4- 725*5 

- 725*5 



+ 661-1 


Exact . 

0 

• 


4- 725*3 

- 725*3 



+ 661-3 



Step (c). — Carry over a moment of half the magnitude of the distri- 
buted moment to the other end of the beam. The first distributed 
moment Med is + 384, so that + 192 is added to Mdc and so on. On 
examination it will be seen that the sum of the node point moments in 
the first two lines in the Table exactly balance, but the moments carried 
over are out of balance. There is an unbalanced moment of + 128 at C, 
and of + 192 at D. Hence steps (b) and (c) must be repeated again and 
again until the want of balance becomes negligible ; the algebraic sums of 
columns Mod, Mdc, Mde and Med then give the bending moments at the 
nodes. It will be seen that the values obtained are very nearly exact. 
This method may be applied to networks ; see a worked example below. 

It may also be extended to apply to cases such as that shown in 
(i) Fig. 178, in which the node points are not fixed in position. Suppose 
first that the ends of all the members are held fixed in direction. Each 
vertical will then take the shape shown in (ii). Equating the + and 

* In order that the algebraic sum of the moments in each column may give the 
resulting moment. Thus at D, M&> = — 1024 loses — 384 and becomes — 1024 -f 
384 sr. — 640. 
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moments on CH, M ch + M he = — F 3 L 3 , and since from symmetry 
Mcft. — M/ig, M-cfi = M^c = — F 3 L 3 /2, 'while the ends remain fixed in 
direction. From § 63, Vol. I, the deflection of C relative to H is 
M C &L< 2 "PL 3 cl 

A = tJj£I* anc * = L* w ^ ere c — 12EA. Since A must 

be the same for all verticals, c is a constant, and 


F = F x + F 2 + F s = c + j~ + j^j ; whence, F x = 

= M b? = = - 

FI I 

and M cft = M/ l0 = - 2 Q + S p- If L 1= L 2 = L s , M„d = 




Hi 

L , 3 

FI 


L 3 ’ 


2L,» 


yl. 

^L 3 ’ 


FIjL 
' 221 ’ 


and 


so on. In the direction-fixed condition, if there are no vertical loads, 
all the moments in the horizontal DGH are zero. From these equatio ns 
and the data given in the figure, the D-F moments can be calculated and 
entered in the Table, p. 262 ; the distribution as far as the first step (c) 




follows as before. At this point a modification is necessary. For equi- 
librium, the sum of the moments top and bottom of all the verticals 
must be zero (see for example Fig. 169). As the result of steps (b) and 
(c) certain moments have been distributed to the verticals, of which the 
sum will not be zero. Add these moments for each vertical and enter the 
sum (b) -1- (c) in the U.M. column in step (c) (the figure should be enclosed 
in brackets). Thus for vertical AD the sum is 0 + 59*1 — (+ 59-1) at 
the bottom and 0 + 118-1 = (+ 118*1) at the top. For the bottom 
of BG the sum is + 339*6 + 60-0 = (+ 399*6), and at the top -1- 119*9 
+ 169*8 = (+ 289*7), and so on. Add all the moments in brackets; 
their sum is -f 1308-9. Divide this moment between the verticals in 
proportion to the values of I/L 2 , changing the sign (see the equation for 
— M da above, which moments are proportional to I-JL^). For 
this purpose the values of I/L 2 for the ends of each vertical are given at 
the head of the table. The moments thus distributed are entered in 
step ( d ). The sum of the ratios I/L 2 (top and bottom) is 37*52, and 
4/37*52 of — 1308-9 = — 139-6 is distributed to the top and bottom 
of AD, and so on. The U.M. moment for step (c) is next calculated as 
before, to which is added the moment just distributed to the vertical. 
Thus at D, 0 + 49*9 - 139-6 = - 89*7; at A (D-F), U.M. = 0. 
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The sum is entered in the U.M. column, step (d) > and distributed in the 
usual way, step (b), the whole process recurring. When the true moments 
have been found by adding up the columns of the Table, the values of 
F x , F 2 , F 3 , and A can be calculated by considering the equilibrium of the 
verticals. 

The above process may be extended to treat cases such as (iii) Fig. 178, 
where the loading is vertical but un symro etr ic ally applied, and/or the 
frame is unsymmetrical. Assume that the frame is prevented from 
deflecting sideways, i.e. that the node points are fixed in position, and find 
all the node-point moments, either by moment distribution, characteristic 
points or otherwise. It will be found that the sum of the moments thus 
obtained, top and bottom of the verticals, M ad + M 'da + -f Mgb 

+ • • • = is not zero. Divide the EM# between the verticals in 
proportion to the values of I/L 2 , changing the sign as above, enter them 
in the top line of a table, and find the moments at all nodes by moment 
distribution as on p. 262. Add these algebraically to the position-fixed 
moments at the nodes, to obtain the true moments in the frame. 

Use of Characteristic Points . — If the node points be fixed in position, 
the method of characteristic points may be applied to networks.* 

Consider ZA, (ii) Fig. 179, any one of the unloaded spans attached to 
the loaded span at A. From eq. (4), § 105, if a A be the slope of this span 
at A, 

= elF &*’ + 2 M a'). 

a single dash denoting that all the symbols have reference to span ZA. 
Let M z ' — FM a ' ; where h r is a coefficient depending on the end conditions 
at Z. Then, 

L^M.' , 

°A “ «Tt\T> +2) • * • * (1) 


The normal shape of the bending-moment diagram for span ZA will 
be as shown in (iii) Fig. 179. There will be a point of inflexion at f ; 
hence M z ', and therefore ¥, will be negative. (In cases where the beam 
is cantilevered over the support Z, M z ' and ¥ will be positive.) Let the 
distance Tit' = v' ; then &'==—- v' j (If — v'). If the span ZA is merely 
supported at Z, v' = 0 and k' = 0 ; if the span is fixed in direction at Z, 
z'a' will pass through the characteristic point r 3 , v' — L'/3, and k' — — 

If the span ZA is continuous with another span ZY, length If, the point i' 
must be fixed by the Ostenfeld construction shown, (v), but for this purpose, 
to allow for different values of I, the span If' must be adjusted in length 
as explained in § 78, Yol. I ; the adjusted length is If X T fl"* In (iii) 
Fig. 179, assuming that the span YZ is merely supported at Y, it may be 
shown from the geometry of the figure that 


(L') 2 

2L" + 3L' ’ 


and ¥ 


If 

2(L ' + L") 


* See Salmon’s ‘Characteristic Points,’ Select. Pap- I.C.E., No. 46, 1927, 

p. 18, 
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a simple formula from ■which, k' is at once determined. Jj" is here the 
adjusted length. If the end conditions at Y are otherwise than merely- 
supported, the point t" for the span YZ must first be determined, and 
the distance t"Z substituted for L" in eq. (2). Thus, if the span is fixed 
in direction at Y, t"Z = |L". If the beam is continuous with a further 
span XY, t" must be obtained by the Ostenfeld construction, using 
adjusted lengths of span, or a previous application of eq. (2) may be made. 
For many practical problems the girder may be taken as merely sup- 
ported at Y, whatever may be its true condition. It may be shown (l.c.) 



that the difference in effect on the loaded span is negligible, whether Y 
be merely supported or fixed in direction. 

From .1.(1), Mi '“ (FT§E' ■ < 3 > 

If there be a number of spans all rigidly attached to A, so that at 
support A each bends through the angle cr A , (iv), it follows that M A , the 
total support moment for the loaded span AB, is the sum of all such 
moments as M A ' in all the unloaded spans attached at A, 

M a = 2M A ' = 2 {6Er<7 A /(F + 2)1/} (4) 

Suppose now that the network to the left of A is replaced by a single 
unloaded span AG, of length L e , merely supported at G, (vi) Fig. 179, 
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and 'with a moment of inertia le so chosen that it exactly reproduces the 
effect of the complete network it replaces, M A and < 7 A remaining as before. 
Then, as in eq. (3), since k e = 0, G being merely supported, 

M ' 6EI e o- A 3EI e cr A 

Ma ~ (k e +-2)L e - =Ma • • ’ (5) 

Equating the values of M A from eqs. (4) and (5), 


' 6EI'cr A 
\ {k' + 2)1/ 


r 

(k' + 2)1/ 


m vf 6EI ' g A 1 3EW j le n ^\ r 

Ma ~ S |(F+2)L'[ L e and Le ~ 2S |(F^)17 (6) 

From eq. (2) the value of k ! for each attached unloaded span can be 
found, and hence lejLe can be calculated. From the considerations of 
§ 78, Vol. I, it is immaterial what value is given to le provided that the 
ratio I e/L e is correct. Make I e = I, the moment of inertia of the loaded 
span. Then the span AG is given by 

Le = 22 {F J(k' + 2)L'} - (7) 

In an exactly similar way the equivalent span BH = L f y replacing the 
network to the right of B, can be found. The complete bending-moment 
diagram can then be drawn, and the values of M A and M B obtained. 
The bending moment M A ' at the end of any one of the unloaded spans is 
given by 

M a ' r/(*'+2)L' 2I'Le 

M a ~ W!W + 2)1/} " ( k ' + 2)11/ 9 * * w 

and similarly for M B '. Knowing the values of M A ' and M B ' the bending- 
moment diagrams for the complete network can be set out. 

It may be shown from the geometry of the bending-moment diagram 
for spans GA, AB, BH, that 

ivr tit 7 — 3 k{X( 2 Ai h 2 ) + 21^3} 1 

A ~~ ” 4(L + L e )(L + Lf) - L 2 

cud - , Mr 3L{L(2A 2 -^ + 2LeA^r 

and - + M 6a - 4 (L _|_ Le )( L + _ Lf) — I?J 

where h t = p 1 r 1 and h 2 = p 2 r 2 are the heights of the characteristic points 
for the span AB, and L e , L, and Lf are the lengths of spans GA, AB, and 
BH, respectively. Each loaded span must be separately considered 
and the results combined. 

Worked Example . — As an example of the methods of solution for a 
simple network, the case illustrated in Fig. 180 will be treated (i) by slope- 
deflection methods, (ii) by the method of moment distribution, and 
(iii) by the use of characteristic points. 

From eqs. (25) and (26), § 105, the slope-deflection equations are 


M ba = 


17 l 2 a A +u B - T j + 
2EI 3A) 

~TT a A + ^ ~ x ’ “ 


f{* : 

3x\ 

LI ‘ 

• (25) 

2d ( 3* 



L |L" 

- 1 

(26) 
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In this case the node points are fixed in position and A = 0. For 
span CD, WL/8 = 576, WL/12 = 384 ; for span DE, M' under the load 
= 18 x 128 x 256 ~ 384 = 1536 ; M A " = 1536 x 256 4- 384 = 1024 ; 
Mb" = 1536 x 128 -r- 384 = 512 ; units : — inches, tons. If, in eqs. (25) 
and (26), a A , a B and A are all put equal to zero, the span must be direction- 
fixed at its ends, and 

2a ( Sx) __ 2a (3x 

Ma6 = -j- 1 2 - -jjj ; M ba - - L | L ~ 

are the direction-fixing moments and Mb'' at the ends of the span, 


1=300^7 16 Tons 


laTons /l = eoo 


liuiiiiiiiiiiiiiiiiiiiiiiiiimi 


1 = 50 C 


L = 864 


lit?- 



L= 288 — H 


Fig. 180. 

i.e, ± 384 in span CD and - 1024 and + 512 in span DE, which deter- 
mines the values of the terms containing x. Apply eqs. (25) and (26) 
to each span of the frame in turn : 

S-pan FC, direction-fixed at F, o* = 0 ; I/L = 50/144 ; unloaded, 
a = -0. 

, r 2 x 50E , 2 x 50E 

M/c = "144 {° + = — 144~ {0 + 2or °> • (10) 

hence Mcf = 2M f c . 
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Span CD, I/L = 300/288 ; M c " = - M D " = - 384, 

,, 2 x 300E .. 

Med ocq — (2crc + crj,} — 384 

288 . ( 11 ) 
„ 2 x 300E . . , noj ( ’ 

Mde — 288 — { CT c + 2a D } + 384 

Span GD, direction-fixed at G, <t g = 0 ; I/L = 50/144 ; unloaded, o = 0. 
nr . 2 x 50E . , t ,«•_ 2+ 50E .. . „ , 


M^ = li^{0+2a D } .(12) 

hence M dg — 2M \gd- 

Span DE, direction-fixed at E, <j E = 0 ; I/L = 600/384 ; M D " = — 1024 ; 
Me" = + 512. 

Mde = 2 4 o 6 4 Q — {2^d + 0} - 1024 

^ . (13) 

2 x 600E f , A . , „„ ( 

Med = — — {ctd + 0} -f 512 

Further, since the algebraic sum of the moments at any node point 
must be zero, 

M c / + Med = 0 ; Mdc + ^Ug + Mde = 0 . . (14) 

From eqs* (12), (13) and (14), 

1 44 384 f 

°i> - - 200E M ^ = ^ioOEl 1 ^ 6 + 1024 j ; and M ^ff = Mdc+Mde ■ < 15 > 
whence 9 Mde + 11 Mde + 2048 = 0 . . • (16) 


From eqs. (10), (14), (15) and (11), 

144 M 

ffc 200E ^ 


144 


Med "h 384 


600E ( 288 


-2S^+ 2400E^ + 1024) 1 


whence 


12M cd - Mde + 128 = 0 


From eqs. (11), (17) and (15), 


- 384 - tst 1- asr 1 * + aw"* + I024 > 


whence 


6Mdc 4- 9Mcd - 4Mde - 6400 = 0 


Solving eqs. (16), (18), and (19) as simultaneous, 

9Mdc+ llMde+ 2048 = 0^ 

■ 12Mcd — Mde + 128 — 0 • 

6Mde + 9M«d - 4Mde - 6400 = 0) 

Med = - 72-6 ; Mde = + 680-3 ; Mde = - 742-8 
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whence from eqs. (13), (14), (10), 2M e d = M de + 2048, and M e d — 652*6 ; 
M c / = - M c d = + 72-6 ; M/ c = c / - + 36*3 ; M dg - - M^ c - M^ e 
= -h 62-5 ; and M gd = |M dg = 4 - 31*3. Knowing the node-point 
moments, the bending-moment diagrams for each member can be set out. 


The tabular calculation for the moment distribution method is given on 
p. 269. The direction-fixing moments M A " Mb" for the spans CD and DE 
have already been calculated and are given in the top line. The values of 
I/L for the different spans are as follows : EC and GD = 50/144 = 0 • 347 ; 
CD = 300/288 = 1*042 ; DE = 600/384 = 1*563 ; ratios 2:6:9. The 
process is exactly similar to that on p. 260. 

The two methods evidently agree very closely. 


Treating the same problem by the method of characteristic points, 
it is first assumed that only span CD is loaded. To the left of C, (ii) 
Fig. 180, the only span is EC, for which Jc' = — J, since E is direction- 
fixed, and from eq. (7), 

L 1 300 =6 48 

e “ 2E{1' j{k' + 2)1/} (2 x 50) 4- (1 - 5 x 144) 

To the right of D, (ii) Fig. 180, spans DG and DE are direction-fixed 
at G and E respectively, therefore h' = — i for each, and from eq. (7), 

300 

L / = o f 50 , 600 | ” 117,8 

2 [1-5 x 144 + 1-5 x 384 j 

For the loaded span CD, L = 288, and the heights of the characteristic 
points are p 1 r l == h ± = p 2 r 2 ~ h 2 — WL/12 = 384. Then from eq. (9), 

- Mcd = 121*0; Mdc= 366*0 


These values can be checked graphically in the usual way. 

Me/ = — Mcd == + 121*0 ; M/ 0 = |M C / = + 60*5. From eq. (8), 

„ 2I'L/ 366 x 2 x 600 x 117-8 K 

Md ‘~ - i- 5V 300 x 38. ~ - 2 "' 6 - 

M dg = — M^e — M de = — 366*0 + 299*5 = — 66*5 ; since E and G 
are direction-fixed, M ed = de = - 149*8 ; M gd — = — 33*2. 

Next assume that only span DE is loaded. The network to the left 
of D is shown in (iii) Fig. 180. The I of CD is 300, and that of FC is 50, 
hence the adjusted length of the latter, altered in this ratio, is 144 x 300 /50 
= 364. Since F is direction-fixed, the support moment line passes 
through the adjacent characteristic point, and the Ostenfeld construction, 
(iv) Fig. 180, starts at p 1 — r x . From this construction* Ct = 38*4, 


* If preferred, C/ can be calculated from the 
1/ is the adjusted length. 


expression 


(L') s . 

3(1/ + 1/) - l *\y 



F (d-f). C (continuous). G (d-f). D (continuous). E (d-f). 
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Dt = 249-6, and for the span CD, k' — — 38-4/249-6 = — 0-154, 
whence (F + 2) = 1 • 846. For the span GD, ¥ = - since G is direction- 
fixed. Hence from eq. (7) 


Le = 


600 


22{r ]( k ' + 2)1/} 2 


300 


+ 


50 


1*846 x 288 1 1 *5 x 144 


= 377-0 


On the right-hand side there is no network and the beam is direction- 
fixed at E. Hence the equivalent span L f is zero (only true when the end 
is direction-fixed). The heights of the characteristic points for the span 
DE are p l r 1 = h t = 853-3 and p 2 r 2 = h 2 = 682-7, easily found from 
the direction-fixing moments 1024 and 512 previously given, or calculated 
direct. Using these values in eq. (9), 

M^e = - 443-5; = 802*3 


These results may be checked graphically. From eq. (8), 
2I / Le , _ „ 2 x 300 x 377 


M dc 


M dej 


-, = 443*5 


+ 314-5; 


1*846 x 600 x 288 

+ 48*4; Mdg = — Mdfe — = 443*5 

= + 64 - 5 ; M c / = — M<^ = — 48 - 4 ; 


\h' + 2)IL 

- h'Mde = 0* 154 x 314-5 
-314*5 = + 129-0; M gd = i 
M/c-iMc/— 24*2. 

Adding the moments for the two load conditions, 

M/c =+ 60-5 - 24*2 = + 36*3; M </ = + 121 -0 - 48-4 = + 72-6 
Mcd = - 121-0 + 48*4= - 72-6; M^ c = + 366*0+ 314-5 = + 680*5 
M g d = - 33-2+ 64-5 = + 31-3; Mdg = — 66*5+ 129-0 = + 62-5 
M de = - 299*5 - 433-5 = - 743*0 ; M erf = ~ 149-8 + 802*3 = + 652*5 
These values agree closely with those found by the other methods. 


SECONDARY STRESSES IN FRAMED STRUCTURES 

114. Secondary and Deformation Stresses. Effect of Stiff Joints.— 
The conditions, § 3, necessary to enable the forces in the members to be 
determined by statical considerations are fulfilled in very few frames in 
practice. The joints usually possess a considerable degree of stiffness, 
which stiffness, when the frame deforms, sets up bending moments in 
all the members, producing deformation stresses. The centre lines of the 
members frequently do not meet in a common point at a node, whence 
result other secondary bending moments and stresses. The horizontal 
members are stressed by their own weight, and no member can be 
made perfectly straight. The stresses which occur owing to these and 
other like causes are called secondary stresses , and they increase or 
decrease, depending on their sign, the primary stresses produced by the 
longitudinal loads in the members. 

It is possible to estimate the magnitude of the secondary stresses 
by making certain simplifying assumptions, but the problem is compli- 
cated by the fact that the joints are not perfectly rigid and the degree of 
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Btiffness is difficult to determine. Also the difficulties are increased by 
the interaction between the primary longitudinal forces and the effects 
of the secondary bending moments, which may increase any original 
curvature in the member, an important consideration in the struts. An 
exact treatment is necessarily very involved, and is usually not attempted. 
Experience has shown that in small frames the secondary stresses may be 
neglected. When it is desired to take the deformation stresses into 
account, it is common to assume that the joints are perfectly rigid. 

115. Calculation of Deformation Stresses. — For the purpose of com- 
puting the deformation stresses in a braced frame, it will be assumed 
(i) that the joints are perfectly stiff, (ii) that the effect of the longitudinal 
load on the deflected member may be neglected. 

Suppose that A and B be two node points in a framework of which 
the joints are frictionless hinges, and that the centre line of the member 


AB coincides with the straight line 
joining A to B. Should the frame 
distort, A will move to A', B to B', the 
centre line of the member will still 
coincide with the straight line joining 
the two node points, the member making 
the small angular movement necessary. 

In a frame in which the joints are 
rigid, this angular movement would, in 
part, be prevented, due to the stiffness 
of the adjacent members. It follows 
that when the frame distorts, each 
member must bend, taking one or other 
of the shapes shown in (i) or (iii) 
Fig. 181. If the tangents to the ends 
of the curved centre line A'B' 



Fig. 181 . 


angles a a b and aba with the 


straight line joining A' to B', the bending moments acting at A' and B / 


are given by eq. (5), § 105, 


2EI 2EI 

Mab = j-(2aab + <*ba ) ; Mba + —{vab + 2oba). 


Ma& and M& a are to be regarded as moments external to AB, imposed 
on that member by the rest of the framework, analogous to the direction- 
fixing moments in a direction-fixed beam. The notation adopted should 
be observed. The first suffix denotes the node point, the second deter- 
mines the particular bar. It will be convenient, when considering these 
moments, to adopt the convention that clockwise moments are positive 
and anti-clockwise moments negative* irrespective of the manner in which 
they deflect the member. Mab in Fig. 181 must then be regarded as a 
negative moment, and given a negative sign, when the minus sign will 
disappear from eq. (5) above mentioned, which will become 

2EI 2EI 

Maft = -y-(2c rab + <rba) ; M&a = —{(Tab + 2 aba) 


- (1) 
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The angles a a b and aba must be found from the deformations pro- 
duced in the framework. They can be calculated either from the elonga- 
tions of the bars, or from the displacements of the node points. Both 
methods are given below. As in the case of the moments, it will be 
assumed that + a is an angular displacement in a clockwise direction, 
measured from the straight line joining the displaced node points A'B'. 

116. Calculation of Deformation Stresses from the Elongations.— 
’ As a preliminary to this method, it is necessary to determine the 
alterations in the angles of a triangle due to alterations in the lengths of 
its sides. It is convenient for this purpose to use the ordinary trigono- 
metrical symbols. Let ABC, (i) Fig. 182, be the triangle, a, b , and c its 



sides. A, B, and C, the opposite angles. Suppose that, due to some cause 
or other, the sides lengthen to a + 8a, b + S b, c + 8c ; and that conse- 
quentially the angles alter to A + 8A, B + SB, and C + SC. From a well- 
known trigonometrical theorem, 

. b 2 + c 2 - a 2 


Differentiate with regard to A, treating a, b , and c as functions of A, 
for the magnitude of SA will depend on the alteration in the length of 
each side. 


SA = — 


• * 86 

6. Sc 

8c 

c . 8b 

2a . 8a 


j Sc 85 

sin A = — 
c 

c 2 


6 2 

~ 5c 

(6c 2 + c6 2 

1 1 

a 2 + b 2 

__ C 2 

85 a 2 

+ c 2 - 5 2 

Sc 

2a . 8a) 

2 sin A 

be 


5 + 

be 

c 

be j 


Using the relations : 


a 


SA 




sin A 
cot C 


sin B sin C * 


6 cos C + c cos B ; 


Sc ^ 8a(b cos C + c cos B) 

- cot B + — s— i — t 

c be sin A 


8a 8c) 
a c J 


, ^ ,8a 8b 

cot B -M r 


cot C 


( 1 ) 


SA, thus determined, is the alteration in the angle A due to the altera- 
tions in the lengths of the sides. Since 8a is the alteration in length of 
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the side a, haja is the strain in the bar BC «=/„/ E, where f a is the stress 
in this bar, and so on for the others. Therefore, 

= ~ fc) cot B + (f a — fb) cot C} 

Similar expressions can be obtained for the alterations in the other 
angles, hence 

= j?{(fct fc) cot B + (fa — fb) cot C}) 

= fa) cot C + (fb — fc) cot A} (2) 

8C : ' g{(/c — fb) cot A + (f c — f a ) cot B}J 

Since the three angles of the triangle must equal two right angles, it 
follows that 

SA + SB + SC 0 . . . . (3) 

From these formulae the alteration in the angles of any tria ng le in a 
framework can he calculated from the alterations in the lengths of its 

Temperature Changes . — If a bar of length l be subjected to an increase 
in temperature t° in addition to a stress /, the alteration in length is 

8l=¥+all and y=g(/ + o*E) ; 

a is the coefficient of linear expansion per degree. Thus, for the bar BC, 

Sa 1 

if t a be the increase in temperature, — = ™(/a + afoE), and so on for 

a hi 

the other bars of the triangle. Eq. (2) will then become 

SA = g[{(/a + cdaEt) — ( fc + afcE)} cot B 

+ { {fa + ataEi) — (fb + atf&E)} cot C] ... (4) 
and similarly for the other members of the equation. 

It will be evident that if t be the same for all the bars, SA, SB, and SC 
will be unaltered by the change in temperature. 

Deformation Angles . — -Let A'B'C', (ii) Fig. 182, represent the position 
of the three nodes of the triangle ABC after the deformation has taken 
place. If the joints at A, B, and C were frictionless pins, the bars of the 
frame would be represented by the straight lines joining the points 
A', B', and C', and the included angles would change to A', B', and C'. 
If, as now assumed, the joints are perfectly stiff, the angles A, B, and C 
must remain constant, and the bars must bend, as indicated in the figure. 
For the purpose of this analysis it will be supposed that the angle a is 
positive at each node, as shown in (ii) Fig. 182, i.e. that <r, measured from 
the straight line joining the displaced node points, is an angular displace- 
ment in a clockwise direction. If the value of a is found by calculation 
to be negative, it implies that the angular displacement is anti-clockwise. 
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Consider the angle at A'. Since the connection between the bars is 
perfectly rigid, the angle between the tangents to the bent centre lines 
at A' must remain constant, and equal to the angle A, as indicated in (ii). 
It follows that the angle A 7 = A + vac — °ab ; or A — A = 8 A = vac — (Tab, 
and similarly for the other angles. Therefore, 

SA = vac — (Tab J SB = a ba ~ <rbc j SC = vcb — (Tea • • ( 5 ) 

and from eq. (3), 

Vac ” (Tab + (Tba — obc "1" °cb “ a ca = SA -f SB 4- SC (6) 


If Mob be the bending moment acting on the member AB at A, result- 
ing from the angular distortion v ab J and that at R, due to v 5a, be 
M bal from eq. (1), § 115, 


M a & = 

—j~~{2vab + oba) 

M&a = 

2 f ab (aab+2a ba ) 

(7) 

from which, 




^ h (2M ba - Ma6) 


(Tab " 

6EI a 6 (2M “ 6 

— M&a) ; 

aba = 

(8) 

Further, however many bars meet at a node point such as A, 




ESA = 

= Sct 

• 

( 9 ) 


Due consideration must be given to 
signs. Thus in Fig. 183, 

S(RAC) + S(DAC) 

= {vac ~ (Tab) + ((Tad — <Ta c) 

and so on. 

Unless an applied bending 
moment act at the node, the sum 
of all the bending moments acting 
on the members meeting at the node 
must be zero : 

TMab = 0 . . (10) 

The above equations, applied successively to every triangle or node 
in the frame, suffice to determine all the unknown bending moments 

M a & ... 

Worked Example. — As a simple application of the above theory, the 
deformation stresses which would be induced in the frame shown in 
Figs. 28 and 184, § 12, were it constructed with stiff joints, will be 
determined. From § 12, AB = 100 in. ; AC = 80 in. ; BC = 70 in. ; 
Cc' = 0-0308 in.; Cc" = 0-0151 in. Suppose that I a c = 0-8 in. 4 ; 
Ifrc =2-8 in. 4 ; then the values of 2EI/Z are as follows : 

for the bar AC, 2EI Jl = 2E x 0-8/80 = 0-02E 

for the bar BC, = 2E x 2 * 8/70 = 0 -08E 

From the trigonometry of the figure, 

cot A = 1-035 ; cot B = 0-764 ; cot C = 0-118. 
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0-000385 


In eq. (1), 

°'" 61 - 0.000216;®. -°' 0 f 8 

a 70 b 80 

whence, SA = - 0-000236 ; SB = + 0*000469 ; SC - 
that eq. (3) is satisfied. 

From eq. (5), 

SA = cac — cr a b = — 0*000236 
SB = cxbd — cr&c — 4" 0*000469 
SC = (job — <Jca = — 0*000233 
Since AB is a rigid wall, a a b = erba = 0, and oac — 
aho = — 0*000469. From eq. (7), 

Meb = ^^(abc + 2 a e b) ; 


Sc 
c 

0*000233 : 


0; 


so 


0*000236 ; 


M ca = 

M C 6 


fee 

2EI«c 

la 


(< Gac 4- 2o* ca ) ; whence. 


Mca 


0-08E 0-02E 

= Gbc ~~ crac + 2(oc& — Gca) J 
from eq. (10), M ca 4~ Mc& = 0. 

Putting in the known values of G a c, 

Gbc, and (G C b — G Ca ), 

Mc6 = — 0* 145 in.-tons ; 

M ca = + 0 • 145 in.-tons ; 
if E = 13,000 tons per sq. in. 

From eq. (7), see above, 

ffca : : ~ aac \" +0 ‘ 000398 ; 
and Mac = 0*02E(2aac 4- Gca) = — 0*019 in.-tons. 

(Mc6 . kb 



Gcb = \ 


2E . I c & 


— Gbc 


= + 0*000165 


and M be = 0*08E(2<7& C 4- G C b) — — 0*803 in.-tons. 

The values of the secondary bending moments are therefore, 
Mac - - 0*019 ; Mca = + 0*145 
M6 c — — 0*803 ; M c b = — 0*145 in.-tons. 


The corresponding stresses can be found from the section moduli of 
the cross-section, and combined with the longitudinal stress in the usual 
way (cf. If 9, § 118). 

117. Calculation of Deformation Stresses from the Displacements. — 
In the case of triangulated framework, such as ordinary lattice girders, 
the deformation stresses are most conveniently found from the displace- 
ments of the node points by a method due to Mohr. 36 ’ 37 Let AB, (i) 
Fig. 185, be the original position of a member of such a frame, and AB' 
its shape and position when the frame has distorted. The movements 
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AA' and BB' are the displacements resulting from the distortion of the 
frame, and can be’ found by the methods of Chapter I, § 12 et seq . The 
curvature is due to the stiffness of the joints. As before, let the angle 
between the straight line A'B' and the tangents at the ends of the bar 
be crab and aba : let the corresponding bending moments acting on the 
member be M a b and The relations between these angles and 

bending moments are given by eq. (1), § 115, 

Mab = —j—{% dab + oba) \ M ba — 7 {&ab 4~ 2 aba) . (1) 


A clockwise bending moment is considered as positive. 

In moving from AB to A / B / the member rotates through an angle if/, 
which will be considered positive if 


it take place in a clockwise direction. 
Let the angles between the original 
position AB and the tangents to the 
curve at the ends of the member be 
<f> A and </> B respectively, as shown in 
(i) and (ii). Like if/, the angle <f> 
will be considered positive when it 
represents a rotation in the clock- 
wise direction. All these angles will 
be very small, and it is unnecessary 
to distinguish between the angle 
and its tangent. Then 

<f>x = + (Jab ; 



<f > b — ~r oba . (2) 


These equations hold equally well in cases like that of A', (ii) Fig. 186, 
where both <j> A and dab are negative, ifr being positive. From eqs. (1) 
and (2), 


2EI 2FT 

-- .— {2 (<£ A — xfs) -f {<f > b — «/*)} = -j- {%4 >a + <£ b — ty} . (3) 


2EI 2FT 

Mba ~ - tj$) + 2 (<f> 3 - «/.)} = - r {^ A + 2<f> B - 3»/r> . (4) 

Let (i) Fig. 186 be part 
of a triangulated frame. 

The secondary bending 
moments at any panel point 
such as D will be as shown 
at (iii) (some will be nega- 
tive) ; and since this point 

remains in equilibrium under these moments, it follows that 



SM = Mdh + M dg + Mdc + Md& = 0 (5) 


* In (ii) Fig. 186 the moments shown are external to the member (cf. Fig. 181 
and the accompanying remarks on notation). Thus the moment M db acts at D 
and tends to make DB convex upward. 
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As before, an external clockwise moment is considered positive. For 
each member of the frame, equations like (3) and (4) can be written down, 
and for each panel point an equation like (5). If, as assumed, the joints 
be perfectly rigid, the value of <p is the same for the ends of all members 
meeting at any one panel point. The value of ip is different for each 
member, but it can readily be found from a Williot diagram (see the worked 
example, p. 279) ; or, having determined the displacements of all the 
panel points by the methods of § 12, the 
values of ip can be calculated as follows : 

Let 8 x a and 8 y a be the horizontal and 
vertical displacements of the point A, and 
8 xb, S yb the corresponding displacements 
of the point B, (i) Fig. 187. In (ii) draw 
AB" parallel and equal to A'B'. Then 
the angle BAB" is the angle ip, and if 
the small extension of the member be neg- 
lected, ip = BB "jl. From the geometry 
of the figure, BB" is made up of two 
parts such that 

BB" = (8 yb — 8ya) cos 0 + (8:c& — Sa* a ) sin 
where 0 is the angle which AB makes 
with the horizontal. Hence, 



i/j = 


(S yb - S y a ) cos 0 -f {8xb 


Sx a ) sin 0 


(fi) 


If 0 be very small, ip = (8 yb — 8 y a ) ft- If the correct signs be given to 
8 y and Sx [all shown positive in (i) Fig. 187], eq. (6) determines auto- 
matically the correct sign for ip. 

As will be seen later, eqs. (3), (4) and (5) suffice to determine the 
values of </>, and hence the unknown bending moments. 

Worked Example . — The deformation stresses in the frame of Figs. 28 
and 184, and § 12, supposing it made with stiff joints, will be determined 
by the above method as an example, and also as a check on the results 
obtained on p. 275. 

The displacements of the point C are given in Fig. 184. The rotation 
c'c about the point A scales 0*0188 inch, and the rotation c'c about 
B scales 0 * 0328 inch . The values of ip are, therefore, 

Bar AC, if> 1 = + = + 0-000235 

oU 

Bar BC, f 2 = + °-^j^ = + 0-000469 

These values are positive because in each case the rotations are clockwise. 
As on p. 274, 

for the bar AC, 2EI/Z = 0-02E 

for the bar BC, 2EI/Z (LOSE 
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Eqs. (3) and (4), for each member, become 

Ma<; ~ 0 * 02E (2<£ A + <f>c — 3^q) 

Mca = 0-02E (<f> A + fyc - tyi) 

M be = 0-08E (2<f) B + <f > c — 3^ 2 ) 

Mc 6 * 0-08E (<£ B + 2<f > c - 3^ 2 ) 

and for the point C, from eq. (5), Mca + M c & = 0. 

Assuming as before, that AB is rigid, and that the connections at 
A and B are perfectly stiff, <f/ A — <£b = 0- Hence, 

Mca + M cb = 0-02E (2<£ c - # x ) + 0-08E (2^ c ~ 3^ 2 ) = 0 
Kty c « + 12 ifj 2 ; and (56c = + 0-000633. 

Taking E = 13,000 tons per sq. in., and substituting* in the above 
equations, 

Mac = — 0*019 ; Mca = + 0-146 

M$ c = — 0*805 ; M c h = — 0-146 in.-tons. 

These figures agree, practically speaking, with those found by the 
previous method. The difference is due to small errors in scaling the 
values of e'e and c"c. In this particular case the numerical values of 
\ft x and ^ 2 should be respectively equal to SA and SB of § 116. If these 
values (tjs 1 = SA = 0*000236 ; tf/ 2 = SB = 0-000469) be used, almost 
identical values are obtained for the moments. The displacement method 
is quicker. 

A positive sign indicates a clockwise moment, and the frame will 
bend as indicated in Eig. 184. It is worth while noticing that whereas 
Mc 6 is negative, a c b is positive, § 116. 

118. Deformation Stresses in Braced Girder. Worked Example.— 
To find the deformation stresses in a braced girder, the method of 
procedure is as follows : Set out in tabular form, as in the worked example 
following, the values of if/ and 2EI/Z for each bar. Write down eqs. (3) 
and (4), § 117, for each bar, introducing the values of ip and 2EI/Z. If 
there be n panel points there will be 4 w — 6 such equations, giving the 
values of M in terms of <j>. Write down eq. (5), § 117, for each panel 
point, and substitute therein the values of M obtained from eqs. (3) and 
(4) ; n equations will thus be obtained containing cf> as the only unknown. 
From these equations the n values of <f> can be found. Substituting in 
eqs. (3) and (4), § 117, the values of Ma& . . . are obtained. Knowing 
the values of Mo& . . . the maximum stress in any member can be 
found in the usual way. 

Worked Example . — To find the deformation stresses in the braced 
girder shown in Fig. 188. The dimensions are given in the figure ; the 
girder carries a load of 50 tons at its centre point. 

1. Find the forces in all the bars in the usual way, and tabulate them 
(see col. 5 of the Table on p. 279). 

2. Draw the Williot diagram, (ii) Fig. 188, for the frame. In this 
case, since the frame and the load are symmetrical about the centre, 
take D as a fixed point and DG as a fixed direction. It is only necessary 
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a 


The displacements are 


50T, 


\ CJ 

[B 

X 


V 



bT 1 

D , 



to draw the diagram for one-half of the girder, 
dimensioned in (ii). Take E as unity for 
this purpose. 

In general the Williot diagram for the 
whole truss must be drawn, but it is not 
necessary, for the present purpose, to make 
the angular correction given in § 12, because 
a movement of the truss as a whole cannot 
affect the deformation stresses. 

3. From the rotations in the Williot 
diagram, find the angles i jj for every bar. 

Tabulate the values ; col. 8 of the Table. 

As an example, consider the bar CD and 
take D as a fixed point. The angular 
motion of CD about D is given by the 
rotation c"c in the diagram. Hence ifscd = 
c"cll c d • The motion of C, from c" to c, is 
clockwise with respect to D, therefore ifjcd 
is positive. In this way the value and sign 
of for every bar can be found. It is 
best to tabulate iftl (c"c for bar CD) and 
calculate the value of i{j therefrom. Start 
with the fixed point of the Williot diagram 
and follow the course thereof. 

4. Assuming the value of E to be unity, 
find the value of 2EI/J for each member. 

Hence find the values of t jj . 2EI/7, and 
tabulate them ; cols. 9 and 10 of the 
Table. 

5. Write out equations (3) and (4), § 117, 
for every bar of the girder. Since in this 
case the conditions are symmetrical, only one-half of the girder need be 
considered. 



Fig. 188. 


Bar. 

Length 

l 

in, . 

Gross 

Area. 

a 

sq. in. 

Moment 

of 

Inertia 

I 

in. 4 

Force in 
Bar. 

F 

tons. 

F l 

Ea 

in. 

ft 

<!> 

2EI 

l 

2^E I 
l 

AB 

60 

11-0 

95-3 

+ 25 

+ 136*4 

+ 930*4 

+ 15*51 

3-18 

+ 49-32 

BD 

60 

11-0 

95*3 

+ 25 

+ 136*4 

+ 788-8! 

+ 13*15 

3*18 

+ 41*82 

CG 

60 

13-9 

200-7 ; 

-50 

-215*8 

+ 1107-9 

+ 18-47 

6*69 

+ 123*56 

AC 

84-85 i 

' 9-6 

20-7 

-35*36 

-312*5 

+ 1003-2 

+ 11*83 

0*49 

+ 5*80 

CD 

84*85 

7-4 

44-3 

+ 35*36 

+ 405*2 

+ 710-3 

+ 8-37 

1*04 

+ 8*70 

CB 

60 

5-8 

7-6 

0 

0 

+ 352*2 

+ 5*87 

0*25 

+ 1*47 

CD 

60 

9*4 

16-3 

-50 

-319*1 

0 ; 

0 

0*54 

0 


E = unity. 
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Bar . 

AB. M a b = + <f>B — fy} Mj> a = + %<f>B — ty} 


Mab * 6-36<£ A + 3 -I 815 &B - 147-96 

M&a = 3-1% + 6*36 ^ b ~ 147 * 96 
BD. M&d - 6*36^ b + 3*18$d - 125-46 

Md& = 3-18<£ B + 6-36 ^ d - 125-46 


CG. Meg - 13-38^ c + 6- - 370-68 

M gc = 6-69^c + 13-38 ^g - 370*68 

AC. Mac = 0-98 ^ a + 0-49c£ c - 17*40 

M ca - 0-49 ^ a + 0-98^ o - 17-40 
CD. M c d - 2*08<j6 c + l-04fo - 26-10 

Mdc - l*04^ o + 2-08 <£d - 26-10 


CB. Mc 6 = 0 - 50^o + 0*25 ^ b - 4-41 

Mftc - 0 ■ 25<^ c + 0'50gf> B - 4-41 

GD. M^d - 1 -08 ^ g + 6-54^3 - 0 

Mdg = 0 * 54^a + 1 * 08 ^b — 0 

In this particular case it is evident from the symmetry of the conditions 
that there is no angular motion of the panel points D and G. Therefore, 
(fy D “ == 0 j and Mdg = M^d = 0. 

6. Write out equation (5), § 117, EM « 0, for each panel point. 

Panel 
Point . 

A. Mac + Ma6 = 0 

B. Mfo + Mfec 4* M bd = 0 

C. Mca 4* Mc 6 + Med + Mcgr = 0 

D. M db ~t Mdc + Mdg + M dh + Mdy = 0 
G. MLge *4" M^d + M gji = 0. 

From symmetry, in the last two equations, M^d = 0 ; M^ c = — M g h ; 
Mdg — 0 ; Mdc — — M 'dh ; M db = — Md/. There remain three equations 
to determine the three unknowns </> A , <j> B , and <£ c . Introducing the 
values of Ma6 • • . from f 5, above, 

A. 7 • 34^> a + 3*18^ b + 0-49<ji o = 165-36 

B. 3-18^ A + 13-22^ b + 0-25^ o = 277-83 

C. 0*4%+ 0-2%+ 16-94o = 418-59 

It is possible to solve these simultaneous equations directly, but 
when there are many bars in the frame, the work is laborious. It is 
better to use a method of successive approximation suggested by Mohr. 
If the three equations be examined, it will be seen that in the first the 
coefficient of <f> A is the largest ; in the second that of </> B ; and in the third 
that of <f> G . 
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As a first approximation therefore, assume that 

4a — <f > b — fa = </> a in the first equation, 
fa = fa = fa = in the second equation, 

<t > a — fa = fa =* 4>c' in the third equation, 

whence, fa' = + 15*02 ; fa' = + 16*69 ; fa' == + 23*68. 

Now write the equations in the form : 

<£a" 7-34+ 3-18^,+ 0-49^1 = 165-36 
fa fa . 

B 'j3-18^j + 13-22 + 0-25^ = 277-83 
l 9 b <f>B 

<£ 0 "jo-49^% + 0-25^ + 16-941 = 418-59 
9c <pc 

Insert the values of fa', fa', and (f > c ' ; whence 

fa" «= + 14*21 ; fa" = + 16*91 ; fa" = + 24*02. 

From a third similar approximation, using the values <j>" instead of fa, 
fa"' = + 13*84 ; fa - + 17*10 ; fa" = + 24*04. 

Collecting the results : 

1$£ 2nd 3rd Exact 

Approx. Approx. Approx. Solution. 

<f>x — + 15*02 + 14-21 + 13-84 + 13*41 

==, +16-69 +16-91 +17-10 +17*34 

fa « + 23*68 + 24-02 + 24-04 + 24-07 

As will be seen , the third approximation is sufficiently accurate for most 
practical purposes, the maximum error being about 3 per cent. 

7. Knowing the values of </>, calculate the magnitudes of M a 6 . . * 
from the equations given in 5. (In finding the values given below 
the exact values of <f> have been used.) 

Mat = — 7*53 ; Mm - - 15*18; = - 48*62; 

M & a = + 4*96 ; Mdb = - 70*32 ; Mg C « - 209*65 ; 

M^c = + 7*53; Med = + 23*97 ; Mcb = + 1 1 • 96 m 9 H&gd 0 ; 

M c « = + 12*76 ; M dc = - 1*07 ; Mm - + 10*28 ; Mjg = 0. 

The above values are in inch-tons. Checking the moments at each panel 
point by means of equation (5), § 117, EMat = 0, 

Panel 

Point. 

A. Mab+ Mac =- 7*53 + 7*53 = 0*00, 

B. Mm+ M& c + MM“ + 4*96+ 10*28 ~ 15*18 = + 0*06, 

C. M ca + M c & + M c d + M c ^ = + 12*76 + 11*96 + 23*97 — 48*62 

= + 0*07, 

the error is within 0 • 1 inch- ton. The moments at D and G must perforce 
satisfy equation (5), owing to the symmetry of the frame. 

The values for M a b * - * are shown on (i) Fig. 189. 
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8. Although not essential for the calculation of the secondary stresses 
it is of interest to compute the values of cr. From equation (2), § 117, 

crab = K - fab = + 13*41 - 15*51 - - 2*10 
aba = - fab - + 17*34 - 15*51 - + 1*83 

obd~<j>B- $bd - + 17*34 - 13*15 = + 4*19 
adb — — ifsbd = 0 - 13*15= - 13*15 

and so on. These values are shown on (ii) Fig. 189, together with the 
values of xfj and cf). 



9. As a typical example of the method of calculating the deformation 
stresses in the members, consider the case of the top flange GC, (i) 
Fig. 190. The bending moment at G is M^ c = — 209*25, and at C is 
— 48*62 inch-tons, both anti-clockwise moments, (ii). The bendirfg- 
moment diagram is shown at (iii). The maximum bending moment 
at G is earned by a deep gusset, and the maximum stress will occur at 
the point H, where the bending moment is found to be 155*84 inch-tons. 
If it be assumed that the cross-section at H is equivalent to the normal 

* -^e moments shown in (i) Fig. 189 are moments external to the member, 
acting at the panel points and imposed on the member by the rest of the frame (cf. 
Fig. 181 and the accompanying text). 
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cross-section of the flange, I = 200; 7 in. 4 (see the Table). The neutral 
axis lies at a distance 4*10 in. below the top of the member which is 
10*32 in. deep, so that v x = + 4*10, and v 2 = — 6-22 in. The area 
of the member is 13*9 sq. in., and the compressive force in it is 50 tons, 
so that the direct compressive stress is 50— 13-9 = 3*60 tons/sq. in. 



The bending moment, 155 * 84 inch-tons, will produce a compressive stress 
in the extreme top fibres of 


_ 155-84 x 4*1 
I ” 200-7 


3*18 tons/sq. in. 


and a tensile stress in the lowest fibres of 
J I 200-7 

The maximum stress at the top of the flange is, therefore, 3*60+3*18 = 
6*78 tons/sq. in. (compressive), and at the bottom is 3*60 — 4*83 = 
1-23 tons/sq. in. (tensile). Thus the stresses on the cross-section at H 
are : 

maximum stress = 6*78 tons/sq. in. (compressive) 
mean stress =3*60 tons/sq. in. (compressive) 
minimum stress =1*23 tons/sq. in. (tensile). 

The deformation stresses in every member can be found in a similar way, 
and combined with direct stress. 
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It will be seen that, according to this calculation, the stress in the top 
flange is almost doubled by the deformation stress. In practice this large 
augmentation of the stress will be mitigated, to some extent, by two 
effects which have been neglected. Due to the bending moments M gc and 
M eg there will be a shearing force in GC. The shearing-force diagram is 
shown in (iv) , and the magnitude of the constant shearing force is evidently 
(209*65 -b 48*62) 60 = 4*3 tons. This means that 4*3 tons will be 

transferred along GC by the shearing force in that member, and an equal 
amount will be similarly transferred along the corresponding member to 
the right. The total load of 50 tons stressing the members of the frame 
will thus be reduced by no less than 8 • 6 tons due to this shear, with a 
corresponding reduction in the direct forces in the members, which forces 
will be still further reduced owing to the shear in the other members of the 
frame. The actual reduction will, in reality, not be so large as would 
thus appear, because, with reduced forces in the members, the secondary 
bending moments will also be reduced, but both primary and secondary 
stresses will be less than the calculation suggests. 

The riveted joints in a braced frame are not stiff joints as has been 
assumed, but possess considerable elasticity, which again will reduce the 
calculated stresses. To take exact account of these effects would be 
difficult, but it is possible to make allowance for them in the calculation. 
For an example, reference may be made to the work of Wyss (Beitrag 
zur Bpannungsuntersuchung an Jcnotenblechen eiserner Fachwerke. Heft 
262, Forschungsarbeiten V.D.I. Berlin, 1923), who also determines the 
stresses experimentally. The above girder has been made to correspond 
approximately with the experiments of Wyss, and it is of interest to observe 
that, at the section H in the member GC, the measured force was 46*17 
tons instead of 50 tons ; and the measured shearing force was 3*05 tons 
instead of 4*3 tons. Instead of a theoretical mean compressive stress of 
0*514 t/cm 2 , the measured stress at the top of the flange was 0*90 t/cm 2 
(compressive), and at the bottom was 0*119 t/cm 2 (tensile). The metric 
sections used do not correspond exactly with those assumed in the worked 
example above, and at H the area was 15*06 sq. in. Increasing the above 
stresses proportionately to the respective areas, and converting them to 
British units, the 

maximum stress —6*30 tons/sq. in. (compressive) 
mean stress =3*60 tons/sq. in. (compressive) 
minimum stress =0*84 ton/sq. in. (tensile). 

These stresses may be compared with those computed in the worked 
example. 

10. The values of the deformation angles given in (ii) Fig. 189 
can be checked by the method of § 116. As a typical example, consider 
the triangle GDC, (i) Fig. 191, relettered ABC in (ii) to suit the equa- 
tions of § 116. The stresses in the members, found from the Table, 
p. 279, are as shown. Taking E = unity, and substituting in equation (2), 
§116, 
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SA = g{(/ a - fc) cot B + (f a - fb) cot C} 

= {(+ 4-78 + 5-32)1 + (+ 4-78 + 3-60)1} = + 18-48 

SB = -|{(/6 - fa) cot C +{fb- fc) cot A} 

= {(- 3-60 - 4-78)1 +(- 3-60 + 5-32)0} =- 8-38 

SC = g{(/c — fb) cot A -|- (f c - f a ) cot B} 

= {(- 5-32 + 3-60)0 + (- 5-32 - 4-78)1} = - 10-10 

Sum = 0-00 

See eq. (3), § 116. 

The results for all the triangles of the frame, thus determined, are 
shown in (i), Fig. 191. Comparing (ii). Fig. 189, with (i), Fig. 191, in the 



light of equation (5), § 116, the maximum difference in the angles will be 
found to be 0*01. Thus from (ii), Fig. 191, considering the point C, 

acg — (Ted = 4- 5-60 — 15*70 = — 10*10 v. - 10-10 = S(GCD) 

a cd - <r c6 = + 15-70 - 18-20 = - 2*50 v. - 2-51 = S(DCB) 

0*06 — cr ca = + 18-20 — 12-24 = + 5-96 v. + 5-95 - S(BCA) 

and so on. 

119. Secondary Stresses. Experimental Determinations. — The re- 
sults of five years 5 study by the Swiss Commission ( 43 ) on secondary 
stresses in 14 bridges, statically loaded, may be briefly summarised as 
follows : Only direct stress measurements give reliable information 
regarding secondary stresses, angular displacements are misleading. 
The measured secondary stresses agree closely with the calculated values. 
Secondary stresses occur in all members about both principal axes of 
the cross-section. The yield of the gussets and riveted connections has 
an important influence, which can only be taken into account approxi- 
mately. Stiffness at the panel points always acts in a favourable sej|se, 
distributing the moments and diminishing the stresses. If, owing to 
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secondary stresses, the proportional limit is exceeded in the extreme 
fibres of the bar, these stresses do not continue to increase proportionally 
to the primary stresses. Except in the case of S-bending, reduction in 
the assumed crippling length of struts as the result of stiff joints is not 
justified. A stiff continuous bridge floor has an important effect in 
diminishing the effect of impact, and in reducing the deflection, and 
consequently the secondary stresses. In an ordinary lattice girder 
bridge, with deep main girders, when the axes of the members intersect 
at a point, and the slenderness ratio of the bars in the plane of the main 
girders ranges from 40 to 60, the secondary stresses attain values ranging 
from 15 to 20 % of the permitted primary stresses. Except in rare cases 
the secondary stresses are always increased when the axes do not meet 
in a point. 

Secondary stresses need not be considered in any member in which 
the ratio of width to length, measured parallel to the plane of distortion, 
is less than 1 : 10 (A.R.E.A. 1935 Spec.). 
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QUESTIONS ON CHAPTER VI 

1. Fig. 192 shows a column fixed at one end and pin-jointed at the other. 
A load W = 1 ton is attached to a bracket 2 ft. long, measured from the 
centre of the column. Draw the diagram of bending moment 
produced on the column. (I.C.E.) 

Am. M a = 8 ; M B = 0 ; M D = 13£ in.-tons. 

2. Suppose that the stanchion ABC shown in Fig. 141 is of 
uniform cross section from top to bottom, that the lower end 
is direction-fixed, and the upper end position-fixed. AB — 20 ft., 

BC = 12 ft., AD — 14 ft. It carries a load of 10 tons on the 
bracket at D, which load acts at a distance 18 in. from the 
centre line of the column. Draw the bending-moment diagram 
for the column and find the maximum bending moment anywhere 
on the column. 

Am. M A = 4*68 ; M B = 1*69; M c = 0 ; M D =7*93 ft.-tons. (max.). 

3. In the braced portal shown in (i) Fig. 153, h — 25 ft., b = 17 ft. 6 in., 
c = 7 ft. 6 in. If F = 2 tons, find the forces in all the member^ and the 
maximum shearing force and bending moment in the legs. 

Am. Forces in girder : top flange — 4J, — 1, + 2J t. ; bottom flange 
± If t. ; diagonals ± 3 • 32 t. ; verticals zero. Forces in legs ± 2 • 86 t. ; 
max. B.M. = 210 in.-tons ; max. S.F. = 2£ t. 

4. If in Q. No. 3 the feet of the portal are fixed in direction, find the forces 
in all the members and the maximum shearing force and bending moment 
in the legs. 

Ans. Forces in girder : top flange — 3£, — 1, + 11 t. ; bottom flange 
± 1*08 t. ; diagonals ± 2* 16 t. ; verticals zero. Forces in legs ± 1*86 t. ; 
max. B.M. — 105 in.-tons ; max. S.F. = 1J t. 

5. In the knee-braced portal shown in Fig. 154, h = 25 ft., 6 = 17 ft. 6 in., 
c = 7 ft. 6 in., e — 6 ft. If F = 2 tons, draw the bending-moment and 
shearing-force diagrams for AC, CD, and DB, and find the longitudinal forces 
in all the members. 

Am. In AC and BD, max. B.M. = 210 in.-tons, max. S.F. = 2£ t. ; 
in CD, max. B.M. =94*3 in.-tons, max. S.F. = 2*86 t . ; forces in AG and 
BH = ± 2-86 t. ; in GC and DH = =f= 1-31 t. ; in CP, PQ, QD = — 4J, 
— 1, and -f 2 J t. ; in GP and HQ = ± 5 * 34 t. 

6. Find the sideways deflection A of the portal in the worked example 
of § 104. Take I x = I 2 = 3000 in. 4 , and E == 13,000 tons/sq. in. 

Am. 0 • 35 in. 

7. Draw the bending-moment and shearing-force diagrams for the columns 
of the worked example of §104\ Find the positions of the points of inflexion. 

Am. AJ - 9*4, BK = 9*85 ft. 

8. On the assumption that the points of inflexion occur half-way between 
A and G, B and H, in Fig. 157 ; find the values of F x to F 6 . Compare these 
values with the correct values given in §104. 

Am. Fi = 17*43, F 2 = 12-57, F 3 - 35*71, F 4 = 23*14, F 5 = 14*66, 
F 6 = 27*23 tons. 

9. Suppose that the portal shown in Fig. 169 be loaded with a single load 
of 1 ton at the centre of span CD, find by the method of Characteristic Points 
the bending moments at A, B, C, and D, (a) if the feet A and B are hinged ; 
(b) if they are direction-fixed. 

Am. (a) M a = M b = 0 ; M c = M D = + 0*81 ft.-tons ; (b) M A = 

Mb — — 0*482 ; M c = M D = + 0*964 ft.-tons. 

10. If in the portal of Fig. 169, Ij = 300 in. 4 , E = 13,000 tons/sq. in., 
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find the sideways deflection A when the portal is loaded as indicated in that 
figure. Find also the vertical reactions at A and B. 

Ans . A = 0*005 in. ; R A = 0-671 R B = 0*329 ton. 

11. Assuming that, by fitting a diagonal or otherwise, the points A, B, C, 
and D, of the portal in Fig. 169 are constrained to remain fixed in position," 
find by the method of Characteristic Points, and of Moment -Distribution, the 
values of M A , M B , M c and M D . Hence find the percentage error which would 
be introduced by neglecting the sideways deflection A of the portal in 
Fig. 169. 

Ans. m a = 0*495 ; M B = — 0*362 ; M c = -f 0*991 ,* Mj> = 

0*724 ft. -ton ; errors -f 27 %, - 22 % %, + 10 \ %, — 11J %. 

12. Using the values found in Q. No. 11, verify by Moment-Distribution 
the values given in Fig. 169 when sideways deflection is permitted. 



CHAPTER VII 

ELASTIC STABILITY PROBLEMS 

120. Buckling of Flat Plates under Edge Thrusts.— Let OABC, 
(i) Fig. 193, be a thin flat rectangular plate compressed along the edges 
OC, AB by a thrust per unit of length, and along the edges OA, CB 
by a thrust p, per unit of length. It is required to find the conditions 
under which the plate will buckle. Suppose, as indicated in the figure, 
that it has buckled upwards slightly. Take origin at 0, let OA be the 



axis' of x , OC be the axis of y, and consider an element of plate atQ (x .y). 
Let the upward deflection of the plate at Q be w. Then [see eq. (11), 
§ 186, Yol. I], the equation representing the equilibrium of the plate is 


_. l&w (Pw n dHv 

X/ 4 w = i b b 2 

(3^ 5/ dxKdtf 


= M Z '- — + -^ 

D( dy dx 


( 1 ) 


where Z' is the resultant normal external force, and L' and M' are the 
resultant external moments acting on the element. + L' and + M' are 
clockwise moments looking away from the origin [see (ii) Fig. 193] ; Z', 
L', and M' are all expressed per unit of area of the element. From eq. 
(6), § 186, Yol. I, the flexural rigidity of the plate 

v = im 3 - - m - 


m 2 - 1 12 


tn‘ 


1 


where t = 2/t is the thickness of the plate, and 1/m is Poisson’s ratio ; 
m may be taken as 10/3. In the present case there is no external force 
normal to the plate, and Z' •= 0. 

Let the bending moment due to p x on the element at Q, (iii) and (iv) 
Fig. 193, at any section x, be M ; and at [x + 8s) be (M + 8M). Then 
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(M + SM) — M = SM is the resultant external bending acting on the 
element at Q which causes the bending moment Ixj' to change to 
(»W + SMas/) in the length Sx (see Fig. 245, Vol. I) ; and M', the corre- 
sponding external bending moment per unit of area of the element, is 

m '=k- M s ; but SM : |-.Sx; therefore M' = ~ . — 
ox .By dx 8y dx 

The force acting on the width B y is p x . By. At the section distant x from 
the axis of y it acts at a leverage iv , hence M = — p ± w . By. This is an anti- 
clockwise moment about the axis of y and therefore negative. Hence, 


and 


3M 

dx 


Pi ■ V 


dw 

Tx’ 


W = 


S y 


9M 

dx 


dw 


3M'_ _ dhv 
dx ^ l dx 2 


Similarly, the external moment 1/ acting on the element is 

L , SL 1 dL 
Bx .By Bx' dy 

where the moment L = p 2 w . Bx. This is a clockwise moment about the 
axis of x and therefore positive ; see (ii). Then 

1 3L 
8a; * dy 
dU_ dhv 
dy ~ dy 2 

Substituting these values in eq. (1), 


3L ~ dw 


L' = 


dw 


and 


d 4 w d 4 w 9 d 4 w __ 1 

dx 4 dy 4 dx 2 . dy 2 D 


d 2 w 


P 'W + P ‘iy 


dhv) 


( 2 ) 


[It is worth noticing the analogy between this equation and the 
differential equation for the equilibrium of an ideal long column. From 
eq. (1), §99, Vol. I, 


dfy 
dx 2 


= - cl -y 


W 

El 


y ; whence, 


dHj 

dx 4 ' 


W dh/ 
El * dx 2 


In this case y , not w , denotes the deflection. Observe that in both cases, 
due to the curve being concave towards the axis of x } the curvature is 
negative, which accounts for the minus sign.] 

Boundary Conditions. — Suppose that the edges of the plate are freely 
supported and remain in the plane of the origin. Then w -- 0 when 
x = 0 and x = l 1 ; also when y = 0 and y — ? 2 - Further, there can be 
no bending moment at the edges. From eqs. (7) and (8), § 186, Vol. I. 
the bending moments at any sections x — x and y = y are 

3 Ho 1 d 2 w) n r / ^[3% . 1 d 2 u>) 
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Hence it follows that 

[dhv L 1 B 2 w 

j dx 2 in By 2 

j B 2 w 1 B'hv 

\ By 2, m Bx 2 

w = 0 


|=0 when x = 0 and when # = / x 

— 0 when y — 0 and when y = 
when # = 0, a? = l v y =* 0, and y = 


( 3 ) 


It will be found by differentiation that all members of eq. (3) are 
satisfied by 

(*) 


. . r^7ra; . r 2 7Tt/ 

w — A sin ~ — sm 


*1 ^2 


where r x and r 2 are integers, and A is a constant. This expression will 
also satisfy eq. (2) if 
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The minimum values of and p 2 which will cause the plate to buckle 
will correspond to the values r t — r 2 = 1, when the plate will bend as 
shown in (i) Fig. 193, each axis being a semi-sine wave. Then 

12 J_fPi . Ps 1 

■ TT’DiZi 2 


_1_ _1 

72 "^/! 
Ul 6 2 


2+ z, 2 i 


and 


p 2 7 t 2 E^ 3 ra a IV 

z7 + z7 = 12 m? + \ l} + T?\ 


this equation determines the critical values of p 1 and p 2 . If p 2 = 0, 


Pi 


7 t^WI 2 m 2 (1 ll 2 

IF m 2 — 1 V + Z7 2 / 


(6) 


( 7 ) 


Bryan’s formula. 1 If k/k I s large, the plate buckles into squares 

7r 2 Et z m * 

(Z x == Z 2 ), and pi = ^ 2 w 2 _ ^ (3) 


121. Buckling of Flat Plates. Strain-Energy Methods. — Solutions 
to many problems involving the buckling of flat plates can be obtained 
by strain-energy methods. An expression for the internal work stored up 
in a slightly deflected plate can be obtained from the equations of § 186, 
Vol. I. It is shown in that article that the stress components on an 
element Bx . By of the plate, Fig. 244, Vol. I, are equivalent to stress 
couples (per unit of length) M X x' and M X y acting about axes parallel to 
Oy, and stress couples M yy and M X y' acting about axes parallel to Ox. 
As in § 143, Vol. I, the work done by a stress couple is 8U = . 8a, 

where 8a is the change of slope in the length of the element. From 
eq. (7), § 186, Vol. I, 


B 2 w 1 3 ho} 
dx 2 m * By 2 ) ’ 
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and the stress couple acting on the element of width S y is 

M^'S 2 / =-d{~ + ~ 1 y 

( dx 2 m dy 2 j a 

From Fig. 246, Yol. I, and the descriptive text, a% — — dw/dx, where 
+ w is the deflection of the plate in the z direction, hence 


fox 


fox c- S 2 w 

Tx- 8x = ~W*- Sx ' 


a rtt i Ayr 'a s TDfS 2 ?^ 1 dho) 9 2 w;~| _ 

Similarly, for M yy \ using eq. (8) (l.c.), 


SU: 


VDid^tu 1 9 2 w|9 2 wn 
L2|9^ 2 1 m 9#?| 9?/ 2 _j 
m — 1 


From eq. (9) (l.c.), M <cy = — D 


m 


d 2 w 
dx . dy 


and the stress couple acting on the width 8 y about an axis parallel to 
Ox is Mxy'Sy. The change of slope in the length AD, Fig. 245, Vol. I, 
is 8 ay, where cry — — dw[dy. 

Therefore, 8 ay = . So: = 


and 


SU = ^M-xy'dy • 8 ay 


d 2 w 5 
dx .dy' X 
T>{m - 


- Bf 


1] 


m 


d 2 w ] 
dx . dy] 


'] 


Sx Sy 


Similarly, for the stress couple M X ydx acting about an axis parallel to Oy, 


SU 




D (m — 1 


m 


d 2 w 2 ~ 
dx . dy\ 


dx S y 


Hence the total strain energy stored in the element i 3 


SU 


_ I>~ 

~ 2k 


d 2 w 1 

+ 


d 2 w 


+ 2 . 

and for the whole plate, 

a 

dx 2 

which may be written 


dx 2 m * dy 2 
m 


d 2 w j d 2 w ^ 1 d 2 w) d 2 w 
dx 2 { dy 2 m ' dx 2 \ dy 2 


m 




u 




dho 

dy 2 


2 ^ 2 1 d 2 w 9 2 w j ^ 2 (m — 1) | 9 2 m? 


m 


dx 2 * dy 2 


U 


-m 


{d 2 v>) 2 ^ d 2 w d 2 w 

1 dx 2 ] + 2 a? • dy 2 + 


, dhv) 2 2 

vl + 


m 


m ( dx .dy 

( d 2 w dho 
dx 2 * dy 2 


dxdy 


-1HI> 


\dxdy 


2 w} 2 - 


d 2 w d 2 w 2 (m — 1) | d 2 w J. 2 ~J 
^ dx 2 dy 2 m \dx . dy 
^m — l\d 2 w dho ( dho \ 2 ) “] , 

2 — !&■• \\ dliy 


(I) 
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This expression gives the total strain energy stored in the plate, due to 

JSE’SZS* t— of the deflection 

tmrkW of thin plates, the strain energy due to the stress n«« 
hucttng of turn pi . be leoted ^ com panson with that 

XxAy • • •> 8 i0 °’ , / • • Pl1 w s formula for long slender 

cLl^fcct'lp.i is neglected. The int.gr.tien i. to be 

r lysh to lh ‘ ““ ^ 

in § 120 ; from eq. (4), § 120, if r x — r 2 - 1, 


w 

dhv 

dx 1 


4 . 77# . iry 
A sin -y- sin 
n 

w 2 A . . try . si 

sm "i sin — — — ’ “ 


lJ am T i l T 


Then, 


(V*») 


3% 
Sas . 9y 

3% 3 2 w’ 

3 a : 2 Sy ; 

r*i r*» 


Z, n 


ttA wk uy 
rr cos y cos r 
<li 2 *1 l 2 


■ ^ ^ 
sm — - sin ■ 




- 7T 2 A 


I + - 

7 2/2 
^2 


il 


. vx „ ny 
sm — sm — 
H *2 


u- 4 A 2 |y 2 + 
l‘l f 2 


^1^2 

4 


and 


lienee, 


JoJo 

_ / ?!!LVUdy = 0 

\3x . dy) ) 


( 2 ) 


(3) 


(4) 


This is the internal strain energy. The external work done will be 
due to the external couples L acting about the x axis and M about the 
„ axis As in the case of the stress couples, the work done is SU - *M da, 
where 8a is the angle through which the couple rotates. At the point Q, 


(iii) Rig. 193, M = - p t w . 8 y, and a 

and the work done on the element by M is 

dhv 


+ £’ henceSo = |^ .8*. 


su = - \vi w ■ fa * 8a ' 

r Note : As in the case of struts, where M = - El . dhjjdx 2 = 
- El . du/dx, if M is assumed positive, dcrldx must be negative, and 

vice versa.] 

Similarly, the work done by couple L = / p 2 w • b V 13 

, 3 2 w 5, 

SU = - IfiW . ^ Sx Sy 

and the total external work is 


r*f 


'*» f d 2 w 
Pi w 


d 2 w 
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Integrate each term by parts,* thus 


f 


hand side vanishes, and 
Similarly, j 

and U e -*H 

Since w = A sin — sin 

f'l f'Z 


P> dw 

r*. / 

dw \ 2 


Lo ^ lW ' 3x 

Pit 

o \ 

,a) * 


and when x = the first term on 

the right- 

1 d 2 w ( 

■‘t ( 

dw\ 2 


— J 

Pi 

0 \ 

dxj d * 



r*. ( 

dw\ 2 




%) *• 


! * f idw \ 2 ( 

+ M 

cho\ 2 ) 

<>y) i 

dx dy . 

• (6) 


7tA 7 TX . 7 TV div 

cos T- sm — * — * 


dw 

Si 7, — T x ““ I 2 • 
andU e = W *A*|| + J^ . 


7tA . 7TX TTV 

— Sin ^r- cos -T- 




(?) 


Equating the internal and external work, eqs. (4) and (7), 

-i '&] - — SA*j?l 4 - hh 

2 U A K 2 + * a 2 l 4 J 7tA j/ 1 2 + Z a 2 | 4 


whence, 


1 

tt 2 D 

Cf. eqs. (5) and (6), § 120. 

It will be noted that the integral 


Pi, Pt 

h t+ h* 


l = 11+ IV 

J IV + Vi 


( 8 ) 


’*« d 2 w dhjo f dhv \ 2 ) 

. 0 Jo 1 V ~ \to. dyj ) X v 




from eq. (1) vanishes ; see eq. (3). It may be proved that this is true for 
all slightly bent rectangular plates 
whose edges lie in a plane (w ■=» 0) and 
are freely supported (M = 0 every- 
where on the boundary). It is also 
true for a similar plate with clamped 
edges ; see the following example. 

* 122. Bectangular Plate with Clamped 
Edges subjected to Edge Thrusts.— Let 
ABCD, Fig. 194, be a thin fiat rectangu- 
lar plate subjected to compressive forces 
Vi per unit of length along the edges 
AB, CD, and to compressive forces p 2 
per unit of length along the edges AD and BC. In this case the edges 
are fixed in direction. It is required to find the conditions under which 

dw ~ , dw 


rUTTT 


B 

+ . & v 




I 


0 

t 

/ l 


i i_ 


TTTTTJ1 

TTTTTtlA 

(. JStJ 

t, '“4 


Fia. 194. 
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the plate will buckle. Suppose, as indicated in the figure, that it has 
buckled upwards slightly. Take origin at 0, the centre of the plate. 
By analogy with § 120, suppose that the curvature is sinusoidal, and let 


w 




(1) 


It will be found that this equation will satisfy all the boundary con- 
ditions. viz, that w = 0 and dwjdx = 0 where x = i a ; and that w = 0 
and dwjdy — 0 where y = ±6. From eq. (1), 


dw 

a tt ttx 

, ' 7r V\ 

dw 

. 7T 

. nil / 

- , m \ 

dx ~~ 

— A- sm — { 
a a \ 

1 cos -^r 1 \ 
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~ A b sm T\ 
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{ l+cos T j 

^1 

ii 

A b 2 

cos -r ! 
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1 -h cos — 
\ a , 


d 2 w tt 2 . ttx . Try 

--- : + A-t sm — sm -~ 

ox . dy ab a o 


V 2 w = 


/9*m? 

U * 2 

~?r 2 A 




tto;/, rry\ 1 Try / ttx \ ) 

. 008 + 008 T ) + & 008 TV + 008 IT j } 


The internal strain energy can be found from eq. (1), § 121, 


U 


-?JI[ 


jV 2 ^ 


m — 1 


m 


d 2 w d 2 w 
dx 2 # dy 2 


f d 2 w y]~i 
\dx.dy) j J 


dxdy 


the integration being taken over the whole area of the plate. Considering 
the second term of the integral separately, for the four quarters of the 
plate, 

Pf *(9*w d 2 w f dhv V 
dx 2 * dy 2 V3a? . dy) 


0J0 


t^A 2 a *1 ttx Try , ttx\ Try\ 

= 4 — rrr i COS — COS 1 -j- COS — 1 4* COS ~r I 

^ 2 JoJoi a a/V 6/ 


TTX 


snr 


sin 4 


Try 


0. 


dxdy 


This is true of any slightly bent plate when the edges are direction-fixed, 
for, as proved in treatises on Analytical Solid Geometry, 


' | dho d 2 w 

. j Idtf'dy 2 


(A)'!** -If 


dx . dy 

1^r7 



where R t , R 2 are the principal radii of curvature of the curved middle 
surface at the point xy, and the integration is taken over the whole area 
of the closed surface ; the normals all round the boundary remaining 
parallel and normal. 
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The internal strain energy for the four quarters of the plate is, 
therefore. 


U-£(( (S hv ) 2 dxdy 

* JoJo 

JoJol ® 2 a V 


= 2tt 4 DA 2 

7T 4 DA%6 


1 + cos 


?)+*-?( 


1 + cos^ | dxdy 


2 


(2) 


3 _2_ 

( a* ' 6 4 a 2 6 2 

The external work done can be obtained from eq. (6), § 121, which 
will hold equally well for the clamped plate. Adjusting the limits to 
include the four quarters of the latter, 

dxdy 


4f a f 6 ( /9i 

kA 2 (d\ 

U)\ 2 

U6 = 2j 0 J 0 Ma 

x) +P2 \d 
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2tt 2 A 2 


■rr 


„irx/ try 

^-[l+cosj 


•)*+ft sin 2 t(i + cos ?) ) dxdy 

(3) 


^n i A 2 ab\p 1 i 
= 2 |a 2 + 62 

Equa ting the internal and external work, eqs. (2) and (3), 
tt^DA 2 ^ f 3 3 2 ) 3jr 2 A 2 o&:pi , p 2 

1 — i. 4“ 7*4 


and 


\a* + W + a 

Pi , Pi 


— + 
a 2 + 6 2 


+ — 
nr to 




3 la 4+ri + 


a 2 T 6 2 

Let 2a = l v and 26 = l v as in Fig. 193 ; also D = 


6 4 r a 2 6 2 
Ei 3 




where t is the thickness of the plate. Then 


(Pi , Pi 

(l! 2 + L 2 




irmt 3 


12' ' TO 2 - 1 

2 


3 Z_ 

h i+ h i+ W 


(4) 

; see § 120* 

. (#) 


m 2 — 1 ’ 9 

which gives the critical values of the loads p x and p t which would cause 
the plate to buckle. If p t = 0, and 1. 2 is very great compared with l u 

m 2 sr 2 Ei 3 

Pi* 


(6) 


wi 2 — 1 3 li* 

which gives the side-crippling thrust on a long thin plate stiffened along 

ils edges ■» 

The above is a classic problem and the solution given is only an 

aPP 123 U Slender Cantilever.— A simple experiment with a thin 
placed on edge and used as a cantilever, will demonstrate that the free 
end may refuse to remain in the plane of bending, but will d.eflect “‘kj ? ’ 
twisting the strip as it goes, until a position of equilibrium t is reached, 
or complete failure occurs. The effect is due to want of elastic stability, 
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and may occur in any cantilever or beam in which the lateral and torsional 
stiffness are relatively small, (i) Fig. 195 shows a slender I beam thus 
deflected by a terminal load W which is applied at the neutral axis. Let 
I z==v *.da and l v = z 4 . da be the maximum and minimum moments 
of inertia of the cross-section, and ® its torsional rigidity. Take origin 
at 0, and let Ox, 0 y, Oz, as shown in the figure, be the co-ordinate axes ; 
OKB is the bent centre line of the cantilever. Consider the stresses on 
the cross-section at K, the co-ordinates of which point are a, y, and z, and 
suppose that the angle of twist there is 0. If L denote the length of the 
cantilever, the bending moment at K is M = W(L - x) with components 
about the two principal axes of the cross-section at K of M cos 0 and 



M sin d, (iii) ; which, since 0 is very small, may be written W(L - x), and 
W(L — x)6. Then the differential equations giving the shape of the bent 
centre line are 

dihj M W(L — a:) m 

dx*' El ~ EI Z ‘ 


dh W(L - x) (2) 

dx* “Ely 

In addition to these bending moments there will be a twisting moment 
M* at K, which can be found from the plan, (iv). 0 kb is the bent central 

axis ; kb 2 , tangent thereto, is a prolongation of the axis of the beam at K. 
The twisting moment, see (iv), is 


- 

W . 66,. = W| (zb - z) - (L 




dz) 

dx 


= M t 


This moment will be resisted partly by the torsional stiffness of the 
cross-section, and partly by the lateral stiffness of the flanges. In moving 
through an angle 0, a torsional resistance moment (<E >.d9[dx) will be called 
into play [see eq. (1), § 130, Yol. I] ; also the flanges will be deflected a 
distance z' from their normal position [see (v), Fig. 195]. If I' be the 
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moment of inertia of a flange about the axis 0 y, the shearing force in the 
flange corresponding to this deflection will be 


S' - - 


El' d 2l 

' dx :> 2 dx 3 


for z’ = 6 X D/2. There will be similar shearing forces in both top and 
bottom flanges acting in opposite directions, and the two will produce a 
torsional resistance moment of 


S' x D = 


EFD 2 (Pd 

dx 3 


The total twisting moment must equal the sum of the two torsional 
resistance moments, whence 


= Wj (zb — z) — (L — x) 


_ dd EI'D 2 d 3 8 
° dx 2 'dx 3 ' (3) 

Differentiate with regard to x, and substitute the value of d 2 zjdx 2 
from eq. (2), 

EFD 2 cM ^ d 2 8 W 2 (L — x) 2 8 A 

Cl * 1 A *“ 7 O ~ TIT V 


c&r 4 


dx 2 


Ely 


w 


which gives the condition for elastic stability. 

Particular Cases . — If the cross-section of the cantilever be a thin deep 
rectangle, so that I' is zero, eq. (4) reduces to 

d 2 8 W 2 

dx 2 v 7 OEI^ 

This equation can be solved in terms of Bessel functions. The solution 


is 


e = VL - *[a . Jij| (L - *)*! + B . J_ij| (L - *)»(] . 


(5) 


where A and B are constants of integration. When x = L, z ~ zb \ 
therefore, from eq. (3), since T = 0, ddjdx — 0, and A = 0. When 
x = 0, 6 = 0, hence, 

aL 2 

= 0 ; = 2, very nearly ; 




and W = 


4y<Mii 


( 6 ) 


which gives the critical value of the load which produces instability. 
For a thin deep rectangle, D x t, the value of is JD£ 3 Gr approx., and 
I y = T^Dt 3 . Inserting these values in eq. (6), 


2D*VEG 
“3 L 2 


(7) 


In the case of a thin deep rectangular beam, span L, carrying a central 
load W, if the ends are prevented from twisting, then each half of the 
beam may be regarded as a cantilever similarly situated to that in Fig. 195, 
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but of length L/2 and carrying a load W/2 at its end. From eqs. (6) and 
(7) the critical load is given approximately by 


W = 


16a/ <1>EI w 8 Pi V EG 


L 2 3 L 2 

It mil be observed that eq. (4) may be written 

Wd _ 

Ely 


EI'D 2 . #0 __ ^ 

2 da: 4 da: 2 


0 


( 8 ) 


(9) 


and it may be shown that this equation holds generally. In the case 
of a deep rectangular cantilever, length L, carrying a uniform load of w 
per unit of length, M = w(L - x) 2 /2, and 

x)“. 


-d 2 0 w 2 (L 
9 dtf + 4EL/ 


1 = 0 


of which the solution, in terms of Bessel functions, is 


0=VL 




!(L - a;) 3 1 + B . J_* 
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( 10 ) 


where a 2 = io s /4<t>EIy. As in eq. (5), when x = L, dd/dx - 0, and A 0 ; 
when x = 0, 8 = 0 and 

) aL 3 

• x z ) [ = 0 ; whence -g- * 2 • 15 ; 


J “*}§ (L 




w i 


4<hEL 
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L 3 


; and w ■ 


12-9v'^ > EI 2 / 

L 3 


If the sides of the rectangle are D x t 


w = 


2 • 15D/VEG 
L 3 


(ID 


( 12 ) 


In cer tain simple cases of slender I beams, eq. (9) can be solved 
directly. Suppose the cantilever of Fig. 195 to carry a terminal couple M ; 
then eq. (9) becomes 

g_£^_ y M 2 0 = O • • • • ( 13 ) 

dx 1 r dx 2 

where j8 = 2$ /ELD 2 ; and y = 2/E 2 I'I y D 2 . The solution 
0 _ _ cos-m:/ 2L) will satisfy the end conditions; 0 = 0 when 

x = 0 ; 0 = 0b when x = L. Differentiate eq. (13) with respect to x, 
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(14) 
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This gives the critical value for M at which the cantilever will buckle 
sideways. 

Timoshenko, 5 using strain-energy methods, has solved the problem for 
a number of different conditions. A few of his results are given below : 

(a) For a cantilever, length L, carrying a terminal load W, the critical 
value of the load is given by 

W = (Jc VEI 2 /<&) /L 2 ; where if 

0L 2 ; 0*1 1*0 2 0 4-0 8 0 12-0 24-0 40*0 

Jc 44*3 15-7 12*2 9-76 8-03 7*20 6*19 5*64 

(b) Beam, span L, supported at each end, carrying a single central 
load W ; the critical value for W is W = (h VEI^O) /L 2 ; where if 

j8L 2 « 0-4 4*0 8-0 16 32 64 96 160 oc 

Jc' = 86*4 31*9 25*6 21*8 19*6 18*3 17*9 17*5 17*0 

Jc" = 268 88*8 65*5 50*2 40*2 34*1 31*8 30*0 

If the ends of the beam are restrained from rotating about a vertical 
axis, use k" instead of k\ In both cases the load is supposed to be applied 
at the neutral axis. 


(c) Beam, span L, supported at each end, and carrying a unif ormly 
distributed load w per unit of length, the ends being free to rotate about 


ertical axis ; 

the critical value of w is w 

= (Jc VEI?/ ( I ) )L 3 ; where if 

j3L 2 = 0*4 

4*0 

8*0 

16 

32 

64 

96 160 

OC 

JcJS = 17*9 

6*63 

5*32 

4*54 

4*08 

3*81 

3*73 3*65 

3*54 

= 11*6 

4*54 

3*80 

3*43 

3*28 

3*22 

3-25 3-27 

3*54 

ifc 3 /8 = 27*7 

9*77 

7*43 

6*01 

5*09 

4*50 

4-30 4-08 

3*54 


XJs© when load is applied along neutral axis ; Jc t when load is applied to top 
flange ; Jc 3 when load is applied to bottom flange. 

If the ends of the beam are restrained from rotating about a vertical 
axis, k x becomes Tc{\ where if 

J3L 2 = 0*4 4 8 16 32 128 200 400 

V=488 160*8 119*2 91*2 73*04 58*00 55*84 53*44 51*20 

If the beam be subjected to an axial thrust W / in addition to the 
lateral load, the critical values for the latter should be multiplied by 
V(1 — W / L 2 / 7 t 2 EI 2/ ) when the ends are free to rotate about a vertical 
axis ; or by y^l — W'L 2 /4^r 2 Ely) when the ends are restrained from 
thus rotating. 

For a number of additional results see Case, Strength of Materials , 
(London, 1925), pp. 383-4. 


ELASTIC VIBRATIONS OF FRAMED STRUCTURES 

124. Elastic Vibrations of Open Web Girders. — Rayleigh’s device, 
§ 155, Vol. I, in which it is assumed that the elastic displacement 
y 0 of a beam is everywhere proportional to the deflection Y produced 
by the static effect of the load thereon, can be used with success to find 
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the periodic time of vibration of an open web girder, if it be assumed 
that the proposition holds for every panel point of 'the girder 
separately and simultaneously. 

Let it be assumed that all the panel points are vibrating with the same 
frequency, and that they all pass their mid-points together. Then, as in 
§ 155, Vol. I, if U be the total energy in the system at any moment, 
TJ = U' + TJ', where U / is the strain energy and U" the kinetic energy 
in the system. At the mid-position the strain energy U' — 0, and 

U" = i 2 Wt? 0 2 , where W is the weight at any panel point, and v 0 is 

2g 

its velocity in a vertical direction. Since, in a framed structure, the dis- 
placement of a panel point will not in general be vertical, both x and y 
components of the motion should be taken into account, but in a girder 
the x component is always relatively small and can be neglected. The 
vertical component of the retarding force acting on a weight W will vary 
from zero at the mid-position to a maximum F in the extreme position, 
and the work which it does in bringing the weight to rest is £Fy 0 , 
where y 0 is the maximum vertical displacement. But this retarding force 
is the elastic resistance to motion of the beam, and therefore |Fy 0 is the 
corresponding strain energy stored in the beam when in the extreme 
position ; that is to say, U' = E JF y Q . In this position the weights are 
at rest, and U" = 0. Then, if the total energy in the system remain 

constant, U = U ; + U 7, = 0 + Wv 0 2 = JFy 0 -f 0 ; and 

^9 

-isw 2*V 0 (1) 

Suppose that the equation of motion is 

V = Vo sin (at + /?) ; v = ^ = ay 0 cos (at + j8) 

then, since the maximum value of cos (at -f fi) — 1, v 0 = ay 0 . Using 
Rayleigh’s device, let y 0 = qY ; and in consequence, F = qW ; where Y 
is the actual static deflection at the weight W ; then eq. (1) becomes 

— 2 W y* = 2 ¥y 0 ; whence, — 2 WY 8 IWY 

9 9 

and the periodic time r is given by 

9 _ 4tt 2 _ 4tt 2 2 WY 2 

T ' a 8 g ‘ 2 WY ' {J) 

identical with eq. (9), § 155, Vol. I. In many cases it is simplest to find 
the values of Y for the complete load system by means of a Williot diagram, 
or by one of the other methods given in Chapter I. Howland 20 suggests 
the following alternative. If M and N be any two loaded panel points 
of the frame, and a unit load at M produce a vertical deflection ynm at N, 
a load W m at M will produce a deflection W m ynm at N. Therefore the 
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value of Y at N is 2 W m ynm , where the summation includes all the loaded 
panel points. Hence eq. (2) may be written 

2 „ ^ 7t2 ^ Wn(S W m y nm ) % 
g S Wn,(E Wm ynm ) 


( 3 ) 


. Howland’s paper may be consulted for more exact methods of treat- 
ment, including an analysis taking the inertia of the frame into account. 

125. Lateral Vibrations in Columns.— The equation for the equili- 
brium of a rotating shaft under the action both of centrifugal force and 
an end thrust T is 


dor a ' 


-T 


Pv 


dx 2 


( 1 ) 


see § 164, Vol. I, at end. In this equation the term wa*y/g represents 
the lateral force due to centrifugal action. The corresponding equation 
for lateral vibrations in a column will be exactly similar, except that the 
term representing the steady, outwardly acting, centrifugal force will be 
w dhj 

replaced by . the accelerating force produced by the vibrations, 

which always acts toward the centre of the column and therefore is 
negative. The symbol w denotes the weight of the column per unit of 
length. Then eq. (1) becomes 


dx* g ' dt 2 dx 2 ‘ 


(2) 


d*y 


The equation of motion is y = y 0 sin (at + fi), and ^ = — ah/, whence 
eq. (2) becomes 


El 


d*y 


dx 4 


wa® JPy 

T" + t ®" 0 


As in eq. (1) the solution is (ibid.), 

y ass A sin y x X + B cos y x x -f C sinh y& + D cosh yfl 


where 


Yf 


T 

2EI 
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/ / T \ 2 wa 2 

V V2Eij + pi 


2 -1 
Yi “ 2EI 


V(m) 


2 wa 

+ 


2 

gKi 

dhj 


( 3 ) 


( 4 ) 


( 5 ) 


If the ends are merely position-fixed, y = 0 and — 0 when x = 0 

and x = L, whence (y x 2 + y 2 2 )A sin y x L = 0 ; sin y x L = 0, and y x L = ttt. 
Putting r = 1, 

* _ !L* _ JL 1 /(—Y — 

Yl ~ L 2 “ 2EI + V V2Elj + gEl 


( 6 ) 
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The fundamental periodic time r = 2rr/a is, therefore, 


r -?! r _ 


iwL A 

( 2 

(ff EI • 

\ Eli 


( 7 ) 


Solutions for the cases in which the ends are perfectly, or imperfectly, 
direction-fixed will be found in Bateman. 24 


TORSION IN THIN-WALLED PRISMS AND FRAMED 
STRUCTURES 

126. Torsion in Thin Cylindrical Shells. — The effect of torsion on a 
cylindrical shell of any shape of cross-section, in which the wall thickness 
is small compared with the dimensions of the cross-section, may be found 
as follows (see Batho 27 ) : 

Let Fig. 196 represent an elemen- 
tary length of the shell cut off by 
two parallel planes SI apart. The 
shell is subjected to a twisting 
moment acting about an axis 
parallel to a generatrix. Let 8c be 
an element of length of the circum- 
ference, and consider the equilibrium 
of the rectangular element SI . 8c, 
indicated in Fig. 196. Suppose FF 
to be the shearing forces tangential 
to the boundary acting on the sides 8c, and SS the longitudinal shearing 
forces acting on the sides SI. Then, for equilibrium, S . 8c = F . Si, or 

F _S 
8c ~ SI 

If 0 be any point in the plane of the cross-section JK, and r the 
perpendicular distance of the force F from 0, the moment of F about 0 
is Fr. The sum of the moments about 0 of all such forces as F on every 
element right round the circumference is evidently the twisting moment 
M* on the cross-section, 

M* = Srr = |zr.8c. 

But r . 8c is twice the area of the shaded triangle in the figure, hence 
E r.Sc, taken right round the boundary, is twice the area A of the cross- 
section, and 

= g- r 2A ; or, gj ; s = (1) 

■where a is the shearing force per unit of length on any generatrix of the 
shell. The shear stress. 




TOBSION 


305 


where T £t = 2Atf is the torsional section modulus ; t is not necessarily 
constant, but the maximum shear stress occurs where t is a nrnmrnmw , 
The shear stress fs must be equal to the shear stress on Sc at right angles 
to Si. The latter stress is evidently 

F _ S Mg 

i.sr 


t . Sc 


2Ai 


Since M t and A are constant for every cross-section, it follows from 
eq. (1) that s is constant everywhere. If, in addition, t be constant, 
fa is also constant. Further, since 0 is any point in the plane of the 
cross-section JK, the stresses are independent of the position of the axis 
of the twisting moment ; see § 132, Vol. L 

The angle of twist 88 in the length Si can be found from the principle 
of work. The work done by the twisting moment in moving through 
the angle 88 is . 88. The shear strain energy stored in the element 
Si . Sc is 

f.2 1 / m A 2 

U = g(vol.of the element) 

Then, 


. 81 . Sc. 


the summation being taken right round the boundary ; and therefore 

M<c 


M/ . 81 V S c _ 

00 ~ 4GA 2 t ~ 4GA 2 £ 


.81 


if c be the total length of the circumference and t be constant, 
the angle of twist 8 in a length l of the shell is 

M tel '_M t l 
°~iGA H~ 0> 

4GA 2 i . 


. ( 3 ) 
Hence 

• ( 4 ) 


where 


is the torsional rigidity of the shell. 


Applying the above theory to a 
thin rectangular section B X D, wall 
thicknesses t and t lt of which t is the 
smaller, (i) Fig. 197, A = BxD; 
c = 2(B + D) ; Z t = 2A t = 2BDf. 

From eq. (1), 

_ Jk 

S ~ 2BD 

From eq. (2), f 8 in the side B = Mtj2B 1 Dt 1 ; and, 

. M* 



Fig. 197. 


4GA* 1 


max. f s — 

Mt- 81 


• ( 5 ) 


. ( 6 ) 


4GB 2 D 2 


B 2D) 

7 + t! ; 


2B 

t 


From eq. (3), 
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whence 


0 = M t l 


B< -4* Bij 
2GB 2 D 2 «i 


Mtl 


• ( 7 ) 


. . 2GB 2 D 2 «, 

where 4> = — =— - ; see § 132, Vol. I. 

x>( -f- Xilj 

Per a square cross-section of side D and constant thickness t f (ii) 
Fig. 197, 



Ut 

~~ 2DH ; 


<d = Gm 


(8) 


If it be assumed that f$ is constant, this stress can be found from first 
principles thus ; Total shearing force in one side ~ D tf 8 ; moment about 
central axis = Dtf$ x D/2 ; hence, 

M t - 4Di tf s x D/2 - 2D Hf s 
and f s = M^/2D 2 *. 

In a riveted tube, the shearing force due to on a longitudinal or a 
transverse seam of rivets will be 5 per unit of length, and the rivets must 
be designed to carry this. Foppl found by experiment that the value 
of in riveted cross-sections was considerably reduced owing to the give 
of the rivets ; see § 132, Vol. I. 

127. Application to Framed Structures.— The theory may be applied 
to framed structures. 27 Let Fig. 198 represent a framed structure 





composed of two similar plane frames JK, J'K' connected together by 
lateral bracing. These frames may be the girders of a bridge or an arch, 
their outline being immaterial. Suppose that due to settlement or 
otherwise, up and down reactions HR are called into play at JJ'KK', 
as shown in the figure, such that the structure is subjected to a twisting 
moment R x L Considering a panel QT in the upper lateral bracing, let 
SS be the lateral shearing forces, due to the twisting moment, acting on 
the panel (cf. Fig. 196), and let FF be the longitudinal forces acting at 
the panel points which balance them. Then for equilibrium, 

S x e * F x l 
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where c is the length of the longitudinal member. Since there are no 
external forces acting on the lateral bracing, it is evident that the 
magnitude of S must be the same in each panel ; S is therefore constant 
from end to end of the girder. 

Let 0 be any point in the plane JTK, and r the perpendicular distance 
of F from 0. Then the moment of F about 0 is F r. The sum of the 
moments of the forces FF, at all the panel points of both top and bottom 
flanges of the framework JK, must evidently be equal to the twisting 
moment R x L produced by the two external forces RR acting at J 
and K in the same plane, i.e. 

RL = SFr = S^r = ®Scr. 


But cr is twice the area of the shaded triangle in Fig. 198. Hence, twice 
the sum of areas of all such triangles, formed by joining the ends of each 
bar in both flanges to 0, represents Her. The sum of the areas of all 
these tr iangl es is equal to the total area A of the frame JK, hence 


2SA RL l 

BL-— 


( 1 ) 


It will be evident that, had a panel of the bottom lateral system been 
considered, the same value for S would have been obtained ; it follows 
that S is constant and has the same value in each flange. 

If the moment R l = W about an axis parallel to the plane JK be 
regarded as the twdsting moment on the structure, 

s - s' • (2) 

Knowing S, the forces in all the bars of the lateral bracing can be found, 
and also those in the main girders due to the forces acting at the panel 
points. The stress diagram giving the forces in the members of the 
girder JK of Fig. 198 is shown in Fig. 199, R being taken as unity. 



U Q P 


308 


MATERIALS AND STRUCTURES 


BIBLIOGRAPHY 

Theories of Elastic Stability . 

Seo Refs. Nos. 24 to 28. Bib., Chap. XIII, Vol. I. 

Buckling of Flat Plates Subjected to Edge Thrusts . 

1. Bryan. On the Stability of Elastic Systems. Proc. Gamb . Phil . Soc., 

vol. vi, 1886-89, p. 199 ; also Proc. Lond,. Math. Soc., vol. xxii, 1891, 
p. 54. 

2. Reissner. Ueber die Knicksicherheit ebener Bleche. Zentralblatt d. 

Bauvervwaltung , 1909, p. 93. 

3. Timoshenko. Stabilitat versteifter Platten. Der Eisenbau. Bd. xii, 

1921, p. 147 ; see also Ref. No. 5. 

4. Prescott. Applied Elasticity. London, 1924, p. 479. 

Buckling of Flat Plates Subjected to Shear Forces . 

5. Timoshenko. Sar la stability des systemes ^Iastiques. Ann. d . Ponts 

et Chaussees. Part, tech., 9 e s6rie, t. xvii, 1913, p. 386 ; also Reissner, 
Ref. No. 2. 

6. Southwell and Skan. On the Stability under Shearing Forces of a 

Flat Elastic Strip. Proc. Roy . Soc. A, vol. cv, 1924, p. 582. 

7. Wagner. Ebene Blechwandtrager mit sehr dunnen Stegblech Zeit. f . 

Flugtechnik u. Motorluftschijfahrt. Bd. xx, 1929, p. 200 et seq. ; see also 
Timoshenko, Proc. 3rd Int. Cong. App. Mech., vol. iii, Stockholm, 1930, 

p. 12. 

8. Bergmann u. Reissner. Ueber die Knickung von Wellblechstreifen bei 

Schubbeanspruchung. Zeit. f . Flug. u. Motorluftschijfahrt. Bd. xx, 

1929, p. 475 ; Bd. xxi, 1930, p. 306 ; Bd. xxiii, 1932, p. 6 ; also 
Schmieden, ibid., Bd. xxi, 1930, p. 61. 

9. Bergmann. Ueber Sehubknickung von Isotropen und Anisotropen 

Platten. Proc. 3rd Int. Gong. App. Mech., vol. iii, Stockholm, 1930, 

p. 82. 

10. Seydel. Ueber das Ausbeulen eines Orthotropen Plattenstreifens bei 

Schubbeanspruchung. Proc . 3rd Int . Gong. App. Mech., vol. iii, Stock- 
holm, 1930, p. 89 ; also Luftfahrtforschung , Bd. viii, 1930, p. 71. 

Lateral Stability of Deep Beams. 

11. Prandtl. Kipper scheinungen. Nuremberg, 1899. 

12. Michell. Elastic Stability of Long Beams under Transverse Forces. 

Phil. Mag., Sept. 1899, p. 298. 

13. Timoshenko. See Ref. No. 5 above, t. xvi, p. 75 ; also, Beams Without 

Lateral Support. Trans. Amer. Soc. Civ. Eng., vol. lxxxvii, 1924, 
p. 1247. 

14 . Problems Concerning Elastic Stability in Structures. Proc. Amer. 

Soc • Civ. Eng., Apl. 1929, p, 855. 

15. Prescott. The Buckling of Deep Beams. Phil . Mag., Oct. 1918, 

p. 297, and Feb. 1920, p. 194 ; also Applied Elasticity, 1924, p* 499. 

16. Federhofer. Berechnung der Kipplasten gerader Stabe mit verander- 

licher Hohe. Proc. 3rd Int . Cong. App. Mech., vol. iii, Stockholm, 

1930, p. 66. For beams with curved axes and constant cross section, 
see Der Eisenbau, 1921, Heft 11 ; Die Bautechnik, 1924, p. 306. 

For the stability of plane framework with or without stiff joints, 
see v. Mises u. Ratzersdorfer. Zeit. ang. Math . Mech., 1925, p. 218 ; 
1926, p.181. For the stability of Compression Flanges in Girders, see 
Bib., Chap. X, Refs. Nos. 17 to 22. 



TORSION 


309 


Elastic Vibrations in Framed Structures. 

17. Engesser. Ueber die Sehwingungsdauer eisemer Brueken. Zeit. d. 

oest. Ing u. Arch. Ver. Jg. xliv, 1892, p. 386 ; see also Steiner, ibid., 
p. 113. 

18. Reissner. Zur Dynamik des Fachwerks. Zeit.- f. Bauwesen. Bd. xlix, 

1899, p. 477 ; Bd. liii, 1903, p. 135. 

19. Pohlhausen. Berechnung der Eigenschwingungen statisch-bestimmter 

Fachwerke. Zeit. ang. Math. Mech ., 1921, p. 28. 

20. Howland. The Vibration of Frames. Select. Eng. Pap. I.C.E . , 

No. 47, 1927. 

21 . Prager. Berechnung der Eigenschwingungen von Rahmenfundamenten. 

Der Bauingenieur. Bd. 8, 1927, p. 129, also p. 923; see also Zeit. tech. 
Phys. Bd. 10, 1929, p. 275. 

22. Kohno. The Theory of Vibrations of Rectangular Frames. Jour. Inst. 

Jap. Arch., 1927, p. 1363. 

23. Timoshenko. Vibration Problems in Engineering. New York, 1928. 

24. Bateman. The Transverse Vibrations of a Simple Strut. Select. Eng. 

Pap. I.C.E. No. 101, 1930. 

25. Ban. Ueber die Knieklast und die Eigenschwingungszahl eines langs- 

belasteten Stabes. Mem. Col. Eng. Kyoto Imp . Univ., vol. vi, Oct. 
1931, p.275. 

For Pulsations, see Chap. IV, Bib., Refs. Nos. 10-13. 

For Anti-Vibration Devices for Buildings, see Zeit. Ver. den. Ing., 
May 2, 1931, p. 544. 

Torsion in Thin-Walled Prisms and Framed Structures. 

26. Bredt. Kritische Bemerkimgen zur Drehungselasticitat. Zeit. Ver. 

deu. Ing., July 11, 1896, p. 785 (Hollow Sections, p. 815). 

27. Batho. Torsional Stresses in Framed Structures and Thin-Walled 

Prisms. Rpt. Brit. Assoc., 1915 ; see Engg. Oct. 15, 1915, p. 392. 
Also Roy, Proc. 3 rd Int. Cong. App. Mech., vol. ii, Stockholm, 1930, 
p. 39 ; and Leduc, ibid., p. 52. 

28. Southwell. On the Determination of the Stresses in Braced Frame- 

works (includes the effects of torsion and shear). Rpts. and Mem. Ad. 
Com, for Aero., No. 737, 1921 ; Nos. 790, 791, 819, 1922. 



CHAPTER VIII 

MANUFACTURE OF STRUCTURAL STEELWORK 

128. Structural Material.— Ordinary steel structures are built up of 
plates and sections of mild steel (ult. tensile str. = 28 to 33 tons/sq. in.) 
rolled to definite sizes and shapes. 

Plates . — These can be obtained in all sizes up to the following 
maximum sizes : length 40 ft., width 108 in., thickness 1J in., but the 


Plate 

Bat 12’* 1' 



Angles Bulb Angle 

Fig. 200. 


dimensions, area, and weight of any particular plate are subject to certain 
limitations, and extreme sizes are charged extra (see § 140). Such plates 
must be sheared to the exact size required. Plates rolled in a universal 
mill can be rolled to a definite width (usually not exceeding 45 in.) and 
have square edges ; edge planing after shearing to width is then un- 
necessary. 

Flats .— These are narrow plates with square edges rolled to a definite 
width and thickness. They can lie obtained in widths ranging from 
2 to 20 in. and in thicknesses ranging from J to 1 inch. 

The more common rolled sections are illustrated in Figs. 200 and 201. 

Equal Angles . — These can be obtained in sizes ranging from 1J x 
4 x & to 9 x 9 x if in., and in lengths up to 60 ft. When the sum of 
the width and depth of the angle is less than 6 inches or greater than 12 
inches, extras are charged ; also when the thickness is less than f inch. 

Unequal Angles— These range in size from 2 x 1| x to 10 x 4 
x it im They can be obtained up to 60 ft. in length, and are subject 
to similar limits and extra charges for extreme sizes and thicknesses as 
the equal angles. 
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Bulb Angles . — These are chiefly used for shipbuilding work. They 
range in size from 4 x 2£ x 6-29 lb. /ft. to 15 x 4 x 45*40 lb./ft., and 
can be obtained up to 60 ft. in length. When the sum of the width and 
depth of the angle is less than 9 inches or greater than 12J inches, extras 
are charged ; also when the thickness is less than f inch. 

Tees , — These range in size from 1 \ x l\ x J to 6 x 6 x § in. They 
can be obtained up to 60 ft, in length. When the added width and 
depth of the tee is less than 6 inches or greater than 12 inches, extras 
are charged ; also when the thickness is less than f inch. 

Channels . — These range in size from 3 x 1J x 4*6 lb. /ft. to 17 x 4 
x 51*28 lb. /ft., and can be obtained up to 60 ft. in length. Extreme 
sizes are subject to extra charge. 

Zeds . — These may be obtained ranging in size from 3 x 3 x 2£ to 
12 x 3J x 3^ in., of different thicknesses, and up to 40 ft. in length with- 
out extra charge for length. Extreme sizes are charged extra. 


BS. 

Channel 

12 ** 3 *' 


12 * 3 ! 

Zed 



Fia. 201. 


Beams . — In 1924 the British Standards Institution standardised two 
series of beam sections. The first series (girder sections) referred to as 
NBSB range in size from 3 x \\ x 4 lb. /ft. to 24 x 1\ x 95 lb. /ft. 
The second series (heavy beams and pillars) referred to as NBSHB range 
from 4 x 3 x 10 lb. /ft. to 18 x 8 x 80 lb. /ft. In B.S. No. 4, 1932, 
the two series are merged into one, and additional sections have been 
added. Beams are obtainable up to 50 ft. in length without extra charge. 
Extreme sizes are charged extra. 

Broad Flange Beams ranging in size from 4 x 4 x 13J lb. /ft. to 
40 x 12 x 234 lb. /ft. can be obtained. These sizes are approximate only, 
the actual dimensions are in metric units. Broad flange beams are rolled 
in a Grey Mill , and by this process it is possible to obtain a wider flange 
than in ordinary rolls ; which, in some cases, is an advantage. 

Tables' of the properties of the normal rolled sections are given in 
the Appendix. These are reproduced from the Handbook of Messrs. 
Dorman Long & Co., Ltd., by their kind permission. 

129. In the Girder Shop. — It is now proposed to follow the course of 
a steel structure, such as a girder bridge, through the shops. This 
description is in no sense intended as a treatise on the practical manu- 
facture of structural steelwork, but is intended to give to the student 
who is unfamiliar with the different shop processes, ideas as to the methods 
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employed. The practical art of structural steel construction can only 

** SftSS' Office Work. — -It will be assumed that the order has 
been secured fo/the construction of a girder bridge, and that a specifica- 
SE ST&Stod plans have been supplied. WorHrq Usts of rmtenal 
“X i shoeing the Size and shape of every piece of material and 
to iSitofo the job. For the bridge in question there would be separate 
Sr Se main girders, cross girders, rail bearers, flooring and so on. 
?rom these lists the orders for the material are written out. In ordering 
plates from the mills, \ inch is added to the length and width of each 
plS » that there » a. margin ol i ineh »b round for ptamg off. 
SeetionaJ material (flats, angles, channels, etc.) may be ordered to the 


net length, but a margin 
of 1 inch is often added. 
If there are many short 
lengths of the same sec- 
tion, a long bar is ordered 
from which they may be 
cut. An extra inch is 
added to the length for 
each cut. 

Meanwhile shop draw- 
ings are got out, detailing 
each separate part, and 
showing the position of 
every rivet hole. Prac- 
tical operations can now 
be commenced. 

131. The Template 
Shop. — The first step is 
to set out a main girder 
full size on the floor of 



the template shop. This Fig. 202. 

is done with chalk and 

line, steel tapes, etc. Wooden templates of the exact size of each finished 
steel part are then made, the dimensions for which are taken from the 
full size set out. Some typical examples are shown in Pig. 202. (i) is the 
template for a girder flange } (ii) that for a web ; (iii) shows the method 
of constructing a template for the flange angles. A template for a corner 
gusset is shown at (iv) ; and (v) shows how the template for a tension 
member of an open web girder would be made. Templates for small 
gussets, such as those for a roof truss, might he made of sheet zinc, 
sometimes even of cardboard or brown paper. In simple roof trusses, 
where the angles between the members can be easily ascertained, the 
shape of the gussets is sometimes set out directly on the templates, thus 
dispensing with the full size set out. 

As will be seen from Fig. 202, all the necessary rivet holds are drilled 
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in the templates, exactly in the positions where they are to be placed 
in the job. The finished templates will thus show the shape and size of 
each piece of material, and the position of each rivet hole therein. These 
sizes and positions will correspond with the full size set out, and if the 
actual plates and sections be cut and holed to these templates, they should 
be of the correct sizes to build the structure. 

In marking off a long row of holes in a template, the template maker 
squares across from a long steel scale fixed to his bench. If the rivets 
have been arranged on a regular pitch of even inches, 3 in., 4 in. or 6 in., it 
is easy to do this ; if the pitches are odd and uneven, a great deal of time 
is wasted and mistakes are likely to occur. 

It will also be readily understood that great economy will be effected 
if as many parts as possible be made of the same size, so that only one 
template need be made for them all. 

132. The Material. Sorting and Straightening. — In the meantime 
the material will be arriving from the mills. It is first sorted and laid out 
in proper order, so as to be readily available when required. The next 
step is to straighten it. Material direct from the rolling mills is seldom 



Fig. 203 . Fig. 204 . 


or never straight, the plates are slightly buckled and the sectional material 
slightly curved. The plates are straightened by passing them through 
rolls as indicated in Fig. 203. These rolls may have three or more rollers. 
Thin plates are straightened by hammering on a heavy surface plate. 
Sectional material is straightened by bending in a bending machine, 
illustrated diagrammatically in Fig. 204. For heavy sections the machine 
is power operated, either hydraulically or by means of gear. Light 
sections may be straightened on a hand-operated machine, or by 
hammering. 

133. Planing and Cutting to Length. — The edges of the plates are 
now planed down to size in an edge-planing machine. The plate or 
plates are clamped down to the bed of the machine and the tool moves, 
reversing at the end of its travel and cutting both ways. The sectional 
material is cut to length, either in a cold saw or cropped in a shearing 
machine. Large sections are cut in a circular saw ; small sections in 
a power hack-saw. Angles and flats may be cropped ; gussets, etc., axe 
sheared to size. 

134. Marking Off. — The plates are next carried to the marking-off 
tables, the templates are clamped to them, and the holes marked with a 






Template 


Fig. 205. 


3!4 MATERIALS AND STRUCTURES 

centre punch of the type shown in Fig- 205. This punch should be a good 
fit in the holes in the template. The centre of every hole is thus accurately 
transferred to the plate. In some yards a short 
length of tube dipped in whiting is afterwards passed 
through the hole in«4he template, leaving a white 
circle on the plate, which indicates more clearly the 
position of the hole. Instructions to the puncher 
or driller are usually painted on the plates at this 
juncture. 

If the plate has to be cut to a special shape, as 
indicated by the shape of the template [for example 
a comer gusset, (iv) Fig. 202], this shape is also 
marked off on the plate. It should he remembered 
that there is no easy way of making a curve in a 
girder shop. If a curved edge is required, it is 
marked off from the template, and, if convex out- 
ward, sheared as closely as possible in a shearing 
machine. The edge is afterwards trimmed to 
shape by means of a pneumatic chisel. When convenient, as in the 
web of a plate girder, this may be done after the flange angles have 
been riveted to the plate ; the angles then form a 
guide for the chisel. If the curve be concave, the 
only way of producing it is to go round the curve 
with a punch, and afterwards trim the rags off 
with a chisel.* It is not difficult to understand 
why girders with curved flanges cost more per 
ton than those with straight parallel flanges. 

In some yards the wood templates are dis- 
pensed with as far as possible, and the marking 
off is done on the plates themselves, or from one 
part to another, the rivet holes being centre- 
punched as before. There is considerable differ- 
ence of opinion as to which system leads to the 
more accurate work. In the highest class of 
modem bridgework, steel templates and jigs, 
sometimes with bushed holes, are used. 

135. Punching, Reaming, and Drilling. — The 
next step is to make the rivet holes. There are 
three methods of doing this : (a) punching, ( b ) 
punching and reaming, (c) drilling from the solid. 

Punching is the oldest and quickest method of 
holing the plates. The modern punch is of the 
type shown in (i) Fig. 206. It carries a small 
nipple at its centre which is intended to enter 
the hole left by the centre punch. The rivet 
hole should then be correctly centred. In good punched work the holes 
should come together so well that a mandril in. less in diameter than 
* cutting with an oxy-acetylene blowpipe is a modern alternative. 


Punch. 



(ii) 



Fig. 206. 
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the rivet holes will pass easily through them. The normal rivet is in. 
less in diameter than the hole it is to fill, and it should then pass freely 
into the holes. If not, the hole should be reamed out true, and a larger 
rivet used. Owing to the necessary clearance in the bolster, the punched 
hole is always slightly tapered, (ii) Fig. 206, and the plates should be 
punched from the sides which are to be in contact, otherwise the state of 
things shown at (iii) will exist, and it is open to question whether the rivet 
will fill the hole. The two top plates are correctly placed in (iv), but if 
a third plate is added as shown, it is impossible to avoid an irregular hole. 
Another disadvantage of punching is the lengthening of the member 
which takes place along a row of punched holes. This may he quite 
appreciable unless the punch is kept sharp, and the clearance in the 
bolster is made as small as possible. If the row of holes in the bar is 
not symmetrically placed, curvature is the result, which necessitates 
re-straightening. In wide stiff plates the lengthening of the punched 
edges tends to crinkle the margins of the plates. All this helps to 
destroy the accuracy of the work. 

These objections to punching have led to its prohibition in first-class 
w r ork, though an enormous amount of successful structural steelwork, 
even of the largest type, has been constructed with punched holes. Until 
recent years the usual alternative was to punch the holes J in. less in 
diameter than the finished dimension, and afterwards to ream them out 
to size. The work was assembled as far as possible, service-bolted 
together, and the drill or reamer put through the holes with the plates 
in position. The process ensures true parallel holes, and, in addition, any 
material injured by punching is removed. Troubles due to lengthening 
are not entirely overcome, but most of the objections to punching are 
obviated. For the purpose of reaming, a series of radial drilling machines 
are used, the work is assembled on trolleys and then run under the drills. 
In structures too large to be handled in one piece, such for example as 
large open-web girders, the separate parts would be assembled, and all 
the holes reamed at the radials except those for connecting the different 
parts together, which would be reamed in situ after the work as a whole 
is assembled. 

With the advent of modem high-speed tool steels, this process has 
been very largely superseded by drilling from the solid, thus eliminating 
the initial punching altogether. As far as possible the plates are 
assembled in batches, the top plate only being centre-punched, and the 
drill passed right through the batch. For example, the several thicknesses 
of a girder flange would be assembled, clamped together, and drilled as 
one piece. In tank work, where many plates are alike, the top plate of 
one batch may be used as a template for the purpose of drilling the next 
batch. The accuracy of the process is evident, and when care is taken 
in t-lie design to make many plates alike, both as to size and arrangement 
of rivet holes, the method is very economical. There is one drawback : 
after drilling, the plates in the batch should be taken apart and the fraze 
or burr left by the drills removed, otherwise the rivets cannot draw the 
plates up together tightly, and rusting between them will be the inevitable 
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result. To do this is not only an extra expense, but in a case like the 
girder flange with many plates, when once the plates have been separated 
it is never possible to get them back absolutely in the same place, so that 
to some extent the accuracy of the process is sacrificed. Nevertheless, 
drilling from the solid is by far the best method of making the rivet holes, 
and is gradually eliminating the other methods. 

136. The Smithy.— The plates and sectional material are now ready for 
erection, with the exception of those parts which have to be worked hot. 
These are made in the smithy. The commonest of these parts are the 
kneed and joggled stiffeners used in plate girders (Fig. 262). There are 
two methods of constructing such members ; they may be hand forged 
(Fig. 207 will suggest the smith's method of forging a kneed stiffener), or 
if there are many alike, they may be more quickly and easily produced in 
a hydraulic press by means of suitable dies. Bent gussets and plates are 
also made in the smithy, and such parts as require welding in the forge, 
though such welding should be avoided as far as possible in structural 




Fig. 208 . 


work. Trough sections for bridge floors form part of the smith's work. 
These are pressed between blocks in heavy hydraulic presses as indicated 
in Fig. 208. With the exception of stiffeners for plate girders, all parts 
which have been made hot should afterwards be properly annealed. 
Heating the steel injures the microstructure, annealing is necessary to 
restore it to a proper condition. For this reason, as far as possible* all 
bends should be made cold. 

All smith's work should be sound and clean ; if the metal has been 
burnt, the part should be rejected. 

137. Erection. — The next step is the assembling and erection. The 
various parte are brought together in position, drifted up tight, and 
service-bolted together. Drifts are either taper pins 6 to 8 in. long 
with about J-in. taper in their length, or cylindrical pins turned down 
a little at each end so that they may easily be driven in and out either 
way. Their function is to bring the work up together tightly before 
the service bolts are put in. It will easily be understood that by flogging 
a taper pin into the rivet holes with sufficient force, much damage may 
be done to the plates, and the use of drifts to enlarge unfair holes is 
rightly prohibited. 

Where two surfaces come together permanently, they should first be 
cleaned and given a coat of hot linseed oil. Much rusting between the 
plates is obviated by this precaution. 
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After everything is properly adjusted and bolted up tight, any 
necessary reaming, and odd holes needing countersinking, are attended 
to, and the work is then ready for riveting. 

138. Riveting. — If the work is not too large for transport in one piece, 
it will now be completely riveted up. This is the ideal state of affairs, 
for c shop * riveting is always better than e field ’ riveting. Very often, 
owing to its size, the structure has to be sent away in parts. Only such 
riveting can then be done as is consistent with the proposed methods of 
transport and re-erection. Occasionally the structure has to be shipped 
4 piece small,’ i.e.‘ all in separate pieces, when the whole of the riveting 
has to be done after re-erection. 

There are several methods in use for closing the rivets : hydraulic, 
pressure pneumatic, percussive pneumatic, and hand riveting. The last- 
mentioned was the earliest process, and if the rivets do not exceed f-in. 
diameter, given skilful men, excellent work may be turned out. Since 
the shank of the rivet has to be 4 upset ’ through the whole of its length 
in order to fill the hole, the rivet should be brought to a welding heat 
from end to end, with a white-hot point. When it cools it will contract 
and draw the plates tightly together. 

Except in positions where a machine riveter cannot be employed, hand 
riveting has now been superseded by machine riveting; although, if a' 
large number of countersunk rivets have to be closed, some still prefer 
hand riveting. With pressure riveting, either hydraulic or pneumatic, 
an enormous force is used to close the rivet. This force may range from 
20 to 60 tons or more, depending on the size of the rivet. Such forces 
are sufficient to expand the rivet and fill the hole, even if the rivet be 
fairly cool. Not only so, but with such great pressures, the plates are 
forced together irrespective of the contraction of the rivet. This 
contraction is a source of danger with pressure riveting, for if the plates 
are already hard up before the rivet contracts, when the contraction 
occurs something has to give, and that something is the rivet. Large 
initial strains in the rivet may be the result, and it is no uncommon 
thing for the heads to fly off. With pressure riveting, therefore, a fairly 
cool shank and a hot point are desirable. Given these conditions, the best 
work of all is that done by pressure riveters. There is not much to 
choose between hydraulic and pressure pneumatic riveting, but for 
certain practical reasons the latter appears to be gaining ground at the 
expense of the former. 

Pneumatic percussion riveting partakes more of the character of 
hand riveting, except that the blows are delivered by means of a pneu- 
matic h amm er. It is a very much quicker process. As in hand riveting, 
a hot shank and a white-hot point are necessary, otherwise the holes 
will not be properly filled, and the plates will not be drawn together 
as they should be ; the pneumatic hammer delivers blows and does not 
operate by pressure. Properly done, such riveting should be superior 
to hand riveting. 

Whichever system be used, the rivets should completely fill their 
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holes ; the heads should be well formed, and concentric with the shanks. 
Loose rivets, or rivets with cracked, burnt or badly formed heads, should 
be cut out and replaced. 

139. Finishing Off. Painting.— The work has now reached its final 
stages. After any necessary finishing touches have been given, and the 
final inspection has been made, assuming that any specified tests of the 
complete structure have been satisfactory, the work is ready for paint- 
ing. It is first scraped and cleaned to remove any rust and then given 
the required number of coats of paint. 

If, by general agreement, structural material were given a coat of 
boiled oil immediately it comes from the rolls, and before it gets cold, 
the work of cleaning and painting would be simplified and much sub- 
sequent rusting and repainting avoided. 

If the work is to be re-erected, erection marks are now painted on all 
the members so that they can be easily reassembled on arrival at their 
destination. The structure is now ready for despatch. Unless it is to 
go as a whole it must be dismantled, and suitable protection provided 
for parts which may be injured during transit. The smaller pieces will 
he packed in cases. 

140. Practical Points affecting the Design.— It will be evident from 
the foregoing that the cost of manufacture will be very greatly affected 
by the details of design. Emphasis has already been laid on the necessity 
for simple straight line designs, with regular rivet pitches, and with as 
many parts as possible made to the same template, but there are other 

: points which considerably affect the cost of the work and the time of 
delivery. One of the most important of these is the size of the rolled 
sections which are chosen. Rolling mills work to a programme which 
is settled a week or so in advance and is determined by the orders in hand. 
If very common everyday sections are chosen, one or more of the mills 
are sure to be rolling them, and they can be quickly and easily obtained. 
If unusual sections are called for, even though they can be found in the 
British Standard list, it means waiting until sufficient orders accumulate 
to warrant putting in the rolls, and the more out-of-the-way the section, 
the longer the wait. Unless a large quantity of an unusual section (say 
from 20 to 50 tons) be required, such a section should not be specified. 
Ibe cheapest and commonest of all sections are plates and angles for 
general work, and rolled beam sections for steel-framed buildings. All 
sizes and thicknesses of plates can be readily obtained up to the maxi- 
mum dimensions rolled. The more common sizes of rolled sections other 
tnan beams are indicated in the following list : 


Equal 

Angles, 

4X4 


3X3 
3i X 3* 

2Jx 2i 
6X6 


4* X 4* 


Unequal 


Angles. 

Tees. 

4x3 

6x3 

5x3 

4x3 

6 x 3i 

5x3 

3X2 


6X3 


6X4 



Channels. 


6X3 
8 X 3* 
9X3 


10 X 3J 
12 x 3 1 
16 X 4 


Flats. 

3', 4c' 
6 ' 
8% r 
10 ', 12 
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Tees and I beams are rolled to definite shapes which cannot be altered. 
Channels are also rolled to definite shapes, but the thickness of the web 
can be slightly increased by moving the rolls further apart if the quantity 
required justify the alteration. Plates, angles, and flats should be ordered 
in thicknesses of Jths of an inch, i.e. f, J, f inch, etc., but if the quantity 
required warrant the difference, ^ths may be introduced. The width 
of flats should be given in even inches. 

As to length, it is generally not advisable to go to the maximum 
lengths the makers can roll. An extra price is charged for such extreme 
lengths ; difficulties regarding transport and handling in the shops occur, 
which usually more than counterbalance the saving of a joint. In 
ordinary work the following lengths should not be much exceeded : 
Angles 40-45 ft., tees 30-40 ft., channels and I beams 30-35 ft., plates 
and flats 35 ft. Extras are also charged for extremely wide plates, and 
there is a maximum area which may not be exceeded for a given thickness. 
Makers' handbooks should be consulted for these details, but in ordinary 
structures it is usually not advisable to exceed 6 ft. in the width of a plate. 

In any structure, the fewest number of different sections consistent 
with good design should be used, and it is usually more economical to 
use the same section for different members, even though it be slightly 
too heavy for some, rather than introduce a small quantity of a new 
section. 


ELECTRIC ARC-WELDING 

141. Electric Arc-Welding. — The art of fusion welding as a means of 
making joints in structural work has been greatly developed in recent 
years. Both gas (oxy-acetylene) welding and electric arc-welding are 
used, but the latter has been much more extensively applied. It opens 
up a new range of possibilities in the manufacture of structural steelwork. 
In suitable circumstances, with proper electrodes and skilled labour, joints 
can be made equal in strength to that of the solid bar which they connect. 
Among its advantages may be instanced : (i) saving in weight of steel, 
probably in ordinary structures of the order of 10-15 per cent. ; 
(ii) economy in cost ; (Hi) convenience in construction ; (iv) no loss of 
area caused by holes in tension members ; (v) reduction in the size of 
gussets and other connections ; (vi) reduction of noise during con- 
struction. 

On the other hand, there are certain disadvantages yet to be overcome 
in connection with the process : (i) Good arc- welding depends, more 
perhaps than in any other practical operation, on the skill and care of 
the operator, and so far, except for visual inspection (much is revealed 
to the trained eye), no simple and practical field test for soundness has 
been devised, (ii) Resulting from the process of welding, severe internal 
stresses may be set up in the vicinity of, the weld, and considerable 
distortion of the parts may take place, (iii) The ductility of welded 
joints is often considerably less than that of the parts which they connect, 
(iv) Welded joints are very rigid joints — this is sometimes an advantage. 
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often a disadvantage, but always to be taken into account in design, 
(v) The fatigue strength of welded joints is low, in some cases only one- 
half that of the steel. Much can be done by proper design and by 
practical manipulation to minimise some of the above objections. 

Electric arc-welding is of great utility in connection with the 
strengthening of existing structures. 

142. Method of Operation.— It is not proposed here to discuss the 
technique of welding, but merely to outline the process. The essential 
feature in electric arc-welding is to deposit a bead or fillet of weld metal 
between the parts to be joined in such a way that the edges of those 
parts are melted, and the bead is fused into both. It is not a mere 
soldering process. The fusion is effected by means of an electric arc. 
The parts to be joined form one electrode, the other is a steel rod or wire 
which melts during the operation and forms the deposited metal. Direct 
current is commonly used, at pressures up to 80 volts on open circuit, 
and for large work a current up to 300 amps, is required. Alternating 
current is also employed. The welding rod, called the electrode, may be 
of bare wire, but preferably is provided with a coating whose chief function 
it is to melt and form a dux to protect the molten metal from oxidization. 
The size of the electrode and the amperage is varied to suit the size of 
the work. Large fillets are built up by the addition of a number of 
runs, see Fig. 211 ; the surface of one run must be thoroughly cleaned of 
all oxide and slag before the next is applied. The work generally, before 
and during welding, must be kept clean, and the mill scale, etc., removed 
by means of a wire brush. 

Common Faults . — The chief faults to be avoided in welding are : 
(i) Incomplete Fusion. The deposited weld metal must be thoroughly 
fused with the parent metal along all surfaces, (ii) Lack of Penetration. 
The weld metal must penetrate right into the roots of the joint, (iii) Slag 
Inclusions. As far as possible the weld must be free from non-metallic 
inclusions, blow-holes, etc. (iv) Undercutting and Overlap. The. weld 
must possess a convex contour, and the parent metal must not be 
undercut (melted away along the edges of the weld). The weld metal 
should not overlap the parent metal along the edges without being 
properly fused thereto. 

143. Types of Weld. — The different types of weld and their names 
are shown in Figs. 209 and 210. Single and double V Butt Welds are 
illustrated at (i) Fig. 209. The angle of the V should not be less than 
70°, and the edge of the plate should not be sharp but left square for 
about xV in. Mae gap between the plates may be -jV in. for plates f in. 
thick and under, and J in. for thicker plates. When one plate only is 
bevelled, the angle is made 45° and the gap i in. Plates under $ in. 
thick need no V. The wide extremity of the weld is reinforced , i.e. made 
convex, so that the area is 10j>er cent, greater than that of the plate. In 
single V butt®, unless the two plates rest on a third, to which they are to 
be attached, the underside of the V should be reinforced by a run of weld 
metal to ensure that the fusion penetrates right to the bottom of the V. 
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Butt welds are largely used for pipes, ship plates, tanks, and similar 
constructions. 

Fillet welds are shown at (ii), (iii) and (iv). These are usually made 
triangular in shape (45°), reinforced on the outer surface, see Fig. 212 ; 
(iii) is called a longitudinal or shear fillet ; and (iv) a transverse or tension 




(iv) 


Fig. 209. 


fillet , which should be returned at its ends as indicated. Shear fillets 
are commonly used for structural constructions. Long fillet welds may 
be continuous when required for strength or watertightness, but inter- 
mittent welds, in which the parts are welded together in short lengths 
with gaps between, are often sufficient for strength. Very short inter- 
mittent welds, called tack welds, may be used 
as temporary attachments for the part& to be 
connected, and afterwards be incorporated 
with the continuous joint. This proceeding 
diminishes contraction stresses. Some ex- 
amples of slot welds are given in Fig. 210. 

A rectangular slot is formed in the member 
to be connected of width b x not less than its 
thickness t. The weld is made inside the slot ; 
its depth t x should not be less than one-half 
the width b v Such welds are used for the 
connection of heavy structural members ; the 
weld is placed in shear. 

144 . Admiralty Practice. — As typical of 
good British practice, the following is ab- 
stracted from Notes on Welding Practice in 
British Warships communicated to the Welding Symposium , London, 31 
1935, by the Director of Naval Construction. 

Fillet Welds. — The overlap for plates is 3 1 up to and including 10 lb. 
plating (10 lb./sq. ft.), 4 1 for heavier plating ; J-in. and f^-in. fillets are 
made with one run of 10-gauge electrodes ; J-in. fillets with 1 run of 
8 gauge. Larger fillets are made with a first run of 10 gauge to ensure 
good penetration in the corner, and subsequent runs of 8 gauge. For 
a f-in. fillet, nine runs are used. The manner in which J-in. and |-in. 
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fillets are built up is shown in Fig. 211. In Admiralty practice the leg 
in shear is made 25 per cent, longer than that in tension. Such welds 
exhibit an ultimate strength which exceeds 26 tons /sq. in. on the theoretic 
throat area. 

Butt Welds . — A 60° V weld is used. The plate is left -^-in. square 
at the bottom. For plates up to and including 10 lb., a ^-in. gap is 
used ; $$ in. from 10 to 15 lb., and J in. for plates over 15 lb. The 
first run at the bottom of the V is made with a 10-gauge electrode, and 


1 Ron of Fun. Gauge. 

~4V t 10 



Fra. 211. 



Back Hurt 


successive runs of specified length with 8 gauge, until the joint is rein- 
forced 10 per cent. To ensure complete penetration at the bottom, it is 
important to make a back run and to arrange the design so that this' may 
be done. For plates f in. thick a 10-gauge electrode is used, and an 
8 gauge for thicker plates. A typical example is shown in (iii) Fig. 211. 
For all the more important work, high quality, heavily-coated electrodes 
are used. Direct current is employed, with the electrode on the positive 
pole. 

145. Strength of Welds. — In a fillet weld the dimension a is given as 
the size of the weld, Fig. 212. The minimum width b is called the throat 
of the weld, and the breaking load, divided 
by the area of the plane containing 6, is 
called the ultimate strength of the weld. 

In making this calculation, the extra width 
due to the reinforcement is neglected. The 
same convention is used for both shear and 
tension welds. In a butt weld, the width of 
the weld in the plane of the miniTrmm width 
(less the reinforcement) is called the throat , 
and the breaking load divided by this area 
is called the ultimate strength of the weld. 

The ultimate strength of welds, as determined by experiment varies 
considerably with the test conditions. Probably the most extensive 
senes of tests are those carried out by the American Welding Society 10 
In these tests, bare wire electrodes were used, the ultimate strength of 
the deposited metal averaging about 50,000 lb./sq. in., which may be 
tefon as the ultimate strength of butt welds. The ultimate strength of 

m 8hear about 40>000 lb./sq. in., and in tension 

45,000 lb./sq. m. 



According to Freeman’s experiments, 22 using coated electrodes 
(Quasi-arc), on specimens welded on the flat under shop conditions, with 
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slightly reinforced fillets, Tig. 212, when a < \ in., the ultimate strength 
of longitudinal shear fillets, (iii) Fig. 209, is 12 * 8 a tons per inch of length, 
and of transverse tension fillets with returned ends, (iv) Fig. 209, is 
21 -3 a tons per inch of length, or 20 per cent, less if the ends are not 
returned. 

Working Stresses . — The 1930 American Building Code for Fusion 
Welding permits the following stresses on the throat area : shear 11,300 ; 
tension 13,000 ; compression 15,000 lb./sq. in. Fillet welds placed 
transversely to the direction of the stress are to be considered as in shear, 
so that the safe load on both types, (iii) and (iv), Fig. 209, of fillet welds 
is 8000a lb. per inch of length, where a is in inches. These values apply 
to joints made with bare wire electrodes. 

With electrodes possessing the specified mechanical properties, the 
British Standard permits a working stress in butt welds in tension 
or shear of 85 per cent, of the permissible stress in the parent metal, or for 
butt welds in compression of 100 per cent, of such stress. For fillet welds 
in shear, the permitted stress is 5 tons /sq. in., or 3*56 a, tons per inch of 
length ; and for fillet welds in tension, the permitted stress is 6 tons/sq. in., 
or 4 *24 a tons per inch of length. The safe load on slot welds of the 
proportions prescribed above, Fig. 210, is 5b 1 tons per inch of length. 

In these formulae the length to be used is the length of weld of full 
cross section, exclusive of any craters at the ends, unless the latter are 
properly filled up. All the above values are for quiescent loads. 

Mechanical Tests . — The British Standard requires from test specimens 
of deposited weld metal a* minimum ultimate tensile strength of 28 tons / 
sq. in., a minimum elongation of 20 per cent, in 3 • 54 diameters, and an Izod 
impact value of 30 ft.-lb. Butt welds in tension must exhibit an ultimate 
strength of 28 tons/sq. in., and stand a 90° cold bend test round a diameter 
of 4 times the thickness. The ultimate strength of fillet welds must be 
27 tons/sq. in. in tension, and 18 tons/sq. in. in shear. For details of 
the tests and method of constructing the specimens, the British Standard 
for Metal Arc Welding should be consulted. 

Non-destructive Tests . — While it is true that the characteristics of a 
bad weld, faulty manipulation, etc., can be recognised by an experienced 
eye, particularly if the inspector be present while the welding is in 
progress, the need for a non-destructive test of the finished work, whereby 
imperfect fusion, lack of penetration, inclusions, blow-holes, and other 
hidden faults would be made manifest, has often been felt. Of the methods 
proposed, only ’X-ray examination appears to have reached the practical 
stage, and this particularly for butt welds in pressure vessels, when the 
material is not too thick. The measurement of magnetic reluctance, or 
of the drop in electric potential, across the weld has been tried ; positions 
where the magnetic or electric resistance is abnormally high indicating 
faulty welding. Alternatively, in the Sperry test, an observation of 
current deflection by magnetic means is used as an indication. None of 
these methods has yet passed the experimental stage, and like the X-ray 
test are not very suitable for the examination of fillet welds. Listening 
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through a medical stethoscope while the joint is being tapped has been 
tried in America. 

146. Fatigue in Welds. — Experiment has shown that the fatigue 
strength of welded joints is low compared with that of the parent metal. 
In some rotating bar tests on fillet welds made with bare wire electrodes, 
Petersen and Jennings 35 found that the limiting range of stress of the 
welded joint was approximately one-half that of the steel. More recent 
experiments made at the N.P.L., 37 on a 20 million reversal basis, exhibit 
a limiting range of stress in rotating bar test-specimens, of deposited weld 
metal, of about two-thirds that of mild steel of the same tensile strength • 
and in the case of fillet and butt welds, subject to direct stress fatigue 
tests, not much over one-half. For these welds, high-class covered 
electrodes were used ; "with bare wire electrodes even lower results were 
obtained. 

These low values are due to the presence of blow-holes and slag 
inclusions in the weld metal, which act as 4 stress raisers/ and to stress 
concentrations in the welded joints. It was found in the N.P.L. experi- 
ments and others that fatigue fractures in the weld metal always com- 
mence at blow-holes or inclusions, whilst those in joints commence at 
areas of marked stress concentration at the roots of the fillets. Uneven 
distribution of stress along a fillet weld is of great importance in joints 
subjected to repeated loading. 

Direct stress fatigue tests on a 5 million cycle (minimum) basis, by 
Haigh, 36 using specimens turned to J-inch diameter from 1-inch mild 
steel plates with V butt welds, showed a limiting range of stress between 
0 ± 5| and 0 ± 6 tons/sq. in. The welds were of good quality, but 
deliberately made to contain small flaws due to cavities or slag inclusions, 
such as are always liable to be present in practice. In a solid mild steel 
specimen of 28/30 ton steel, yield point about 16 tons/sq. in., the 
corresponding limiting range of stress would be about 0 ± 11J to 
0 ± 12 tons/sq. in. ; but Professor Haigh points out that a small hole 
drilled right through the centre of the solid specimen as a 4 stress raiser ’ 
would diminish these figures to about 0 ± to 0 ± 9 tons/sq. in., 
whereas a similar 4 stress raiser * through the weld did not affect the 
strength, for the crack started elsewhere at a slag inclusion. 

Similar tests in which the mean stress was not zero gave the following 
limiting ranges of stress : 

+ 10±4; +6±4*6; 0±6; -8±7; - 5 ± 8. 

In another series of tests, made on specimens in which the skin was 
not removed by turning, slightly better results were obtained, showing 
that surface irregularities do not further weaken the joint. In a further 
series of tests on double V butt welds, in which the fusion between the 
parent metal and the weld metal was not good, and in which the weld 
metal had not fused at the bottom of the V’s, the limiting range of stress 
was only 0 ± 3 to 0 ± 3|- tons/sq. in. reckoned on the gross section of 
the plate. 
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In a series of fatigue tests made by the V.D .1. Berlin, 38 the specimens 
consisted of a welded member 6 to 8 ft. long forming the central panel 
in the tension flange of an experimental bridge girder of about 50 ft. span. 
The stress repetitions were effected by means of an oscillator, § 62; 
the frequency was regulated to avoid resonance. The experiments were 
made on a 2 million cycle basis. A number of different types of joint 
were tested, both electrically and oxy-acetylene welded, and three 
different qualities of steel were used. 

It was found that the shape of the joint has much greater influence 
than any other factor. The fatigue strength was approximately the 
same for all three kinds of steel, and unless the constant stress is high, 
high tensile steel has no great advantage. The number of cycles to 
fracture was about the same for bare wire electrodes as for the covered 
electrodes used. Static tensile strength is of less importance than good 
ductility. For side (shear) fillet welds, a minimum elongation of 15 per 
cent, in the weld metal is essential. Butt welds resist fatigue better than 
fillet welds, and continuous welds better than intermittent welds. The 
endurance limit of plain butt welds was 5* 7 ±5-7 tons /sq. in., which 
was increased to 7 • 6 ± 7 • 6 by machining the surface of the welds. 
They should be thoroughly welded at the root. The endurance limit 
depends on the shape of the member itself as well as on that of the joint. 
Stress concentrations and abrupt changes in section must be avoided. 
Smooth curves between the parent metal and the weld should be used. 
Concave welds are better for end fillets than convex welds. 

147. Contraction Stresses. Distortion. Effect of Rigidity. — As the 
welding proceeds, not only is the weld metal deposited in a molten state, 
but the temperature of the parts being joined is also raised to the melting 
point, and the metal in the immediate vicinity expands considerably. 
As the weld cools, the weld metal and the other heated parts contract. 
This contraction is resisted by the cooler parts of the structure and 
initial stresses are set up. Serious stress concentrations may be the 
result, particularly at the ends of joints and at the roots of fillets. It is 
quite possible also that the thermal disturbance may result in the release 
or redistribution of existing internal stresses in the parts, caused by 
rolling or subsequent cold work. 

The effect of the stress concentrations is shown in the early failure 
of welded joints under repeated stress (see supra) ; and even under a 
dead load the parent metal may give way at a low stress, as did many of 
the plates in Freeman’s experiments, 22 which, though of normal 28/33 ton 
mild steel, tore across at about 20 tons/sq. in. with little sign of ductility. 

In thin constructions, contraction stresses and the release of internal 
stresses result in distortion of the parts. 

These effects may be mitigated by careful design and proper manipu- 
lation during welding. Whenever possible, freedom to move should be 
permitted to at least one of the parts to be joined. This is essential in 
the case of butt welds. A tie bar should not be butt welded at each end 
between two rigid flanges ; fillet welds should be used. The stiffer parts 
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of a structure should be welded first, and the less rigid members attached 
later, otherwise distortion occurs in the latter. It is possible to avoid 
distortion by giving initial set or curvature to one or other of the parts, 
e.g. in a stiffener to be attached to a bulkhead in a ship ; the edges of 
thin plates are sometimes kept stretched while the welding proceeds. 

4 Step-back > welding should be adopted for long continuous runs.^ In 
this the operator welds a short length AB, then stops and starts again at 
C behind A and welds from C to A, and so proceeds. As far as possible 
the work should be so arranged that the tensile and compressive stresses 
set up tend to balance one another. Pressure vessels are annealed or 
otherwise heat treated to eliminate initial stress. 

Two factors alleviate the effects of initial stress. Each subsequent 
run partially anneals those previously deposited, and so reduces the 
contraction stresses ; and, further, there is little doubt that under dead 
loading, plastic yield and strain hardening — which take place when, due 
to stress concentrations the yield point is exceeded locally — are the salva- 
tion of the situation, and every improvement in the ductility of welded 
joints is of the greatest importance. 

Rigidity . — Welded joints are rigid joints. The percentage elongation 
in bars with welded joints is frequently small. Experiment 16 has shown 
that secondary stresses in frameworks are higher with welded than with 
riveted joints. There are many cases in which it is customary to neglect 
any rigidity which a riveted joint may possess, where in welded construc- 
tion such neglect might be serious. This rigidity must always be borne 
in mind in design. 

148. Combined Welded and Riveted Joints. — Owing to the much 
greater rigidity of welded joints compared with riveted joints, a partly 
welded partly riveted joint is not a very satisfactory one, for the weld 
carries the major portion of the load. Such combinations, however, are 
frequently used in strengthening existing bridges and structures, in 
which cases the objection is not so important, for the rivets will be 
carrying the stress due to the dead load of the structure before the welding 
takes place, and the weld comes in to carry the major portion of the live 
load stress. Professor Kayser 24 has made several experimental studies 
of combined welded and riveted joints, and concludes that the ultimate 
strength of the combination is that of the welds plus two-thirds of that 
of the rivets. Short longitudinal fillets should be employed where 
possible, and not transverse fillets, which prevent deformation in the 
direction of the load. 

149. Typical Welded Constructions. Method of Calculation. — 
Minimum Size of Weld. — Por thicknesses of J in. and over, the 
minimum size of weld should be a = J -f l(i — J), and in length in., 
where # is the thickness of the member being attached. Size of welds : 

b h h f» l» h 1 inch. 

Allowance for Crater. — In the equations given below, Z is the length 
of the weld of full cross-section exclusive of any crater (unless the latter 
be filled in) or of any portion tapering, or not up to size. 



ELECTRIC ARC- WELDING 


327 


Ties and Struts. — In a member in direct tension or compression, 
connected by fillet welds in shear, if both member and welds are sym- 
metrically placed with respect to the axis of load, (i) Fig. 213, 

F = 2ls ; and l = F ]2s . . . . (1) 

where F is the force in the member in tons, l is the length of each weld 
in inches, and s is the safe shear force per inch of length = 3 *56 a tons /in. 
for a dead load. The length l should not be less than £ the breadth of 
the member. If the weld is carried round the top end of the member, 
(ii) Fig. 213, and the conditions are symmetrical, 

F = 2ls + Bst ; and £ = (F — /2s . . . (2) 

where B is the breadth of the member, and st the safe load on the weld 
per inch of breadth — 4*24 a tons /in. for a dead load. 

If the conditions are unsymmetrical, as for example in (hi), where an 
angle is attached to a gusset, it is necessary so to design the joint that 
the effect of eccentricity is reduced to a minimum, and the weld must be 
made longer on the side nearest the centre of area of the angle. For the 
conditions shown in (iii), F = s(l x -f Z 2 ) ; l x + Z 2 = F \s. Taking moments, 

sl x x B = Fv x ; l x = FvJB s ; Z 2 = F(B — v^J/Bs (3) 

In cases where the length for attachment is perforce short, a combina- 
tion of fillet and slot welds may be used, (iv) Fig. 213. The area of the 
slot weld in shear is b-} x (t x > bj/2. Fig. 210) and the safe load on it is 
5b 1 l 1 tons. The welds must be so arranged that the resultant force 
carried by them acts along the axis of the angle. Where the member 
consists of a single bar attached to one side of a gusset plate, Fish 26 
recommends a 50 % increase in the theoretical strength of the welds to 
take account of the eccentricity of loading perpendicular to the, plane of 
the gusset plate (cf. § 151). When it is not possible to return the weld 
at the end, as is done in (i) and (iii) Fig. 213, J in. should be allowed for 
the end crater. 

No deduction for loss of area is customary in tension members attached 
by welds. 

Plate Girders. — Welded plate girders are formed of one or more flange 
plates top and bottom welded directly to the web plate. No flange angles 
are required. For convenience in welding, each flange plate is made 
slightly narrower than the one inside it. It is customary to use one or 
two thick plates, rather than a number of thin ones, to save welding. 
The welds connecting the flange plates are usually made intermittent, 
but a continuous weld is carried round the ends of an added flange plate 
and for a short distance at each side along the girder. It is better, but 
not essential, to make the welds connecting the web to the flanges con- 
tinuous. In intermittent welding, the distance between the welds should 
not exceed 16Z in tension members, nor 12Z in compression members, 
where t is the thickness of the thinner plate. The welds should be 
arranged as shown at (ix) Fig. 213. The web stiffeners are formed of 
flat bars on each side of the web, of thickness not less than l^th their 
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breadth. These are welded to the web and to the flanges top and bottom. 
It is better to make these welds continuous. The end stiffeners are 
similarly arranged. Joints in the flange plates are made with outside 
covers as in a riveted girder ; but it is becoming common, instead of rising 
a number of flange plates, to use a single plate of varying thickness, butt 
welded where the changes occur (vi). Web joints may be made with 
double covers as in a riveted girder, fillet welded to the web, or may be 
butt welded (vii). The area of the flange plates, web thickness, and 
spacing of the stiffeners are all determined exactly as in the case of a 
riveted girder (§ 172 et seq.), except that the gross area is taken for both 
tension and compression flanges. The design follows a similar course 
and the same stresses may be used. The unsupported length of the web 
plate may be taken as the distance between the two flanges, or the pitch 
of the web stiffeners, whichever be the lesser. The values of s t and s t 
are calculated as in §§ 175-6, and the size of the welds must be chosen to 
resist these shearing forces per inch of length. When the welds are made 
continuous, they are usually more than sufficiently strong. In flange 
joints with an outside cover, the cover is made slightly narrower than the 
outside flange, plate, and of an area at least equal to that of the cut plate. 
The welding must be sufficiently strong to transfer the total load from the 
cut plate to the cover and back again, and if through plates intervene, the 
welding connecting them must likewise carry this load in the vicinity of 
the joint [see (iv) Fig. 257]. In web joints with double cover plates, fillet 
welded to the web, the fillet welds must be sufficiently strong to carry 
the shearing force at the joint. The worth of the web to resist bending is 
the worth of these fillet welds. 

Roof Truss. — (viii) Fig. 213 shows a welded roof truss. The construc- 
tion generally is of the usual type, but the joints are made without gussets ; 
the members are welded one- to another by means of fillet welds. The 
rafters are either T bars, or double angles welded together at intervals ; 
the other members of the truss are of angle section. Field joints (for 
shipment) may be bolted, or the joints may be made by welding at the 
site before the truss is lifted into place. The design follows the lines of 
§ 212. Care must be taken that the axes of all the members meeting 
at a node intersect in a common point, so that the welds shall not be 
eccentrically loaded, and the procedure given above for the design of 
the welds for ties and struts must be followed. 

Braced Frames . — The construction of light braced frames (x) is si mil a r 
to that adopted for roof trusses. A detail suitable for a heavier open web 
girder is given in (xii). A joint suitable for a Vierendeel girder is shown 
in (xi). 

Steel Frame Buildings .— Some details of welded constructions, and 
connections between beams and columns, in steel-framed buildings, are 
given in Fig. 214. In the case of a beam directly attached by double 
fillet welds to a support whose capacity to resist a moment is small (i), 
the weld may be designed to resist merely the vertical reaction R in 
direct shear, when R = 2 Is. The effective value of a in such cases (iv) 
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should be observed. Where, as in (ii) and (iii), the beams tend to act as if 
continuous, Mr. Fish* recommends the proportions for the weld 1<2T >/ 3 ; 
a>4t/5 ; where t is the thickness of the web of the I beam. The intention 
is that the web should deform before the weld. In this case the above 
method can be used, and R = 2 Is. A connection made with two angle 
cleats (v) will transmit little fixing moment, but the welds are subject to 
a local bending moment R x B due to eccentricity. In one weld, at the 
outstanding toe of a cleat, F == 3RB/4Z; and the horizontal shear per 
inch = 3RB/Z 2 . The vertical shear per inch = R/2Z. Combining these. 

Safe R = fe V{3B/l) 2 -f £ . # „ *(4) 

The connections shown in (vi) and (vii) are designed to carry the 
fixing moment at the support, and (viii) represents a joint between two 
lengths of beam intended to resist the bending moment. In these details 
the flange connections must transmit the actual force in the flanges, and 
in (viii) and (xiii) the web connection must be designed to carry the total 
shearing force. A joint between two column lengths is shown in (ix), 
which also indicates how a change in section may be made. If the stress 
be wholly compressive and the ends are machined perfectly square, the 
covers used need only be sufficient in size to preserve the alignment. 
If the joint be subjected in addition to a bending moment of some mag- 
nitude, the cover plates and the welds must be designed to resist it. 
Column details are shown in (x) and (xi). That in (xi) is built up from 
flat plates and welded. Welded brackets are illustrated at (xii) and (xiii). 
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CHAPTER IX 

THE DESIGN OF TENSION AND COMPRESSION MEMBERS 


150. Tension Members.— Having given the force F and the safe 
working stress ft in a tie bar, the net area required is a = F -r ft- As 
will be seen from the following articles, however, there are a number of 
points concerning the design of tension members which need consideration 
apart from a determination of their area. 

151. Types of Tension Members. — Fig. 215 shows some typical cross- 
sections used for tie bars in structures. The round bar (i), although 




Fig. 215. 


perhaps the theoretically perfect form of tie, is not much used in modem 
structures on account of the difficulty in making suitable attachments 
and joints. The common practice is to fork the ends of the bar, (vi), and 
attach it by means of a pin. In large ties this means an expensive and 
difficult piece of smith’s work, which, in addition, is not always reliable. 
The same objections apply to welded joints in a bar. The structural de- 
signer should bear in mind the old maxims : ‘ Keep out of the smith’s shop,’ 
4 Beware of the fire.’ For the above reasons, round tie bars have dropped 
out of use, except where the diameter is small, say not much greater than 
1-in. diameter, when the forked ends may be drop-forged and electrically 
welded on to the bar. A tumbuckle (vi, a) is usually provided in the 
length of the bar, not to adjust the tension therein, but to adjust its 
length. It is difficult to weld two forked ends on to a rod so that the 
centres of the pins may be an exact distance apart. The ends of the rod 
are sometimes flattened and forged into an eye (vi, 6), which is attached 
by a pin. 
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Flat bars , (ii) Fig. 215, are used as tie bars. They may range in size 
from 2J or 3 in. wide and ^ or f in. thick in a roof truss, to say 12 or 
18 in. wide and 1 in. or more in thickness in a lattice girder. They are 
attached by means of riveted joints, and the rivets are so arranged that 
only the area of one rivet hole is lost, (vii), (see also § 154). In bridge 
girders such ties would be placed in pairs, one on each side of a gusset 
plate, (v) Fig. 225 ; the rivets are then in double shear. The use of flat 
bar ties in large girders, however, is no longer customary. 

Stiff Ties . — The modern practice is to make a tie of such a section that 
it can resist accidental compressive and bending stresses. In a riveted 
framework there may be considerable bending in the ties due to secondary 
stresses (§ 114). A light tie is made of angle section, (iii) Fig. 215 ; or 
two angles back to back (iv) ; a channel section attached by its web (v) 
may be used. The angle sections would be attached as shown at (i), 
(ii), or (iin) Fig. 216, and it is usual to specify that only one-half of the 



area of the outstanding flange should be counted in as forming part of 
the area of the tie. This is intended as an approximate allowance for 
the unequal distribution of stress in the member. It will be evident 
from (iii) Fig. 216, that the angle is an eccentrically loaded tie, the 
eccentricity e t being (v 1 -f £/2), where v 1 is the distance of the centre of 
area from the back of the angle, and t the thickness of the gusset plate. 
It was shown in § 120, Vol. I, that the maximum stress in an eccentrically 
loaded tie occurs at the ends and is 






or in this case, ft 


l (, , vM + t/ 2) 

a\ k 2 


As a particular example, consider a 3 x 3 x f in. angle, attached to 
a f-in. gusset plate by four -ff-in. rivets, and subjected to a load of 
10 tons, (iii) Fig. 216. The net area of the angle is 2*11 sq. in. less one 
rivet hole -f-|- x § = 1 *80 sq. in. ; so that, neglecting the eccentricity, the 
stress would be 10 -f* 1*8 = 5*56 tons/sq. in. If only one-half the area 
of the outstanding flange be counted in, after deducting the area of one 
rivet hole in the other flange, the net area is 1*31 sq. in. and the corre- 
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sponding stress is 10 1 • 31 — 7*63 tons/sq. in. Using the formula for 

eccentric loading, and finding the stress on the gross area of the angle, 
t?i — 0*88 ; e 2 = v-y - 1 - t/2 = 0*88 + 0*19 = 1*07 ; /c 2 = 0*81 ; and 


Ff v l (v 1 4* t/2)) _ 10 f 0*88 x 1*07) 

Ji ~ a\ k 2 j 2*11] + 0^81 j 


= 10*3 tons /sq. in. 


All the dimensions are in inches. This is the stress on the gross area. In 
the way of a rivet hole the stress would be increased to approximately 


10*3 x 


3 


— 14*2 tons/sq. in. 


If it be assumed that the line of action of the load is fixed by the centroid 
of the net area of the angle, v x — 0*99, e 2 = v 1 -f t/2 = 0*99 -f 0*19 = 
1 • 18, /c 2 = 0 * 85, a = 1*8, and 



1-18 x 0*99) 
0*85 1 


13*2 tons/sq. in. 


That these high stresses really occur in practice is very unlikely, for 
the type of construction (the angle attached by its back) is very common 
and shows no signs of weakness. They appear, however, to afford 
justification for the custom of neglecting one-half of the area of the out- 
standing flange. It is evident that the stiffness of the end attachments 
must, partially at least, direction-fix the ends of the tie, and the stress 
due to bending is much reduced. 

From the point of view of eccentric loading, the detail shown in (ii) 
Fig. 216 is no better than that shown in (i), and there appears to be no 
justification for counting in more area in the one case than in the other. 
The additional cleat shown at (ii) is useful in situations in which it is 
difficult to get sufficient rivets in the main angle ; (ii a), in which the cleat 
is lengthened, is a better detail than (ii). 

As to the best form of section to use for a tie attached by its back to 
a gusset plate, it is instructive to compare the ma ximum stress produced 
in the three sections shown at (iv), (v), and (vi), Fig. 216, all of the same 
sectional area, but of different vertical dimensions. The figures for the 
gross sections are : 


l + 


e 2 vA 


FL 


(iv) 

(v) 

(vi) 

1*07 

1*30 

1-57 

0*82 

1*05 

1-32 

0*73 

M0 

1-53 

2-20 

2-24 

2-35 

Vi) j, 

f IS 

therefore not very difi 


The maximum stress ft = 

« l 

in the three cases, but is least in the shallowest section, in which it is 


2*2 times the mean stress, Fja. 

This calculation suggests that a flat bar (vii) would most nearly 
approach the ideal conditions. For the particular case indicated, 
v v = 0*25 ; e 2 = 0*5; k 2 -^; and (1 + e^/zc 2 ) ** 7 ! Thatistosay, 
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the maximum stress is seven times the mean. There is no doubt that 
the stiffness of the end connections is usually sufficient to direction-fix 
the ftnda of a fiat bar tie, which possesses little resistance to bending, for 



Fig. 217 . 


the successful employment of many such ties proves that the excessive 
stress indicated, in this calculation does not occur. 

If similar angles be placed one on each side of a gusset plate as shown 
in (i) Fig. 217, the total net area of each angle may be counted in as form- 
ing part of the tie ; for although, if each bar were separately considered, 
it would appear to he eccentrically 
loaded, the eccentricity moment is 
neutralized by the moment of the forces 
called into play between the angles and 
the gusset plate. These forces are repre- 
sented in (ii) Fig. 217 ; the eccentricity 
moment will be completely nullified 
unless the implied tension in the rivets 
exceed the initial tension set up due to 
the rivets cooling. It will be evident 
that if the gusset plate were infinitely 
stiff, a similar set of reaction forces 
would be called into play in the case in 
which there is one angle instead of two, (iii) Fig. 217, and again the effect 
of the eccentricity would be nu llifi ed. In practice, no connection possesses 
infinite rigidity, but as suggested above, the stiffness of the end connections 
undoubtedly reduces the stresses due to eccentricity of loading. 

Experimental Results . — A number of the above theoretical deductions 
have been confirmed by experiment. Professor Batho, 3 experimenting 



Fig. 218 . 



DESIGN OF TENSION MEMBERS 


337 


on specimens of the type indicated in Fig. 218, both with and without 
additional cleats, found that, with single angles attached by their backs 
[as in (ii) Fig. 218] to gusset plates 3 in. wide, the ratio of maximum 
to mean stress in the angle ranged from 


2-3 to 2-8. By increasing the width of the 
gusset plate to 14 in., this ratio was reduced 
in certain cases by 35 %, showing that the 
effect of stiffness of the gusset in its own 
plane is considerable. 

Adding an additional cleat (i) had little 
or no effect on the maximum stress produced, 
(i) Fig. 219. A tie formed of double angles, 
one on each side of the gusset plate, 
(iii) Fig. 218 , acted as a concentrically loaded 
specimen, and the stress was very much 
more nearly uniform, (ii) Fig. 219. Again, 
the effect of an additional cleat on the 
maximum stress was negligible, (i) Fig. 219 
shows the measured distribution of strain 
over the central cross-section of a single 
angle attached by its back to a gusset 
3 in. wide ; and (ii) shows the corresponding 
distribution in the case of the double angles 
with a gusset plate in between, the mean 
stress being the same in the two cases. 
The linear distribution of strain should be 
observed. It will also be noticed that the 
stress in the single angle reverses. 

Large Ties . — (i) to (iii) Fig. 220 shows 
a type of tension member commonly used 
in large bridges. The four angles are con- 
nected together by batten plates or lattice 
bracing. The attachment to the gusset 




Fig. 219. 


plates is shown at (i), and the full net area of the angles may be counted in. 


The batten plates or lattice bars may be placed between the angles (ii), 



^Gusset Plate 


Fig. '220. 

which leaves a narrow space difficult to paint properly ; or the two angles 
may be riveted together with tack rivets and a double system of secondary 
bracing provided (iii). The latter is the better construction but is more 
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expensive. For very heavy ties two channels may be used, attached 
by their backs to the gussets, with the outstanding flanges connected by 
batten plates or lattice bracing, Fig. 221. 



Fig. 221. 


152. The Net Area of a Tension Member. — Let Fig. 222 represent a 
tension member in which the rivets in the inner rows are staggered with 
respect to those in the outer rows. Considering the cross-section ABHEG, 
it is evident that there is a reduction in area due to three rivet holes, 
but if the rivets in the inner rows are sufficiently close to those in the 
outer rows, fracture might take place along the line ABCHDEG ; in other 
words, the loss of area would be greater than that due to three rivet 
holes. Experiments by Moberley 1 appear to show that in such a member 
the likelihood to fracture along the diagonal 
line RCHDE and along BHE will be equal, 
provided that the area along BCHDE is 4/3 
that along BE ; that is to say, 

when 2(p' — d) = | (c — d) 

or f = (2c -f d) /3 . . (1) 

d denotes the diameter of the rivet hole. As 
the outcome of his investigation of this subject, 

Young 7 gives rules which lead to the following : 

For equal resistance along either BCHDE 
or BHE, 

&=3c/5; or,p' = 0*78c . (2) 

When h is less than this, the number of rivet 
diameters to be subtracted from the width c is 



Fig. 222. 


n = 2-5 (1 — Jc/c) ; max. — 2, min. = 1 . (3) 

When c — 3d (minimum value). Young’s value for Jc giving equal resistance 
along the two lines agrees well with Moberley’ s, but gets relatively larger 
as c/d increases. 

From the results of his experiments, Loudon 9 concludes that the 
stress concentration at the edges of the holes is the important factor, 
and that failure may be expected to begin in the edge distance AB or 
EG. He finds that as kjc increases from 0 to 0*3 there is little increase 
in the strength of the member ; the strength then increases until Jcjc = 0*8, 
above which value the increase in strength is small. He suggests that 
the number of rivet diameters which should be deducted from the width 
c is (2 *6 — 2k/c) } max. = 2. , 
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Alternatively, if the old Board of Trade rule for s imil ar joints in 
boiler plates be applied, 

* = it V (He + 4d) (c + 4d) . . . (4) 

This rule has been used with success for many years. It leads to 

p' = (3c + 2d) j5 ( 5 ) 

for equality of resistance, which is less than either Moberley’s or Young’s 
value for p'. The corresponding number of rivet diameters to be sub- 
tracted from the width c is 


2 — 


lOOfc 2 


mm. ; 


(11c +4d) (c+4^) 5 

The new boiler rule is k = (c + 2d) / 3, not very different from eq. (4). 

A commonly occurring case in girder flanges 
is that shown in Fig. 223, to which the above 
equations will not directly apply. If, in view 
of Loudon’s remarks, this arrangement be 
regarded as equivalent to Fig. 222 with the 
rivet at H omitted, from eq. (3) the number 
of rivet diameters to be subtracted from the 
width 2c = 2c x -f c 2 is 

m = 2n - 1 = 5 (1 - Jc/c) - 1 = 4 - 5Jfc/2c 1 


(») 




max. = 3, min. = 1 . (7) 


or a maximum of 4 from the overall width 
shown in Fig. 223. For equality of resistance, 

h = 6c x /5 ; and p ' = 1 *56^ . (8) 

Similarly, from eq. (6), 

m = 2n— 1 = 3 — 



Fig. 223. 


50& 2 


(11*^ + 2d) (c x + 2d) 

For equality of resistance, 

k = l V(Uci + 2i) (Ci + 2d) ; and p' = 


min. 


2(3c^ -f- d) 


(9) 


( 10 ) 


According to German experiments, 4 for equality of resistance, the i 
area along ABCDEG should be 1 *25 times that along AG. 

In no case should p' be less than 3 d. 

153. Eye Bars. — In suspension bridges and other structures where it 
is essential to reduce the weight of the structure itself to a minimum, 
eye bars of flat bar section with enlarged ends are used for the tension 
members. The usual forms of these are shown in Fig. 224 ; (i) and (ii) 
give the proportions formerly used for hammered eye bars, (in) those 
for the hydraulically forged eye bars common in American practice. 
The proportions of these eye bars are intended to be such that the bar 
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is equally strong in all directions. A typical pin connection is shown at 
(iv). In calculating the diameter of the pin, it is necessary to examine 
(a) the bearing pressure between the eye bars and the pin, (&) the shear 
stress, and (c) the bending stresses in the pin. To determine the latter, 
the pin is regarded as a beam loaded with the tensions in the bars which 
it connects, (v) and (vii). By judiciously arranging the bars the bending 



154. Joints in Plat Tension Members.— The various types of riveted 
joint used for flat tension members are illustrated in Fig. 225 ; (i) and (ii) 
show a lap joint, (ill) and (iv) a butt joint. These joints may be used 
to connect two parts of the bar, or to attach the member to the gusset 
plates at its ends, as indicated by the dotted lines in (i) and (iii). 
Wherever possible a tie bar should be made in one piece. 

The corn entional calculation for the lap j oint (i) and (ii) is as follows t 
Suppose that ft be the safe tensile stress in the material, w the width of 




DESIGN OF TENSION MEMB ERS 


341 


the bar, t its thickness, and d the diameter of the rivet hole. Then, at 
section A, where the bar is weakened by one rivet hole, the resistance 
to tearing is F< = (w — d)tft. Suppose that there are n rivets in the 
joint. These are in single shear, and if f s be the safe shear stress in the 

rivets, the resistance to shearing is F g = n x ^ d-f s . If the joint is to be 
equally strong in shear as in tension, F g = Ff ; and 

n x j d 2 f s = (w - d)tft ; or n = — — 

This equation gives the required number of rivets. It does not follow 
that the joint is weakest either at section A or in shear ; it might fail by 
tearing at B and shearing one rivet at A, or by tearing at C and shearing 
the rivets at A and B. The resistance to tearing at B and shearing at 

A is F/ = (w — 2d)tft + -g d 2 f s ; the resistance to tearing at C and shear- 

Q 

ing at A and B is F / = (w — Zd)tft + ~ d 2 f s . The true strength of the 

joint is the least of the four calculated resistances, which must be equal 
to the actual force in the member. The tensile resistance of the uncut 
bar is F = wtft. The minimum efficiency of the joint is obtained by 
dividing the least resistance of the joint by the resistance of the uncut 
bar. 

The strength of a joint in which the rivets are in double shear, (iii) 
and (iv), (v) and (vi), Fig. 225, can be investigated in a similar way. 
Suppose that the two tie bars in (v) are each 12 in. x § in., the gusset 
plate | in. thick, and the rivet holes in. diameter. Take fs — \ft ; 
fb = 2/*, and design the joint. The resistance of the two bars to tearing 
at section A, (v), is F* = 2(12 — -JJ ) x f /*= 13-82 ft. The resistance to 

shear of one rivet in double shear is 2 x ^ x (jf ) 2 fs =1-38 f 8 ; the bearing 

resistance of one rivet in a f-in. plate is |x|f xfb = i x -Jf x 2f s — 1 *4,0 fs. 
The rivet is weakest in shear and bearing need not be further considered. 
If there be n rivets in the joint, the total resistance to shear is 

F s = nx 1*38 f s ^nx 1-38 x |/* = 1 -03 

Equating the resistance to shearing to the resistance to tearing, 
F* = F* = 1 -03 nft = 13*82 ft, whence n = 14. A suitable arrangement 
of rivets is shown at (vi) Fig. 225. The resistance to shear of this joint is 
F$ == 14 x 1 * 38/s = 14 x 1 *38 x | ft = 14 *49/*. The resistance to tear- 
ing at B and shearing at A is 

F$' = 2(12 — 2 x -$) x |/*-h 1*38 x f/*= 13-68/*. 

The resistance to tearing at C and shearing at A and B is 

F/ = 2(12 - 3 x $) x I/* + 3 x 1 *38 x l ft = 14*58/*. 
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The resistance at section D is obviously greater than that at C. The 
minimum resistance is that to tearing at B and shearing at A, i.e. 13 * 68 ft. 
The resistance to tearing of the two solid plates is 2 x 12 x § x ft = 1 & ft) 
hence the efficiency of the joint is 13*68/* -r- 15/* = 0-91, or the strength 
of the joint is 91 % of that of the solid bars. 

For the results of experimental work on riveted joints see §§ 375, 376. 

DESIGN OF COLUMNS 

155. Types and Classification. — The majority of columns found in 
ordinary engineering practice may be roughly grouped into three classes : 
(i) simple solid columns of which the struts in roof principals may be 
regarded as typical ; (ii) bridge compression members , usually built-up 
columns, some of the largest size ; (iii) stanchions in buildings , usually 
combinations of I beams or channels with flange plates. There is a certain 
amount of overlapping between the groups ; for example, solid round 
stanchions are used in buildings, and bridge compression members may 
be simple solid sections or built up of rolled beams and flange plates, 
but the division is convenient and sufficiently accurate. 

Aeroplane struts form a class by themselves, and will not be discussed 
here. 



Fig. 226 . 


Solid Columns . — Fig. 226 shows the sections commonly used for solid 
columns. These consist of angles and tees, either singly or in combina- 
tion, The form in which two tees are placed wide apart, and connected 
together by lattice bracing, is relatively so stiff about the axis perpendi- 
cular to the plane of the lattice bracing, that it may be regarded as two 
solid sections bending about an axis parallel to the lattice bracing. 




Bndge Compression Members. —Figs. 227 and 228 show two different 
classes of bridge compression members. Those in Fig. 227 all have a 
central web to carry the shear force. In (i), suitable for light struts, it 
is of lattice construction, in the others it is a flat plate. The figure 
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illustrates the modification in type which takes place as the magnitude 
of the load increases, and a larger flange area becomes necessary ; 
(v) shows a design suitable for a very large bridge. In (iv) and (v) the 
outstanding flanges should be connected by secondary bracing, either 
batten plates or lattice bracing, to prevent them from buckling. 

Fig. 228 shows another class of bridge compression member in which 


(1) (If) (iii) 

Lattice Bracing^ 

Fig. 228 . 


"ur 

(iv) 


the flanges are of channel section ; these are connected together by two 
lines of lattice bracing. In (iii) the lattice bracing has been replaced by 
plates, (iv) may be regarded as an analogous construction built up from 
zed bars. It is probable that, considered merely as a column, (i) is the 
most economical of all practical types (Salmon’s Columns, p. 184), but 
the compression members in a bridge have to resist other straining 
actions besides those due to the longitudinal load ; in particular, they 
have to carry secondary bending moments from the cross girders, which 



Fig. 229 . 


are usually attached to the vertical columns. Members with a central 
web of the type shown in Fig. 227 are more suitable for resisting such 
strains than those of Fig. 228, and are more convenient for the attach- 
ment of the cross girders (see Fig. 309). Modern practice tends, 
therefore, to the adoption of the types shown in Fig. 227 . 

The common types of lattice bracing are shown in Fig. 229. When the 
lattice bracing is double, (i), the angle of the lattice should be 45° ; when 
single, (ii), the angle should be 60°. Batten plates are shown at (iii). 
Each of these types makes an efficient bracing if properly designed ; 
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Fig. 231 . 


(i) is most suitable for heavy columns, (iii) for lighter ones. Lattice 
bracing with independent ends, (iv), is not so efficient 8" the other types, 
and should only be used for members of small importance. 

The minimum width for lattice bars is 2 in. for f in. rivets, 2J in. 
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for | in. rivets, and 2£ in. for £ in. rivets. When arranged as shown in 
(ii) Fig, 229, the minimum thickness is Z/40, or with doubled bars riveted 
together at their intersections, (i) Fig. 229, the minimum thickness is 
Z/6 0. The minimum thickness of batten plates should not be less than 
j/^th the distance between the rivet lines ; and except in unimportant 
positions, not less than 3 rivets should be used to connect them to each 
flange. The pitch of the lattice bracing should be determined from 
secondary flexure considerations, § 160. The methods of attachment 
used for bridge compression members are given in Chapter XI. 

Stanchions in Buildings . — -The common types of cross section used 
for stanchions in buildings are shown in Fig. 230. Where space is 
limited, the circular cross section (i) may be adopted. If made of cast 
iron, the column is usually of hollow cylindrical form, (ii). For heavy 
stanchions, combinations of beams and flange 
plates are used, (iii), (iv) and (v). The sections 
shown at (iii) and (iv) Fig. 228, are also employed. 

Typical caps and bases are shown in Figs. 231 to 
233. 

Fig. 232 shows a slab base for* a stanchion. 

The end of the member is machined all over after 
riveting, and, bolted to the slab. Such a con- 
struction may conveniently replace the top tier of 
beams in a grillage (Fig. 466). According to the 
L.C.C. Code of Practice (1932), assuming the pres- 
sure beneath the slab to be uniformly distributed, 


the minimum thickness t 
7 W(D - d) 




W(B - h) 
12D 


or 


V 12B 


whichever be the less. 



Fig. 232. 


Fig. 231 shows how a change of section may 
be made just above a floor ; Fig. 233 shows how a joint may be made 
between floors. Only when it is impossible to make the stanchion in 
one piece owing to its length, or to the position in which it is to be 
erected, are such joints permitted. The abutting surfaces both at the 
ends and at joints should be machined absolutely square so that the 
surfaces butt all over. 

A number of details of the connections between floor beams and 
stanchions are given in Figs. 251 and 252. 

156. The Practical Column. — The mathematical theory of the strength 
of columns and its underlying conceptions have been discussed in 
Chapter VIII, Vol. I, in which chapter will also be found a short resume 
of the experimental work, together with some of the better known 
empirical formulae for columns. Unfortunately, most of this theoretical 
and experimental work has very little direct bearing on the column as 
found in a structure. 
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The ordinary practical column is a short sturdy member, more or less 
rigidly connected to the adjacent members at each of its ends, and sharing 
the general deformation of the structure. It is initially curved, but this 
curvature may be greatly modified by the secondary bending moments at 
its ends. It is not a homogeneous member ; often it is built up of separate 
parts, and it is the strength of these parts which determines the strength 
of the whole. Local secondary flexure may be the dete rmi n in g cause 



Fxo. 233. 


of failure. The adequacy or otherwise of the secondary bracing, lattice 
bars, batten plates, etc., may have an important effect on the strength 
of the column. 

It is evident that a formula based on experiments on small solid 
columns will not take these factors into account, and it becomes necessary 
to consider their influence on design. 

157. The End Conditions. — The practical end conditions are quite 
different from either the ordinary mathematical conceptions or the usual 
experimental conditions. In the ordinary mathematical theory either 
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perfect freedom in direction or perfect fixity in direction is assumed, 
and in most experimental work attempts have been made to approximate 
to these ideal conditions. It follows that the results obtained are not 
directly applicable to the practical case. The practical column is not 
free in direction, for its angular movement is severely restrained by the 
stiffness of the parts to which it is attached ; it is not fixed in direction, 
for it shares the angular deformation of the panel points at its ends ; 
it may bend in a single bow, in many cases the curvature is S-shaped, 
(ii) Eig. 189. From the calculations of the deformation stresses in a 
number of bridge trusses, it would appear that most of the struts proper, 
i.e. the vertical members, take an S shape, so that the maximu m stress 
occurs at their ends. In many cases the top flange bends into a single 
bow, but the member should not be regarded as free in direction at its 
ends. It is an initially curved column, resisting the secondary bending 
moments due to the deformation of the frame in addition to the longitu- 
dinal load, its own weight forming a lateral load on the member. The 
ends are constrained to take definite inclinations owing to their connec- 
tions to the rest of the structure. 

The problem may be treated analytically on the following lines, but 
the resulting equations* are not simple. Let it be assumed that the 
deformation bending moments M a b, M ba> at the ends of a column AB 
have been calculated on the usual assumptions, § 115, namely that the 
members were originally straight, and that they are rigidly attached at 
their ends to the rest of the structure, but neglecting any effect which the 
longitudinal loads may have on the deformation moments. From these 
moments, the inclinations (j a b> &ba, at A and B can be found, f 8, § 118. 
These angles are determined, not by the behaviour of the particular 
member AB alone, but by the shape and stiffness of the frame as a whole ; 
on the assumptions made, they are definite and fixed for a particular load 
condition. The longitudinal load acting on the curved compression 
members will tend to increase the angles a; its effect on the curved 
tension members will be to decrease these angles. Usually both tension 
and compression members connect on to the same gussets, and the two 
effects will tend to neutralise one another. The 6 give ’ in the riveted 
joints will tend to lessen both effects. If then it may be assumed that 
the values of cr, as calculated from the deformations, are substantially the 



values of cr for the column in the 
truss, the equation to the bent 
centre line of the column can be 
found, and hence the stresses in 
the member. 

The simpler case of an originally 
straight member, subjected to 

applied bending moments M 7 at its ends, which moments are of the same 
magnitude and sign, Fig. 234, the ends of the column being held fixed at 
the inclination produced by these moments, is treated in the author s 
Columns , Variation 5, p. 59. It is there shown that until the longitudinal 


Fig. 234. 
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load exceeds P = 7 r 2 EI/L 2 , the maximum compressive stress mil occur at 
the centre of the column, and is (eq. 149), 

Wr 8e.it?, 1 


/c 


for 


M' 


5 


?[> 


86,11 


8eiV, 1 foL aL)~| 

1 + cosec y \ J 
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XF+4? “ El ’ 2 

Until the load attains the value W = P = P 2 /4, (P 2 — 47 t 2 EI/L 2 ), the 
column will bend into a single bow. When W > P the reversed 
curvature commonly associated with direction-fixed ends will occur 
(cf. Fig. 235). 

The Special Committee on Steel Column Research of the American 
Society of Civil Engineers 14 (p. 1221), who reach the same equation, write 
it in the form 


where j = 


M't?! 
F 


W = 


w 


fcfl 


1+ J- 


lV ? cosec 1/ 


w 

p 


( 2 ) 


i.e. the ratio of the maximum fibre stress due 

a/c s a 

to the deformation bending moments to the load per square inch on the 
column. Assuming the value j = 0-25, and putting f c = fy = 36,000 
lb./sq. in. at the failure point, the Committee find that the formula gives 
almost identical values to the ordinary secant formula, eq. (8), § 106, 
Vol. I, if in that equation ^i/* 2 = 0*25, and P be replaced by 
P 2 = 4 t 7 2 EI/L 2 . Hence they conclude that c the strength of a column 
in a truss under the conditions assumed is not much less than that of a 
pivoted-end column of one-half the length.’ 

Ross,* assuming the column, no matter what the end conditions may 
be, to be an originally straight, eccentrically loaded, hinged-end member, 
calculates the values of M'/W from a number of published secondary stress 
determinations. He suggests the general value e 2 — M'/W -j- L/500 as 
an equivalent eccentricity for practical columns. The final term is 
included to take account of imperfections in the conditions. 

The objection to the above methods of proceeding is that, in deter- 
mining the deformation bending moments, or what is equivalent, the 
angular deformation of the panel points, any effect which the longi- 
tudinal load on the column has on these angular movements is neglected. 
Further, the deformation stresses are calculated on the assumption of 
perfect rigidity of the joints. Allowance is sometimes made for the 
stiffness of the gussets, but any relief from the 4 give ’ of the riveted joints 
or other mitigating circumstances is ignored. Experiments suggest that 
in a bridge truss these effects tend to neutralize one another, for the cal- 

* Trans. I.E. Aust vol. viii, 1927, p. 3. 



DESIGN OF COLUMNS 


349 


culated and observed values show a fair measure of agreement, § 119 ; but 
the rigidity of the joints commonly used in steel-framed buildings certainly 
falls far short of that presumed in ordinary deformation stress calculations. 

Further, in order to apply such methods, it is necessary first of all to 
calculate the deformation stresses in the frame, and in order to effect this, 
cross-sections for the columns must be assumed. These must afterwards 
be modified to suit the more exact procedure, and a recalculation made if 
necessary. In view of the lengthy computation involved in secondary 
stress determinations, this is impracticable in ordinary structural design. 

What is wanted is experimental evidence as to the degree of imper- 
fection common in practical direction-fixed ends,* what angular de- 
formation is probable, and what shape the deflection curve is likely to 
take. Such information can only be obtained from observations on 
actual structures, which observations should clear up the uncertainties 
mentioned above. Knowing the probable slope of the ends of the column, 
or an equivalent indication of the real end conditions, it will not be 
difficult to design the member. 

Meanwhile it is fortunate that the ratio L//c in practical columns is, 
and should be, kept small. The bending moment resulting from the 
effect of the curvature is then small, and the corresponding bending stress 
is small relative to the direct stress. Errors in the assumptions made 
regarding the end conditions are thus not vitally important. 

Where, due to the attachment of beams, external bending moments 
are applied to columns (e.g. cross girders in bridges ; steel-frame building 
construction), severe bending stresses may be set up therein. In such 
cases the column is acting as part of a continuous girder system, and should 
be so designed. 

158. The Value of ‘ q * in Practical Columns. — In the absence of 
accurate information regarding the end conditions, referred to above, the 
method usually employed to take into account the direction-fixing, partial 
or otherwise, is to assume a probable value for q ; qL is the free length of 
the column, and in initially straight columns is equal to A, the semi-wave 
length of the deflection curve (see §§ 103 and 118, Vol. I). It must be 
understood that this method is at best a rough approximation which 
leaves out of account important factors, and may be misleading. In the 
first place it should be observed that the values of q, as determined for 
initially straight columns under ideal conditions, do not apply to the 
practical column, which is always initially curved. It will be evident 

* In 1913 [ London University Thesis on * Columns republished 1921 (see p. 
271)] the present writer remarked that ‘ the most pressing point for future research 
on the subject of col umns is un doubtedly the question of the degree of imperfection 
common in practical direction-fixed ends. ... A complete answer to this question 
is difficult, but at present the designer has no real data whatsoever regarding practiced 
end conditions He goes on to suggest that, from a determination of the actual 
deflection curve of col umns forming part of a framed structure, a new development 
of the column theory may grow, with secondary stress considerations as an under- 
lying basis. The question is one of probability as to the end conditions likely in 
■everyday practice, and on such a point too much evidence cannot be obtained 
fsee § 158a). 
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that the value of q, for an initially straight column, and that for an initially 
curved colu mn , both with position-fixed ends, Pigs. 164 and 170, Vol. I, 
will be the same. Yet the behaviour of the columns will be quite different. 
Again, Pig. 235 represents the initial and final deflection curves of an 
initially curved column, direction-fixed at its ends. The equation to the 
curve [see eq. (9), § 108, Vol. I] is 


aL sin aL/2 < 


( ’ aL I 

-cos ax — cos — - 


. aL 
where — — 7 r 
2 


The dotted line represents the initial deflection ; the full lines represent 
the shape of the column when W — 0*2 5P 2 and when W = 0-81P a 
respectively. The position of 
the points of no bending 
moment are also shown. It 
will be seen that up to one- 
quarter Euler’s crippling load 
for a direction-fixed column, 
i.e. for all working loads, the 
deflection curve is a single loop ; Figl 235 . 

and q falls slowly from 0*58 to 

0 *56 as W increases from 0 to P 2 /4. Only when W exceeds P 2 /4 does the 
familiar reversed curvature associated with direction-fixed ends appear, 
and not until W = P 2 does # = as in originally straight columns. 
To obtain the points of inflexion,* and hence the semi-wave length A, 
put dhjjdx 1 = 0 in eq. (1), when cos ax = 0, ax = 7 r/2, 




The semi- wave length is evidently a function of W ; if W = Pg/4, 
x = L/2, A = L, and the point of inflexion coincides with the point of 
application of the load, as is evident from the figure ; when W = P 2 , 
A — L/2, as in the ideal straight column. It is evident that the equation 
qL = A does not hold for initially curved columns, and the values of q 
for ideal columns are not applicable to practical columns. If, however, 
the correct value is determined for q } i.e. for the distance between the 
points of no bending moment, the maximum compressive stress at the 
centre of the column is given by 



8Pj 

7T 2 W 




(3) 


where P x = t^EI/^L) 2 , and is the initial deflection in the whole length 
of the column (see Columns, eq. 204, p. 73). Under working con- 



this equation may be replaced by 



wr 

1+1 ' 25 pi 




* Not the points of no bending moment (see § 86, Vol. I). 
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a simple equation giving the maximum stress under working conditions 
in an imperfectly direction-fixed column. The equation assumes, in 
effect, that the direction-fixing is sufficiently imperfect that the maximum 
stress occurs at the centre of the column. 

Evidence as to the value of q in practical cases is very meagre. For 
columns with initial curvature, if the direction-fixing be perfect, the 
theoretical value of q varies from 0 • 58 to 0 • 56 as W/P 2 varies from 0 to J. 
For position-fixed ends, q = 1. Practical end conditions probably lie 
about midway between these limits, q = 0-78. For members attached 
by large gussets to stiff adjacent members, for example, the web com- 
pression members in ordinary bridge girders, q may be taken as 0-7. 
The compression flange would not be so well fixed as this, and q may be 
taken as from 0*78 to 1 *0, depending on the relative stiffness of the web 
members. Calling perfect direction-fixing 4, and perfect freedom in 
direction 1, from observations on a bridge thiss, Kayser 35 estimates that 
the degree of direction-fixing in a diagonal web strut may be taken as 2* 42. 

For members attached by small gussets to adjacent members not stiff er 
than themselves, for example, 
ordinary struts in roof trusses, 
take q = 1. As an example of 
approach to perfect direction- 
fixing, the following case may 
be cited. Two rows of angle 
struts, 48 in all, each leg at- 
tached by gussets, Fig. 236, and 
standing on a flat slab base, 
were accidentally over-loaded and buckled. They all behaved as direction- 
fixed members, bending in a direction corresponding to the least radius 
of gyration, and the failure load approximated very closely to that of a 
perfectly direction-fixed member. 

Stanchions in Steel-framed Buildings . — The value of q for stanchions 
in buildings is difficult to estimate. A column, standing on a wide base 
which rests on hard material, and rigidly attached at its upper end to the 
members of a stiff floor system past which it is continuous, might be 
regarded as imperfectly direction-fixed at each end, g = 0*7. In 
ordinary cases, for single storey buildings, and for the top and bottom! 
storeys of other buildings, it is safer to take the value q = I for the ? 
stanchions. Where a stanchion is continuous past a floor at both ends, 
and rigidly attached at each end to deep and stiff floor beams, it may be 
considered as imperfectly direction-fixed at both ends. A value q = 0*7 
may be taken in this case also. These assumptions may be completely 
altered by the imposed bending moments from the beams. 

Stanchions in buildings are commonly regarded as 4 eccentrically 
loaded/ which may be approximately true when the floor beams rest on 
a plain shelf angle. When side and top cleats are employed (Figs- 251 
and 252) the connections will transmit a bending moment, and the whole 
construction becomes a network of continuous spans, with weak places 
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where the beams join the coiumns. The ordinary methods of calculating 
the eccentricity have no real applicability. There is great need of ex- 
perimental determination of the degree of direction-fixing to guide the 
rWignpr (see § 378a). The conventional methods of design make no 
pretence at an accurate determination of the bending moments and 
stresses. They will be found in all the manufacturers 1 Pocket Books, 
and will not be repeated here. 

159. Magnifairift of the Imperfections (see § 111, Vol. I). — In solid 
columns with position-fixed ends assume an initial deflection 

L D i . . .. L B 

e i = 750 + Jo* P lus an eccentnclty e * = 1000 + 40 ’ 
add L/160 to e 2 in the case of built-up columns. In all direction-fixed 

L D 

columns assume an initial deflection of e 1 = ^ B is the depth of 

the cross-section in the plane of bending. Use a working stress in com- 
pression 15 % less than in tension, to allow for reductions in the strength 
of the material (Z.c.). 

160. Secondary Flexure. The Built-up Column. — The majority of 
large, practical columns are built up girder fashion, and consist of two 



flanges connected by a web or webs, Figs. 227 and 228. Experiment has 
shown that well-designed members, thus constructed, usually fail due to 
the flange buckling between the panel points, or due to the flange plates 
on the concave side of the column buckling between the rivets, Fig. 237. 
It is evident that the stresses caused by primary and secondary flexure 
will add, so that if secondary flexure is possible in a column, the maximum 
stress will be increased thereby. It is probably that secondary flexure 
plays a much more important role in determining the strength of com- 
pression members than is usually recognised. All thin material in com- 
pression exhibits wave formation, and even short lengths of channel and 
other sections fail by local buckling. The secondary flexure of outstand- 
ing flanges and plates much reduces the strength of such parts. Experi- 
ments by Talbot and Moore n on a specimen of thin material showed 
extreme fibre stresses 40 to 50 % in excess of the average stress. These 
extreme fibre stresses varied in a very irregular way, sometimes occurring 
on one side of the channel which formed the flange of the column, and 
at a nearby cross-section on the other side. These channels showed 
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evidence of considerable local flexure, to which these irregularities appear 
to be due. The authors conclude that local want of straightness may be 
much more important than curvature of the centre line or than eccentri- 
city of loading. In some heavier wrought iron specimens the effect of 
local curvature was not so pronounced. Howard and Buchanan, 12 from 
some experiments on large size columns of normal construction, conclude 
that in such columns an ultimate strength coincident with the yield point 
in the individual parts should be attained, whilst from the. ease with 
which local buckhng then takes place, no higher resistance will be 
realised or should be expected. 

Many analyses have been given for columns taking secondary flexure 
into account. The following approximate treatment for a column with 
flanges of equal area a/2 leads to a simple ex- 
pression for practical use. Let AA, Fig. 238, 
represent the central cross section of a lattice- 
braced column, and suppose that the de- 
flection at this section, measured from the load 
line, is y 0 . The forces F' and F" in the two 
flanges, obtained by taking moments about 
any convenient point, are 

f - w G + t)- f '- w ( 5- *) • m 

where W is the load on the column, and h is 
the distance between the centres of area of 
the two flanges. If the value of y Q were known, 
the force F' on the elementary flange column of 
length L', (ii), would be known, and the latter 
could be designed to carry this load. Con- 
sider the flexure of the column as a whole, and suppose that at the 
moment of failure its condition may be represented by the Johnson 
parabolic formula, eq. (9), § 116, Vol. I, 

Sr ■/,-«,(£)’ 

where fy is the yield point stress, and c 2 = f y 2 j4:TT 2 E. From the funda- 
mental stress equation for a column, fa = fc — fb • If, at the failure 
point, f a = fr, the load per square inch ; / c , the maximum stress =fy ; 
then the stress due to bending 

fqLy Wy 0 2 Wy 0 

fb - c ‘[-7) -~T" ik 

where is the bending moment on the cross section, and Z = ah /2 is 
the section modulus. This supposes fb to be the stress due to bending 
at the centre of area of the flange proper. Then 

Csftfi fqJj 



2 
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and, from eq. (1), 

F-w{i + 


cjifqLy 

2W \k) 


W cjifqlA* 

2 + 2 V* / 


(2) 


This equation gives the load on an elementary flange column, (ii) Fig. 238. 
Considering the latter separately, and applying the Johnson parabolic 
formula to it, 



where q L' and 
Prom eq. (2), 


whence. 


k all have reference to the elementary flange column. 



(3) 


The Johnson parabolic formula holds therefore for the built-up column, if 
(gL/*) 2 be replaced by {(gL/*) 2 + (gl//*) 2 }-* In ordinary circumstances 
q' may be taken as unity for the elementary flange column. W in eq (3) 
is the ultimate strength of the column, and a suitable factor of safety 
must be applied. 

The above analysis is admittedly approximate. A rational treatment 
of the problem will be found in Chapter II of the author’s Columns. 
Using the same symbols as in eq. (3), § 158, it may be shown that (l.c.) 



7T 2 W 


sec 


i/'-i-a 


(4) 


or, if W/P x < 1/5, i.e. under working conditions. 




W 

1+1 -25-p- 
r i 



(5) 


From this value of F', the maximum stress f c in the column may be 
found. Treating the elementary column as position-fixed at its ends, 
if the eccentricity of loading be e 2 and the initial curvature e/ 

F' T ( 3F) v/ 1 

■f c== a/2 L 1+ | 1+ 2P J • (6) 

eq. (8), § 107, Vol. I. Here t?/, k> e x ', e 2 , all have reference to the elemen- 
tary flange column, and F/P < -j-, where P = 7r 2 Er/(L') 2 . The equation 
gives the maximum stress under working conditions. For such a column 
take = I//375, = L7500, or in round figures, + e 2 = 1/ /200. 

Tertiary Flexure . — In the case of tertiary flexure. Fig. 237, where the 
flange plate cripples between the rivets, the stress / c , found from eq. (6), 
should be multiplied by (1 + p/80Q [Columns, p. 108] to get the true 


* An equivalent expression was obtained from another analysis by Engesser, 
Zentralblatt der Bauverwaltung, Berlin, 1909, p. 136. 
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maximum stress in the flange plate. This value only holds when 
t 2 Jp 2 ^. 3*7/c/E. Also it should he observed that tertiary flexure can 
only occur when the flange plate lies on the concave side of the elementary 
flange column, in which case v{ becomes (see Fig. 237) . These formulae 
enable the stress in a built-up column subjected to secondary and tertiary 
flexure to be calculated. 

Integral Action . — In America this question has been considered from a 
different view-point, and experiments have been made to determine 
proportions for the column which will result in integral action. If these 
proportions be adopted in the design, it is assumed that the effect of 
secondary flexure in the column will be unimportant. From their study of 
existing data, the American Committee on Steel Column Research 17 find 
that no failures primarily due to buckling occurred when the local L /k 
was less than 25 (‘ The tests studied were, however, too limited in number 
to be at all conclusive ’) ; and that a ratio of rivet pitch to thickness of 
20 is sufficiently low to develop the full strength of the column. 

The U.S. Bureau of Standards experiments 30 indicate that the safe 
ratio of plate width to thickness for structural steel is about 40, provided 
that the width w is measured between the rivet lines, and that the plates 
are well restrained at the edges. From eq. (8), § 120, the maximum 
edge thrust per square inch which the plate will stand without buckling is 


7t 2 EZ 2 m 2 

3 w 2 * m 2 — 1 


Putting / = the proportional limit stress (37,700 lb./sq. in.), and taking 
m = 10/3, wjt = 53, at which ratio the plate should be equally inclined to 
buckle or pass the proportional limit. It is necessary, however, to allow 
for initial buckles and irregularities of the plate, and the experiments 
indicate 40 as a safe limit. If t >f in., and the edges are not well 
stiffened, the overall width should be taken instead of the width between 
the rivet lines. 

According to Roark (1913), an outstanding plate, perfectly direction- 
fixed along one edge and free at the other, will buckle when the unit 
load exceeds 

/=0*6E(2/B) 2 .... (8) 

where B is the breadth of the outstanding flange. 

The Committee conclude that such plates will carry the proportional 
limit stress of 30,000 lb./sq. in. without buckling, provided that the ratio 
of outstanding width to thickness does not exceed 20. 

Tests on large bridge members indicate great difficulty in seeming 
integral action of the several ribs of a large member by means of lattice- 
bars only. Longitudinal diaphragms or cover-plates should be used 
[see (v) Fig. 227]. 

161. The Effect of Elastic Breakdown at the Yield Point. — The 
consequences which follow the sudden * give * at the yield point are 
discussed in § 112, Yol. I. Many experimenters have called attention to 
the effect of yield in bringing about the failure of a column. Marshall’s 
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experiments (1887) showed that, when L/k < 100, with either flat or 
hinged ends, failure occurred when the load per square meh reached 
the yield point. For comparison, the plotted results of some tests made 
at Watertown Arsenal (1908-9) on Rolled I-Beams are given in Fig. 239. 
Actually, as the discussion on 
Buchanan’s experiments (1907), and 
on Tetmajer’s experiments (Jensen, 

1908), showed, failure occurs when 
the stress in the extreme fibre reaches 
the yield point. 10 ^ 

In large and built-up specimens 
it is the local effect of yielding which 

is the dangerous factor. Howard Fig. 239. 

(1908 and 1911) remarks that it is 

axiomatic that the ultimate strength of iron and steel columns of the 
*Bual proportions is limited to the yield point of the material, and that 
it is the minimum value of the yield point as found in the component 
parts which deter min es the ultimate resistance of columns. Hence 
variations of 25 % and over in the yield point, as found in the plates 
and angles, would overshadow those considerations which find expression 
in empirical formulae for columns which take no account of such varia- 
tions. This conclusion has been confirmed by the later experiments on 
built-up columns, and the American Column Beseareh Committees con- 
cur that in all columns showing integral action, failure occurs when the 
maximum stress in the material exceeds the compressive yield point 
(except in those cases where L//c is so large that buckling takes place 
earlier) ; and further, that the compressive yield point may be taken 
as substantially equal to the tensile yield point. 

Experiments made in 1936 by the U.S. Bureau of Standards 14 on 
large, relatively short, built-up specimens of carbon-manganese steel, 
show that the ratio of yield strength of the column to that of the material 
was about 0-95 ; and confirm that Bryan’s formula, eq. (7), § 160, gives 
the buckling strength of the web plate. 

The above conclusions are drawn from observations on columns in a 
testing machine, and it is important to distinguish between the behaviour 
of such columns and those in a truss. In the testing machine, as pointed 
out in § 112, VoL I, when the extreme fibres pass the yield point, the line 
of resistance moves away from the centre-line, virtually increasing the 
initial curvature, which results in increasing deflection and increased 
stress. The process is cumulative, for the load can follow up the increas- 
ing deflection, and rapid failure results. In a truss, the action of the 
longitudinal load is only one of the agencies straining the column. A 
large part of the maximum stress therein will be due to deformation 
bending moments ; and, particularly when S-bending occurs, the 
maximum stress will occur at the ends of the column. Exceeding 
the yield point locally will probably relieve the conditions instead of 
making them worse. Not only so, but instead of the load following up 
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its advantage, the ‘ give 5 in the member will bring about a redistribution 
of the load over the frame, giving time and opportunity for elastic 
recovery to play its part. 

These remarks do not apply to isolated columns, nor to other cases 
where the load is free to follow up the increasing deflection. The danger 
of sudden collapse due to the local buckling (secondary flexure) of an 
elementary flange column, or other local part, must not be overlooked. 

162. Experiments on Large Columns, —From the considerations of 
the two preceding articles, it is to be expected that the ultimate strength 
of large columns will fall short of that of small solid specimens, and this 
is found experimentally to be the case. From the collected results of a 
large number of column tests on large specimens of all lengths which 
showed integral action, .the American Committee 16 conclude that a 
Johnson parabola, beginning at the yield point for L//c = 0 and tangent 
to the Euler curve, fairly represents the experimental results for all grades 
of structural steel, including structural nickel steel. In its generalised 
form the equation to the parabola is, § 116, Vol. I, 



For flat-ended specimens the Committee give q = 0*56, and for a struc- 
tural steel in which fy ranges from 34,000 to 38,000 Ib./sq. in., eq. (1) 
becomes 


fr = 36,000- 0-36 (L/#c)* ... ( 2 ) 


For specimens with pin ends the Committee find that q = 0*78. 

163. Practical Empirical Formulae. — Adopting the parabolic formula 
as the most convenient empirical expression, and writing it in the form 

fa = c x — c 2 ^ ^ , the constants may be so chosen that fa represents the 

safe working load per square inch on the member. The parabola will 

then be tangent to the Euler curve, Fig. 240, fp — where 77 is 

the factor of safety against buckling. It follows that rj = 47 t 2 Ec 2 /c 1 2 , 
and the validity limit of Euler’s formula is #L/k = '\/c 1 /2c 2 . L imi ting 
the working stress in direct compression to 6*8 tons/sq. in. and taking 
rj = 3 as the minimum factor of safety for Euler’s formula, c x = 6 * 8 , 
c 2 = 1 /3700 and 

* ^tons/sq. in. . . ( 1 ) 


fa = 6*8 — 


3700V k ) 


This equation may be used to obtain the safe load per square inch 
on a column intended to be concentrically loaded, such as a bridge com- 
pression member. As will be seen from Fig. 240, it agrees closely with 
the straight line column formula for pin ends given in the British 
Standard for Girder Bridges, 1923. It makes no allowance for secondary 
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The 1935 A.R.EA. Specification for Steel Railway Bridges gives 
the following parabolic formulae for columns (L/k < 140), 

For pin ends, f a = 15,000 — J (L/k ) 2 . • (2) 

For riveted ends, fa = 15,000 — j (L/k ) 2 . . (3) 

Units : Ib./sq. in. 

In the British Standard for Girder Bridges (B.S. No. 153, 1933), 
the ma ximum working stress in compression is raised from 6-8 to 
7*65 tons/sq. in., when the column formulae become 

For pin ends, fa = 0(1 — 0*0054 L/k) . . . (4) 

For riveted ends, f a = 9(1 — 0*0038 L//c) . . . (5) 

max. f a = 7*65. Units : tons/sq. in. 

For graa.i I solid struts, the ordinary Johnson parabolic formula, 
eq. (3), § 164, may be used, with a factor of safety 77 = 3 for concentrically 



loaded members, and 77 = 4 for members attached by their backs 
as ^n a roof truss. Fig. 243, to allow for the eccentric attachment (see 
§ 167 ). 

In the L.C.C. Code of Practice (1932) for Steel Buildings, the Perry 
formula for struts is adopted : 


* - *[* + ; ' 1 " 7)] -*/[*+ !| 1 + IT 


4 * 


( 6 ) 


[cf. eq. (10), § 105, Vol. I], Here a is the area in sq. in. ; f a the safe load; 
tons/sq. in. ; P = ■n z EIj(qIj) i . The following are the values (due to 
Professor Robertson) for the constants : Pactor of safety rj = 2-36 ; 
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yield stress,* /y = 18tons/sq. in. ; e ± = 0-003 qL/x ; E = 13,000 tons /sq. 
in. ; max. /« = 7-2 tons/sq. in. 

Ail the above formulae apply to mild steel columns. For alloy 
steels the A.R.E.A. rules are (L/k < 130), 

Silicon Stetl. ( fy = 45,000 lb./sq. in. min.) 

For pin ends, fa = 20,000 — 0-61 (L/k) 3 . . (7) 

For riveted ends, f a — 20,000 — 0-46 (L/k) 2 . . (8) 

Nickel Steel. ( fy — 50,000 lb./sq. in. min.) 

For pin ends, f a = 22,500 — 0-78 (L/*) a . . (9) 

For riveted ends, f a = 22,500 - 0-57 (L/k) 2 . . (10) 

Units : lb./sq. in. 


164. Asimont’s Device. 38 — This device obviates the trial and error 
method of finding the area of a column. It is particularly suited for use 
with a parabolic formula of the type 



in which W denotes the load and a the area of the column. Let a — gx 2 , 
where g is a constant depending on the shape of the cross section. Then 

(qL/x ) 2 = -(?L) 2 , and — = cA 1 — - . -(qL) ■ 

‘ a a ! c x a 

whence, 

« = ?+^(?L) 2 . . . . (1) 

C 1 C 1 


* The test values for mild steel published by the British Steel Structures Research 
Committee , 1st Report, 1931, again illustrate the variation in the yield point exhibited 
by ordinary structural steel (cf. the Table, p. 130), as do those by T. R. r reeman, 
Proc. Inst . <7.1?., vol. 231, p. 283. The variation with thickness in I-reemans 
results should be noted. 


Units : tons/sq. in. 

Max. 

Mean. 

Min. 

Tensile Yield Point. ( Research Committee.) 

Works tests on 11 flat specimens 

Laboratory tests on 12 flat specimens 

Laboratory tests on 12 small cylindrical specimens 

Compressive Yield Point. ( Research Committee.) 
Laboratory test on 12 small cylindrical specimens 

22*3 

19*0 

21-0 

16-7 

18*5 

15*8 

15-2 

15-4 

15-8 

13*55 

13- 0 

14- 0 


Tensile Yield Point. (Freeman's Tests.) Table. V. 

Average of Series 14) rp,., 4 I 4 1 

and 15; 29 tests h^^point 18- i 15-4 15% 15-1 
m all . . . 


J inch. 

14*3 tons/sq. in. 
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an equation which gives the area of the column in terms of known 
quantities. Eq. (1), § 163, becomes 



• ( 2 ) 


where W is in tons. The ordinary Johnson parabola 
specimens, eq. (9), § 116, Vol. I, 

f r = 40,000 - !(?L/k) 2 . 


becomes 


40,000 ( ' 3 


sq. m. 


for mild steel 
• (3) 
• • (4) 


where ij is the factor of safety and W is in lb. 

The value of g is best obtained from a cross section exactly similar to 
the one it is proposed to use. Knowing Imin.i g — ® Ik 2 = ® 2 /Imin. 
Values of g are given below : 


Cross Section. 

Circle . . . . . 

Hollow Circle, mean diameter D, thickness t 
Square . . . . . •. 

Rectangle B X D, B > D 
♦Equal Angles, D X D X t 
♦Equal Tees, DxDxi . 

8' X 6' X 35 lb. B.S.B 

14* X 8* X 70 lb. B.S.B 

11' X 11* X 76 lb. Broad Flange Beam 


9 

4tt 

252/D 

12 

12B/D 

502/1) approx. 
452 /D approx. 
5-43 
6*36 
2-82 


The smaller the value of g, the more efficient the cross section as 

a strut. 

Having found the necessary value for a, and chosen the cross section, 
the safe load for the member must be verified by the column formula, 
because g is sensitive to small changes in shape of cross section. 

165. Shearing Force in Columns. — From eq. (4), § 119, Vol. I, the 
shearing force in a column with direction-fixed ends and an initial 
deflection e 1} is 

Q 4W e 1 f aL\ . 

S = cosec -- ) sm ax (1) 

Li \ 2 / 

and dS 4We x / aL\ 

— = a cosec — cos ax 

dx \ 2 ) 

S is a maximum when cos ax = 0, or ax = tt/2. But 
2tt a /W -o 4tt 2 EI 

“'IV P, ; 

(§ 198, Vol. I ) ; therefore S is a maximum when x = When 

4 y W 

x = L/2, and the maximum shearing force S = 4We x /L 
occurs at the ends of the column. This holds for all values of W less 
than P 2 /4, for x cannot be greater than L/2. If W/P 2 > J, there will 

* It is best to calculate the values from similar cross sections. 
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be a point of inflexion in the half length of the column, and the maximum 
shear will occur there. Putting ax = tt/2 in eq. (1), 


max. S = 


4We x 


cosec 


n ]/: 


w 

p. 


(2) 


The curve in Pig. 241 represents the ratio (max.S/W) plotted on a 
base line representing W/P 2 , taking the value of e x as L/750 for initial 
curvature plus an equal amount 
for variation in the modulus of 
elasticity. On the same diagram 
the values of (max.S fW), as deter- 
mined in the American Railway 
Engineering Association experi- 
ments 13 on columns with flat 
ends, have been plotted. These 
values were calculated from 
strain-gauge measurements on 
lattice bars, and owing to the 
tendency to flexure in these thin 

bars, are probably an over- rather than an under-estimate. The figure 
confirms that the shearing force in concentrically loaded columns, 
due to the longitudinal load, is small. Such members have also 
to resist the shearing force resulting from the deformation stresses 
(see Fig. 190), and in the case of S-bending, if L//c be small, the shear- 
ing force may be greater than when the column bends into a single 
loop. Jensen (1908) showed that in an originally straight column with 
position-fixed ends, if the eccentricity e 2 lie on opposite sides of the 
central axis at the two ends, thus producing S-shaped bending, the maxi- 
mum shearing force occurs in the middle of the column and is given by 



q SeoWf^/W rr A /' 
max. S = — cosec -^/ 


'W 

p 


(3) 


where P — rrEX/L 2 . This is considerably greater than if the eccentricity 
at the two ends lie on the same side of the column. 

For these reasons it is necessary to design the column for a greater 
shearing force than is suggested by eq. (2), and it is usual to specify that 
a shearing force equal to 2-J % of the longitudinal load, assumed to be 
uniform from one end of the column to the other, be provided for. 

If the column have a plate web, e.g. (ii) Fig. 227, or (iv) Fig. 230, the 
methods of § 175 may be used to find the requisite pitch of the rivets 
connecting the web plate to the flange. It frequently occurs that the 
theoretical pitch is so large that practical considerations become the 
determining factor. In the case of a lattice-braced column, the shearing 
force must be resolved along the diagonal bars. Two experimental 
studies have been made on the strength of lattice bars. Accor ding to 
the experiments of Talbot and Moore, 11 the ultimate strength of lattice 
bars attached by f-in. bolts was 

f r = 21,400 - 45 l/#c = 21,400 - 156 l ft Ib./sq. in. . (4) 
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and accor ding to the experiments of the American Column Research 
Committee, 17 on lattice bars attached by f-in. bolts, 

f r = 25,000 - 421/k= 25,000 - 146 l/t Ib./sq. in. . (5) 
Eqs. (4) and (5) give the ultimate strength ; l = the length and t the 
thickness of the bars. 

For a worked example of a lattice-braced column, see § 167. 

166. Batten-Plate Columns.— In this type of column. Fig. 242, the 
lattice bracing is replaced by batten plates as shown, spaced according 
to the shearing force. Emperger 21 made a number of experiments on 
flat-ended columns with various kinds of web bracing, and found that if 
the batten plates be suitably arranged, it was possible to make a batten- 
plate column equally as strong as a similar lattice-braced column. He 
concluded that each batten plate should be attached to the flanges by 
at least two rivets on each side, and that L/k for the 
flange, considered as a column bending between the panel 
points, should not exceed one-half that of the column as 
a whole. Emperger’s conclusion regarding the efficiency 
of properly arranged batten plates has been confirmed 
by later experiments, but the American Column Re- 
search Committee found that, under oblique loading 
producing a 5 % shear, the superior rigidity of the solid 
and lattice-braced columns over the batten-plate columns 
was marked. When the shearing force is large, the 
batten plates may need to be placed so close together 
that this type of column would possess no advantage, hut 
under concentric loads, when the shearing force is small, 
the economy of the batten-plate column is evident. It 
is also far easier to paint. 

Elaborate theories for the strength of batten-plate 
columns, taking into account the distortion of the webs, 
have been given by Miiller-Rreslau, 19 Engesser, 22 and others. The follow- 
ing approximate treatment appears to give good results. Find the neces- 
sary cross section for the flanges, taking into account the secondary 
flexure of the elementary flange columns, § 160 ; for these, q' = 1. Take 
S as equal to 2| % of W. Then from Fig. 242, if F$ he the longitudinal 
force on the rivet group on one side of the batten plate, taking moments 
about B, 

S'L' = F* x h ; and F* = . (i) 

ih 

where S' is the shearing force carried by one line of batten plates. 
Normally there will be batten plates back and front of the column* and 
S' = S/2. From Fig. 242, taking moments about the centre point of 
the batten plate, 

F* x h = 2M = S'L' ; and M - ST//2 . * (2) 

M is the bending moment on one group of rivets. Each rivet group 
must carry therefore a longitudinal force F 5 ', a bending moment M, and 



Fig. 242. 
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a transverse force S'/2 ; and must be designed accordingly. The batten 
plate itself must carry a bending moment M. 

167. Worked Examples.— An angle strut, 8 ft. long, is attached by 
one leg to stiff gussets at each end, (i) Fig. 243, and loaded with 10 tons. 
Find the necessary size of angle. Use the Johnson parabolic formula 
and a factor of safety of 4. 

The member may be assumed to be imperfectly direction-fixed at 
each end, and a value q = 0-78 may be used ; hence qL = 0-78 x 96 
= 75 inches. For an angle of medium size the value of g = 6. Applying 
eq. (4), § 164, 


a = 


40,000 


7]W 


4g(?L) 2 

3 


1 A 

40,000 


x 10 x 2240 + 


4 x 6 x 75 2 


3-37 sq. in. 


The nearest angle section is a 4 x 4 x area 3 • 75 sq. in., min. k = 0 ■ 78, 
so that g = 3-75 4- 0-78 2 = 6-2. The ratio §L/k = 75-4- 0-78 = 97. 
Checking the section by the Johnson formula, 


safe W = 


3-75 
4 " 


40,000 


r 


sr 


40,000 


x 97 2 


2240 


2240 11*5 tons. 


35*6 tons 


Using the Rankine-Gordon formula, eq. (3), § 116, Yol. I, R 
and rj = 3*56. 

A question arises in connection with the above 
problem. The angle section is attached by its back 
to the gusset, as shown in Fig. 243. Is it, or is it not, 
eccentrically loaded ; if so, what is the eccentricity ? 

At first sight it would appear that the load acts at a 
positive eccentricity equal to the distance e 2 between 
the centre of the gusset and the centre of area of the 
cross section of the angle. As in the parallel case of 
the tie, § 151, if the gusset and the connection thereto 
were perfectly stiff, the ends of the column would be 
perfectly fixed in direction, and the column would 
not be eccentrically loaded. The condition of perfect 
direction-fixing implies that a fixing moment acts at 
the end of the column. This may be regarded as set 
up by the load acting at a negative eccentricity e 2 \ 

(ii) Fig. 243 [compare (iii) Fig. 167, Vol. I], and it 
must overcome any bending moment due to an apparent positive 
eccentricity, for obviously the load cannot have both a positive and a 
negative eccentricity at the same time. The effect of the apparent 
positive eccentricity e 2 is that the fixing moment must be greater, and 
the gusset must be stiffer, than if the load were concentrically applied ; 
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but if the direction-fixing be perfect, the strength of the column proper 
is not affected. 

In practical cases the direction-fixing is imperfect, and the designer 
has to make the best estimate he can as to the degree of imperfection. 
A liberal estimate of the value of q , which increases as the stiffness of the 
gusset decreases, is desirable in such cases. The value q — 0*78 used 
above implies a state midway between perfect direction-fixing and 
complete freedom in direction without eccentricity. 

Another point in connection with the above example is worth con- 
sideration. In the working above, it has been assumed that the angle 
bends about the axis w (iii), i.e. in the direction of the least radius of 
gyration, whereas the eccentricity e 2 » due to the angle being attached by 
its back, implies bending about the two principal axes at once (non- 
uniplanar bending, § 84, Vol. I), and the stiffness of the gusset in its own 
plane helps to fix the ends of the member for bending about both axes. 
It is of interest to determine what the stress in the angle would be if 
bending took place entirely about the axis yy (iii), on the assumption 
that the gusset is perfectly flexible. The eccentricity e 2 would then 
exercise its full effect on the column itself, and the eccentricity formula, 
eq. (8), § 106, Vol. I, must be applied. The distance of the centre of area 
of the 4 x 4 x | in. angle from the back of the flange is 1*17 in. ; if 
the gusset be | in. thick, c 2 = 1 • 17 -f 0*25 = 1 *42 in. Then, from the 
equation quoted, the maximum stress at the centre of the angle is 



For bending about the axis yy , L — 96 in., I — 5*46 in. 4 , and Euler’s 
crippling load is 


P 


7 T 2 EI 7 T 2 X 

T7~"“ 


13,000 x 5*46 


76 tons. 


W= 10 tons, a 3*75 sq. in., e 2 = 1*42 in., v 1 = 1*17 in., /c 2 
5*46 

= 1*45 in. 2 , and 

S' 


J° Jj 

3-75 i 


1 -42 x 1 17 


1-45 


sec 


l 90 0 



= 6-30 tons/sq. in. 


Although not to be regarded as an accurate estimate of the stress in 
the member, this figure indicates that even if the direction-fixing be 
negligible, the stress would not exceed an allowable figure. There is no 
question of crippling, for the factor of safety on Euler’s formula is 
76 -f- 10 =7-6. Since W/P< 1/5 the approximate formula, eq. (8), 
§ 107, Vol. I, might have been used : 


Wj 
a ( 
10 


1 ~f- ( 1 -f 


( 

3-75 j 1 


3W\ 

2Pj K 2 j 

3 x 10X1-42 x 1-17 
2 x 76/ 


I + 


1-45 


= 6-33 tons/sq. in. 
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Bridge Compression Member. — Tlic method of designing bridge com- 
pression members of the type shown in Mg. 227 is indicated in 16, 
§ 196. In the following example a column of the type shown in Fig. 228 
will be considered. The length of the member is 25 ft. = 300 in. ; 
it carries a load of 120 tons ; the distance between the gusset plates is 
17£ in. The column as designed is shown in Fig. 244. Assuming 
that the average stress in the column will be about 6 tons/sq. in., an area 
of 20 sq. in. will be required. Try two 15 x 4 x 36*4 lb. /ft. B.S.C., 
area 10 • 7 sq. in., and consider bending about the axis 
xx, i.e. in the plane of the truss. The k of a single 
channel, and therefore of the pair about this axis, is 
5*71. The column will be attached by strong gussets 
to stiff flanges, and q may be taken as 0*7. Hence, 
for the column as a whole, qh/K = 0*7 x 300 4-5*71 
= 36*8 ; and, from eq. (1), § 163, the safe load per 
square inch is /= 6*8 — (36-8) 2 /3700 = 6*43 tons/ 
sq. in., and the safe load on the member is 21 - 4 x 
6*43 == 137*6 tons, showing that from this aspect the 
proposed section is adequate. 

The lattice bracing must carry a shearing force of 
2\ % of -120 = 3 tons, or H tons per side. As shown 
in Fig. 244, the centre lines of the rivets will be 13 
in. apart. Adopting a single 60° system, the length 
of each bar will be 15 in., and from the rules given 
in § 155 the minimum thickness = 15 4- 40 = f in. 

Assuming that yf rivet holes are used, the mini- 
mum width of the bar will be 2| in. The minimum k of a 2J x § in. bar 
will be 0*108 in., and l/tc for the bar will be 15 4- 0*108 = 139. From 
eq. (5), § 165, the crippling load per sq. in. will be 

fr = 25,000 - 42 x 139 = 19,160 lb./sq. in. 
or, ‘adopting a factor of safety of 4, the bar is worth 

2f x | x (19,160 4- 4) /2240 = 2 tons. 

Besolving the actual shearing force of 1J tons along the bar, the force 
acting along the bar is 1*73 tons, and the proposed section may be 
adopted. A -ff rivet will easily carry the force of 1 *73 tons. 

Considering bending about the yy axis, the bottom end of the member 
will be attached to a stiff cross girder, and the top end to some light 
lateral bracing (cf. Fig. 309). In addition, both ends will be firmly 
attached to the top and bottom flanges of the truss, but the stiffness oi 
the latter will be their torsional stiffness, which is much less than their 
flexural stiffness. On the whole, the end conditions are less satisfactory 
than for bending about the xx axis, and a value q = 0*8 will be assumed. 
The value of Ky = 7*86 in., and qh/K = 0*8 x 300 4- 7*86 = 30*5. 
In this direction the secondary flexure of the elementary flange columns 
must be taken into account. The unsupported length 1/ of these columns 
is 15 in. ; k of the channel for bending about y f y axis is 1 *12 ; q' must 
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be taken as unity, therefore ?'L>' = 1 x 15 - 1-12 = 13-4, within the 
value 25 for integral action, § 160. To allow for secondary flexure, the 
term (qL/#c ) 2 in the parabolic formula must be replaced by {(gTi/ze ) 2 + 
{q'h'lK'f} [see eq. (3), § 160], whence eq. (1), § 163, becomes 


fa = 6-8 




(30-5) 2 + (13-4) a 


3700 

= 6-5 tons/sq. in. 

or practically the same as for the xx axis. 

The colu mn may be considered as satisfactory. 

It will be evident, as Krohn 18 pointed out, that in such cases Imin 
of the column as a whole must be greater about yy than about xx, to allow 
for secondary flexure. 

It is of interest to calculate the maximum fibre stresses at the centre 
of the column using the rational formulae. Eor bending about xx, 
e 1 = L/750 + D/40 = 300 750 + 15 -i- 40 = 0-77 in. ; 

= 77 2 EI/(qL ) 2 = 2028 tons; W/Pj. =0-06, and from eq. (4), § 158, 

W 


fc 


a 

120 
‘21 

For bending 


S[l + ,oV- 


. w 

jl+ l-25p 
0-77 x 7-5 


5-71 2 

o about yy, e x = 300 4- 750 + 17-5 -j- 40 = 0-84 in. ; 

Vj = 2950 tons (gL//c = 30-5) ; W/P x = 0-04, and from eq. (5), § 160, 
[h = 17-5 - 2 x 0-97 = 15-56 in., see Fig. 244] 


0 ] 

(1 + 1 -25 X 0-06} J =6-13 tons/sq. in. 


F' 


W 

h 


?* e i 


Wi h~\ 

1 + 1 ' SB P X + ll 


120 T 15-561 

= (0-8) 2 x 0-84 {1+ 1-25x0-04}+— 5 - = 64 -4 tons. 

Jo-5o L J 


1 + 


3F' 

2P 


Hence, from eq. ( 6 ), § 160, 

F r 

/c = 42 L 1 4 

P = 7640 tons ; (e{ + e 2 ') = L'/200 
■ = 4 - 0-97 = 3-03 in. 

64-4 
10 


(*') 
= 15 


7y 2 i e i + e 2 ') J 


U 


Lfr 

>7 L 


1+ |i+ 


3 x 64-41 3-03 


|*" r 2 x 7640] (1-12 ) 2 
If the column bend about both, axes at once 
max./c = 6-13+ 7-13- (120-21*4) 


200 = 0*075 in. 
x 0*07bJ =7*13 tons/sq. in. 
7*65 tons/sq. in. 
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QUESTIONS ON CHAPTER IX 

1. Design and sketch neatly a forked joint to connect two mild steel 
rods If in. diameter. The safe tensile, shearing and bearing stresses are to 
be 7, 5 and 9 tons/sq. in. respectively. Take the strength in double shear 
as If that in single shear. Sketch also a suitable screw connection for 
tightening a bar of that size. (U.L.) 

Ans. Pin If in. diam. ; min. inside width of fork 1 in. ; min. thickness 
of folk \ in. 

2. A double cover plate butt joint in a tie-bar 15 in. wide, 1 in. thick, has 
cover plates f in. thick and the rivets are 1 in. diameter. In one half of the 
joint there are five rows of rivets containing 1, 2, 3, 4 and 4 rivets respectively- 
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The tensile, shearing and bearing stresses allowable are 8, 6 and 12 tons/sq. in. 
respectively. Find the maximum safe load consistent with these conditions. 
(U.L. modified.) 

Am. 110 tons ; test all possible methods of failure. 

3. Two lengths of a bar 12 in. wide and f in. thick are to be connected 
by a double cover butt-joint. The diameter of the rivet holes is 1 in. 
Design a suitable joint. Tensile stress 8 tons/sq. in., shear stress 6 tons/sq . 
in., bearing stress 12 tons/sq. in. (U.L. modified.) 

Am. l-j-2-j~3 + 2= 8 rivets each side ; butt covers f in. thick. 

4. It is proposed to use as a tie-bar two 4 by 3 by f in. angles placed back 
to back to form a T section. At each end of the tie, this T section is riveted 
to one side of a f-xn. gusset plate, so that the tie is eccentrically loaded. In 
order to keep the stress as small as possible, find whether it is better so to 
construct the T that the 4-in. flanges, or the 3-in. flanges, are riveted to the 
gusset plate. If the load in the tie be 10 tons, and the reactions act along 
the middle plan© of the gusset plates, find the maximum stress for the better 
arrangement. The properties of a 4 by 3 angle are : Area — 2*48 sq. in. ; 
co-ordinates of the centroid, measured from the back of the angle, = 1*27, 
0*77 in. ; moments of inertia about axes through the centroid and parallel 
to the flanges = 3 * 89, 1 • 87 in. units. 

In this question you may neglect 
the rivet holes. (I.C.E.) 

Am. Better to rivet the 4-in. 
flanges to the gusset plate. Max. 
stress +4*0 tons/sq. in. 

5. Criticise the connection shown 
in (i) Fig. 245, and stating the as- 
sumptions made, show how you 
would estimate the stresses in the 
rivets at AA. Be-design the joint and recalculate the stresses in these rivets. 
Assume that the rivets are in single shear, and f in. in diameter. (U.L. 
modified.) 

Ana. Shear stresses in (i) 4*49; 3*38; 4*49 tons/sq. in.; in (ii) all 
3*38 tons/sq. in. 

6. A strut in a braced framework is 11 ft. 6 in. effective length and 
carries a load of 17*0 tons. The section required is to consist of two angles 
back to back with a f -in. space between them. Using the J ohnson -parabolic 
formula, find a suitable cross section. Take q = 1 and provide a factor of 
safety of 3. 

Am. 4 x 3 X | in. double. 

7. Design a bridge compression member of the type shown in Fig. 244, 
•and to conform to the conditions there laid down. Its length, centre to 
centre of the flanges of the main girder, is 30 ft., and the load it carries is 
140 tons. The width over the backs of the channels is 18J in. 

Am. Channel required: B.S.C. 17 X 4 X 44-34 lb. /ft. ; 60° lattice 
bracing 2J x inch. 

8. Design a batten-plate column with channel section flanges, 20 ft. long, 
to carry a load of 100 tons* Take q =0*7. See §106. 

Ana. Befer Fig. 242 : Two channels 12 X 3£ X 26-37 lb./ft., 15 in. apart 
overall; L' = 24, h « 11, p = 3 in.; three rivets yf-in. holes; y^-in. 
batten plates. 




CHAPTER X 

THE DESIGN OF BEAMS AND GIRDERS 

168. Beam Sections.— It is evident from the expression for the moment 
of resistance of a beam, § 40, Vol. I, that, for a given depth of cross section, 
the material is more valuable for the purpose of resisting a bending 
moment the further it can be placed from the neutral axis. At the same 
time it is necessary to provide an efficient web connecting the tension 
and compression flanges, in order to resist the shearing force. These 
considerations have led to cross sections of the type shown in (i) Tig. 246, 
called I or beam sections. For a given area of cross section, such a 
profile will have a much greater section modulus than a rectangular 
section of the same depth. For example, a 12 x 5 x 30 lb./ft. 
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Fig. 246 . Fig. 247 . 



NBSB, (i) Fig. 246, has an area of 8-83 sq. in., and a section modulus 
of 34-5 in. 5 . A rectangle of the same depth and area, (ii), would have a 
width of 0-74 in., and a section modulus of 17-8 in. 3 , not much over 
one-half of that of the I section. Not only so, but such a thin rectangle, 
placed on edge, would make a very unsatisfactory beam, having very 
little lateral stiffness, whereas the I section is far stiff er both vertically and 
laterally. For these reasons, the great majority of steel beams are made 
of I section. The rolled sections suitable for use as beams are shown in 
Fig. 201. 

In the case of cast-iron beams, the area of the tension flange is ma,de 
much greater than that of the compression flange, Fig. 247, since cast 
iron is much weaker in tension than in compression. The neutral axis 
then falls much closer to the tension than to the compression flange, an<f 
consequently the stress in tension is much less than in compression. 
Many rules have been given for the correct proportions of a cast-iron 
beam section; the proportions shown in Fig, 247 were suggested by 
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Professor Goodman. If the tension flange be made too wide and thin 
weakness due to unequal cooling results. Except in special cases, cast- 
iron beams are now seldom used in structural work. 

Timber beams are usually made rectangular in cross section. Rela- 
tively short timber beams commonly fail by longitudinal shearing, and 
their strength in this direction should always be examined. 

169. Use and Application of Mild Steel Beams.— Mild steel I 
beams are very suitable for the construction of steel-framed building s, 



Fig. 248. 


and are very extensively used for this purpose. They require little work- 
manship beyond straightening, cutting to length, and the provision of 
the necessary attachments. These attachments have been more or less 
standardised for the different sizes of beams. Typical angle cleats for 
the connection of beams to beams are shown in Fig. 248 ; fish-plate 




Rivets or 
Bolts 



Fig. 249. 


connections in Fig. 249 ; and attachments of beams to stanchions in 
Figs. 251 and 252... In a design, the load which these connections will 
safely carry should be properly calculated, and sufficient rivets or bolf® 
should be provided to carry the forces coming upon the connections. 
Fish-plates of the type shown in Fig. 

249 are unsuitable for resisting a bending ^ 
moment,* and where such moments 
exist, flange covers must be fitted, Fig. 

250. When one beam by itself is in- 
sufficient to resist a bending moment, ■ - --Q 
more than one may be used, side by 2 5 o. 

side, fitted with cast iron or mild steel 

separators, (i) Fig. 253. In such arrangements, care must he taken that 
the load is equally distributed between the beams. Alternatively, 
the section modulus of an I beam may be increased by the addition 
of flange plates, (ii) Fig. 253. Such combinations are called compound 
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beams or girders . The length and cross section of the flange plates may 
be determined by the methods of ^ 9, § 181. Alternative types of com- 
pound girders are shown in (iii) and (iv) Fig. 253. 



Fig. 253 . 


Proportions . — The depth of a beam should not be less than ^th the 
span, and the breadth B should not be less than ^-th the unsupported 
length as defined in § 171. The deflection should not exceed y^-th the 
span, particularly if the beam is to support plastered ceilings or brick 
walls. If, however, the beam is encased in concrete, e.g. filler floor beams, 
the L.C.C. Code of Practice permits a depth of 3 Vnd the span. 

Working Stresses . — For ordinary dead loads, the permissible stress on 
the net area of the tension flange and on the gross area of the compression 
flange should not exceed 8 tons/sq. in. If, however, the ratio IfB 
exceed 20, the stress in the compression flange should not exceed f c = 
11 — 0*15 Z/B, unless the flange is embedded in a concrete floor, when a 
stress of 8 tons/sq. in. is permissible. The strength of the web should be 
examined by the methods of § 174, and stiffeners provided if required. 
The pitch of the longitudinal riveting can be found as in § 175. The safe 
shear stress on the closed area (L.C.C., nominal area) of shop rivets, and 
on tight-fitting turned bolts, may be taken as 6 tons/sq. in. ; on field 
rivets as 5 tons/sq. in., and on black bolts as 4 tons/sq. in., the area of the 
bolt itself being used. The shearing resistance * of rivet® or bolts in 
double shear may be taken as twice that in single shear, and the safe 
bearing pressure as twice the safe shear stress. 

170. Plate Girders. — When the span and/or the loading are too great 
to permit the employment of rolled steel beams, singly or in combination, 
plate girders are used, Fig. 272. In a riveted plate girder the flanges are 
built up of plates or flats, and are attached to a web plate by means of 
flange angles. The web plate is stiffened by a series of vertical stiffeners, 
Fig. 262. In very large and heavy plate girders, two or more webs may 
be used. Suitable end bearings must be provided, Fig. 267. 

171. Types and Proportions of Plate Girders. — The most economical 
form of plate girder is that with parallel flanges, in which the area of the 
flanges is everywhere proportioned to the bending moment, Fig. 272. 
In special cases, plate girders of varying depth are used, (i) Fig. 254 
represents what is called a fish-bellied girder, in which the bottom flange 
is curved. This is a common type in large overhead travelling cranes, 
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and is adopted to save headroom, (ii) is called a hog-backed girder, 
sometimes employed for large-span plate girders on railways. This type 
is often considered to present a better appearance than that with parallel 
flanges, but unless the ci cumstances warrant the use of the more expensive 
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curved flange, the plain parallel girder should be adopted. When more 
than one web is used, the girder is called a box girder , Fig. 255. This 
type should be selected only when it is impossible to carry the shear on 
one web, or when very wide flanges are a 
necessity. It must be so arranged that it can 
be riveted up, and it should be possible after- 
wards to paint the inside. 

Proportions . — In order that the deflection 
of a plate girder shall not exceed permissible 
limits, the depth D should not be less than 
• 217 th the span L. For economy, the ratio 
of depth to span should be from to T ^. 

The ratio of breadth B to unsupported length 
l, as defined below, should not exceed 
The minimum value of B is determined by 
the tendency of the compression flange to 
deflect laterally when the girder is loaded. 

This flange is really a strut subjected to a 
longitudinal load increasing from zero at the 
supports to a maximum near the centre of the span. Mathematical 
theories have been given for the strength of compression flanges con- 
sidered as struts, but in ordinary cases it is usually considered sufficient 
to limit the unsupported length l of 
the flange. 

By the expression c unsupported 
length 5 is to be understood the dis- 
tance between lateral supports which 
are sufficiently rigid as substantially 
to prevent lateral deflection where 
they occur, so that the flange can only deflect laterally in the manner 
indicated in Fig. 256. Such lateral support may be provided by 
transverse members attached to the compression flange, or as in the 
case of half -through bridges, (iii) Fig. 297, by stiff brackets rigidly 
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attached to stiff cross girders.* If the ratio If B, thus defined, does 
not exceed 20, the fulT working stress in compression (6*8 tons/sq. 
in. on the gross section for ordinary dead loads) may be used when 
designing the flange. If the ratio IfB exceed 20, the stress in compression 
on the gross area should not exceed 

/c = 9*4 — 0-13Z/B . (I) 

for ordinary dead loads. 

172. Flanges. — The flanges are constructed of a series of flats or 
plates, Figs. 258 and 272. Flats and universal plates have the advantage 
that the edges do not require to be planed. Except in small and un- 
important girders, the thickness of a single plate should not be less than 
f in. ; it should not exceed f in. Only the innermost flange is carried the 
full length of the girder ; the usual graphical process for determining the 
length of the other plates from the bending-moment diagram is shown in 
Fig. 271. The length of a curtailed plate should be made two or three 
rivet pitches longer than is theoretically necessary, to facilitate the trans- 
ference of the stress to that plate. 

For economy, in all but very large girders, the cross section of the top 
and bottom flanges should be made the same. When calculating the 
requisite area of the tension flange, it is necessary to make a deduction 
for the area of the rivet holes cut therein; the gross area of the compression 
flange can be taken as carrying the stress, but the permissible stress 
will depend on the value of Z/B as explained in § 171. A separate cal- 
culation and figure, as indicated in Fig. 271, must therefore be made 
for the compression flange. This calculation may determine the area and 
arrangement of both flanges, unless the difference be so great as to 
warrant a different construction in the two flanges, but often the area 
necessary in the tension flange will suffice for the compression flange. 

The method of finding the requisite area is set forth in full in f 9 of 
the worked example, § 181, to which reference should be made. Usually 
only the flange plates and the flange angles are assumed to form the flange 
area, but where suitable covers (see vii, Fig. 261) are provided at the web 
joints to transmit the stress, certain standard specifications permit Jth 
of the depth of the web to be counted in as forming part of the flange. 
Except in large heavy girders, it is usually preferable to increase the 
flange area rather than introduce the heavy web joints which this necessi- 
tates. The remarks in 13, § 181, regarding the stress distribution in 
deep flanges require consideration. 

Joints . — If the length of a flange plate exceeds about 35 ft. it is, as 
a rule, better to use two shorter plates connected by a suitable joint. 
Typical flange plate joints are shown in Figs. 257 and 259. When one 
flange plate is cut, a single outside cover is provided, (i) Fig. 257. If the 
joint, can be arranged near to the point at which a second flange plate 

♦ It is doubtful whether this type of construction really prevents lateral deflection, 
and the British Standard for Girder Bridges limits the ratio of i/B to 15, and the 
ratio L/B to 40, where L is the overall length of the flange. 
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ends, this second flange plate, if of suitable thickness, can be extended 
to form the cover for the first, (ii) Fig. 257. The length of the extension 
must he equal to that of the separate cover (not one-half this length) in 
order to give the load an opportunity to get back on to the cut plate 
before the second plate is required to help resist the bending moment. 



Fig. 257. 


It is not necessary that the cover or extended plate be placed in contact 
with the cut plate, other plates may intervene, as shown in (iv) Fig. 257. 
Some confusion in thought often occurs as to whether the rivets in a flange 
joint are in single or double shear. In a case like (iv) Fig. 257, it would 
appear at first sight that the rivets which pass through the cut plate are 
in double shear. Consideration will show that this is not so. Since the 
flange plate C is cut, the load in it has to be transferred 
through the rivets to the plate B as indicated in the 
figure by the arrows, and the load normally carried 
by B is similarly transferred to the cover A. On the 
opposite side of the joint a reversal of the process takes 
place. Now a rivet transferring load from C to B is in 
single shear, and a rivet transferring load from B to the 
cover A is in single shear. The plate D and the flange 
angles E have each their own load to carry, and do not affect the 
question. If it be desired to put the flange rivets in double shear, under- 
neath covers must be added as shown in Fig. 258, in addition to the top 
covers. It must be clear ly understood that neither flange plate B, nor 
flange plate D, (iv) Fig. 257, can act as a cover to the cut plate C. If 
any plate be cut, a cover of at least equal area must be added to make up 
the strength ; it is usual to make the cover about 1$ times the thickness 
of the cut plate. 


Cover , 
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Cover 


Fig. 258. 
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The method of design of flange joints is indicated in the following 
examples : Suppose that, in a joint of the type shown in (i) Pig. 257, 
the cut plate is 16 x | in., and the diameter of the closed rivet is in. 
Let the working stress in tension be 8 tons/sq. in., and in shear be 0-75 
of 8 = 6-0 tons/sq. in. Then the resistance to tension of the plate, less 
two if~in. rivet holes, is (16 — 2 x ■$) x \ x 8 = 57-5 tons. A ||-in. 

rivet in single shear is worth - x (if) 2 x 6 = 3*1 tons. Hence 57*5 ~ 

3*1 = 19 rivets are required on each side of the joint. There will be 
four rows of rivets as shown in plan, (iii) Fig. 257, Le. four rows of five 
rivets each side of the joint. The cover should be 1| x J = ^ in. thick. 

Grouped Flange Joints . — When there are a number of flange plates, 
and all require to be cut, the joints are grouped together as shown in 
Fig. 259. There is a substantial saving in length of cover by so doing, 
and the grouped plates are convenient for transport. 

As an example of the method of design, suppose that three plates are 



Fig. 259 . 


cut, Fig. 259, each 16 in. x in. The diameter of the closed rivet is 
ff in. Let the working stress in tension be 8 tons/sq. in., and in shear be 
6 tons /sq. in. There will be four rows of rivets in plan, arranged as shown 
in Fig. 259. From eq. (9), § 152, if the longitudinal pitch be 4 in., 
k = 2, and c x = 4 in., 

o 50& 2 o 

m ~ 3 (lie, + 2d){c 1 +2 id) 

and m + 1 = 3 * 26 rivet diameters must be subtracted from the flange 
width. The resistance to tension of the three flange plates is, therefore, 
3(16 - 3*26 x #) x & x 8 = 175 tons. If the joint fail by shear 
along the line AA, three groups of rivets will be sheared. Suppose that 

each group contain n rivers, worth - x (it) 2 x6*0 = 4*l tons per rivet. 

The resistance to shear of the three groups is then 3 n x 4*1 tons, which 
should be equal to the resistance to tension, or 3» x 4*1 = 175 tons; 
hence n = 15, and each group must contain 15 rivets. With a longitudinal 
pitch of 4 in., two of the rivets must pass through each joint, preferably 
two on the inner rows, as shown in Fig. 259, and must not be counted in. 
It is evident from (iv) Fig. 257, which shows how the load is transferred 
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from plate to plate, that the number of rivets in each group should be 
the same. The proposed arrangement is therefore equivalent to three 
groups of 16 rivets worth 3x16x4*1 = 197 tons. The resistance to 
tension of the three solid plates is3xl6x^-x8 = 216 tons. Hence 
the shearing efficiency is 197 — 216*= 0*91, and the tearing efficiency 
175 -r 216 = 0*81. From eq. (9), § 152, had the longitudinal pitch been 
6| in., 1c = 3*25, only two rivet holes need have been deducted, and the 
tearing efficiency would have been 0*88. 

173. Flange Angles. — The flange is united to the web by means of 
flange angles. These must be of sufficient size to transmit the shearing 
force from the web to the flange, and to accommodate the rivets which 
are necessary. If one row only of rivets is required to attach the angles 
to the web, the vertical leg of the angles need not exceed 3J to 4 in. 
in width ; the horizontal leg may be made wider if desired. The flange 
angles are usually made a little thicker than the web plate ; their area 
may be counted in as forming part of the flange. 

When the length of the flange angles exceeds about 40 ft. it is necessary 
to make joints in them. These joints are usually grouped as shown in 

"Round Back, n 
C over 


Fia. 260 . 

Fig. 260. The joints are covered by means of round back covers as shown. 
These consist of angle sections with a rounded edge, usually machined 
out of a piece of ordinary angle section to fit into the root of the flange 
angle. The method of design for such joints is as follows : 

Suppose that the section of each flange angle be 4 x 4 x J in. (area 
= 3*75 sq. in.) and that the diameter of the closed rivet be -J| in. Let 
the safe tensile stress be 8 tons/sq. in. ; the safe shear stress f of 8 
= 6 tons/sq. in. ; and the safe bearing pressure on the rivets twice the 
safe shear stress = 2 x 6 = 12 tons/sq. in. Then the net area of one 
flange angle is 3*75 sq. in. less the area of one rivet hole = J x -|f 
= 0*41 sq. in., i.e. 3*75 — 0*41 = 3*34 sq. in. Its tensile resistance at 
8 tons/sq. in. is 3*34 x : 8 = 26*7 tons. The joint would fail due to the 
angle C, Fig. 260, pulling out and shearing the rivets marked A and B 
in the figure. Of these rivets, those marked A are in single shear, those 
marked B, since there is a round-back cover on each side of the web, are 

in double shear. A rivet in angle shear is worth ~ x (|f) 2 x 6 = 3 • 1 tons, 

and a rivet in double shear bearing in the angle J in. thick is worth 
i X ij* x 12 = 4*8 tons. Suppose there be n rivets marked A in single 
shear, and (n + 1) rivets marked B in double shear. Then the total 
shearing resistance to the angle C being pulled out is 3*1^ + 4*8(^ +1) 
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= 7 -9ft + 4-8 tons. Equating this to the tensile resistance of the* angle, 
i.e. 26*7 tons, n = 2*8. That is to say, 3 rivets in single shear and 
4 rivets in double shear must be provided as shown in Fig. 260. At 
the point D, where the angle C is cut, it is evident that the load on the 
joint is carried by one flange angle and two round back covers. Hence 
the net area of two round back covers must be at least equal to that of one 
flange angle, or the net area of each cover must be 3 * 34 2 = 1 *67 sq. in. 

For a 4 x 4 in. angle, a 3J- x 3| in. cover would be used. If this be 
made f in. thick, the net area, after deducting a rivet hole, is 2 * 1 sq. in., 
which is ample. 

If, instead of grouping the joints, a round back cover be fitted on one 
flange angle only, its net area must be at least equal to that of the cut 
flange angle. Such a cover is of necessity rather thick, and the rivets 
will come fairly close to the inside corner. Care must be taken that it is 
possible to insert and close up these rivets. In this case, all the rivets 
through the cover are in single shear. 

174. Web. — The web of an ordinary plate girder consists of a single 
plate attached to the flanges by the flange angles, and stiffened at intervals 
by web stiffeners. Except 
for small and unimportant 
girders, the thickness of a 
web plate should not be less 
than f in. ; it is better not 
to exceed § in. If a thicker 
web than § in. be required, 
the advisability of two webs 
should be considered. Joints 
in web plates are made with 
butted joints, usually with 
double covers, (i) and (ii) 

Fig. 261. Such joints must 
be of sufficient strength to 
carry the shearing force at 
the joint, but in this country 
are not often designed to 
resist a bending moment. 

A web stiffener may be used 
to form a cover for a web 
joint, (iii), and it is some- 
times considered good prac- 
tice to provide a stiffener at 
each web joint, (vi). The 
methods of effecting a change in thickness in web plates is shown at (n|j 
and (v) Fig. 261 ; in large and important girders it may be economic 
to vary the thickness of the web plate with the varying shearing force, 
but it is usually more economical to keep one web thickness throughout. 

(vi) and (vii) Fig. 261 show the type of web joint which would be 



Fig. 261 . 
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used in large plate girders such as might be employed in railway spans ; 
(vii) also shows the method adopted for covering the web joint when it 
is desired to count in part of the web as helping to resist the bending 
moment. The covers, top and bottom, are extended, and sufficient rivets 
provided to carry the bending stress in the web. 

Web Stiffeners,— Fig. 262 shows the usual types of web stiffeners. 
For all except very large plate girders these consist of angles, (i), placed, 
as shown in the figure, on both sides of the web plate. These angles are 
either joggled at the ends, (ii), to fit over the flange angles so that when 
riveted up they clamp the web plate ; or flat bar packing may be inserted 
between the web and the stiffeners as shown at (in). In ordinary circum- 
stances, the flange of the angle stiffener which is attached to the web need 
not be more than 3 in. wide, unless the rivets exceed f in. in diameter, 
but the outstanding flange should be made at least as wide as the flange 
angle itself. It was common, formerly, to use tee bars for web stiffeners, 
but since this involves odd riveting through the flange angles, an angle 






stiffener is to be preferred. When the flange plates are wide, kneed 
stiffeners, (iv) and (v) Fig. 262, are used to give better support to the 
flange. There is justification for using tee bars in this case, as the rivet 
pitches through the flange angles are unaffected, and the stiffener can 
be attached to the flange by two rivets, whereas with an angle stiffener 
there could be only one. The type of stiffener used in very large single 
web girders is shown in (ii) Fig. 267 and Fig. 286. In the case of box 
girders, internal diaphragm plates, Fig. 255, are inserted at intervals to 
prevent distortion and to help equalise the shearing force between the 
webs. Handholes or manholes must be cut in these plates to give access 
to the space enclosed. 

The web stiffeners have three separate functions. In the first place 
they must stiffen the web plate against buckling by the shearing force ; 
secondly , they must prevent the girder from twisting or racking sideways ; 
stiffeners of the type shown in (ii) and (iii) Fig. 262 are made to butt 
tightly between the flange angles with this end in view ; and thirdly, they 
must distribute any concentrated load which comes on the girder over 
the depth of the web plate. To satisfy this latter condition, a stiffener 
must be placed under every concentrated load on the girder ; to prevent 
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twisting and racking, the pitch of the stiffeners should not exceed 6 ft. 
or the depth of the girder, whichever be the greater ; further, in order 
to prevent the web plate from buckling, there is a minimum pitch for the 
stiffeners, which depends on the thickness of the web plate (see the next 
paragraph). Those stiffeners which come under a concentrated load 
should be treated as columns and designed by a column formula ; they 
may be taken for this purpose as approximately equivalent to a column 
equal in length to ^ths the depth of the girder, and with both ends fixed 
in position but free in direction (position-fixed). When the girder is 
shallow, all that is necessary is to see that sufficient area is provided in 
the stiffener angles to carry the concentrated load, and sufficient rivets 
to transmit it to the web plate. 

Thickness of Web Plate . — The thickness of the web plate and the 




Fig. 263 . 

spacing of stiffeners must be such that the web is able to carry the 
shearing force without buckling or shearing. The following elementary 
theory is commonly applied to the end bays, where the stress in the well 
is principally a shear. 

It was shown in §§ 15 and 16, Vol. I, that the shear stress on any 
two vertical planes, such as AD, BC of the web, (i) Fig. 263, must be 
accompanied by shear stresses of equal intensity on the planes AB, CD 
at right angles thereto, and that these shear stresses are together equiva- 
lent to tensile and compressive stresses of the same intensity as the shear 
stress, at right angles to one another, but in directions making an angle 
of 45° with those of the shear stresses. It follows that on any strip of 
the web such as GH, Fig. 263, making an angle of 45° with the flange, 
there is a compressive stress of equal intensity to the shear stress. The 
strength of such a strip to resist compression will determine the resistance 
of the web. If the strip be considered as a column of breadth b 3 thickness t 
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and length X d, direction-fixed at both ends, and its strength be 
determined by a strut formula, a relation is obtained from which the 
dimensions of the web can be ascertained. 

A convenient straight-line formula is 

s = 5$t - dj 20 tons per inch of depth . . • (1) 

where 

s = the safe shearing force per inch of depth (tons /in.) . 
t = the thickness of the web (inches). 

d = the distance apart of the stiffeners centre to centre, (ii), or the dis- 
tance centre to centre of the flange angles, (i), whichever be the 
lesser (inches). 

For the purpose of fixing the thickness of the web, it may be assumed 
that the shearing force is uniformly spread over the depth thereof [cf . (iii) 
Fig. 266], when the shear per inch of depth is equal to S, the total shear 
force at the section, divided by D x , the depth of the web plate. Then, 
for the proposed thickness of the web and spacing of stiffeners, the value 
of s as determined from eq. (1) must be greater than S/D x . 

In order to determine the thickness of the web and the best arrange- 
ment of the stiffeners, it is convenient to construct a shear 'per inch of 
depth diagram , of which the ordinates everywhere represent the values 
of S/D x . By a simple graphical process it is then easy to obtain the 
necessary dimensions of the web. The method is fully explained in the 
worked example, % 8, § 181. 

In no case should the shear stress f s on the gross area of the web 
plate exceed 5 tons/sq. in., corresponding to a value s = 5t tons per inch 
of depth, however closely the stiffeners be placed. 

Timoshenko's Theory . 14 > 15 — Timoshenko treats the web-plate problem 
as one of elastic stability. He considers a rectangular panel of the web, 



Fig. 264 . 

su PP or ^ e d along all its edges, and subjected to both shear and bending 
stress, and concludes from his analysis that a small compressive stress 
superposed on the pure shear stress has little effect on the tendency to 
buckle due to shear ; that the critical conditions for buckling due to 
pure compression are but slightly affected by the presence of a small 
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shearing stress ; and that if the web be stable under the shear stress at 
the ends of the girder, and also under the compressive stress near the 
centre, in ordinary circumstances it will be stable everywhere. 

Assuming, therefore, that at the ends of the girder the panels are 
subjected to pure shear, if in (i) Fig. 264, d 1 and d are the longer and 
shorter sides of the rectangular panel into which the web plate is divided 
by its stiffeners ; t the thickness of the web ; D the flexural rigidity of 

jgf3 »,2 

the plate ; I/m = 3/10, Poisson’s ratio ; then D = — . , and if 

12 ra 2 — 1 

fs (crit.) be the critical shear stress which would cause the web plate 
to cripple, 

s, (cnt.) - D - ^ - 11,750 *(!)• ton-M. in. (2) 

where Jc is a coefficient given in the following table. 


Ratio djd 

1*0 

1*2 

1*4 

1*5 

1*6 | 1*8 

1 ! 

2*0 | 2*5 

1 

1 i i 

j 3*0 oc ; 

h 

9*42 

8*0 

7*3 

7*1 

1 

7-0 j 6*8 ! 

6-6 6-3 

t * 1 

1 6-1 ! 5-35 | 

J°i 

1*70 

1*47 

1*36 

1*34 

1*33 1*34 

1-38 | 1-41 

I 

I 1-34 j — j 

i > i 


This formula applies to panels in which the edges are merely supported, 
and in which the plates were originally mathematically plane. Timoshenko 
considers that ordinary stiffeners are not sufficiently rigid to justify 
assuming that the edges of the plate are direction-fixed. 

For panels which are relatively very wide, Jc = 5 • 35 ; putting f s (crit.) 
= 9 tons /sq. in., the yield point of the material in shear, djt =83*6, which 
may be regarded as the validity limit of the formula (cf. § 99, Vol. I), for 
it follows that, when djt is less than 83, an 4 ideal ’ web would fail in 
direct shear, and for values above 83 by buckling. Eq. (2) applies 
equally to wide or deep panels, but d is always the narrower dimension. 
If, as in (ii) Fig. 264, the lower edge be unrestrained, replace k by Jc v 
Considering the upper half of a central panel subjected to pure com- 
pression, Timoshenko finds for the critical stress at which the plate will 
buckle 

/c(crit.)=*E-^_ i ^ = 14,290* tons/sq. in. . (3) 


Ratio djd 

0*4 

0*5 

0*6 

0-67 

0*75 

0-8 

0*9 

1*0 

1*5 

2*0 

3*0 

oc 

k 

23*9 

21*1 

19*8 

19*7 ' 

19-8 

20*1 

21*1 

21*1 

| 19*8! 

19*7 

19-8 

19*7 


d is the depth of the panel as shown in (i) Fig. 264 ; the value of f c (crit.) 
dep ends on the wave length of the buckles, and is not much affected 
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by the spacing of the vertical stiffeners. Horizontal stiffeners are much 
more effective. Putting h = 19*7, and f c (crit.) =/ 3/ = 16 tons/sq.in., 
djt = 132*6, which is the validity limit for the formula. As both equa- 
tions (2) and (3) are of the Euler type, the factor of safety should not be 
less than 3. 

175. Riveting. — The usual diameter d of the rivets for different 
thicknesses of plate £ is as follows : thicknesses under f in., d = f in. ; 
thicknesses between f and \ in., d — f in. ; thicknesses between \ and 
| in., d = | in. ; thicknesses over f in., d = 1 in. When many thick- 
nesses have to be riveted together, it is common to increase these diameters 
slightly. The diameter d should not be less than \ the grip length, i.e. 
the total thickness through which the rivet passes. The distance of the 
rivet centre from the edge of the plate should not be less than 1 if that 
edge be planed or rolled ; nor less than 1 if the edge be sheared. In 
neither case should the distance of the rivet centre from the edge exceed 
8 times the thickness of the thinnest outside plate, otherwise rusting will 
occur between the plates. The rivet pitch p should not be less than 3 d 
nor exceed 16 times the thickness of the thinnest outside plate. In 
angles with two lines of staggered rivets, the pitch in each line may be 
twice this limit, but nowhere should the pitch exceed 12 in. As far 
as possible, simple uniform pitches 3, 4, or 6 in. should be used. The 
diameters of the rivets themselves are manufactured to eighths of an inch, 
i> 2> i J an( * the holes should be drilled or punched ^ in. larger, in 
order that the hot rivet may be inserted. 

The safe load on a rivet may be calculated on the area of the closed 
rivet, the diameter of which may be taken as equal to that of the rivet 
hole, for the rivet, if properly closed, should fill the hole. The bearing 
area of such rivets may be taken as the diameter of the hole multiplied 
by the thickness of the metal through which it passes. In the case of 
field rivets, the permissible working stresses are to be reduced by 20 per 
cent. The shearing strength of rivets in double shear may be taken as 
twice that of similar rivets in single shear. In calculating the net area 
of parts in tension, if the holes be drilled, or punched and reamed, the 
diameter of the hole as shown on the drawings should be used. In punched 
work, the hole should be assumed £ in. larger than the figured dimension, 
to allow for the taper and for damage to the metal round the hole 
during punching. If the holes be countersunk, the diameter may be 
taken as £ in. larger than the figured dimension, to allow for the loss 
in area. 

Longitudinal Pitch . — The shear per inch of depth diagram may he 
utilised to determine the longitudinal pitch of the riveting. The shear 
stress in any two directions at right angles is of the same intensity, and 
therefore, as was seen in (i) Fig. 263, the shear on any horizontal plane 
AB is equal to the shear on the vertical plane AD. Hence the shear 
force per inch of length at any section on the row of rivets joining the web 
plate to the flange angles is equal to the shear per inch of depth at that 
section. This can be shown from first principles thus : Let K X K 2 , Fig. 265, 
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represent a length l of the girder, so short that the shearing force S on it 
may be regarded as sensibly constant. Let the bending moment at K x 
be M x , and at K 2 be M 2 . Then, taking moments about K 2 , M x 4- SZ = M 2 ; 
or M 2 — M x = SI. Suppose that the force in the flanges corresponding 
to M x be F lf a^nd to M 2 be E 2 ; then M 1 = F X D and M 2 = F 2 D. Hence, 

F 2 D — F X D = S Z, and — - y - — = But (F 2 — F x ) is the increase of force 


in the flange in a distance Z. This increase is brought about by the 
transfer of horizontal shearing force from the web to the flange angles 
through the rivets in the flange angles. In other words, (F 2 — F x ) 4- l 
is the shear force per inch of length on the row of rivets connecting the 
flange angles to the web, and it is equal to S 4- D, the shear force per inch 
of depth. For practical purposes D can be 
taken as equal to D x , § 174. 

For the purpose of determining the 
thickness of the web, it was sufficiently 
accurate to assume that the shearing force 
was uniformly spread over the depth of 
the web. This is not strictly true, and 
in the interests of economy, when de- 
termining the pitch of the longitudinal 
riveting, it is worth while taking the true 
distribution into account. This distribu- 
tion, for the girder considered in § 181, is 
shown in (iii) Fig. 266, and it is evident 
that the ordinates s x and $ 2 , representing 
the actual shearing force per inch of 
length on the rivets through the flange 
angle, are considerably less than S /D x the 
average value. If P x be the safe load on 
a rivet in single shear, p x the pitch of rivets connecting the flange plates 
to the flange angles, and there be n 1 rows through the two angles, the safe 
shear force per inch of length on the rivets is n 1 P 1 jp 1) which must be equal 
to, or greater than, s v Similarly, if P 2 be the safe load on a rivet in 
double shear, p 2 the pitch of the rivets connecting the flange angles to 
the web, and there be n 2 rows of such rivets, 7i 2 P 2 /p 2 must be equal to, 
or greater than, s 2 . 



Let s x = A x g-, and s 2 = A 2 g-. The values of A x and A 2 can be found 

from Fig. 266, or by the theory given in § 81, Vol. I. If a' be the area of 
the flange plates outside the angles, and v' the distance of the centre of 
this area from the neutral axis, then s x — SaV/I [eq. (4), § 81, Vol. I]. 


But s x == AjS/D^ hence, 


a'v' 

& i 



; and A x = 




a v 


2 c 


(5) 
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Similar ly, if a " be the added areas * of the two flange angles, and v" 
the distance of their centre of area from the neutral axis, 

® 2 = j(aV + aV) = ; and A 2 = ~V«' + a"v") (6) 

The gross area may be used in calculating I, a' 9 and a", but if the rivet 
holes are subtracted in the calculation for I, they must be subtracted from 
a r and a*. The value of X x and A 2 will be different at different points in 
the length of the girder, depending on the number of flange plates. The 
full line, (iff) Fig. 266, represents the shear distribution if there be one flange 
plate, and the thin dotted line in the lower part of the diagram represents 



the distribution if there be two. For practical purposes it is usually 
sufficient to calculate A 2 for the end cross section, where the shear is 
greatest, and to assume that the value thus obtained applies everywhere. 
The value of A x is more variable, and the effect of the addition of a flange 
plate should be examined (see the worked example, § 181). 

It follows from the above that 


Hence, 


^1?! zzz: \ ^ j 

> : and 


S , n. z P 2 _ 


Pi 


P% 


> Si > a *d;- 


— S , ni P 2 — S 


( 7 ) 


PiK > D i 

from which the values of p t and p 2 can obtained. From eqs. (5), (6), 
and (7), 


= W'lP il = 
^ < Wv' ’ V* < 


n-i P 2 I 


S (aV + a”v") 


( 8 ) 


* It will be observed that in calculating the above value of X 2 the angles have 
been treated as a complete unit, instead of being divided into two rectangles, as was 
done in obtaining (iii) Fig. 260. This is not only more correct, it is more convenient. 
The difference made to A a is not large in the case of a plate girder, but in a Z section 
composed of two angles riveted together, the effect is more important. 
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It is convenient to proceed graphically. On the shear per inch of depth 
diagram, of which the ordinates represent S/D,, plot horizontal lines 


representing — and ~ 2 ^ 2 
PiK PA 


91 JL 

- 2 v 2 for different values of p ± and p 2 . It is then 
P2A2 


easy to choose suitable pitches (see f 10, the worked example, § 181). 

In many cases it is sufficiently accurate to assume that A x = X z = 1, 
when 


Pi Di Pz > Di 


• O) 


This is the common assumption. 

176. Distribution of Shearing Force. — The method of determining this 
is given in § 81, Vol. I. The calculation for the end cross-section of the 
girder in the worked example, § 181, is as follows : 



S = 47*8 tons, (f 7, § 181). 



47-8 

14,590 


164 = 0*54 
248 = 0*81 


338 = 1-11 

396 = 1-30 tons/inch. 


The gross areas have been used in the above, and the values of 2 a'v 

S 47 * 8 

are taken from col. 5 of the table. The mean value of s = =r~ = -tr~£ 

V T 40*5 


= 1*18 tons/inch. The above values are plotted in (ill) Fig. 266, the 
straight line representing the mean value of the shear per inch. From 
the values of s, the shear stress f 8 everywhere can be obtained by dividing 
by the breadth b of the cross section, remembering that where changes 
in the breadth occur there are two values of b for one value of s [See (iv) 


Fig. 266] . Thus, where 


s = 0*54 

b = 1G 

. = 0*034 


— 

= 0*064 

= 0*81 

— 

= 0*096 


= 1* 

= 0-56 

= 1*11 

= 1* 

= 0-77 



= 2-53 

= 1*30 

- * 

= 2-07 
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177. The Ends of the Girder and its Supports.— At the ends of the 
girder, vertical stiffeners must be provided of sufficient strength to cany the 



Fig. 267. 


end reactions and to spread them over the depth of the web plate. Figs. 267 
and 268. The construction shown in (i) Fig. 267 is that common in this 


country. The ends of the girder are closed with a 
plate of the same width as the flange plates, and 
the flange angles are carried round the ends of the 
girder. An additional stiffener is usually provided 
to share the reaction ; the area resisting this load 
is indicated in the plan, (ii) Fig. 267 shows the 
end stiffening for a large plate girder. (Hi) Fig. 267 
and Fig. 268 are variants more common in America 
and Germany, which present some advantages. The 
stiffening is made symmetrical with regard to the 
reaction, and no attempt is made to close the ends 
of the girder. The wide plate shown in (i) Fig. 
267, however, helps to prevent lateral deflection of 
the top flange at the ends of the girder. Whatever 
construction be used, the area provided must be 
such that the permissible compressive stress in the 
material is not exceeded, and sufficient rivets must 
be provided to transfer the load to the web plate. 
Where the stiffeners are of considerable length 
compared with their lateral dimensions, they should 
be examined aa struts, as explained in § 174. 



Fig. 268. 


If the ends of the girder are carried on walls or brick abutments. 


trail or bearing plates are riveted to the underside of the girder at its ends, 
(i) Fig. 267, as in the case of rolled steel beams. These plates are made of 
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mild steel and should not be less than f in. thick. They rest in turn 
on bedstones which transmit the pressure to the brickwork. Between 
the wall plate and the bedstone is placed a thickness of hair felt, in order 
to bring about a more uniform distribution of pressure ; otherwise, when 
the girder deflects, there is a tendency to concentrate the reaction on the 
front edge of the wall plate, which sometimes has the effect of cracking 
the stone. With the object of spreading the reaction more uniformly 
over the stone and brickwork, a bolster plate of limited area is sometimes 
riveted to the underside of the girder, which bolster plate rests on the 
wall plate, Fig. 272 and (ii) Fig. 268. This also fixes the position of the 
reactions more definitely, (i) Fig. 268 sho.ws another construction 
designed with the same objects in view. If the span of girder exceed 
50 ft., the ends may be carried on a cast-iron bedplate of the type shown 
in Fig. 269. One end of the girder is then left free to slide, to allow for 




alterations in length due to changes in temperature. The ends of very 
large plate girders may be carried on rocker bearings of the type shown in 
Fig. 307. 

If the ends of the girder be seated on a stanchion, the cap of the latter 
would be arranged as shown in Figs. 231 and 233. 

The safe bearing pressure between the wall plate and the bedstone will 
fix the size of the wall plate, and the safe bearing pressure between the 
bedstone and the brickwork will fix the size of the bedstone. When, as 
in (i) Fig. 267, no special precaution is taken to obtain a uniform pressure 
distribution, the safe bearing pressure on bedstones and their supports 
may be taken as : granite 20 ; hard sandstone 16 tons /sq. ft. ; on blue 
bricks set in 1 : 3 cement mortar as 12 ; on London stocks set in 1 : 3 cement 
mortar as 6 ; and on ordinary bricks set in 1 : 2 lime mortar as 3 tons/sq, ft. 
When the end bearings are capable of spreading the load uniformly, these 
pressures may be increased by 25 %. 

178. Deflection and Camber.— The deflection of the girder may be 
found by the methods and formulae of Chap. V, Vol. I. A close approxi- 
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mation can be obtained by assuming that the curvature is circular, when 
the maximum deflection is y = ML 2 /8EI. M and I are respectively the 
bending moment and moment of inertia at the centre of the girder, and 
E may be taken at 9, 000-10, 000 tons/sq. in. to allow for the give of the 
riveting. The maximum deflection should not exceed ^J^th the span. 
Large and important plate girders are often given an initial camber, so 
that when deflected under the load they become straight. An old prac- 
tical rule for the amount of this camber is f in. per 10 ft. of span. Small 
girders should be built straight. 

179. Weight of Piate Girders. — The probable weight of a plate girder 
may be found from Unwin’s formula 

WLr 

W ~~ Cf — Lr 

W = total equivalent distributed load in tons on the girder, exclusive of 
its own weight. 

w = weight of girder itself, in tons. 

L =s actual span in feet, 
r = ratio of span to depth. 

/ = maximum stress in flanges, tons/sq. in. 

C — a coefficient ranging from 1 ,400-1 ,500 in small plate girders, and from 
1,500-1,800 in large plate girders. 

For irregular load distributions, W may be taken as the uniform load 
producing the same maximum bending moment on the girder. In the 
case of live loads the neces- 
sary allowance for impact 
must be made. 

180. Girders with Curved 
or Sloping Flanges.— If the 
flanges of the girder be not 
parallel, the following modi- 
fications to the methods of 
this chapter must be made : 

Let AB, (i) Fig. 270, be a 
girder with a curved bottom 
flange, and suppose that at 
any section KK the com- 
ponents of the force F in the 
bottom flange are a hori- 
zontal force H and a vertical 
force V. Then the force in 
the top flange at the section 
will be H, and the bending 
moment at the section will 
be M = HD, where D is the 
distance between the centres of area, of the two flanges at the section. 
Hence H = M/D, and V = H tan 6 = M tan 0/D, if 0 be the angle which 
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the .force in the lower flange makes with the horizontal. This vertical 
force V , in the case shown, reduces the shearing force at the section. To 
find the true shearing force on the web of the girder everywhere, draw 
shearing-force and bending-moment diagrams, (ii) and (iii) Fig. 270, as 
if the flanges were parallel. From (iii), draw the full line in (iv), of which 
the ordinates represent H = M/D. Then Y is obtained by multiplying 
these ordinates by the appropriate value of tan 6 . Plot these values of 
V downwards from the base line of the shearing-force diagram (ii) , so that 
the ordinates subtract ; then the shaded diagram represents the shearing 
force on the web. This can be transferred to a new base line and used to 
design the web. The full line in (iv), representing H, may be used to 
design the upper flange. Since F = H sec 8 , it is necessary to multiply 
the ordinates of this diagram by sec 8 everywhere, in order to obtain a 
diagram representing the force F in the curved lower flange, which is shown 
by the dotted line in (iv), and may be used for the design of this flange. 
The longitudinal riveting in the straight flange may be determined from 
a shear per inch of depth diagram obtained from the corrected shearing- 
force diagram, and in which the ordinates represent s = (S'— V) /D. To 
determine the longitudinal riveting in the curved flange, a separate 
diagram must be used in which the ordinates represent (S — Y) sec 0/D. 

The above theory applies equally to a hog-backed girder. 

181. Plate Girder. Worked Example. — It is required to design a 
plate girder to carry the system of loads shown in (i) Fig. 271. The clear 
span is 50 ft., and the ends of the girder are supported on walls. It is an 
advantage not to make the girder too deep. 

1. Type. — Parallel flanges; single web. plate; drilled holes -J|-in. 
diameter for f-in. rivets ; material, mild steel. 

2. Actual Span. — The larger end reaction is about 44 tons. Assuming 
a safe bearing pressure of 16 tons/sq. ft. between the wall plate and 
the bedstone. Fig. 272, a bearing area of 2-75 sq. ft. is required, say a 
wall plate 20 in. square. The clear span is 50 ft. H the ends be arranged 
**3 shown in Fig. 272, the actual span or distance between the reactions is 
52 ft. = 624 in. 

3. Depth and Width. — The minimum depth of the girder is ^ x 624 = 
32 in. For economy a depth of x 624 = 52 in. is required. Since it 
is advantageous to reduce the depth of the girder, the mean of 42 in. 
will be taken.. This value for D implies a dimension D 2 = 36 in. between 
the rivet centres in the flange angles, which is convenient in that it is 
a multiple of several even rivet pitches. Assuming that the loads are 
brought on to the girder by beams running laterally to it, the top flange 
may be considered as reasonably well supported in this direction ; if 
B be limi ted to L/40, B = ^ x 624 = 16 in., a convenient dimension. 
The ratio 1/ B, § 171, is 15 x 12 ^ 16 = 11 *25 : 1, and the ma xi mum safe 
working stress on the gross area of the compression fla n ge may be used. 

4. Working Stresses— Safe tensile stress, ft=S tons/sq. in. ; max. 
safe compressive stress on the gross area of the compression flange, 
f c — 6*8 tons/sq. in. Direct shear on gross area of web plate not to 
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Force in Flanges Diagram 


Fig. 271. 


•225 T. »| -5- g — jl-tl T./mch -*) T./inch\— H448t. h 
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exceed 5 tons/sq. in. Safe shear stress on rivets f# = = 6 tons/sq. in. ; 

safe bearing pressure /&.= 2/ 5 = 12 tons/sq. in. 

5. Weight of Girder . — The bending moment at the centre of the girder 
due to the applied loads is approximately 8,500 in.-tons. The equivalent 
uniformly distributed load W, necessary to produce this bending moment, 
is given by 


8 

L 624 
r “D” 42 


WL W 8x 8500 

— 8500 ; or W = - — — — == say 110 tons. 


624 

= 14*8; L in feet = 52 ; C — 1500 ; / = 8 tons/sq. in. 


Hence, by Unwin’s formula, § 179, 


w 


WLr 110 x 52 x 14-8 

C/-Lr~ 1500 x 8 - 52 x 14-8 ~ 7 ‘ 6 tonS ’ 


which will be the weight of the girder. 

6. End Bearings. — The larger reaction, including the weight of the 
girder, can now be calculated. It is 44-04-3*8 = 47 *8 tons. With 
the wall plate 20 in. square, as proposed, the pressure on the stone is 
47*8 tons * 4 - 2*78 sq. ft. = 17*2 tons/sq. ft., which is permissible on a 
hard sandstone. The proposed arrangement at the end may therefore be 
adopted, and the exact span taken at 52 ft. 

7. Shearing Force and Bending Moment Diagrams. — These can now 
be set out, (ii) and (v) Fig. 271. The maximum shearing force at the end 
is 47 • 8 tons, and the maxflnum bending moment under the central 32-ton 
load is 9,100 in.-tons. This includes the bending moment due to the 
weight of the girder itself, which is 590 in.-tons at the centre. 

8. Web Plate and its Stiffening. — The distance D 2 , centre to centre of 
rivets in the flange angles, has been fixed at 36 in. Adding the 2£ in. 
punchings of the 4 x 4 in. flange angles, top and bottom, Fig. 272, the 
total depth of the web plate is D x == 36 4- 2J + 2J = 40J in. Set out 
a shear per inch of depth diagram, (iii) Fig. 271, which is obtained by 
dividing the ordinates of the shearing force diagram everywhere by D x . 
For convenience, the lower half of the diagram should be inverted as shown. 
The maximum ordinates at the two ends will be 47*8 4- 40| =1*18 tons 
per inch ; and 44*8 4- 40 \ =1*11 tons per inch, respectively. From 
eq. (1), § 174, s = 5^ — -^d, find the worth of say ^ in. and % in. web 
plates, with stiffeners at various distances d apart. 


d — 24 30 36 42 inches. 

If*= i in., s = 1-55 1*25 0*95 0*65 

s = 1*2 0*9 0*6 0*3 tons/inch. 

Plot these values as horizontal lines on the shear per inch of depth dia- 
gram, as shown in (iii) Fig. 271. From a consideration of the plotted 
values it is evident that a ^ in. web plate stiffened every 24 in. will carry 
the shearing force over the end panels, and that the spacing of stiffeners 
can be increased to 36 in. over the centre panels. If a £ in. web plate be 
used, d can be increased to 30 in. in the end panels, and to 42 in. in the 
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centre panels. Probably the in. plate is the better alternative, par- 
ticularly as the requisite pitches work in better with the distance between 
the loads ; it will therefore be adopted. 

9. Flanges . — If F be the total force in a flange, (v) Fig. 266, and D 
the distance between the centres of area of the two flanges, the moment 
of resistance of the cross-section, on the assumption that the flanges carry 
the whole of the bending moment, is F x D, which is equal to the bending 
moment M; hence F = M/D. To determine the cross-section of the 
flanges, therefore, set out a diagram, (vi) Fig. 271, representing the force 
in the flange at every cross-section. This is obtained by dividing the 
ordinates of the bending-moment diagram everywhere by D. A difficulty 
arises in that D cannot be determined until the cross-section is known, 
but for practical purposes D may be taken as equal to D x , the depth of 
the girder over the backs of the angles, in this case 40| in. Since the 
maximum bending moment is 9,100 in. -tons, the maximum force in the 
flanges is 9,100 — 40 i = 225 tons. The working stress in tension is 
8 tons/sq. in. ; hence the area required is 225 8 = 28*2 sq. in. This 

can be made up as follows, allowance being made for yf in. drilled holes 
suitable for f in. rivets : 

Two 4 x 4 x J in. flange angles, area of each 3 • 75 sq. in., less one -ff in. 
rivet hole, giving a net area of 3 • 34 sq. in., and each worth, at 8 tons /sq. in., 
3*34 x 8 = 26*7 tons. Three f in. plates, 16 in. wide (as before decided), 
each less two -ff in. rivet holes, giving a net area per plate of (16 — 2 x 
ff) X | sq. in., which, at 8 tons/sq. in., will carry 57*5 tons. The total 
worth of the two angles and three plates is 2 x 26*7 + 3 x 57*5 = 
225*9 tons, which is just sufficient. The values of the angles and flange 
plates are plotted as full lines in (vi) Fig. 271. 

? The gross area of the compression flange can be used, working at 
6*8 tons/sq. in. (see 4, above). The two angles are worth 2 x 3*75 x 
6*8 = 51 *0 tons ; each J in. flange plate is worth 8 x 6*8 = 54*4 tons ; 
to make up the requisite section, the outside flange plate must be made 
I in. thick, worth 16 x f x 6*8 = 68*0 tons. The total worth of the 
two angles and three flange plates is then 227*8 tons. These values, 
given in brackets, are plotted in (vi) as dotted lines, and as will be seen 
they determine the necessary length of the flange plates. The angles and 
one flange plate will be carried the full length of the girder, the other 
plates are cut short, but made two or three rivet pitches longer than is 
theoretically necessary. 

The cross-section of the girder will then be as shown in Fig. 272. Both 
flanges will be made alike, except that the thickness of the shortest plate 
on the compression side will be in. thicker than the corresponding plate 
on the tension side. This is the most convenient way of providing the 
necessary area. 

10. Longitudirml Riveting, — It will be assumed that the rivet holes 
are drilled $ in. diameter, that f 8 = 6*0 and ft, = 12*0 tons/sq. in. 
The method of determining the pitch of the longitudinal riveting is set 
forth in § 175. The value of I for the cross-section with a single flange 
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plate is 14,590 in. 4 (§ 176) ; D x = 40| in. ; the area of a flange plate is 
16 x 8 sq. in. ; v' = 20£ in., and oV = 8 x 20£ = 164. The area 
of the two angles is 7 • 5 sq. in., v" = 19 • 1 in., and a V = 7J x 19-1 = 143 ; 
hence, aV + a"v" = 164 + 143 = 307. Then, from eqs. (5) and (6), 
§ 175, 


and 


x D x , , 40J 

A, - (aV + oV) - 


164 = 0-46; 

iSo * 307 - °- 85 - 


Dealing first with the riveting in double shear connecting the flange 
angles to the web plate, the safe load on a in. rivet bearing in a 
A in. web plate is P 2 -- if x x 12 tons/s q. in. = 4*26 tons. There 
is one row of rivets, therefore n 2 = 1, and 


~ n 2 P 2 „ 1 x 4 -26 _ 5-01 
p 2 X 2 ~~ p 2 x 0-85 ” p 2 

If p 2 = ^ 2 ==1 *67 ; if Pz = 4'', s 2 = 1 *25 ; if p 2 = 6", s 2 = 0 *83 tons 

per inch. Plotting these values as horizontal lines on the shear per inch 
of depth diagram, (iv) Pig. 271, it is evident that a 6 in. pitch will be 
ample over the middle bays of the girder, and a 4 in. pitch will be 
sufficient for the end bays. Considering next the rivets connecting the 
flange plates to the flange angles, there are two rows of rivets in plan 
passing through the flange angles, hence n x = 2. Each row is in single 

shear, and the worth of one rivet is P 1 = j 2 x 6 tons /sq. in. = 

3*11 tons. Hence 


_ n x P t 2x3*11 13*52 

1 PiK Pi x 0*46 p x 

If p x = 8", s 1 = 1*69 tons per inch. This is also plotted as a horizontal 
line on (iv) Fig. 271, and it is evident that two rows of 8 in. pitch would 
be sufficient to carry the shear. This pitch, in addition to being rather 
long from a practical point of view, will not work in with the 6 in. 
pitch in double shear, nor with the pitch of the stiffeners. f A 6 in. 
pitch will therefore be adopted. It is desirable to examine the effect 
on A x and A 2 of the addition of a flange plate to the cross-section, top and 
bottom. I then becomes 21,660 in. 4 , and 
, 40J (168 + 164) A , v 40£ (168 + 164 + 143) A . Qft 

Al== 21^60 = 0 ‘ 62 ’ Az== 21^660 ; = ° 89 ‘ 

Thus A 2 is but slightly altered, A x is increased from 0-46 to 0-62. The 
value of s x for two rows of rivets at 6 in. pitch is then 


2 x 3*11 
p x A x 6 x 0-62 


1 * 67 tons per inch, 


practically the same value as for an 8 in. pitch when A x *= 0-46. 
Evidently a 6 in. pitch in these rows is sufficient. 
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11. Joints.— The inner flange plate will be over 53 ft. long, and should 
be made in two pieces. The calculation for the joint is given as a worked 
example in § 172. The middle flange plate is 39'- 8 long. If possible 
this should be obtained in one piece, otherwise a grouped joint for the two 
cut plates should be used. The flange angles are 53'-0i' long and 
must be made in two pieces. The calculation for the joint is given in 
§ 173. The joints should be staggered as shown in Pig. 272, and not 
placed all in the same neighbourhood. The web joint should be placed near 
the centre of the girder where the shear is small. It is provided with double 
covers ; the necessary pitch of rivets can be obtained from the shear per 
inch of depth diagram, exactly as in the case of the longitudinal riveting. 
In this instance a 4 in. pitch will be employed, though more than sufficient. 

12. Stiffeners at the Ends and under the Loads . — The maximum shear- 
ing force at the ends is 47*8 tons. This has to be distributed over the 
depth of the girder by the end stiffeners. A rivet in double shear, bearing 
in a ^ in. plate, is worth 4*26 tons. Hence the minimum number of 
rivets required is 47*8 ~ 4*26 = 12. It will be seen from Fig. 272 that 
there are 16 rivets in the two end verticals, but a margin in strength is 
desirable, as the load may not be equally divided between the rivets. If 
the direct compressive stress in the material is not to exceed 6 * 8 tons / 
sq. in., an area of 47 * 8 -=- 6 * 8 = 7 • X sq. in. is required. The added area of 
the two 4 x 4 x | in. vertical angles, together with that of the two 
4 x 3 x fin. end vertical stiffeners, is 12*4 sq. in., without taking the 
end plate into consideration. There is therefore ample strength. 

To spread the applied load of 32 tons down the web plate, 32 ~ 4 *26 
— 8 rivets in double shear are required, and a net area of 32 -y 6*8 
= 4*7 sq. in. A 4 in. pitch is therefore necessary through the stiffeners 
under the load, and since the area of two stiffener angles is only 4*96 sq. 
in., they will be reinforced by a plate as shown, which will help to give 
lateral stiffness to the girder in the vicinity of the applied loads. 

13. Moments of Inertia and Resistance of the Cross-Section. — The 
moments of inertia and resistance of each cross-section should now be 
computed, ma k in g due allowance for the rivet holes in the bottom flange.* 
At the central load the moment of inertia is 28,400 in. 4 ; the values of v 
for the extreme fibres are 23*2 in. on the tension side, and 20*4 in. 
on the compression side ; hence the safe moments of resistance are 

fZ = fljv = x 8^= 9,790 ; and x 6-8 = 9,460 in.-tons in 

tension and compression respectively. The diagrams representing the 
moments of inertia and moments of resistance in both tension and com- 
pression have been plotted on the bending-moment diagram, (v) Fig. 271. 
The moment of resistance diagrams lie everywhere outside the bending- 
moment diagram, proving that the girder nowhere works at more than 
8*0 tons/sq. in. in tension, or than 6*8 tons/sq. in. in compression. In 

* ^temative method of making allowance for rivet holes, see a letter 

from v\ . H. Thorpe, Engineering , September 22, 1922, p. 363. 
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plotting these diagrams no account has been taken of the joint in the web 
plate. The efficiency of this joint is only 30 %, and at a section through 
the joint, so far as its resistance to bending is concerned, the web should 
be considered as a plate 32 in. deep, ^ in. thick, and at an efficiency 
of 0*3. If this be done, I will be reduced by about 2,000 in. 4 , and 
the moment of resistance in compression by about 660 to 8,800 in.-tons. 
The web joint has been kept at a considerable distance from the point of 
maximum bending moment, otherwise it would have been necessary to 
increase further the thickness of the top plate in order to keep within the 
allowed stress. 

It may appear surprising, having made the flange plates and flange 
angles sufficiently strong to carry the bending moment everywhere, that 
the moment of resistance, even counting in part of the web at 30 %, falls 
below that required. The explanation of the anomaly lies in the fact 
that the average stress over the thick flanges is considerably less than the 
maximum. Only in the extreme fibres will the maximum permissible 
stresses be reached, whereas in (vi) Fig. 271, the whole flange areas were 
assumed to work at 6 - 8 and 8*0 tons/sq. in. respectively. 

14. Deflection and Camber . — If it be assumed that M/I is constant 
from one end of the girder to the other and equal to 9,100 in. /tons 
~ 28,400 in. 4 , the maximum deflection will be given by the formula 
[eq. (15), § 52, Vol. I], 

_ ML 2 9,100 x 624 2 
V ~ 8EI ~ 8 x 10,000 x 28,400 ~ 1 '° b m ‘ 


Here E has been taken at 10,000 tons/sq. in. to allow for the 6 give 5 
of the rivets. As will be seen from the shape of the I diagram, this value 
for y is an over-estimate. As a check, a practical formula given by W. H. 
Thorpe * may be used. For mild steel plate girders with parallel flanges, 


L 2 52 2 

y “ cD'* ~ 4,000 x 3-5 


x 6-8 = 1-32 in. 


where L = span in feet ; c — constant = 4,000 for mild steel girders ; 
D = depth in feet, — = 3 * 5 in the present instance ; / = the mean 

stress in the extreme fibres in tons/sq. in., estimated on the gross section. 
This in the present case may be taken at 6*8 tons/sq. in., and the 
value of y is 1*32 in. The maximum permissible deflection is 1 /400th 
the span = 1 /400 x 624 = 1 *56 in., so that the actual deflection should 
not exceed the allowed limit. If the girder is built with a camber 
of f in. per foot, this would equal 52 x § = 2 in. 

15 . Setting out the Girder . — Set out first the centre lines of the flange 
rivets, and of the web stiffeners. Arrange if possible that the latter 
come on regular rivet pitches. Put in the rivets ; as simple and uniform 
an arrangement as the circumstances will permit should be the objective. 
The rivets passing through one leg of a flange angle should be staggered 
relative to those through the other leg. When, as in the present case, 

* Engineering, April 14, 1905, p. 466. 
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Length. 


||L 

*«■ 


Ft. in. 


Breadth 

or 

Section. 


Inches. 


Unit- 

(Weight. 


lb. 


Weight Wei , ght 

of One. xr ° u 

Number. 


lb. 


lb. 


Remarks. 


2 

Net sizes. 

1 8 I 

20 

4 

61*2 

Plates 

170 

1 

28 

81 

16 

i 

25-5 

976 

2 

5 

21 

16 

i 

25*5 

177 

2 

39 

81 

16 

i 

20*4 

1,080 

2 

35 

111 

16 

i 

20-4 

978 

1 

28 

81 

16 

i 

20-4 

781 

2 

17 

2i 

16 

i 

20-4 

468 

2 

3 

41 

16 

i 

20*4 

92 

2 

1 

11 

16 

i 

20*4 

31 

1 

30 

31 

40* 

■is 

17*85 

1,823 

1 

22 

91 

40* 

4 

17*85 

1,372 


Angles. 


3 4* 

71 

1 

9*88 

2 8* 

51 

fe 

; 

, 

5*84 


Flat Bar. 

33 
16 


Total weight of plates and bars 


340 

976 

354 

2,160 

1,956 

781 

936 

184 

62 

1,823 

1,372 

10,944 


198 

32 

230 

15,824 


Wall plate. 

Flange plate. 

Covers to flange plates. 
Flange plates. 


Vertical plate at ends. 
Bolster plate. 

Web plate. 


2 

43 

01 

4 

X 

4 

i 

12-75 

549 

1,098 

2 

41 

71 

4 

X 

4 

i 

12*75 

531 

1,062 

2 

11 

41 

4 

X 

4 

i 

12*75 

145 

290 

2 

10 

01 

4 

X 

4 

i 

12*75 

128 

256 

* 4 

4 

21 

4 

X 

4 

i 

12-75 

54 

216 

4 

4 

21 

3* 

X 

3* 

i 

8*45 

36 

144 

*44 

4 

21 

4 

X 

3 

i 

8*45 

36 

1,584 










4,650 


Flange angles. 


End vertical angles. 
Round back covers. 
Vertical stiffeners. 


Web stiffeners. 
Covers to web plates. 


s= 7*06 tons. 


Rivets 5% =0*35 

Weight of girder =7*41 


* An allowance to be made for forging. 

there are four rows in plan, the outer rows should be staggered relative 
to the inner rows. From the drawing it will be seen that, over the whole 
of the centre portion of the girder, at any one section, only two holes are 
cut out of a flange plate, and only one out of a flange angle. Near the end 
of the girder, owing to the change from 6 to 4 in. pitch in the rivets 
connecting the flange angles tp the web, in some cases the rivets in the 
two legs of the flange angles come close together. There are, however, 
no joints in the web elate m .this, nei^g^iLhood , and the strength of the 
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uncut web will more than compensate for the close proximity of the rivet 
holes, otherwise it would have been necessary to subtract the area of two 
rivet holes from each flange angle. Having settled the position of all the 
rivets, put in the angles and plates, seeing that the lengths are convenient 
and the joints properly staggered. 

16. Quantities and Weight. — Finally, the quantities can be taken out, 
and the weight of the girder calculated. The method of setting out the 
results is shown in the table on p. 399. It will be seen that the actual 
weight of the girder as designed comes to 7 *41 tons, as compared with the 
estimate of 7 * 6 tons. The sizes given in the table are the net sizes given 
on the drawings. In making up the order for the material, J in. is 
added to the length and width of all the plates (except to the width of 
flat bars and universal plates), and 1 in. to the length of all angles, to 
allow for planing and cutting to length. 
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QUESTIONS ON CHAPTER X 

1. A beam, intended for use as a bulkhead stiffener in a ship, is formed 
of two 6 X 3J X 0-5 in. angles placed back to back and riveted together 
so as to form a Z section 9 in. deep overall. The properties of a 6 X 3| 
angle are: area —4*50 sq. in., distance of centroid from shorter flange 
2*06 in., I about an axis parallel to the shorter flange and passing through 
the centroid = 16*36 in. units. Find the moment of inertia and section 
modulus of the compound section about an axis parallel to the 3J-in. flange, 
and passing through its centroid. Neglect the rivet holes. (I.C.E.) 

Ans. 19 *18 in. 3 

2. If ft be the maximum tensile stress in the lower flange of the cast-iron 
beam section shown in Fig. 247, and D the overall depth, prove that the 
moment of resistance is ftZ = 0- 077D 3 ft ; neglect the fillets. (Low’s 
Applied Mechanics, p. 112.) 

3. A beam, 20 ft. span, supported at each end, is loaded with 12 tons 
evenly spread over 6 ft. of its length, one end of the load coinciding with the 
centre of the beam. Draw the shearing force and bending moment diagrams, 
dimension their maximum ordinates, and the position where the maximum 

2 n 
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bending moment occurs- To economise bead room it is proposed to use for 
this beam two 10 x 6 N.B.S.H.B. No. 6, with cast-iron separators. Com- 
ment on this proposal from the point of view of (a) allowable stress, (b) 
probable deflection. Section modulus of a 10x6 beam = 41 -in. units 
(I.C.E.) 

Am. (a) Stress =6*8 tons/sq. in., quite permissible; (6) the ratio 
depth/span = / ¥ , may be permitted, but the deflection might be found 
excessive for certain purposes. 

4. A compound beam of 20 ft. span is formed of two 12 x 5 X 30 lb. /ft. 
N.B.S.B. No. 10 (a = 8*83, I = 206*9 in. units) with a 12 x | in. plate 
added top and bottom. Each plate is connected by one line of rivets through 
each beam ; the rivets are in line across the girder. If the safe stress in 
compression is not to exceed 6*8, and in tension 8*0 tons/sq. in., find the 
safe distributed load. Find also the maximum direct shear stress in the 
webs of the beam, and the necessary pitch of the. rivets. What will be the 
deflection of the girder when carrying this load ? 

Am. 30*3 tons ; 2*2 tons/sq. in. ; 9*6 in., use 6-in. pitches ; 0*52 in. 
(if E s= 13,000 tons/sq. in.). 

5. Choose a suitable B.S.B. for the beam AB in Fig. 273. Stress 8 tons / 
sq. in. Assume that the end A is direction-fixed. 

Am. 12 x 5 X 30 lb./ft. N.B.S.B. No. 10. 


6. Make sketches showing approxi- 
mately the distribution of (a) the normal 
stress due to bending, (6) the shear stress, 
over the cross section of a plate girder. 

Hence justify the practical assumption 
that the flanges carry the bending moment, 
and the web the shearing force ; also that 
the shearing force may be regarded as 
uniformly spread over the depth of the 
web plate. (I.C.E.) 

7. The span of a plate girder is 40 ft. and it carries four loads of 20 tons 
each which divide the span into 5 equal panels of 8 ft. Find the maximum 
bending moment and the necessary cross section at the centre of the girder, 
assuming that the stress in compression is not to exceed 6*8 and in tension 
8*0 tons/sq. in. Take the depth of the girder as y^th the span. Rivets, 
i in. diameter in -in. drilled holes. 

Aws. M = 5760 in. -tons ; Dj = 40 in. ; each flange to consist of two 
4 x 4 X | in. angles, one 12 x \ and one 12 x # in. flange plate. 

8 A plate girder is 26 ft. span and 2 ft. deep. The total shearing force 
at the ends is 33 tons. Find the pitch of the rivets connecting the angles 
to the web near the ends. The web xs £ in. thick, and the rivets are 4 in 
diameter. Take/* = 6 and /& = 12 tons/sq. in. (U.L.) 

Am 3*28 in. (say 3 in. pitch). Note : In this example take 

f in. as the diameter of the closed rivet, and A — 1. 



. , 9 - ^he maximum shearing force in the end panel of a plate girder of a 
through bridge is 230 tons. The web plate is 6 ft. 6 in. deep over the backs 
of the angles and f in. thick ; the flange plate, top and bottom is 18 x # in., 
and the flange angles are 6 X 6 x f in. ; there are two rows of rivets in 
each leg of each angle. The rivets are £ in. diameter in M in. holes ; find the 
theoretical pitchy necessary to connect the angles to the web and to the 
flange plates. Take/* = 6 tons/sq. in., and /& = 12 tons/sq. in. 

Am. Pl = 18-1; Pi =7-48 in. 

10. The ends of the girder in Q. No. 7 are supported on bed stones. The 

t m ‘* ^ >esign the enc ^ s °* girder, making a dimensioned 

sketch showing the arrangement and sizes of the stiffeners, and the n umb er 



DESIGN OE TENSION MEMBERS 


335 


sponding stress is 10 -r 1 *31 == 7*63 tons/sq. in. Using the formula for 
eccentric loading, and finding the stress on the gross area of the angle, 
v x — 0*88 ; e 2 “ 4* ^/2 = 0*88-4- 0*19 = 1*07 ; /c 2 = 0*81 ; and 


Ff v l (v 1 4* t/2)) _ 10 f 0*88 x 1*07) 
k 2 j 2*11] + 0^81 j 


= 10*3 tons /sq. in. 


All the dimensions are in inches. This is the stress on the gross area. In 
the way of a rivet hole the stress would be increased to approximately 


10*3 x 


3 


= 14*2 tons/sq. in. 


If it be assumed that the line of action of the load is fixed by the centroid 
of the net area of the angle, v x = 0*99, e 2 = v x -f t/2 = 0*99 -f 0*19 = 
1*18, /c 2 = 0*85, a = 1*8, and 



1-18 x 0*99) 
0*85 1 


13*2 tons/sq. in. 


That these high stresses really occur in practice is very unlikely, for 
the type of construction (the angle attached by its back) is very common 
and shows no signs of weakness. They appear, however, to afford 
justification for the custom of neglecting one-half of the area of the out- 
standing flange. It is evident that the stiffness of the end attachments 
must, partially at least, direction-fix the ends of the tie, and the stress 
due to bending is much reduced. 

From the point of view of eccentric loading, the detail shown in (ii) 
Fig. 216 is no better than that shown in (i), and there appears to be no 
justification for counting in more area in the one case than in the other. 
The additional cleat shown at (ii) is useful in situations in which it is 
difficult to get sufficient rivets in the main angle ; (ii a), in which the cleat 
is lengthened, is a better detail than (ii). 

As to the best form of section to use for a tie attached by its back to 
a gusset plate, it is instructive to compare the ma ximum stress produced 
in the three sections shown at (iv), (v), and (vi), Fig. 216, all of the same 
sectional area, but of different vertical dimensions. The figures for the 
gross sections are : 


l + 


e 2 vA 


F (, 


(iv) 

(v) 

(vi) 

1*07 

1*30 

1*57 

0*82 

1*05 

1*32 

0*73 

M0 

1*53 

2-20 

2*24 

2*35 

Vi) 

f IS 

therefore not very difi 


The maximum stress ft = 

« l 

in the three cases, but is least in the shallowest section, in which it is 


2*2 times the mean stress, F/a. 

This calculation suggests that a flat bar (vii) would most nearly 
approach the ideal conditions. For the particular case indicated, 
v t = 0 * 25 ; e 2 = 0 * 5 ; k 2 = *V; and (1 + e^/zc 2 ) *= 7 ! Thatistosay, 



CHAPTER XI 

BRIDGE CONSTRUCTION. GIRDER BRIDGES 

182. Girder Bridges. Definitions.— The superstructure of a girder 
bridge is composed of (a) main girders which support the floor system ; 
(J>) the floor system suitably arranged to carry the traffic ; (c) secondary 
bracing resisting lateral and other distorting forces. The substructure 
consists of the foundations, abutments, and intermediate piers, if any. 

If the floor system is placed on top of the main girders, the bridge is 
called a deck bridge, Fig. 87. If the traffic passes between the main 
girders, the bridge is called a through bridge, (ii) Fig. 306. If the bridge 
carries a railway it is termed a railway bridge’, if it carries a roadway it 
is called a road bridge. If part of the bridge is made movable, leaving a 
clear opening to permit the passage of traffic past the bridge, it is called 
an opening bridge, otherwise it is termed a fixed span. There are various 
types of opening bridges, of which the commonest is the swing bridge, 

(i) Fig. 283, in which the movable span turns about a vertical axis. In 
a traversing bridge the movable span is drawn backward on rollers. In 
a bascule bridge the movable span is hinged about a horizontal axis, and 
lifts up like an ancient drawbridge ; the Tower Bridge, London, is a 
well-known example. A variation of the bascule type is the rolling lift 
bridge, (ii) Fig. 283, in which the lifting span carries circular segments 
which roll over suitable paths as the span rises. In a vertical-lift bridge 
the movable span is lifted vertically. 

183. Other Types of Bridges. — In place of main girders, the floor 
system may be supported by : (i) arches (Arched Bridges, Chapter XIH) ; 

(ii) suspension chains (Suspension Bridges, Chapter XIV) ; or (iii) by 
cantilevers (Cantilever Bridges, Chapter XIV). 

184. Main Girders. — The main girders of a bridge may be either 
of the plate or braced type. For spans above 60 to 80 ft. a braced girder 
should be used, as this type is lighter, and the area exposed to the wind 
is less. Braced girders cost more per ton than plate girders, and the 
latter are to be preferred for shorter spans. Such plate girders are similar 
in general construction to that shown in Fig. 272 ; some details are giyen 
in Figs. 267, 286, and 298. 

Braced girders are classified according to the arrangement of the web 
bracing. The simplest type is the N girder, (i) Fig. 274, sometimes called 
a Pratt truss. In this design the shorter (vertical) web members are 
struts, and the longer ones ties, The vertical members are convenient 
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for the attachment of cross girders and the overhead sway bracing, § 191 
and Fig. 309. The diagonals are not necessarily placed at 45°. The 
arrangements shown at (i) and (ii) are suitable for through bridges, and 
(iii) for a deck bridge. In ordinary circumstances (ii), with the inclined 
end post, may be regarded as the simplest and best type of main girder. 
The Howe truss, a timber construction at one time common in America, 



Fig. 274. 


is similar in outline to the Pratt truss, except that the diagonals, which 
are timber struts, slope the other way. The verticals are in tension, and 
take the form of iron or steel bolts. For a composite truss of timber and 
steel, this arrangement is rather more convenient to construct than the 
Pratt truss. 

(i) Fig. 275 represents a type called a Warren girder. At (i) and (ii) 
the web diagonals are inclined at 60° ; at (iii) and (iv) they are inclined 



Fig. 275. 


at 45°. In the latter case it is usual to insert vertical members vv to 
reduce the pitch of the cross girders supporting the bridge floor, (i) and 
(iii) are suitable for through bridges, (ii) and (iv) for deck bridges. 

Sometimes a duplicate system of web bracing is used, as shown in 
Figs. 276 and 277. Type (i), Fig. 276, is obtained by inverting one 
Warren girder of type (iii), Fig. 275, superposing it on another, and 
omitting the verticals vv. It is called a lattice or double Warren girder. 


XXX' 1 ’ .2 


/V (ii) ... §§ 

\/A oil) gg 

lH!! 


Fig. 276. 

(ii) Fig. 276 is the result of treating two N girders of type (i) Fig. 274 in 
a similar way. Type (ii) differs from type (i) only in the introduction 
of the verticals, which are intended to equalise the load between the two 
component frames. In the LinviUe truss, Fig. 277, two N girders are 
superposed, but one is moved half a bay along relative to the other. An 
extra member j must be introduced at each end to complete the frame- 
work. Two advantages are claimed for the Linville truss ; first, it 
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halves the pitch of the cross girders, thus reducing the span of the rail 
bearers, § 188 ; secondly, the diagonals give support to the long vertical 
struts at the point where they cross. Linville trusses are only suitable 
for very large spans. Types (i) and (ii) are suitable for through bridges, 
and (hi) for a deck bridge. 

Multiple web girders of the types shown in Figs. 276 and 277 are not 
nowadays regarded with much favour by bridge engineers. 

Two lattice girders, (i) Fig. 276, may be superposed, one being moved 
half a bay along relative to the other, to form a double lattice girder ; 



Fig. 277. 


and (iii) Fig. 276 may be regarded as a multiple lattice girder. This type 
is common for small light spans. The web is composed of a number of 
flat bars placed diagonally and riveted together at their points of inter- 
section. The web thus formed is stiffened by vertical stiffeners of the 
kind used in plate girders, and intended to serve a similar purpose. It 
is usual to make the area of the diagonal bars such that, at any vertical 
section, the vertical component of the safe load in all the bars cut by the 
section is equal to the shearing force at the section. Hence it results 
that the bars are made of greater area towards the points of support. 



Fig. 278. 


(i) Fig. 278 shows a Baltimore truss. The bracing is of the N type, 
Fig. 274, but secondary members are introduced to support intermediate 
cross girders. In (i) the load from these cross girders is carried back to 
the panel points of the lower flange, in (ii) it is transferred to those of the 
top flange. The short verticals from which the intermediate cross girders 
are suspended are called sub-verticals. 



Fig. 279. 


Girders with Curved Flanges . — (i) and (ii) Fig. 279 represent girders of 
the N and Linville types with curved upper flanges. The curvature is 
often introduced with the intention of improving the appearance of the 
bridge ; in long spans it has other advantages (see infra). Such girders 
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cost more per ton than those with straight parallel flanges, and the extra 
expense should only be incurred when the circumstances justify the 
expenditure. 

Girders of the type shown at (i) Fig. 280 are called bowstring girders, 
from their similarity to a bow and string. If the load were uniform, and 



Fig. 280. 


the shape of the curve parabolic, the area of cross-section of the flanges 
would be constant, and no diagonal bracing would be required in the 
web. Since, in practice, the load will not be uniform, and the bridge 
must carry a moving load, these theoretical considerations will not hold, 
and, as shown in Fig. 280, diagonals must be introduced in the web. The 
type reduces therefore to a girder with a curved upper flange. Owing to 
its greater depth where the bending moment is large ; the reduction in 
the shearing force carried by the web members due to the curved flange 
(see § 180) ; and to the shortness of the heavy web members near the 
ends, where the shearing force on the web is large ; the bowstring girder 
is economical in weight. Consequently, it is properly employed in bridges 
of long span, where the weight of the bridge itself is a most important 
part of the total load to be carried. The girder may be inverted, when 
the curved member becomes the tension flange. 

(ii) Fig. 280 shows the arrangement used in the famous Saltash bridge 
of 455 ft. span, sometimes called a bow and chain girder. The thrust from 
the bow is neutralised by the tension in the chain. The roadway is 
suspended from the girder by means of vertical suspension rods. 



Fig. 281. 


Fig. 281 shows two types of long span girders of American design, 
(i) is the Hawkesbury bridge of 410 ft. span, and (ii) a span of 490 ft. 
over the Ohio River. Fundamentally, the bracing is of the N type, but 
secondary members are introduced to 
halve the effective length of each main 
member. In (ii), the secondary bracing 
is arranged to support intermediate cross 
girders. In both types the depth is re- fig. 282. 

duced toward the supports, and the truss 

approximates in outline to the bowstring girder. Fig. 282 shows a 
160 m. span over the Danube, a type common on the Continent. 

It is to be clearly understood that the special types of main girder 
shown in Figs. 277 to 281 are quite unsuitable for ordinary short ami 
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medium span bridges. Their justification is for long span girder bridges, 
where it is imperative to reduce the weight of the main girders to a 
minimum, even at the expense of increased cost of production. 

(i) Pig. 283 shows the type of main girder used in a swing bridge , 



and (ii) that for a rolling lift bridge. Web bracing of the type shown in 
Pig. 282 is commonly used for such bridges. 

185. Counterbracing. — Near the centre of the girder the shearing force 
due to the dead load, represented in Fig. 284 by the line cd, will be small. 
It results that, over a certain length of the middle of the girder, the 
positive shearing force due to the travelling load, represented by the 
line ae, will be greater than the 
negative shearing force due to the 
dead load ; and the negative 
shearing force due to the travelling 
load, represented by fb, will be a 
greater than the positive shearing c 
force due to the dead load. As 
the train passes over the bridge, f 
therefore, the sign of the shear Flc , 2 84 . 

force in this region will be reversed ; 

and, in consequence, the sign of the forces in the web bracing will also 
be reversed, the ties becoming struts, and the struts ties. The length gh , 
Fig. 284, over which this occurs, can easily be found by inverting the line 
cd as shown in the figure. In plotting the lines ae and bf, the live load 
should be multiplied by (1 -f- i) where i is the impact factor. 

The members in which the stress is reversed must be of such a type 
that they will act equally well as ties or as struts. They should be 
designed first to resist the compres- 
sive load, second to resist the tensile 
load ; in order to allow for the alter- 
nations in stress, certain standard 
specifications require that one-half 
the smaller gross area thus obtained 
be added to the larger gross area, in order to obtain the total gross area 
necessary. 

When, as in the older bridges, the tension members are of flat bar 
cross-section, they are incapable of acting as struts, and counter-braces , 
cc Fig. 285, are inserted. These are tension members, sloping in the 
opposite direction to the normal ties. When the stress reverses, the 
normal tie will give slightly under the compressive load, and the counter- 
brace will take up the reversed shear. If the reversed stress be small, 


/mmTK 


c c 

Fig. 285. 
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two parallel flat bar ties can be converted into a strut by the introduction 
of secondary bracing between the ties, in which case counter-braces are 
unnecessary. In girders with a duplicate system of web bracing of the 
type shown in Fig. 276, if flat bar ties are used, the second system must 
carry the reversed shear, otherwise it should be proportioned between 
the two systems. With the stiff tension members commonly used in 
modern girders, counter-bracing is unnecessary. 

186. Plate Web Main Girders. Details of Construction. — Some 
typical examples of plate web main girders are shown in Figs. 267, 286, 



and 298. That shown in Fig. 286 is suitable for through or half-through 
bridges ; Fig. 298 represents a deck bridge. The methods and rules of 
Chap. X may be used for the purpose of designing these girders, but the 
live load must be multiplied by (1 + *)> where i is the impact factor, 
§ 61, in order to obtain the equivalent dead load. 

187. Ppen Web Main Girders. Details of Construction. — Com- 
pression Flange . — The compression flange of braced girders should 



be of trough section, made up of plates and angles, or of channels, as 
shown at (i) and (ii) Fig. 287. The outstanding edge of the stringer plate, 
(i), should be stiffened by an angle as shown, to prevent it from buckling, 
and diaphragm plates should be introduced to prevent the section from 
distorting. Tie plates or lattice bracing are fitted to prevent secondary 
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flexure, § 160. In small girders, a tee section, similar to (iii), may be used. 
The breadth of the flange should not be less than -^th its overall length, 
unless adequate lateral supports are provided, when the breadth should 
not be less than T Lth the distance between such supports. In shallow 
girders these supports may take the form of stiff brackets of the type 
used in plate girders, Figs. 286 and (iii) 297 ; but where possible, a lateral 
system of wind bracing is introduced, Fig. 295, which gives effective 
support to the flange. 

Tension Flange. —The tension flange may be similar in form to the 
compression flange (i), (ii), and (iii), Fig. 287 ; or it may be constructed 
of plates placed vertically, with stiflening angles, (iv) Fig. 287. This 
construction has the advantage that water cannot lodge therein ; with 
trough sections, suitable drainage holes must be provided. The type 
shown at (iv) enables the cross girders to be slung below the main girders, 
(i) Big. 288, and the attachment of the web bracing is slightly more con- 
venient. The gain in height, when the cross girders are slung below the 
main girders, may enable overhead lateral bracing to be fitted which 
would otherwise be impracticable. 

Design of Flanges. — Having determined the forces in the flanges, the 
lengths and arrangement of the plates and angles in the tension flange 
can be obtained from a c force in the flanges diagram 5 similar to (vi) 
Fig. 271 , or by the method of % 12, § 196. The members of the compression 
flange should be designed as columns imperfectly direction-fixed at their 
ends ; eq. (1), § 163 may be used. For examples, see If 13, § 196. 

Joints in the Flanges. — The joints used in flange plates and angles of 
open web girders are of a similar type to those used in plate web girders, 
§§ 172 and 173, and are similarly designed. Grouped joints are usual to 
facilitate transport. The joints in the stringer plates are butt joints with 
double covers (see Fig. 309). 

Riveting in the Flanges. — The riveting in the flanges should be arranged 
so that the rivet pitches are uniform and an even 3, 4, or 6 inches. The 
rules given on p. 384 for maximum pitches should be followed. As far as 
possible the rivets should be staggered across the flange, to minimise the 
loss of area due to rivet holes in the tension flange. 

Web Bracing . — Stiff sections are used for the tension members, 
Figs. 220 and 221. Such sections are capable of carrying secondary 
bending moments or accidental compressive forces. The methods of 
design discussed in Chap. IX may be followed. For the web compression 
members of bridges, I sections are preferred, Fig. 227, with the web of the 
X placed transversely, Fig. 309. This facilitates the attachment of the cross 
girders and overhead bracing, and the combination forms a stiff construc- 
tion capable of resisting lateral deformation and cross girder deflection, 
§ 1 12, The methods of Chap. IX can be used for the design of the web 
compression members. 

End Posts. — These have to carry the end reactions. They may be 
made of trough section similar to the compression flange, or may be of 
H section, (iv) Fig. 227, with stiffened plate edges. Special consideration 
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is necessary regarding the attachments of the end cross girders and the 
end bearings. Fig. 307. 

Connection of W d> Bracing to Flanges . — If the number of rivets required 
is small, the web bracing may be connected directly to the str ing er plates ; 
otherwise stiff gussets are provided, riveted to the latter, Fig. 308 and 
(i) Fig. 310, to which gussets the web bracing is attached. Sufficient 
rivets must be provided in the ends of the bracing to tra nsf er the load to 
the gussets, and sufficient rivets through the gussets and stringer plates 
to transfer the load to the flanges. The axes of all the members taking 
on to a gusset plate should meet in a common point, and the rivets in 
each member should be symmetrically placed about its centre line. A 
tension member should not be weakened by more than one rivet hole. 
As far as possible the regular pitch in the flanges should not be upset. 
Compromise regarding these conditions is often unavoidable, but every 
effort should be made to fulfil them. 

188. Cross Girders. — The weight of the bridge floor and of the live 
load coming upon it is transferred to the main girders by cross girders , 



Pia. 288 . 


which are placed at the panel points of the main girders and transversely 
to them. Cross girders are normally of the plate- web type ; sections 
composed of four angles and a web plate, with no flange plates, are to be 
preferred ; for small spans, rolled steel beams may be used. Typical 
examples of cross girders and the methods of attachment to plate-web 
main girders are shown in Figs. 286 and 293, and to open-web main girders 
in Figs. 288, 292 and 309. (i) Fig. 288 and Figs. 292 and 309 show the 
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constructions used for through bridges ; and (ii) Fig. 288 that used for 
deck spans. In (i) Fig. 288 the cross girder is slung below the main girder 
and the load transmitted directly to the verticals. 

In railway bridges the pitch of the cross girders should not be less 
than the distance apart of the most heavily loaded axles crossing the 
bridge, for however closely the cross girders be spaced, each one must be 
capable of carrying the load due to the most heavily loaded axle. When 
the available depth of construction is limited, the pitch of the cross 
girders must be kept small ; in plate girder spans up to about 80 ft., a 
pitch of cross girders of 7 to 8 ft. may be regarded as a minimum. This 
may be considerably increased in longer spans, and with open-web main 
girders the arrangement of the web bracing is usually the deciding factor. 
With the modem tendency to deep main gilders and single N bracing, 
in spans up to 200 ft., cross girder pitches of 16 to 20 ft. are common, 
but an excessive pitch means very deep floor longitudinals and is not 
economical. In very long spans these dimensions may be greatly 
exceeded, but the weight of the floor is then so much smaller, relatively 
to the weight of the main girders, that the design of the latter entirely 
governs the situation. 

In ordinary road bridges, the panel length of the main girders and the 
depth of the cross girders and longitudinals are the determining factors. 

The cross girders are usually treated as freely supported beams of 
span equal to the distance between the centres of the main girders, and 
are designed by the methods of Chap. X. Actually, their attachment to 
the verticals of the main girders is usually capable of carrying a consider- 
able bending moment, and the cross girders, main girder verticals, and 
overhead bracing, act to some extent at least as a stiff frame. The 
deflection of the cross girder under its load thus sets up bending moments 
in the main girder verticals (see § 112), and to reduce these moments as 
much as possible, stiff cross girders are desirable. Their depth should 
not be less than l to their span. 

Strictly speaking, the rivet section at the ends of the cross girders 
should be designed to carry the bending moments at the ends of these 
girders. If this be not done, an ample rivet section should nevertheless 
be provided at the ends, for it is at these places that signs of weakness 
show themselves in practice. 

189. Rail Bearers. — In many types of railway bridge floors, the load 
from the train is carried by longitudinal girders placed directly under the 
rails and spanning from cross girder to cross girder. Figs. 293 and 309, 
called rail bearers. In small spans, rolled steel beams may he used, and 
plate girders in longer spans. Sections composed of four angles and a web 
plate with no flange plates are to be preferred. The rail bearers may be 
designed by the methods of Chap. X ; their depth should not be less than, 
^th their span. Strictly speaking, rail bearers form partially continuous 
girders over the cross girders, and with flat floor plates, Fig. 309, 
the degree of direction-fixing may he considerable. In the ordinary 
conventional calculations, however, they are treated as girders freely 
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supported at each end, with a span equal to the pitch of the cross girders. 
As in the case of the cross girders, and for similar reasons, an ample rivet 
section at the ends of the rail bearers is good practice, in default of a proper 
design taking into account the support moments. 

190. Bridge Floors. — These may be divided into two classes, (i) solid 
floors, (ii) open floors. In the former there is a continuous deck from end 
to end of the bridge. This has the advantages that it can be made water- 
tight, and is much safer in the case of derailment. Solid floors are used 
for railway bridges in the neighbourhood of towns, where dripping water 
is objectionable, and are imperative in the case of road bridges. Open 
floors are used in railway bridges crossing rivers, and in other situations 
where there is no objection to the rain dropping through. Direct support 
is provided for the timbers to which the rails are attached, but there is no 
continuous deck. Open floors have the great advantage of lightness, and 
are used in long span bridges where lightness is obligatory ; they have 
the advantage that all the metal work is exposed and rapidly dries after 
rain ; they can also be readily scraped and painted. 

Desiderata. — The points to be aimed at in designing a bridge floor are : 
strength, stiffness, lightness, good drainage, freedom from corrosion, no 
ungetatable spots. * 

Solid Floors . — These can be subdivided into (i) plate floors — flat or 
buckled plates ; (ii) trough flooring ; (iii) jack arches ; (iv) reinforced- 
concrete floors. These types may take different forms depending on 
whether the bridge is a railway or a road bridge, and in the former case 
whether the floor is 4 free 5 or 4 tied.’ If the floor is ballasted, and the 
rails are laid on sleepers unconnected to the structure of the bridge, it is 
called a free floor , and has the advantage that the continuity of the per- 
manent way is preserved. Ballasted floors are heavy and not suitable for 
long spans, but are advantageous on curves where superelevation is 
necessary. In long spans, the ballast would be such a large addition to the 
weight proper of the bridge, that either an open floor is used, or the rails 
are supported on longitudinal timbers bolted to the structure of the bridge, 
called way-beams . This is spoken of as a tied floor, Eig. 293. 

Plate Floors . — Eig. 309 shows a typical flat plate floor for a through 
railway bridge. The floor plating is usually about f in. thick, and is 
attached directly to the tops of the cross girders and rail bearers by f in. 
diameter rivets at 6 in. pitch. Vertical ballast guards are provided at 
the sides of the deck as shown, thus forming a trough which contains and 
confines the ballast. The object is to keep the ballast and timber away 
from the main structure of the bridge, thus minimising corrosion. The 
trough is made watertight by coatings of asphalt or bitumen sheeting, 
and a drainage system is provided to lead away the water caught in the 
trough. 

Buckled and cambered plates, (i) and (ii) Eig. 289, are sometimes 
used instead of flat plates for bridge floors. Buckled plates can be 
obtained from 3 to 6 ft. square and from £ to \ in. thick ; a common 
thickness in bridge floors is fa in. They can also be obtained in long 
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lengths with a series of buckles end to end, (i). Buckled plates should 
be placed with the concave surface upward, and attached to supports on 
each side of the square by § in. diameter rivets at 6 in. pitch. A 
drain hole should be provided at the centre of each buckle. The depth 
of the buckle should not be less than ^th the clear span, nor less than 



2 in. In cambered plates these limits should be increased by 50 %. 
(i) Fig. 291 shows a deck span with a longitudinal girder under each rail 
and a buckled plate floor. 

Trough Floors . — Steel troughs are frequently used for bridge floors, 
particularly in road bridges ; they form a stiff continuous floor. The 
troughs may either be rolled to shape (i) Fig. 290, or pressed out of a steel 
plate, (ii) and (iii). In stock sizes the dimension a may range from 
4 to 16 in., and b from 1 to 3 ft. The thickness t ranges from ^ to 



Fig. 290. 


| in. In the case of the rolled troughing, (i), the thickness of the 
horizontal part, or flanges of the trough, is increased, thus giving a better 
disposition of the material. Weights, section moduli, and other par- 
ticulars of standard troughs will be found in the makers’ catalogues. 

In railway bridges, if the troughing is made to run longitudinally, no 
rail bearers are required. Fig. 286 ; in plate girder spans the troughing 
may be placed transversely and supported directly by the main girders, 
when neither cross girders nor rail bearers will be required. This arrange- 
ment is also very suitable in small road bridges, (ii) Fig. 310. In very 
small road bridges the troughing will carry the load from abutment to 
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abutment, and the main girders can be dispensed with. The application 
of trough flooring to railway bridges is shown in Figs. 135 and 286. 

Trough floors have the disadvantage that it is difficult to make a 
watertight attachment between the troughs and the main girders, and 
also to provide efficient drainage. Unless each trough be separately 
drained, it is best to fill the whole construction with concrete to a level of 
2 to 3 in. above the top of the troughs, made watertight by means of a 
| in. layer of asphalt, which is protected from the picks of the permanent 
way men by a 2 in. covering of concrete, Fig. 135. 

The troughs are designed as beams. When the troughs are placed 
transversely to the rails, a wheel load may be taken as spread over a 5 ft. 
width of the troughing * (cf. Q. No: 14, Chap. Y). When sleepers 
9 ft. long are placed transversely to the troughs, a 10 ft. width of the 
troughing may be counted in as resisting the bending moment. 

Jack Arches . — A type of jack arch floor is shown in (ii) Fig. 291. 
The arches may run transversely or longitudinally to the bridge. This 
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construction is heavy, and its use is confined to small bridges where ample 
construction depth is available, but the cost of upkeep is very small. To 
prevent water percolating between the arches and the steelwork and 
setting up corrosion, a waterproofing of asphalt is provided as indicated 
in Fig. 291. 

Reinforced- Concrete Floors . — Reinforced-concrete floors are frequently 
used for steel bridges of both the railway and .roadway types. A typical 
road bridge example is shown in Fig. 292. 

Tied Floors . — Examples of this type of floor are given in Fig. 293. 
(i) Fig. 293 illustrates a three-girder railway bridge with longitudinal way 
beams. These are carried in troughs and let in with bitumen to prevent 
rusting. The timbers are well creosoted and have a long life. All the 
main steelwork of the bridge is exposed. This type of floor is much lighter 
and the first cost is much lower than the ballasted floor ; there is far less 
riveting at the site. The cost of maintenance is higher. As an example 
of a long span bridge floor, (ii) Fig. 293 shows the troughs and way beams 
of the reconstructed floor of the Forth Bridge. 

* For a calculation of the distribution of load over trough flooring, see Martin, 
Statically Indeterminate Structures 7 London, 1895, p. 63. 
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Open Floors . — This type of floor is illustrated in Fig. 294, which is 
typical of American practice, where open floors are common. 



Fig. 294. 


For a comparison of the relative weights and costs of ordinary railway 
bridge floors, see ‘Floors for Railway Underbridges, ’ The Enqineer, 
April 16, 1920, p. 391. 
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191. Wind Bracing in Bridges. — To resist wind pressure and other 
lateral forces on a bridge, secondary bracing called wind, or lateral bracing 
is provided. This takes different forms depending on the type of the 
bridge. In a deep through bridge, the top flanges and bottom flanges 
are braced together in a horizontal plane, (ii) and (iii) Fig. 295, thus form- 
ing two wind girders, whose func- 
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tion it is to transmit the wind 
load to the abutments. The 
flanges of the main girders form 
the flanges of the wind girders, 
and the stresses due to the vertical 
loads and those due to the lateral 
loads must be properly combined. 

The web of the wind girder is 
usually cross-braced, as the wind 
may blow in either direction ; 
the cross girders are sometimes 
utilised to form the transverse 
members of the web. When a 
plate or trough floor exists, this 
may be arranged to form the web 
of the wind girder. The cross- 
bracing of the top and bottom 
wind girders is similarly arranged, but in the former case the wind load 
has to be carried down to the abutments by end portals, as indicated in 
(iii) Fig. 295. The feet, A and B, of these portals are usually assumed 
to be direction-fixed ; they are designed by the methods of Chap. VI, 
§ 99 et seq. When designing the end bearings of the main girders, it should 
not be overlooked that the wind load will come upon them. 

K -bracing . — It has been pointed out that, due to the vertical loading 
on the bridge, stresses of considerable magni- 
tude may be induced in the web bracing of 
the wind girder ; for, as indicated in Fig. 296, 
the web members of the wind girders are 
altered in length by the shortening of the 
top flanges and the lengthening of the bottom 
flanges of the main girders, caused by the 
vertical load. These secondary stresses are 
obviated by using a type of web bracing 
called K -bracing, (iv) Fig. 295, to which this 

objection does not apply. K -bracing also has the advantage in a wide 
bridge of reducing the length of the diagonal members of the lateral 
braomg. It may be used for secondary bracing in other positions, and is 
sometimes adopted for the main web bracing of large girders (cf. Fig. 379), 
but it would appear that this is not advantageous in spans of less than 
350 ft.* 



Eng. 2\ews- Record, vol. 100, p. 553. 
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Details of wind girder bracing are given in (i) and (ii) Fig. 297, and 308. 
The wind pressure on the main girders proper is assumed to be shared 
between the top and bottom wind girders. That on the train goes via 
the rails to the wind girder of the loaded flanges, in (ii) Fig. 306 to the 



Fig. 297, 

lower wind girder, on which it forms a rolling load, § 62 , Bridges, and the 
web bracing must be designed accordingly, § 196, 19. 

Portal and Sway Bracing .— The transverse lateral bracing in a through 
bridge is of two types. That which occurs at the ends of the bridge is 
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called portal bracing . As was seen above, its chief function is to transfer 
the lateral forces from the overhead wind girder to the abutments. It 
also serves to stiffen the ends of the bridge. Suxiy bracing is placed at 
the intermediate verticals. It may range from a simple comer gusset 
to a construction similar to the end portals. Its function is to stiffen the 
cross-section of the bridge against lateral distortion and to prevent lateral 
deflection of the compression flange. Some details of construction of 
portal and sway bracing will be found in Eigs. 307 and 309. Any of the 
types of portal bracing considered in Chap. VI may be used for bridges 
if convenient. 

Half-through Spans . — In half-through spans it is not possible to put 
overhead bracing, and the wind girder at the lower flange must carry the 
whole wind load to the abutments. Transverse stiffness is obtained by 
fitting large gussets where the cross gilders occur, rigidly attached to 
cross girders and to the web verticals. Examples are shown in (ii) 
Fig. 286 and (iii) Fig. 297. 

Where head room permits, 
the top flanges are sometimes 
connected together by curved 
overhead girders, (iv) Fig. 

297. These provide some 
lateral stiffness and help to 
equalise the wind loads be- 
tween the main girders. 

Deck Spans . — In a deck 
bridge, Fig. 298, the lower 
flanges AB are cross-braced 
to form the lower wind girder ; 
the floor system is usually 
arranged to act as the web of the wind girder in the plane of the top 
flanges CD. The details of construction of the wind girders are similar 
to those in a through bridge. The main girders are cross-braced in a 
vertical plane, as shown in Fig. 298, to resist lateral distortioii. This 
bracing occurs in line with the web verticals of the main girders. 

192. End Bearings. — The ends of the main girders of a bridge are 
supported on bearings. In a small bridge these may be simple sliding 
bearings similar to Fig. 269. It has been suggested * that such bearings, 
in that they dissipate energy in sliding friction, have the advantage 
that they reduce vibration and the effect of impact. In large bridges it 
is customary to provide bearings capable of angular movement so as to 
allow for the deflection of the bridge, and to make these bearings at one 
end in such a way that they will permit the bridge to lengthen or shorten 
with changes in temperature. A common type of such bearings is shown 
in Fig. 307. The angular movement is obtained by allowing the part 
attached to the girder to rotate about a pin ; the longitudinal motion is 
obtained by mounting the bearing proper on a nest of rollers. These need 
* Ref. No. 17, Bib., Chapter IV. 



Fig. 298. 
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not be completely circular ; space is gained by adopting the shape 
indicated and fitting a parallel motion. The pressure per lineal inch on 
rollers of mild steel should not exceed d ) 4 tons, where d is the diameter 
of the rollers in inches ; and d should not be less than 4 ins. An example 
of American practice is given in Fig. 299. 


ROCKER BEARING 


FIXED BEARING 



Fig. 299. 


Bearings should be placed in an accessible position, as otherwise, with 
years of inattention, they become unworkable. 

193. Loads on Bridges . — Dead Load . — The dead load consists of the 
weight of the bridge itself plus any other permanent load which it has to 
carry. The weight of the floor system must be estimated as nearly as 
possible from an existing bridge. Useful information on the weight of 
steel bridges of many types, including both the main girders and bridge 
fl x>rs, has been given by Thorpe. 28 Weights of different types of bridge 
floors will be found in The Engineer , April 16, 1920, p. 391. The following 
figures are a rough guide to the weights of complete bridge floors, including 
rail bearers and croas girders, if any. 


Single-Track Railway Bridges. lb. /sq.ft. 

Flat plate, ballasted floor. Fig. 309 (ballast trough) 125 

Flat plate, transverse sleepers, unballasted . . 55 

Trough floor, concreted and ballasted, (i) Fig. 286 and Fig. 135 235 

Trough floor, unballasted ..... 60 

Jack arch floor, on cross girders, (ii) Fig. 291 . 330 

Reinforced -concrete floor ..... 230 

Longitudinal girders, 30-ft. span, (i) Fig. 291, . 160 


The width of the floor has been taken as the distance centre to centre of 
the main girders. The above figures should be increased by 15-20 % in the 
case of double-track bridges, and reduced by 5-10 % in three-girder 


bridges. Fig. 293. 

Road Bridges. lb. fsq.fi. 

Ruckled plate, concreted, 2-in. asphalt surface ..... 120 

Trough floor, concreted, 3-in. asphalt surface . # . . . 180 

Wood deck, 5 in. thick, hardwood blocks, 9 X 5 x 3 in. . . . 60 

Remforced-eoncrete floor. Fig. 292 . . . . • .130 


The weight of the floor of a bridge will vary considerably with the 
circumstances (spacing of cross girders and longitudinals, thicknesses, 
kiwi of material) and it is preferable to estimate the weight of the flooring 
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proper independent of the cross girders and longitudinals, and to design 
the latter as plate girders (see the worked example, § 196). The following 
figures are useful : 


One track of permanent way complete (rails 95 lb. per yard) 
Ditto, tramway track 
Asphalt or cement concrete 
Ballast (gravel) 

Ditto, screened broken stone or granite ehippings 

Macadam 

Tar macadam 

Creosoted timber 


168 lb. din. ft. 
100 lb.,/lin. ft. 
140 lb., /cub. ft. 
120 lb. /cub. ft. 
90 lb. /cub. ft. 
160 lb. /cub. ft. 
140 lb. /cub. ft. 
47 lb. /cub. ft. 


The weight of the cross girders and longitudinals can be estimated by 
Unwin’s formula, using the constant C of § 179. The same formula can 
be used to find the weight of the main girders, but if these are of the 
open web type (ordinary plain girders), the constant C should be increased 
to 1 ,800-1,900, and / taken as the stress in the compression flange. When 
applying Unwin’s formula, the live load must be reduced to an equivalent 
dead load by means of a suitable impact factor (see ^ 9, § 196). 

The weight of the wind and other secondary bracing should be esti- 
mated as nearly as possible from a similar existing bridge. In. default of 
any better information it may be taken, in bridges of the type of § 196, as 
15 % of the weight of main -f cross + longitudinal girders, -a very rough 
estimate. 

If the floor is supported on cross girders, the loads on the main girders 
must be taken as concentrated at the panel points. If the main girders 
are of the plate type, and the floor system transfers its load direct, e.g. a 
trough floor with the troughs running transversely, the load on the main 
girders can be taken as uniformly spread. For girders of less than 200 ft. 
span the whole load may be supposed to act on the flange which carries 
the floor. In longer spans the load should be correctly proportioned 
between the flanges. 

Live Load and Impact Allowance . — A public rail or road bridge in this 
country must be designed to carry the standard loading specified by the 
Ministry of Transport. For each track of a main line railway bridge this 
consists of the system of wheel loads shown in (ii) Fig. 49, each unit being 
taken as 20 tons. A main road bridge must carry the Ministry of Trans- 
port Standard Load for Highway Bridges. From Fig. 50, the equivalent 
loading, including impact, for all spans may be obtained. In the case 
of railway bridges the specified impact allowance is given by eq. 4, § 61. 

When the design is not subject to Official Regulations, but the bridge 
has to carry a particular class of traffic, the procedure given in the worked 
example, f 8, § 196, may be followed. Either the equivalent uniform 
load, corresponding to the given travelling load, may be used to find the 
stresses in the members of the main girders ; or these stresses may be 
determined directly for the actual axle loads by means of influence lines. 
In ordinary bridges the two methods lead to very similar results, and for 
road bridges of over 20 ft. span the first method is all that is necessary. 
The heaviest axle loads are the most important consideration in the 
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HAai g n of the floor system. Footwalks should be designed to carry a load 
of 84 lb./sq. ft. without impact * 

Wind Pressure — The usual stipulations for wind pressure on bridges 
are discussed in § 52. The method of treatment in design will be evident 
from the worked example, % 19, § 196. 

Longitudinal Forces .— There is evidently a longitudinal force acting 
at the rail level equal in magnitude to the tractive force which the loco- 
motive exerts on the train, and acting in a direction opposite to the 
motion. A clearer idea of this effect may be obtained by considering the 
forces called into play when a man pushes a truck along the track j with 
whatever force he pushes the truck forward with his arms, he pushes, or 
tends to push, the track backward with his feet. 

Similar ly, if the brakes be applied to the moving train while it is 
crossing the bridge, there will be a negative accelerating force acting on 
the train which will have an equal reaction at the rail level, in this case 
in the direction of motion. 

Various empirical rales have been given for the magnitude of these 
longitudinal forces. Formulae equiva- 
lent to the requirements of the British 
Standard Specification 22 for single-track 
railway bridges are given in 20, § 196. 

The original may be consulted for further 
details. For a more recent investigation 
of these effects, and of the action of 
the track in transmitting the load, 
see Gelson, Proc . Inst. C.E., vol. 237, 

1933-34, p. 333 ; and also p. 402 for the relevant Indian Bridge Rules. 
When the bridge carries two or more tracks, accelerating and braking 
should be supposed to take place simultaneously on alternate tracks. 

These longitudinal loads must be carried back, via the flanges to which 
the floor is attached, to the fixed end-bearings. When the bridge has a 
plate or other continuous floor, this may be arranged to transmit the 
load either to the flanges or direct to the bearings. In the case of an open 
floor, diagonal members AA, Fig. 300, should be provided to transmit the 
load from the rail bearers to the bearings. For the method of allowing 
for the stress in the flanges when they transmit the load, see If 21, § 196. 

Centrifugal Loads . — If the track on a bridge is curved, there will be a 
lateral load w c tons per foot due to centrifugal force. If V be the maxi- 
mum speed of the train in miles per hour, w the weight of the train in 
. tons per foot, and R the radius of the curve in feet, the centrifugal force 



will be 


w(5280V) 2 wV* 

Wc = 32-2 x WTR = m t0m per f00t ’ 


This load must be regarded as a lateral travelling load on the train and 
bridge, and may be assumed to act at a point 6 ft. above the rail level. 

* According to Johnson’s experiments the weight of a densely packed crowd 
may reach as much as 181 lb./sq. it.—Engg., September 21, 1906, p. 375. 
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It should be treated in a manner similar to the lateral wind load. No 
allowance for impact is necessary, but it should be assumed that each 
track on the bridge is loaded. 

194. Secondary Stresses. — Except in the portals at the ends of a 
bridge, which must be designed to carry the wind pressure down to the 
bearings, it is customary in conventional designs to neglect the effect 
of secondary and deformation stresses. When the span exceeds 200 ft., 
the deformation stresses due to vertical and lateral deflection, and also 
those due to cross-girder deflection, § 112, should be taken into account. 

195. Permissible Stresses. Combination of Stresses. — In conven- 
tional bridge designs, the calculated primary stresses in the structure for 
dead plus live load plus impact should not exceed the permitted stresses 
set forth in the Specification. For the combination of these pr imar y 
stresses with the stresses due to wind, longitudinal force, centrifugal force, 
temperature, and deformation, if such exist, a 25 % increase in the said 
permitted stresses may be made. 

Note — The following design has been worked through from first principles. The 

modifications necessary to make it conform to B.S.S. No. 153 are indicated in 

§ 197 following. 

196. Worked Example. Open Web Girder Bridge. — Design for a 
. Single Track Through Railway Bridge , 160 ft. span, with ballasted track , to 

carry a train of locomotives of the type shown in Fig. 301. 

1. Permissible Stresses. — In direct tension 8 tons/sq. in. On the gross 
area of compression members 6*8 tons/sq. in. Direct shear on the gross 
area of web plates not to exceed 5 tons/sq. in. 

On rivets : 6 tons/sq. in. in shear ; 12 tons/sq. in. bearing pressure. 

Impact Factor : i — 65/(45 4* L) [max. = 1], 

2. Type of Main Girders . — Parallel flanges ; N bracing ,* inclined end 
posts. Floor : Flat plate floor, supported by cross girders and rail 
bearers. Wind bracing : Horizontal wind girder top and bottom, portal 
bracing between each end post, and at each vertical, (ii) Fig. 301 shows 
the general outline of the bridge. 

3. Actual Span. — The actual span will be the distance between the 
centres of the pins of the rocker bearings, viz. 160 ft. This span is to be 
used in all calculations. 

4. Depth of Main Girders and Arrangement of Panels . — The depth of 
the main girders should be from -fe to -J the span. Adopting the latter 
figure, the depth of the main girders will be 20 ft. to the centres of the 
flanges. It will then be possible to obtain the standard head room of 
14 ft. 6 in. above the rail level, and at the same time make the overhead 
bracing of a reasonable depth. Fig. 309. The span of 160 ft. may be 
divided into 8 panels of 20 ft., or 10 panels of 16 ft. The latter alternative 
will be adopted as the better arrangement. 

5. Width of the Bridge. — The standard clear width is 14 ft. 7| in. To 
obtain this clearance, the main girders must be placed from 17 to 18 ft. 
centre to centre. A mean of 17 ft. 6 in. will be adopted. 

6. Bridge Floor— Rail Bearers . — The cross girders are riveted to the 
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Fig. 301. 
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verticals of the main girders, so that the span of the rail bearers is 16 ft. 
From Fig. 309 it will be evident that, in addition to the live load, each 
rail bearer will support an area of floor 16 x 4*2 sq. ft. A single track, 
including rails at 95 lb. per yard, chairs and sleepers, weighs 0*075 ton 
per lineal foot. 

Allowing for a depth of ballast of 9 in., i.e. 4 in. under the sleepers, 
2 in. of fine concrete, 1 in. of asphalt, and a f in. floor plate, the total 
weight per sq. ft. of the floor system) other than the girders which support 
it, can be taken at 0-07 ton/sq. ft. 

The dead load carried by a rail bearer is, therefore, 16 x 4*2 x 0*07 
= 4*7 tons, or adding say 0*6 ton for its own weight = 5*3 tons. The 

dead load bending moment is ^ X — = 128 in. -tons. The 

maximum shearing-force and bending-moment diagrams for the travelling 
load, (i) Fig. 301, on a rail bearer can be found by the methods of § 21 
or § 28. From the impact formula given, since L = the distance centre 
to centre of the cross girders = 16 ft., i = 1. If, for comparison, i be 
calculated from eq. (2), § 64, i = 2*1/(J 4- %/L) = 0*7. The load on 
each driving axle is 20 tons, or 10 tons per wheel. Hence the corre- 
sponding load on a rail bearer is 10(1 -f i) = 20 tons, and similarly for 
the other wheel loads. The maximum shearing-force diagram is given in 
(i) Fig. 302. The maximum bending moment anywhere on the rail 
bearer will occur at J when two driving wheels and the trailing wheel 
of the bogie are in the position shown in (ii) Fig. 302. This can be proved 
by means of § 25. The maximum bending moment due to this load 
arrangement is 1215 in. -tons ; that at J due to the dead load is 
126 in.- tons. Hence the rail bearer must withstand a total bending 
moment of 126 -f 1215 = 1341 in.-tons. The ratio of depth to span 
should not be less than -fa ; a minimum depth of 16 in., therefore, 
is required. A 20 X n x 89 lb. B.S.B. will be a suitable section, 
Z = 167*3 in. 3 , so that the stress will be 1341 4 167*3 = 8*02 tons/sq. 
in., which may be permitted. No holes must be cut in the bottom 
(tension) flange near the centre, for the support of lateral bracing or 
other reasons. 

From the maximum shearing-force diagram, (i) Fig. 302, it will be seen 
that the maximum shearing force at the ends of the rail bearer is 35*46 
tons. The web of the B.S. beam is 0-6 in. thick and 17*4 in. deep ; 
area =10*44 sq. in. Hence the mean stress per square inch is 35*46 
4- 10*44 = 3*40 tons/sq.in. Applying the formula s = 5J* — d/20, 
eq. (1), § 174, the safe shear per inch of depth on this web, without any 
stiffeners, is s = x 0*6 — 17*4/20 = 2*43 tons per inch ; and the 
safe shearing force is 17*4 x 2*43 = 42*3 tons. The depth of the web 
is only 29 times its thickness ; and the compression flange of the girder 
is prevented from deflecting sideways by the floor plating, so that there is 
little tendency for the beam to distort laterally. In these circumstances 
no intermediate stiffeners are required. 

The rivets to be used in this design are f in. diameter in i|-in. holes. 
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Considering the riveting in the angle cleats at the ends of the rail bearer, 
those passing through the 0*6 in. web plate are in double shear ; each is 
worth if x 0*6 x 12 = 6-75 tons, and 35*46 -f- 6*75 — 6 are required, 
7 are provided. Since the load 35*46 tons comes all from one side of the 
cross girder, the rivets connecting the cleats to the cross girder must be 
regarded as being in single shear, each worth 0 * 69 x 6 = 4 - 14 tons ; and 
35 . 46 ju 4 . 14 -- 9 will be required. These rivets are field rivets, and their 
number must consequently be increased by 15 %. Five in each cleat 



and three in the shelf angle will be provided. The rail bearer is shown 
in (iii) Fig. 302. 

7. Bridge Floor — Cross Girders . — Each cross girder supports an area 
of bridge floor 16 x 11 J sq. ft., weighing 0*07 ton/sq. ft. = 12-9 tons. 
To this must be added 2x0*6 tons, the weight of two rail bearers, plus 
approximately 14 tons for its own weight, including brackets, etc., a total 
of 15*6 tons. Of this, 2 x 5*3 = 10*6 tons is conveyed direct by the 
rail bearers, leaving 5 tons which may be considered, for practical pur- 
poses, as uniformly spread. To find the position of the travelling load 
which produces the maximum load on a cross girder, use may be made 
of a reaction influence line, (iv) Fig. 302. Consider the cross girder at b ; 
the reaction from the rail bearer span oh can be obtained from the reaction 
influence line for the right-hand reaction of span ab 7 which is the triangle 
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adb, § 32. Similarly, the reaction from the span be will be given by the 
triangle bde, which is the reaction influence line for the left-hand reaction 
of the span be. The triangle adc, therefore, is the influence line for the 
total reaction on the cross girder b from the two rail bearers ab and be ; 
and, for any load position, the sum of the ordinates, each multiplied by 
the magnitude of its load, will give the reaction. By trial, it can be shown 
that the maximum reaction carried by the cross girder occurs when the 
loads are in the position shown in (iv) Fig, 302, and that it is 43*6 tons. 

If the usual assumption for cross girders be made, that L in the impact 
formula is twice their distance apart, L = 32 ft. and i = 65 + (45 + 32) 
= 0*85, which value includes the effect of lurching. Had eq. (3) § 64 
been used, i = 5/(6 + L), where L = 16 ft., i = 0*23, a much smaller 
figure, but in this case no allowance is made for lurching. Using the value 
0*85, the equivalent static reaction on the cross girder is 43*6 x 1*85 
= 80*6 tons, or per rail bearer = 40*3 tons. The total equivalent dead 
load on a cross girder is, therefore, 2x 5*3+5 + 2x 40*3 = 96*2 tons, 
disposed as shown in (v) Fig. 302. The maximum bending moment occurs 
at the centre and is 3597 in.-tons ; the shearing-force diagram is shown 
at (vi) Fig. 302, the maximum shearing force being 48*1 tons. The 
girder can be designed as a plate girder, Chap. X. The necessary cross- 
section is shown in (vii) Fig. 302, for which Zt — 452*6 in. 3 , and the 
maximum tensile stress is 3597 + 452*6 = 7*95 tons/sq. in. ; Z c — 490*1, 
and the ma ximu m compressive stress is 7*34 tons/sq.in. Since the 
compression flange is reinforced by the floor plating of the bridge, this 
stress may be permitted. The web plate is in. thick ; taking d = 27 in., 

and Dj* = 29Jin., it is worth [eq. (1), § 174] 1*74 x 29| = 51*3 tons, 
which is sufficient. The average shear stress is 48*1 + (29 f X 
= 2*9 tons/sq. in. A if- in. rivet, bearing in a in. plate, is worth 
6*32 tons; A 2 = 0*83 [eq. (6), § 175]; hence the safe shear force 
(S 2 = $ 2 x D x ) on a row of rivets at 4 in. pitch, connecting the flange 

6*32 

angles to the web plate, is Q~gg x 29 J =56*1 tons. A 4 in. pitch will 

therefore he adequate at the ends of the girder; a 6 in. pitch will be- 
used between the rail bearers where the shear is small [see (vi) Fig. 302]. 

The maximum shearing force at the ends of the cross girder being 
48 • 1 tons, 48 • 1 + 6 * 32 = 8 rivets in double shear will be required to 
connect the end cleats to the web. A rivet in single shear is worth 
0*69 x 6 = 4*14 tons ; and 48*1 4- 4*14 = 12 rivets will be required 
to attach the cross girder to a main girder. These rivets will be field 
rivets, on which account not less than 14 must be provided. The cross 
girder is shown in Fig. 309, and the attachment to a main girder in 
Fig. 308. 

A f in. flat floor plate, with ballast guards, Fig. 309, will be used to 
contain the ballast. 

* In a cross-section of the above type with no flange plates, D x should be taken 
inside, not outside, the flanges of the angles. In this case 3+ = 31 — 2 X f = 29£ 
inches. 



428 


MATERIALS AND STRUCTURES 


8. Determined io n of the Equivalent Moiling Loads. The equivalent 
uniform rolling loads for both shear, and bending should next be deter- 
mined for a train of locomotives, (i) Fig. 301. The methods of § 21 may 
be employed. The actual wheel loads should be used for this purpose, 
without additions for impact. In the present instance, the equivalent 
uniform rolling load for shear is found to be 380 tons, or 2*38 tons per ft. ; 
the maximum shearing force at the ends of the span due to this load 
being ± 190 tons, (iv) Fig. 300. The equivalent uniform rolling load for 
bending is 342*5 tons, or 2*14 tons per ft. ; and the maximum bending 
moment at the centre of the span is 6850 ft.-tons = 82,200 in.-tons. 
It is worth noticing that the average weight per foot of the locomotive 
is 148*75 tons 4- 70*4 ft. = 2*12 tons per ft., a close check on the equi- 
valent uniform rolling load for bending in spans of this length. 

9. Estimation of the Total Dead Load. — The total dead load on the 
bridge is found by adding the weights of the floor system, the main girders, 
and the overhead wind bracing. From *[[ 7 above, the weight of the floor 
system carried by one cross girder is 15*6 tons, and there are 10 panels. 
Hence the total weight of the floor system is 156 tons. The weight of 
the main girders may be estimated as follows : The equivalent rolling 
load is 342-5 tons, and the impact factor for the main girders (see f 1) is 

65 65 

i = — = — , = 0*32. Hence the equivalent uniform static 

45 4- L 45 4-160 , 

load is 342*5 x 1*32 — 452 tons. As a first estimate, the weight of the 
wind and portal bracing may be taken as 15 tons. The total equivalent 
uniform load carried by the main girders, exclusive of their own weight, 
is, therefore, 156 4- 452 4- 15 = 623 tons, or 312 tons per girder. The 
weight of each main girder may be estimated by Unwin’s formula, § 179, 


WLr 312x160x8 

Of - Lr “ 1900 x 6*8 - 160 x 8 


34*3 tons 


where r, the ratio of span to depth, is taken as 8 ; /, the stress in the com- 
pression flange = 6-8 tons/sq. in. ; and C for girders of this type may be 
taken as 1900. The total dead weight of the bridge is, therefore, 
156 -f 2 x 34*3-f- 15 = 240 tons, or 12*0 tons per panel point of each 
main girder, since the dead load may be taken as uniformly spread. 

10. Estimation and Tabulation of the Forces in the Members . — The 
forces in all the members of the main girders, due to the dead load, may 
now be ascertained. This is most conveniently done by drawing a stress 
diagram for a main girder, with unit load at each panel point, (iii) Fig. 301, 
and checking the results obtained by calculation. The forces in all the 
members, with unit load at the panel points, are transferred to the stress 
sheet, p. 430 ; the actual forces due to the dead load are obtained by 
multiplying these figures by the real panel point load, 12*0 tons. The 
forces due to the live load will be determined from the equivalent rolling 
loads. The maximum forces in the flanges will occur when the equivalent 
rolling load covers the whole span. In this case (see % 9), the impact 
factor is 0*32, and the equivalent uniform static load is 342*5 x 1*32 
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= 452 tons ; or 452 4* 20 = 22*6 tons per panel point. The actual forces 
in the flange members are obtained by multiplying the forces due to the 
unit load by 22*6 (see the stress sheet). 

The maximum forces in the web members, due to the live load, are 
found from the equivalent rolling load for shear. The position of this 
load, when the shear force in each panel is a maximum, can be obtained 
from an influence line (v) Fig. 301 [compare (v) Fig. 63]. As a particular 
case, consider panel 4. It was explained in § 34 that the positive shearing 
force is a maximum in this panel when the front of the load has advanced 
to h z , (v) Fig. 301. From the geometry of the figure, k l j 1 = 0*3 ; kj} % 
= 0*6 ; hence, k x k z = = fL 1? and ah z = where L x is the 


panel length. 


In a similar way, for the nth panel, h jk z = 



L 1? and 


ak~ = 


(n - 1 ) 


n 


Ul. » 10 ,„ 


1)L, 


n — 1 


L, since there are 


9 ) 1 9' ' * 9 

10 equal panels. If the load per unit of length be unity, the reaction 


2 = 1 X 


R 

Fig- 61], 


(ak 3 ) 


1 fn-1 T 


P 2 =lx 


2L 2L\ 9 
(*!*«)* 




1) 2 L 


162 


Also [see § 33 and (v) 


2Li 


1 in- 

2LA 


44 “ 


(» - l) 2 !*, 

162 


(n - 1) 2 L 
10 x 162 


But the shearing force in the nth panel is 


o x> t> (n-l)*L (n-l)*L (n-l)*L 

2 2 162 10 x 162 180 ' 


Since the equivalent rolling load is 2*38 tons per ft. of length, and 

1 60 

L == 160 ft., S = 2*3 8(n — l) 2 Q ; or, per main girder, S = 1 *056 (n — 1) 2 

loQ 

tons. It is convenient to make the calculation in the tabular form given 
on p. 430. In this table the length ah z and the shearing force S are found 
from the above formulae by giving successive values I, 2, 3, . . .to n. 
In the present state of knowledge (see § 64) the same impact factor, 0*32, 
will be used for all the / web members as for the flanges ; the procedure 
commonly adopted with the Pencoyd formula will not be used. From 
the equivalent shearing force in the panel, the forces in the two web 
members composing it are at once obtained. It should be noted that the 
two web members in panel 4 are Nos. 24 and 34, and so on. The force 
in the vertical is equal to the equivalent shearing force S(1 -f* i), that in 
the diagonal is S(1 + i) sec 9, Fig. 21. 

In carrying these forces to the stress sheet, every bar in the web must 
be included, and care must be taken to give the correct sign to the forces. 
Thus the shearing force considered above produces compression in the 
diagonals of panels 2, 3, 4, and 5, and tension in the verticals. When 
the front of the load has passed the centre of the girder and the slope of 
the diagonals reverses, the force in the diagonals becomes tensile, and 
that in the verticals compressive. Verticals Nos. 32 and 39 are exceptions 
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Stress in the Web Members due to the Travelling Load. 


Panel 

n 

Length 

ak z 

Shearing 

Force 

S. 

Equivalent 

Shearing 

Force 

S(1 + i)* 

Force in the Bars. 

Tons. 

Diagonals. 

Verticals. 


Feet. 

Tons. 

Tons. 



1 

0 

0 

0 

0 

— 

2 

17*8 

1*06 

1*40 

1*8 

Special 

3 

35* 0 

4*22 

5*57 

7*2 

5*6 

4 

53-3 

9*50 

12*54 

16*1 

12-6 

5 

71*1 ! 

16*90 

22*31 

28*6 

22*3 

6 

88*9 . 

26*40 

34*85 

44*7 

34*9 

7 

106*7 i 

38*00 

50*16 

64*3 

50*2 

S 

124*4 

51*74 

68*30 

87*5 

68*3 

9 

142*2 

67*58 

89*21 

114-3 

Special 

10 

100*0 

85*54 

112-91 

144*6 

— 


* i =s 0 • 32 for all bars. 


One Main Girder. Stress Sheet. 


Bar. 

. • 

Length 

(Feet). 

Force in Bar (Tons). 

No. 

lettered. 

Unit 

Load. 

Dead 

Load. 

Live 

Load. 

Dead 4- Live 
Load. 

1 

BH 

16-0 

+ 3*6 

4- 43*2 

4- 81*4 

4-124*6 


2 

CJ 

16*0 

+ 3*6 

-j- 43*2 

4- 81*4 

4-124-6 


3 

DL 

16*0 

t 6*4 

4- 76*8 

4-144*6 

4-221*4 


4 

EN 

16-0 

-f 8*4 

4-100*8 

4-189*8 

4-290*6 


! 5 

FP 

16*0 

+ 9*6 

4-115*2 

4-217*0 

4-332*2 


j 12 

AK 

16*0 

- 6*4 

- 76*8 

-144*6 

-221*4 


! 13 

AM 

16*0 

- 8*4 

-100*8 

-189*8 

-290*6 


! 14 

AO 

16-0 

- 9*6 

-115*2 

-217*0 

-332*2 


1 15 

i 

A Q 

16-0 

-10*0 

-120*0 

-226*0 

-346*0 


21 

AH 

25*61 

- 5*70 

- 69 -1 

4- 0*0 

- 69*1 

-213*7 

1 *>2 

JK 

25*61 

+ 4*48 

4- 53*8 

- 1*8 

4- 52*0 

4-168*1 

| 23 

LM 

25*61 

+ 3*20 

4- 38*4 

- 7*2 

4- 31*2 

4-125*9 

| 24 

NO 

25*61 

+ 1*92 

4- 23*0 

- 16*1 

4- 6*9 

4- 87*3 

1 25 j 

PQ 

25*61 

+ 0*64 

-f 7*7 

- 28*6 

- 20*9* 

4- 52*4* 

: 26 ! 


25*61 

+ 0*64 

4- 7*7 

4- 44*7 

-j- 52*4. 


27 


25*61 

+ 1*92 

4- 23*0 

+ 64*3 

4- 87*3 


28 


25*61 

■f 3-20 

4* 38*4 

4- 87*5 

4-125-9 


i 29 ; 


25*61 

+ 4*48 

4- 53*8 

4-114-3 

4-168*1 


i 30 


25*61 

- 5*76 

- 69*1 

-144*6 

-213*7 


i i 

32 

HJ 1 

20*0 

1+ 1-0 

! 



f 48 -If 

i 33 

KL 

20*0 

j- 2*5 

- 30*0 

4- 5*6 

- 24*4 

- 98*3 

! .34 

MN 

20*0 

- 1*5 

- 18*0 

4- 12-6 

- 5*4 

- 68*2 

! 35 

OP ! 

20*0 

- 0*5 

- 6*0 

4- 22 *3 

4- 16*3* 

-*40*9* 

35/y 

QR 

20*0 

- 0-0 

- 0*0 



■ 


: 36 


20*0 

- 0*5 

- 6*0 

- 34-9 

- 40*9 


i 37 


20*0 

- 1*5 

- 18*0 

- 50*2 

- 68*2 


| 38 


20*0 ! 

- 2*5 

- 30*0 

- 68-3 

- 98*3 


j 39 


20-0 j 

! 

+ i*o 




+ 48*11 


# S2+. 
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in that they merely act as hangers for the end but one cross girders, and 
are therefore always in tension. The correct sign is given to all the forces 
in the stress sheet. 

11. The Stress Sheet . — All the forces may now be entered on the stress 
sheet. For the top and bottom flanges, only one-half the girder need be 
considered. The forces in all the web members should be included. Cols. 
1 and 2 designate the bars. Col. 3 gives their length centre to centre of 
the panel points. Col. 4 gives the forces due to unit load at the panel 
points. The forces due to the dead load, Col. 5, are obtained by multiplying 
the forces in Col. 4 by 12 tons (see If 9) . The live load forces in the flanges. 
Col. 6, are likewise obtained by multiplying the forces in bars Nos. 1-5, 
and 12-15, given in Col. 4, by 22*6 tons. The remainder of the forces 
in Col. 6 are entered from the table in 10. The addition of the dead 
and live load forces is given in Col. 7, taking account of signs. So far, 
no consideration has been given to the negative shearing force which 
occurs at any section when the tail of the train is at that section, § 34 ; 
but it is evident that the negative shearing force in panel 4, when the 
tail of the train is at Jc 3 in that panel, will be exactly equal to the positive 
shearing force in the symmetrically placed panel 7, when the front of the 
train is at k 3 in panel 7, and so on for the other panels. Not only so, 
but since the diagonals slope in opposite directions on the two sides of 
the centre, the negative shearing force in panel 4 will produce forces in 
the web members of that panel of the same sign as the positive shearing 
force produces in panel 7. The forces due to the dead load in the two 
panels are also equal and of like sign. If then the total force in bar 
No. 27 from Col. 7 be entered opposite bar No. 24 in Col. 8, this will give 
the total force in bar No. 24 when the maximum negative shearing force 


occurs in panel 4, and similarly for the other web members. Only 

the forces in the web members for one-half the ? 

girder need thus be entered. These members f j 'flr 

must be capable of carrying the larger of the two I- 

forces given in Cols. 7 and 8. In two bars, JL 

Nos. 25 and 35, the stress actually reverses, and Jr'!' : Bi 

special treatment is necessary. jtt» 

12. Bottom Flange . — The type of cross-section \ h — 4 

proposed for the bottom flange at the centre of the Angles 4 *3 2 * 
bridge is shown in Fig. 303. The worth of the FlG * ° 3 * 

four 4 x 3J x \ in. angles, less two yf hi* rivet holes in each, at 8 tons/sq. 
in., is 4(3*5 - 2x|x -f$) x 8 = 82 tons. The net width of a flange 
plate is 18 — 4 x == 14-25 in. Then, 


Angles 4** i 
Fig. 303. 


Bar No. . 

Force in Bar . 

1 & 2 
124-6 

3 

221-4 

4 

290*6 

332*2 tons. 

Worth of 4 angles 

82*0 

82-0 

82-0 

82 * 0 tons. 

Worth of Plates 

. 42-6 

139-4 

208-6 

250-2 tons. 

Net Area at 8 tons/sq. in. 
Thickness required . 

Use ... 

5*4 
0*38 
. 2 at f 

17*4 

1*23 

2 at | 

26-1 
1*84 
2 at i 
at J 

31 * 3 sq. in. 
2-20 in. 

2 at f in. 
4-2 at l 
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The two angles and one f in. plate must extend from end to end on 
each side of the flange, and an additional \ in. plate will be required on 
each side for bars Nos. 4, 5, 6, and 7. 

13. Top Flange . — The normal cross-section is shown in Fig. 304. The 
width, centre to centre of the rivet lines through the top plate, is 22\ in. 
According to the American rule, § 160, in 
order to develop the full strength of the 
plate, the thickness should not be less than 
^th of this dimension, say 0*56 in. ; the 
flange plate has therefore been made 
thick. The particulars of the cross- 


Angies JSi 
4'* 4'*!' ** 


TV 


Angles . 




t 


in. 

section are: area 45*2 sq. in., min. I 
= 1681 in. 4 , min. /c=6* 09 in. For Fig. 304. 

practical purposes the centre of area can 

be taken as 5 in. below the backs of the upper angles. Using eq. 
(1), § 163, 

1 '(fry 


6*8 - 


3700 V 


L = 16 ft. = 192 in. ; the member may be taken as imperfectly 
direction-fixed, q — 0*78, k = 6*09, whence gL//c = 0* 78 x 192 6*09 

24 * 6 2 

= 24*6, f a = 6*8 — — = 6*63 tons/sq. in., and the safe load on the 

0/ 00 

section is 45*2 x 6*63 = 299*6 tons ; this section would be suitable for 
bars Nos. 12 and 13. 

To increase the safe load to 346 tons, either the 4 x 4 in. angles might 
be doubled on each side, or a second flange plate, say in. thick, might 
be added. The first expedient is lighter, but the second allows the gusset 
plates to take on to the rows of rivets through the 4 x 4 in. flange angles, 
and enables a longer attachment for the verticals to be made. If ; the 
second alternative be adopted, the area = 57 sq. in. ; min. I = 2002 in. 4 ; 
k = 5*92 in. ; and qhjK = 25*3. The safe stress, therefore, is again 
6*62 tons/sq. in., and the safe load is 57*0 x 6*62 = 377 tons. Taking 
secondary flexure into account, the pitch of the rivets connecting the 
flange plate is 6 in., k for a in. plate bending between the rivets 
is t + Vl2 = 0-126 in. Since there are many identical elementary 
spans in line, each may be considered as direction-fixed at the ends, 
q' = 0*56, and q'L'j k' = 0*56 x6t 0*126 = 26*7, hence from eq. (3), 
1 160, with the constants from eq. (1), § 163, 


/a = 6*8 — 


= 6*8 - 


1 

3700 

1 

3700 


[(£)*♦ 

[25 -3 2 -f 26 *7 2 ] = 6*43 tons/sq. in. 


and the safe load is 57*0 x 6*43 = 366 tons. 

The -fe in. plate must extend over panels 14, 15, 16, and 17. 
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14. End Posts. Bar No. 21. — The force in this bar is — 213*7 tons, 
its length is 25*61 ft. It is proposed to use the same cross-section as 
that for the top flange, bar No. 12, min. k = 6*09 in. Assuming the 
ends to be imperfectly direction-fixed, g = 0*78, qLjfc = 25*61 x 12 
x 0*78 + 6*09 = 39 *4 ; and from eq. (1), § 163, 


fa - 6*8 


JL (&Y 

3700 \ a: ) 


6*38 tons/sq. in. 


The area of the member = 45*2 sq. in., hence the safe load is 45*2 x 6*38 
= 288 tons, which is ample. The strength of the member as part of the 
portal bracing must also be considered. To carry 
the load of 213*7 tons, 52 rivets in single shear at 
4*14 tons per rivet are necessary. As will be seen 
from Fig. 307, 60 rivets have been provided, some in 
double shear, see ®f[ 17. 

15. Tension Members . — In each case a section 
consisting of four angles connected by batten plates 
will be used, (i) Fig. 305. The calculations, given 
below, include the vertical bar No. 32, which is a 
tension member. For the consideration of bar 
No. 25 as a column, see 16. Tension members, 
thus constructed, may be regarded as concentrically 
loaded, and the full net area may be counted in. 


Bar No. 

22 

23 

24 

25 

32 

1 

Fore© in bar, tons . 

Net area at 8 tons/sq. in. 

+ 168*1 

+ 125*9 

+ 87*3 

+52*4 

| 

+48-1 

21*1 

15*8 

11-0 

6-6 

6*1 

Net area per angle 

Rivets required at 4*14 

5-28 

3*95 

2*75 

1*65 

1-53 

tons per rivet single 
shear 

!* 41 

/ 

31 

22 

13 

12 | 

i 

Add 15% for field rivets 

47 

36 

26 

15 

14 

Rivets per angle . 

12 

9 

7 

4 

4 | 

Angle section required . 

6 x4 x f 

5x4x£ 

5x31x1 

5x3*-X* 

4 X 3 X J | 



Treating bar No. 22 as a typical example, and subtracting two rivet 
holes from each angle, the loss of area if the material be £ in. thick is 
2 x ^ x | = 1*41 sq. in. The required gross area is therefore 5*28 
+ 1*41 = 6*69 sq. in. A suitable section would bea6x4xfin. angle 
(area 6*94 sq. in.), as given. 

16. Compression Members ( Verticals ). — The length between the centre 
lines of the flanges is 20 ft. = 240 in. The type of section proposed for 
the verticals is shown in (ii) Fig. 305. Considering the bending about 
the yy axis, the members are attached hv stiff gussets to the heavy flange 
members, and q may be taken as 0*7 ; qL = 0*7 x 240 = 168 in. The 
calculations are set out in tabular form on p. 434 ; the safe load per 
square inch is found from eq. (1), § 163. 
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Bar No 

33 

34 

35 

25 

- 1 — — * — — 

Force in bar, tons .... 

Section • ■ • • 

proposed Web .... 

Gross area, sq. in. . 

Min. k . 

j Ratio, qhjK . . . . . j 

Safe load, tons /sq. in. . . j 

i Safe load on member, tons . «. I 

! Rivets required at 4*14 tons per rivet j 
; in single shear . . . . j 

J Add 15% for field rivets . . j 

\ Rivets per angle . . . . : 

; Shear, 2|% of W, tons . . . j 

i ! 

- 98*3 
5X3X J 

15* X* 

20*8 

2*1 

80 | 
5*07 1 

105 

24 

28 

7 

2*5 

- 68*2 
5x3xf 

15* Xf 

17*2 

2*0 

84 

4*89 

84 

17 

20 

5 

i J’ 7 

-40*9 

5x3xf 

15* Xf 

17*2 

2*0 

84 

4*89 

84 

10 

12 

3 

1*1 

— 20*9 

5 x 3* x * 
Batten 
Plates. 
16*0 

2*27 

109 

3*59 

57 

(6X 

(4) 

0*6 


Lighter sections for bars Nos. 34 and 35 could be designed if lattice 
webs were used, but this entails narrow spaces between the angles which 
cannot be kept painted. The plate is to be preferred, and the extra weight 
is not serious. The shearing stresses on plate and rivets are small. 
Bar No. 25 should be examined for bending about the xx axis (qL = 0*8 x 
307*3 = 245 ‘9 in.) as a batten plate column, § 166, taking into account 
local flexure. It will be found to be much stronger in this direction 
than about yy. 

17. Rivets in Gussets . — As typical of the method of calculation, the 
attachment of bar No. 12 to the end top gusset will be considered, 
Fig. 307. The load in this member is 221 *4 tons, and at 4-14 tons per 
rivet in single shear, 54 shop or 62 field rivets are required. Apportion 
these to correspond with the areas of the different parts of the member. 


Top plate 27 x 4 in. . 
Two stringers 16 x * 
Two angles 4 X 4 x i . 
Two angles 3J X 3 J x * 


area = 16*2 
16*0 
7*5 
6*5 


rivets ; s 21 
22 
10 


45*2 


62 


Approximately * x 21 + x 22 + * x 10 = 20 rivets must be provided 
in the top row through each 4x4 angle. It is impossible to do this, 
and the rivets must be placed in double shear by introducing short lengths 
of angle inside the gusset plate ; 10 rivets bearing in the f in. gusset 
plate are then sufficient. Approximately Jx9 + ^x22=8 rivets are 
required through each 3* x 3* angle. 

The horizontal force on the rivets connecting the gussets at the foot 
of bar No. 35 to the bottom flange, Fig. 308, is the horizontal component 
of the force in bar No. 24, i.e. 87 *3 sin 6 = 54*5 tons, and 14 shop rivets 
are required. The other gussets may be similarly treated. 

18. Joints . — The girder has been arranged for dispatch in parts and 
re-erection at the site. . The field rivets are shown as open circles, the 
shop rivets as black circles. Assuming that 43 ft. lengths can be handled. 
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it will be necessary to make joints in the flanges ; these may conveniently 
be placed in bars Nos. 2, 4, 7, and 9, towards the centre, in the bottom 
flange ; and in bars Nos. 13, 16, and 18, towards the centre, in the top 
flange ; thus breaking joint as far as possible. A typical joint for the 
bottom flange, bar No. 7, is shown in Fig. 309. It is of the grouped 
variety and may be designed by the methods of § 172, but should be 
examined in the light of Fig. 257. Double-butt covers are used for the 
plates, round-back covers for the angles. The batten plates also are 
utilised as covers for the latter. 

19. Wind Pressure . — Adopting the proposals of § 52, the empty bridge 
will be designed to resist a wind pressure of 40 — 0 • 016L =37-5 lb./sq. 
ft. ; it will be sufficient to adopt the usual 30 lb./sq. ft. for the loaded 
bridge. In order to calculate the area exposed to wind of one main 
girder, the value of C, § 45, for the members must first be fixed. The 
two sides of the bottom flange are 1 diameter apart, and from Stanton’s 
experiments with flat plates C = 0-83. To allow for the ‘ cup’ effect 
of the outstanding angles, take C = 1. This value may also be assumed 
for the compression flange, the end posts, and the verticals. The 
diagonals average about 11 diameters deep, and C = 0-74. It will be 
an error on the safe side, therefore, if C be taken as unity for all the 
members, in which case the area exposed to wind is : 

Bottom flange ..... 240 

Top flange 179 

End posts ...... 72 

Verticals 134 

Diagonals . . . . . .105 

Gussets ...... 20 

810 sq. ft. 

The area of the contour of the girder is about 3,100 sq. ft., so that <f>, 
the fullness factor (see § 47), is 810 ~ 3100 = 0*26, and according to 
Plachsbart’s experiments, C = 1*26 for a single girder, agreeing with 
Stanton’s experiments. The main girders are 17-5 20 = 0-88D apart, 

and are connected by a floor ; C for the pair will be taken as 1*5 (see 
§ 48) . The total pressure on one main girder at 37 * 5 lb./sq. ft. is therefore 
1*26 x 37*5 x 810 ~ 2240= 17*1 tons, 7*9 tons acting on the top 
flange and 9*2 on the bottom flange. The total pressure on the pair 
is 1*5 x 37*5 x 810 2240 = 20*3 tons ; or on the leeward girder is 

20*3 — 17*1 = 3*2 tons ; 1*5 on the top and 1*7 on the bottom. On 
the windward girder at 30 lb./sq. ft., the corresponding figures are : top 
flange 6*3, bottom flange 7*4 tons. 

The depth exposed to wind by the ballast trough is 18| in., which 
will be doubled to allow for the exposed area on the leeward side, 
rails, etc. The depth of the rail bearers is 20 in., and since they are 
5 ft. apart, take C = 1£. The exposed area of the floor system is then 
160(37 + 1 \ x 20) -r* 12 = 894 sq. ft., and the wind load at 37J lb./sq. ft. 
is 15 tons ; at 30 lb./sq. ft. it is 12 tons. 

The area of the train may be taken as 10 sq. ft. per foot of length. 
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equivalent at 30 lb./sq. ft. to a wind load of 0*134 ton/ft., or 21*4 tons 
on the completely covered bridge. The exposed areas of the leeward 
girder in this condition are 251 sq. ft. at the top, and 240 sq. ft. at the 
bottom. Assuming the same shielding ratio as before, the corresponding 
wind loads will be 0*9 and 0*8 ton. 

The wind loads on the bridge in the two conditions are then as shown 
in Fig. 306. The maximum wind load on the upper wind girder is, 

37Hb./sq.fl. 30 Lb./sq,. ft. 


Fig. 

therefore, 7*9 + 1*5 = 9*4 tons; and on the lower wind girder is 
7*4+ 12*0+ 0-8 = 20*2 tons, plus the rolling wind load of 0*134 
ton /ft. The upper wind girder is shown in Fig. 301. There are 8 panels, 
and the load per panel is 9*4— 8 = 1*2 tons. Dividing this load 
equally between the double system of bracing, the forces in the diagonals 
are found to be (tons) : 

Panel No. 2—2 * 9 2*1 1*3 0 • 5— Panel No. 5. 

The end reaction to be carried by the portal is 4*7 tons. The maximum 
wind force in bar No. 15 is 12 • 9 tons. 

There are 10 panels in the lower wind girder and the load per panel is 
2*02 tons. The shearing force in any panel due to the rolling wind load 
is given by the formula established in 10, 

S — - — — x 0*134 = ~ x 0*134(?i — l) 2 tons. 

Dividing the loads equally between the two systems of bracing, the 
maximum forces in the diagonals are (tons) : 


10 9 8 7 6 


Static load 

Rolling load 

(5*16 

6*54 

4*80 

5*17 

3*43 

3*96 

2*06 

2*91 

0*69 
2* 02 

Total 

12*70 

9*97 

7*39 

4*97 

2*71 


The maximum load in bar No. 5, when the span is fully covered, and 
the wind load is 20 *2 + 21 *4 tons, is 46*9 tons. 

In addition, there will be an increase in the force in the flange 
members due to the concentration of load on the leeward girder, which 
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will be a maximum when the bridge is fully covered. Taking moments 
about the plane of the lower wind bracing, which carries the shearing 
force [see (ii) Fig. 306], 

7- 2 tons x 20-7 ft. = 149-1 

21-4 x 11-75 = 251-5 

12-0 x 2-5 = 30-0 

8- 2 x 0-75 = 6-2 

48-8 ~ 436-8 ft. -tons. 

The distance between the main girders is 17-5 ft. centres ; hence the 
extra downward force on the leeward girder is 436 • 8 -j- 17-5 = 25-0 tons, 
or 2-50 tons per panel. From the stress sheet, the forces in bars No. 15 
and No. 5, with unit loads at the panel points, are — 10 and+ 9-6 tons 
respectively. Hence the extra wind forces in these bars are — 2-50 
x 10 = — 25-0, and+ 2-50 x 9-6 = + 24-0 tons. 

The forces in the flanges due to wind pressure must be properly com- 
bined with the other forces in the flanges (see 21, below). The Hiagnna .1 
bracing is designed in the usual way to resist the forces calculated above, 
working at normal stresses. 

The portal is designed to carry a load of 4-7 tons by the methods of 
§ 101, assuming the lower ends to be fixed in direction. Aga.in it will be 
found that the end posts will carry the wind load without extra stiffening 
The upper transverse struts, Fig. 309, must be designed to carry one-half 
the wind load per bay, viz. 1-0 ton. This sway bracing, including the 
corner brackets, should be made as deep as possible to give lateral rigidity 
to the bridge. 

20. Longitudinal Forces. — The longitudinal reactions at the rail 
heads due to acceleration and braking may be assumed -to be : 

Acceleration : P = L ^ S ?5 - = 28-3 tons (max. = 0-26S). 

Braking : 

(21 ) (21 

* = | L + 9 o + °*13| ® = * 250^ x ^ = 40-7 tons (max. = 0-26S) 

where S is the maximum shearing force at the end of the span due to the 
travelling load [190 tons, (iv) Fig. 292]. The force of 40 '7 tons will be 
transmitted through the ballast trough to the 11 cros3 girders and thence 
to the main girders. There will therefore be a lateral force of 1 *85 tons 
on each end of a cross girder. The stress produced thereby is small, 
otherwise a construction similar to Fig. 300 should be used. The forces 
in the members of a lower flange, due to these cross-girder loads, will 
increase in equal steps of 1*85 tons from ±1*85 tons at the free end of 
the girder to ± 18 * 5 tons at the fixed end. 

21. Combined Stresses . — The stresses due to the dead, live, and wind 
loads will combine in the top flange ; in the bottom flange the combina- 
tion must include the longitudinal forces. Thus the combination of 
forces in bar No. 15 is : dead -f- live = 346*0, wind == 12*9 -f 25-0, 
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total = 383-9 tons, or well within the allowed increase of 25 %, § 195. 
In bar No. 5 the combination is : dead + live = 332-2, wind = 46-9 
+ 24-0, longitudinal force = 11-1, total = 414-2 tons. The allowable 
load on the section, 12, at 8 tons/sq. in. is 338-5 tons, or plus 25 % 
= 423-1 tons, so that again the permitted increase is not exceeded. If the 
other members of the bottom flange be similarly examined, they will be 
also found to be adequate. 

22. End Bearings. — From 9, the total load to be carried by the end 
bearings is 240 + 380 x 1*32 = 742 tons, or 186 tons per bearing. 
Allowing 20 tons/sq. ft. on a hard sandstone bedstone, an area of base 
39 in. x 37 in. will be provided. The load on the projected area of the 
rocker pin should not exceed 2 tons/sq. in. to prevent seizing, and that 
on the rollers should not exceed 0-25 d tons per inch of length (d — 
diameter of pin in inches). These bearings, one fixed and one sli ding , are 
shown in Dig. 307. 

23. Camber. — The main girders should be built with a camber, so that 
the loaded bridge will not sag below the horizontal. To effect this, the 
length of the top flange members should be increased by | in. per 10 ft. 
of length, = 0 - 2 in. in the present design. 

24. Materials and Workmanship.— AH materials and workmanship 
should be of the highest possible class and conform to the British 
Standard for Girder Bridges (B.S. No. 153, Pts. 1 and 2, 1933). 

197. Single Track Railway Bridge, 160 ft. Span. § 196. — Redesign to 
conform to B.S. No. 153,* Parts 3, 4, and 5, 1933. — Loading. — Ministry 
of Transport 20 unit loading; see Fig. 49. Total equivalent dis- 
tributed load = 400 tons ; Maximum shear at the abutments = 220 tons, 
ef. (iv) Fig. 301 ; Maximum axle loads, two of 25 tons, 6 ft. apart ; 
Uniformly distributed load on a rail bearer = 70 tons, maximum 
shear at a support = 42-5 tons ; Maximum reaction on a cross girder = 
56-9 tons. 

Impact Factor. — Use eq. (4), § 61. 

Wind Pressure. — 50 lb./sq. ft. on the unloaded bridge ; 30 Ib./sq. ft. 
on the loaded bridge. 

Permissible Stresses. — 9 tons/sq. in. tension; 7-65 tons/sq. in. com- 
pression; 5 -5 tons/sq. in. web shear ; 6 tons/sq. in. rivet shear ; 15 tons/ 
sq. in. rivet bearing ; strut formulae, see eqs. (4) and (5), § 163. 

Combined Stresses. — The combination of dead, live, including impact, 
wind, and longitudinal stresses, must not exceed 10-5 tons/sq. in. 

The general course of the calculations as given in § 196 should be 
followed, the loads and stresses should be adjusted as above. 

* Students can obtain copies of this and other British Standards through their 
college or school for Is. 
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QUESTIONS ON CHAPTER XI 

1. Design for Hinged Gangway, (i) Fig. 310 ; 120 ft. span ; heights and 
clearances as shown in (i). To carry the following alternative loadings : 
(a) 112 lb./sq. ft. ; (b) moving column of men 200 lb./ft. run ; (c) 4-wheeled 
trolley, wheel base 6 ft., gauge 4 ft., to carry 2 tons. Wind pressure 20 
lb./sq. ft. Use the normal stresses for mild steel, § 59. Design the struts 
by the Johnson parabolic formula, eq. (3), § 164, factor of safety = 3 ,* qL/x < 
120; if arranged as in Fig. 310, take q = 0-6 for verticals, q - 1 for top 
flange. As a first approximation take the weight of the gangway as 25 tons. 

2. Design for a Small Road Bridge, (ii) Fig. 310 ; 25 ft. clear span ; 
17 ft. clear between the parapets ; Ministry of Transport loading for road 
bridges, § 23. Stresses for mild steel as in B.S.S. No. 153, see § 59 ; wind 
pressure 20 lb./sq. ft. When designing the troughing, consider a strip of 
roadway 5 ft. wide. In the first instance take the weight of the floor as 
120 lb./sq. ft. 

3. Through Railway Bridge. Redesign the bridge of § 196 to conform to 
the British Standard Specification No. 153, 1933, using the Ministry of 
Transport 20 unit loading, see § 197. 

4. In § 196, check the maximum forces in some of the members as found 
from the uniformly distributed load, by using influence lines and the actual 
axle loads. 

5. Deck Bridge. Design a double track plate girder deck bridge, 50 ft. 
span, with 4 main girders, (i) Fig. 291 (c/. Fig. 87). Spacing of main girders, 
4 ft. 6 in., 6 ft. 7£ in., 4 ft. 6 in. The weight of the floor, including per- 
manent way, may be taken as 190 lb./sq. ft. Equivalent uniform rolling load 
per track, for bending, 3 tons/ft. ; max. shear at abutments 89 tons, at centre 
28 J tons. Impact factor O' 7 ; wind pressure and stresses as in § 197. 










CHAPTER XII 

THE DESIGN OF ROOFS 

198. The Construction of Eoofs. — The outer watertight covering of 
a roof is supported by a system of framework made up of (i) the principals 
or roof trusses which span from abutment to abutment and support the 
whole structure ; (ii) a series of longitudinal beams called purlins which 
rest on the principals and carry the roof over the space between them ; 
(iii) secondary rafters, sash bars, boarding, etc., to which the covering 
proper is attached, which are supported by the purlins ; (iv) wind, bracing 
to prevent the principals from overturnin g when the wind blows on the 



ends of the building. Drainage arrangements to carry off the rain water, 
and means of ventilation, complete the roof system. Fig. 311 showB a 
typical roof framework. 

The upper longitudinal edge of a roof is called the ridge, and the lower 
longitudinal edges are called the eaves. 

199. Principals or Roof Trusses.— These consist of frames of the 
form shown in Figs. 312 to 315. The two members sloping down from 
the ridge to the eaves are called the main rafters. Their lower ends rest 
on the abutments and are provided with suitable bearing surfaces called 
shoes. These ends are connected together by the main tie bar and are 
thus prevented from spreading. Except in very small roofs, the main 
rafters are supported at points intermediate between their ends by means 
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of struts and ties. The point of attachment of every purlin should be 
thus supported, otherwise the main rafters must be designed to carry the 
bending moments which will be set up in them. 

The commoner types of roof principals may be divided into three 
classes : (1) King and Queen post principals ; (2) Trussed rafter princi- 
pals ; and (3) Curved rafter principals. 

(I) King and Queen Post Principals.— 1 These are illustrated in Fig. 312. 
The centre vertical, (ii) Fig. 312, is called the King-post, and the inter- 



up to 40 ft. spart up to 30ft. Span 

Y (iii) (V) 


Fig. 312. 


mediate verticals, (iii), are called Queen-posts . The truss shown at (iv) is 
sometimes called an English truss . If each main rafter be divided into 
four panels it may be used for spans up to about 50 ft. (v) represents 
what is called a saw-tooth or workshop truss of this class. One rafter is 
given a much greater slope than the other. The covering on the greater 
slope is of glass and should be given a northern outlook. The interior is 
thus well lighted without direct sunshine. The covering on the other 
slope may be of slates or other suitable material. This type of roof has 
been much used for workshops, weaving 
sheds, and factories, a series of such 
trusses being placed side by side, like 
the teeth of a saw. It is quite common, 
however, in modern workshops, to make 
the whole covering of glass. 

King and Queen post principals are very convenient for hipped roofs 
(roofs with sloping ends), in that the vertical members lend themselves 
to the attachment of the half-trusses necessary in such cases. They are 
open to the objection that the longer members are struts and the shorter 
ones ties. This means a somewhat uneconomical design, and for this 
reason the second class of principal, called trussed rafter principals. Fig. 314, 
are more commonly used. An attempt to remedy this defect is shown in 
Fig. 313, in which design the verticals or shorter members are struts ; 
but if (viii) Fig. 314 be compared with it, it will be seen that the latter, 
in which the struts are at right angles to the main rafter, is a better design. 
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(2) Trussed Rafter Principals.— In. this class of principal the rafter is 
supported by trusses consisting of secondary struts and ties, one of which 
trusses is shown isolated at (i) Fig. 314 [compare the trussed beam, 


/<Ak 

up to 25 f h Span 
(ii) 

up to 4 Of* span, 
(iii) 


up to 80 span 

tvi) 


up to 50 f b span. 

up to 40f* span. 

(Vfli) 

Fig. 314. 

(ii) Pig. 19]. These trusses are connected together by the main tie bar. 
The various forms taken by this class of principal are shown in Pig. 314. 
In all of them the shorter members are struts, and the longer members 
ties. This is considered the most economical type of roof principal ; 







Fig. 315. 


Poncelet was probably the originator. The design shown at (iv) is 
sometimes called a Fink , French , or a Belgian truss. Occasionally a rod, 
shown dotted in (vi), depending from the apex, is introduced with the 
object of supporting the weight of the main tie bar, if this be very long. 
A saw-tooth or workshop roof of this class is shown at (vii). 
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(3) Curved Rafter Principals . — Two types are illustrated in Fig. 315, 
(i) for small and (ii) for large roofs. Curved roofs are expensive and 
should only be used if and when the circumstances require them. They 
are most suitable for very large spans. Inexpensive roofs for small and 
unimportant spans are made from curved sheets of corrugated sheeting. 
These form their own principals ; tie bars are fitted at intervals to prevent 
the roof from spreading. 

200. Spacing and Proportions of Principals.— In ordinary roofs the 
principals are usually pLced from 10 to 15 ft. apart, the exact spacing 
depending to some extent on the length of the building and other circum- 
stances. Too wide a spacing involves heavy purlins and is uneconomical. 
Too narrow a spacing means unnecessary weight and cost in the principals. 
It should be borne in mind that the difference in weight of principals at 
10 ft. spacing, and that of principals at 15 ft. spacing, per principal , is 
usually not very great. Good practice seems to indicate the limits given 
above for spans of from 25 to 75 ft. For smaller spans a closer spacing 
may be found economical, and for very large spans the spacing may be 
increased with advantage. An old rule is from J to J the span. 

Slope of Roof . — The slope of the roof depends on the nature of the 
covering. For sheet zinc the slope may be as flat as 1 in 10 ; for corru- 
gated sheeting the minimum slope is 1 in 5 ; for slates 1 in 2 ; and for 
plain tiles 1 in 1. A very common slope for the main rafters of roof 
principals is 1 in 2, corresponding to an angle with the horizontal of 
26° 34'. This is suitable for corrugated sheeting, glass or slates. Tiles 
require a higher pitch or the rain will penetrate. Where heavy snowfalls 
are to be expected, a high-pitched roof should be used. The pitch is 
defined as the rise -f- span, so that if the slope be 1 : 2 the pitch is 1 : 4. 

Panelling of Main Rafters . — The types of principal suitable for 
different spans are indicated in Figs. 312 and 314. The figures given 
are to be regarded as indications rather than as rigid limits. The panels 
into which the length of the main rafter is divided need not be less than 
6 ft., and should not much exceed 7 ft. 

Camber of Tie Bar . — The main tie bar is sometimes made with a 
camber, Fig. 316, which may be about 5 yth the span. The advantages 
of a camber are : shorter struts, greater head room, and better appear- 
ance. Nevertheless, in modern workshop 
buildings, the tie bar is usually made 
straight, as shown in Figs. 319 and 331 ; 
this is more economical, and the principal 
so constructed is more rigid and better able 
to withstand possible reversals of stress. 

Details of Construction. — Fig. 317 shows the sections commonly used 
for the members of roof principals, and the usual methods of construc- 
tion.* A modem roof is nearly always built up entirely of angles, which 
are connected by rivets and gussets. An angle bar is the cheapest form 
of rolled section, and the most convenient for attachment. The main 
* For welded details see § 149. 






£n«VN 



Fig. 317. 


used for the struts. The tie bars also should be made of angles, (iii), in 
order that they may resist compression, should the stress in them be 
reversed due to any cause. Trusses thus constructed are easy to handle 
and transport. Flat bars placed on edge are sometimes used for ties, 
but these will not resist compression. Round bars are not used for ties 
in roofs of any magnitude. Welds and forked ends, which have to be 

2 a 
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made in the smithy, are both expensive and ofteii unreliable. Only when 
the diameter of the bars does not much exceed 1 in., so that the ends can 
be drop-forged, are round bars commercially practicable, and even then 
they are more expensive than angles. Right-and-left-handed screw 
couplings are introduced with theobjectof adjusting the length of members 
with forged ends, which are difficult to make to an exact dimension. In 
modern forms of riveted construction, all angles and gussets are drilled 
to template, and the work is sufficiently accurate without means for 
adjusting length. 

The sections used in ordinary roof principals are small and thin. 
For the ties and struts, the angles range from 2\ x 2| x J in., which 
may be regarded as the minimum section, to about 3x3x^ in., 
doubled if necessary. For small roofs, the main rafter would he made of 
two 2§ x 2\ x i in. angles back to back, and for larger spans of two 
4 x 3 X | in. angles back to back, with the longer legs vertical. The 
gusset plates would be fa in. thick for the smaller spans, and § in. 
thick for the larger. The rivets would be f in. diameter for material 
thicknesses less than -fa in. thick, and for 2\ x 2\ in. angles ; and 
| in. diameter for material thicknesses over -fa in., and angles wider 
than 2f in. Only one size of rivet should be used in a roof, and as 
few different sections as possible should be employed. 

Where roof principals have to be sent away in parts, and riveted up 
at the site, the number of rivets in the ends of the members to be thus 
riveted should be increased by 20 % over the number theoretically 
necessary. 

Fig. 317 shows a number of details of the riveted connections. In 
arranging these joints, care should be taken that the axes of members 
which meet intersect in a point, so as to reduce secondary stresses to a 
minimum. This has been done correctly in (v) ; it is more usual to make 
the rivet centre lines thus intersect, as shown in the other details. All 
members should be arranged as simple ties or struts, and not subjected 
to secondary bending moments. The details should be quite plain and 
simple. If possible, the ends of the members should be cropped square. 
Occasionally, members are joggled over the main rafter as shown at (v), 
but although this makes a rigid connection it is more expensive. However 
small the load in a member, there should he at least two rivets connecting 
it to the gusset, so that if one prove defective the roof would nevertheless 
still hold up. Further, the second hole enables a service bolt to be 
inserted and the principal to he properly bolted together while the rivet 
is put in. When a member is formed of two angles, the gusset is placed 
between them. Washers are then required to hold the angles at the 
correct distance apart, (iv) Fig. 317. These washers should be spaced 
at distances not exceeding 2 ft. apart. It is an objection to this arrange- 
ment that the narrow space between the angles is difficult to paint 
properly. As far as possible, all gussets should be so shaped that they 
can be cut from stock sizes of flat bar with the minimum number of cuts. 
At the same time, the standard distance from the edge of the plate to 
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the outside rivet centre— say 1J- in. for a J in. rivet— should not be 
greatly exceeded. Fig. 318 shows the method of setting out a gusset. 

Shoes. — Cast-iron shoes are no longer used to carry the lower ends of 
the main rafters, but the principal is so arranged that suitable bearing 
surfaces are provided ; (vi) and (vii) Fig. 317 show typical arrangements. 
A sole plate is riveted to the angles forming the main tie bar, on which 
plate the principal rests. Vertical stiffening angles as shown at (vii) are 
sometimes fitted to give lateral rigidity. A modification, suitable for 
cases in which the main tie bar is formed of flats, is shown at (viii). Here 
the sole plate is attached by two angle cleats. The holding-down bolts 
pass through the sole plate. If the principal rest on a wall, these bolts 
would be lewis or rag bolts let into a stone template. If the load per unit 
area be greater than the stone is able to support, or if the end of the 
principal be intended to slide, a wall plate is introduced between the sole 
plate and the stone template. To permit the shoe to slide, and thus 
allow for expansion and contraction due to changes in temperature, the 
holes through the sole plate at one end are sometimes slotted. The 
effectiveness of this device may be doubted. In very large roof 3 a roller 



Tig. 318 . 


bearing is provided under one shoe, similar in design to those used to 
permit the ends of bridges to expand, Fig. 307. 

It will be observed that in (vi) and (vii) Fig. 317 no attempt is made 
to arrange the intersection of the axes of the main rafter and tie bar 
vertically over the line of the reaction, as should be theoretically the 
case ; (viii) is an attempt to effect this. The arrangements shown at 
(vi) and (vii) are nevertheless the usual ones in practice. In workshop 
buildings, where the roof is supported on columns, the design shown in 
Fig. 331 is co mm on. Here the object is to obtain as rigid a connection 
as possible. 

Workshop Buildings . — A typical arrangement of the roof principals, 
and their supporting columns, in a workshop building is indicated in 
Fig. 319. 

201. Purlins. — The usual types of purlins and the methods used to 
attach them to the main rafters are illustrated in Fig. 320. The com- 
monest arrangement is an angle section bolted to short angle cleats, 
which are riveted to the main rafter, (i). For wide spacing of the 
principals, a light beam section forms a suitable purlin, (ii), or a channel, 
(iv), may be used. If the roof is to be boarded over, timber purlins are 
convenient, which are sometimes supported by a continuous angle, (ill). 
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Joints in purlins should occur over a main rafter. Some details are shown 
in (v) and (vi) Fig. 320. The spacing of the purlins depends on (i) the 
kind of roof covering, (ii) the arrangement of panels of the main rafter. 
The purlin should be placed immediately over a panel point, in order not 
to set up bending moments in the main rafter. If, owing to the nature of 
the covering, as in (ii) Fig. 327, it be unavoidable that purlins come 
intermediately between the panel points, the rafter should be designed as 
a laterally loaded strut. This makes a heavy main rafter and is to be 
avoided if possible. Purlins should be designed as girders spanning 



between the principals and carrying the loads on the roof. As a rule 
they are continuous over more than one span and should be treated as 
continuous girders, though the continuity is poor at places where a joint 
occurs. It is probably sufficiently accurate for most practical purposes 
to take the maximum bending moment on the purlins as WL/10, inter- 
mediate between that for direction-fixed and freely-supported beams. 
Their depth should not be less than ^ their span. 

Since the purlins are usually placed perpendicularly to the rafter, they 
are evidently subjected to bending in more than one plane, due to the 
weight of the roof, though in some cases the roof covering offers some 
support in its own plane. In these circumstances the design can only 
be a rough approximation. 
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la cases where the distance between the principals is considerable, 
purlins are often made in the form of lattice girders. They are then 
placed intercostally between the principals, and attached to the bracing 
of the latter. 

202. Secondary Rafters, Sash Bars, etc.— Except in very large roofs 
these bars are of small size, and the scantlings are determined as the 
result of successful practice. For glass, T bar sashes about 2 x 1 J x J in. 
may be used, spaced from 1 ft. 6 in. to 2 ft. 0 in. apart, provided that the 
spacing of the purlins does not exceed about 6 ft. Boarding to carry 
slates may be from 1 in. to 1J in. in thickness, if the pitch of the purlins 
does not exceed 2 ft. 6 in. to 3 ft. Corrugated iron is attached directly 
to the purlins and needs no secondary rafters. 

203. Wind Bracing. — If the wind act on the ends of the building, it 
will tend to overturn the principals about the shoes as fulcrums. This 
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tendency is resisted to some extent by the rigidity of the roof as a whole, 
and by the stiffness of the roof covering. In small and unimportant 
roofs this resistance appears to be sufficient, but in roofs of any magnitude 
it is necessary to introduce special wind bracing to prevent such over- 
turning. Some typical arrangements are shown in Fig. 321, and details 
of construction in Fig. 322. In (i) Fig. 321, diagonal braces are fitted in 
the plane of the main rafters, connecting together the two end principals. 
These braces, with the main rafters and purlins, form a braced girder by 
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which the longitudinal load is transmitted to the abutments ; (ii) and 
(iii) are modifications of the arrangement. In (iv), the bracing is put in 
the plane of the main strut AB. Two lattice girders, as shown in section, 
are thus formed, which prevent the principals from overturning. If the 
wind bracing is put on top of the main rafter, it should be attached to a 
gusset placed between the main rafter and the purlin cleat, (ii) Pig. 322. 
If it is put underneath the main rafter, it may be attached by cleats as 
shown at (iii). This arrangement is suitable for the bracing shown at 
(ii) Fig. 321. Details of the wind bracing illustrated in (iv) Fig. 321 are 
given in (iv) Fig. 322 ; here the purlin forms the top flange of the lattice 
girder, and a longitudinal angle in the plane of the main tie bars forms 
the lower flange. Sometimes the roof is braced from end to end in the 
plane of the main tie bars. 



Fig. 322. 

The common arrangement of the framework at the ends of a building, 
when it is to be enclosed by corrugated sheeting, is shown in (v) Fig. 321. 
The wind pressure is transmitted from the sheeting to the verticals, and 
thence via the wind bracing in the roof to the walls or side framework. 
A strong horizontal girder is provided at the level of the eaves, often of 
the braced type. This transmits a large proportion of the end wind 
pressure direct to the sides. When the depth of this girder is considerable, 
the weight of the outstanding flange must be suspended from the roof 
structure. 

204. Ventilators. — Three methods of constructing ventilates for 
roofs are shown in Fig. 323. (i) is called a hooded ventilator ; in the 
design shown the hood is formed of a bent steel plate f in. thick, but 
curved galvanised corrugated steel sheeting is often used for the purpose. 
In (ii) and (iii) louvres are fitted ; these may be fixed as shown, or may be 
movable. Curved baffles, as illustrated in the figure, should be provided. 
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to prevent the entrance of driving rain. When the lantern, (ii), is very 
large and heavy, special bars may be necessary in the truss to support it. 



Fig. 323. 


205. Very Large Roofs. — For very large roofs, arched principals may 
be used. Fig. 324 illustrates a type 
suitable for a large hall. A two- 
hinged arch, or as in Fig. 324 a 
three-hinged arch, may be employed. 

The feet of the principals may be tied 
together by a horizontal tie as shown, 
otherwise abutments of sufficient 
strength to resist the thrust of the 
arch must be provided, (ii). As an 
alternative to the arch, the span may be subdivided and combinations 
of elementary roof trusses made use of. Examples can be seen at large 
railway termini. 
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206. Roof Coverings.— The three commonest kinds of roof coverings 
are glass, corrugated sheeting, and slates. 

Glass . — In modern workshop and factory building practice it is quite 
usual for the whole roof covering to be made of glass. With efficient 
ventilation, a coat of whitewash in the summer, and steam heating in 
winter, an equable temperature is secured, with plenty of light and air. 
The glass is usually rough cast plate glass, in sheets from 6 ft. to 6 ft. 6 in. 
long, 18 in. to 24 in. in width, and J in. in thickness. As previously 
mentioned, it is laid in T bar sashes (about 2 x 1| x £ in. for a span of 
6 ft.), (i) Fig. 325, with putty. The glass sheets should have an overlap 
of 2 to 3 in. There are many forms of glazing without putty, designed 
to obviate cost of upkeep, and possible trouble due to the unequal ex- 



Fig. 325 . 


pansion of the glass and steel. They are more expensive than putty 
glazing, (ii) Fig. 325 shows a typical arrangement of glass roof. Com- 
binations of glass with other forms of roof covering are very common, 
and in saw-tooth roofs the steeper slope is glazed. 

Galvanised Corrugated Sheeting is a cheap and light roof covering 
much used for sheds. It is supplied in sheets up to 12 ft. long, from 
2 ft. 0 in. to 2 ft. 6 in. in width, with corrugations at either 6, 5, 4, or 3 in. 
pitch, and of thickness ranging from 16 to 28 W.G. The depth of the 
corrugations is one-quarter the pitch. For roofing, the usual pitches are 
5 or 3 in. ; and, owing to rusting, the thickness should not be less 
than 18 W.G. The standard widths are either 5 or 6 corrugations at 5 in. 
pitch, giving sheets 2 ft. 1 in. or 2 ft. 6 in. centres ; or 8 or 10 corrugations 
at 3 in. pitch, giving sheets 2 ft. 0 in. or 2 ft. 6 in. centres. There is an 
overlap of 1 in. at each side, making the overall width of the sheet 2 in. 
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more, (i) Fig. 326 shows a typical arrangement of this kind of roof cover- 
ing. The sheeting is laid directly on angle purlins and secured by hook 
bolts which are or § in. diameter and spaced 15 in. apart, or gal- 
vanised straps £ X £ in., secured by screw bolts, (ii) Fig. 326, may be 
used. The corrugations should run down the roof from ridge to eaves. 
Where the sheets join, they should be arranged to lap over a purlin, and 
the width of the overlap should be 6 in., (i). There should be a rivet 
or a £ in. screw bolt in each corrugation through the lap, or alternatively 
the pitch of the hook bolts should be reduced to 5 or 6 in. The joints 
along the sides of the sheets should be made as shown at (iv) or (v) 
Fig. 326 ; (iv) is the common arrangement. The pitch of the rivets or 



Fig. 326. 

screw bolts through these joints should be 12 in. In all cases the 
holes for the rivets or screw bolts should be made through the ridge of 
the corrugation, and all bolts should be furnished with curved washers to 
prevent leakage. To preclude the wind from lifting the sheets, should 
it get underneath them, the hook holts should he placed at 9 or 10 in. 
pitch at the eaves, instead of at the normal pitch of 15 in. Alterna- 
tively, a flat bar wind tie as shown at (i) Fig. 322 may be fitted. When 
wooden purlins are used, the sheeting is usually attached by screws, spaced 
10 to 12 in. pitch, and fitted with curved washers. T his pitch is 
decreased to 5 or 6 in. where Laps occur. The straps shown at (iii) 
Fig. 326 are a better means of attachment. 

The following rule has been given for the strength of corrugated 
sheeting. If L denote the span between the supports in feet, t the 
thickness of metal in inches, d the depth of the corrugatio ns in inches, 
w the applied load in Ib./sq. ft., and 77 the factor of safety, then 
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/ td 

L = c^/ — . The value of c for wrought-iron sheeting is 316 and for 

mild steel sheeting is 373. Tor ordinary roofs the value of rj may be taken 
as 3. 

Slates are largely used as a roof covering. They may be laid on 
boards and nailed in the usual way, (i) Fig. 327, in which case a common 
size would be 16 x 8 in. 

Duchess slates, 24 x 12 in., may be used, attached to angle purlins, 
(ii) Fig. 327, which are spaced 10J in. apart, allowing a 3 in. overlap 
for the slates. If the span between the principals does not exceed 8'feet, 
purlins 1| x 1| x J in. can be used, which section should be increased 
to 2 x 2 x J in. for spans up to 10 feet. 



Tiles of many varieties are used for roof coverings. They are heavy, 
and require a high pitch or the rain will get underneath them. They are 
supported in a similar manner to slates. 

Zinc sheets, laid on boarding with wooden rolls, may be used when an 
exceptionally low-pitched roof is required. This is a very light form of 
covering. 

Asbestos sheeting, plain and corrugated, and asbestos tiles are also used 
for roof coverings. 

207. Weights of Roof Coverings (Approximate) in pounds per square 
foot of area covered by the roof. 


i' glass . . . .... 

Metal sash bars and putty for same . 

Corrugated sheeting, including laps and fastenings : — 
5* corrugations, 16 S.W.G. 

3* „ 18 S.W.G. 

Slates, including fastenings, 16' x 8' 

„ „ „ 24* x 12* 


. 3*6 
. 2*5 

. 6*0 
. 4*0 

„ . . 6*0 

. 10*0 

[Continued overleaf. 
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Felt 


***** 

. 0*3 

Boarding, per inch of thickness 


• • • • • 

. 3*5 

Zinc sheets .... 


. * * • * 

• * 1*5 

Tiles ..... 



. 10 to 20 

Steel purlins .... 



. 2 to 4 

Wood purlins .... 



1 to 3 

Snow in British Isles 



. 5 to 6 

Wind ..... 



see § 52 

Typical roofs : — 

I* glass .... 

3*5 

Corrugated sheeting, 16 W.G. 5*0 

Sash bars, etc. 

Purlins .... 

2*5 

2*0 

8-0 

Purlins 

. 2*0 

7*0 

Slates, 16" x 8" 

6*0 

Slates, 24* X 12* . 

. 10*0 

Boarding, I" thick 

Purlins .... 

3*5 

3*5 

130 

Purlins, 10£* pitch 

. 4*0 

14*0 


208. Weights of Principals. — The approximate weight of a modern 
roof principal of the type discussed in § 200 is given by the formula 

■ ■ ■ (I) 

where w denotes the weight in lb. per square foot of area covered by the 
roof, l the spacing of the principals, and L the span, both dimensions in 
feet ; Jc is a coefficient depending on the type of roof covering. For 
corrugated sheeting k = 9*5, for glazed roofs k = 10, for slates on board- 
mg k = 12. This formula holds for spans ranging from 25 to 80 ft. when 
the purlins are from 6 to 7 ft. apart, and the spacing of the principals 
ranges from 10 to 15 ft. A closer pitch of purlins increases the value of w. 
For principals of the type shown at (v) Fig. 314, in which the main strut 
is duplicated, add 10 per cent, to the weight given by the formula. 

This formula is based on some weights given in Arrol’s Handbook, 5 to 
which reference should be made for details and scantlings of the principals. 

209. The Forces in the Members of the Principals. — When finding 
the forces in the members of the principals, it is convenient to treat the 
dead loads and the wind loads separately, and afterwards to combine 
their effects. 

Having determined the weight of the roof covering, the weight of 
the principals, and of the snow, if any, the total dead load per square foot 
of area covered is known. In large roofs the weight of the wind bracing 
may be of sufficient importance to he taken into account. The dead load 
which each principal supports can he found, and hence the load per panel 
point. The stress diagrams for the dead load present little difficulty. 
Both loads and reactions are vertical. "When the panels are of equal 
length, it is convenient to assume that the loads are of unit magnitude, 
and to find the actual forces in the bars by multiplication, see § 6. 

The considerations determining the wind pressure on the roof have been 
set forth in § 50, from which the normal pressure on the roof surfaces can 
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be found, and hence the wind loads at each panel point. Before the 
stress diagrams for these loads can be drawn, the reactions at the points 
of support must be determined. These depend on the method of sup- 
porting the roof. In large roofs, in order to allow for expansion due to 
temperature changes, it is not uncommon so to arrange the supports that 
one end of the roof, such as A, (i) Fig. 328, is free to slide in a horizontal 



direction. The reaction R 1? at the free end, is then usually assumed to be 
vertical. But the resultant wind load R and the two wind reactions 
R x and R 2 are the only external forces due to wind which act on the roof. 
They must therefore be in equilibrium, and their lines of action must 
meet in a point. This condition enables the direction of the second 
reaction to be found. Two cases arise, (a) when the wind is on the left, 
(i) Fig. 328, and (6) when the wind is on the right, (iii) Fig. 328. Knowing 
the magnitude of R, and the direction of the reactions, their magnitude 
can be obtained by drawing the triangle of forces for the external forces, 
as shown in (ii) and (iv). Alternatively, if the point of intersection is 
inaccessible, the magnitude of R x can be found by taking moments 
about B ; thus, R 2 x L = R x r. Knowing R and R x , the triangle of 
external forces can be drawn, which completely determines R 2 . When, as 
in this case, the conditions are different at the two supports, two stress 
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diagrams must be drawn, one for the wind on the left, the other for the 
wind on the right. 

In many cases the roof is supported on columns, (v) Fig. 328 ; it is 
then rigidly attached at each end, Fig. 331. If each column be of the 
same length and cross-section, it is reasonable to assume that the 
horizontal deflection due to wind pressure at the upper end of each 
column will be the same ; or in other words, the values of H x and H 2 , 
the horizontal reactions at A and B, (v) Fig. 328, will be equal, and 
H, - H 2 - pi sin 9. The sum of the vertical reactions, V x -f V 2 = 
R cos 6 . The magnitude of the vertical reaction at A can be found 
by t akin g moments about B; Y 1 L — Rr. The polygon of external 
forces can now be drawn, (vi) Fig. 328, for all the reactions are known. 
The worked example, § 212, is a case of this type, and the stress diagram 
for the wind load is given in Fig. 14. 

If the columns are different in length or in cross-section, the deflec- 
tions A at the upper end of each may still be assumed to be equal, but 
H x and H 2 will be different. If Hj, be the horizontal force necessary 
to produce a horizontal deflection A at the top of the column at A, and 
H 2 the force necessary to produce an equal deflection at the top of the 
column at B, from eq. (3), § 52, Vol. I, 

HA 3 . 

- 3EI* " 3EI 2 ’ H 2 “ IA 3 

where I and l are the respective moments of inertia and lengths of the 
columns. Further, H x -f H 2 = R sin 6. From these two equations 

and H 2 can be found, and hence the polygon of external forces can 
be drawn as before. 

When as in (vii) Fig. 328, the roof is supported on two walls, each of 
which could sustain the whole horizontal component of the wind pressure 
without considerable deflection, the problem is indeterminate, but it is 
usual to assume that the reactions will be parallel to the load as shown 
in the figure. In this case, taking moments about B, R 1 r 1 = Rr. The 
triangle of external forces becomes the straight line shown at (viii). 

If, in any of the above cases, there be a negative wind pressure on 
the leeward side of the roof, as discussed in § 50, it must be taken into 
account when finding the reactions. Thus, if (v) Fig. 328 were a closed-in 
building with windows and doors, the polygon of external forces would 
take the form shown in (ix). B/ is the positive pressure on the wind- 
ward side, R" is the negative pressure on the leeward side of the 
roof. 

Having found the reactions, the stress diagrams for the wind loads 
may be drawn, and the forces in the bars due to wind determined. When 
the panels are of equal length, it is convenient to do this for unit loads, 
and afterwards to find the actual forces by multiplication (see § 6). 

The forces in the bars due to the dead load, and those due to the wind 
loads, should be combined in order to find the maximum forces in the 
bars, as explained in § 6. These maximum forces should be used in the 
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design of the bars. For the method of procedure and suitable working 
stresses, see the worked example following, § 212. 

210. Roofs with Knee Braces. — Lateral stiffness may be imparted 
to a roof supported on columns by the introduction of knee braces 
GU, ST, as indicated in (i) Fig. 329. The forces in the bars of the roof 
truss due to the vertical loads are unaffected by this, and in considering 
the effect of the knee braces, only wind pressure or other lateral forces 
need be treated. The roof truss with its supporting columns becomes, 
in effect, a braced portal, and the methods of § 101 may be applied. 

In the first instance, suppose the structure to be an open shed, and 



that A and B, the feet of the columns, may be regarded as hinged joints ; 
further, that the length and cross-section of each column is the same. 
Let R, (i) Fig. 329, be the resultant wind pressure on the roof. Y 1 and 
V 2 , the vertical components of the reactions, may be found by taking 
moments about B, 

V-jL = Rr ; also, V t + V 2 = R cos 9 . . . (1) 

In the assumed circumstances, each of the horizontal components 
Hi and H 2 of the reactions may be taken as equal to one-half of the 
horizontal component of the resultant wind pressure R, 

H 1 = H 1 = H*iRffln0 . . . . (2) 

Apply the method of § 101 to this case, that is to say, regard the 
member BD as a lever hinged at D j the reaction at S will b© 'BJijc. 
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Again, by taking moments about S, the reaction at D will be H(/i — c)/c, 
(cL § 101), and similarly for the member AC. If now, as in (ii) Fig. 329, 
that part of the structure above GS be isolated, the external forces 
acting on the roof will be as shown, and the forces due to wind in all 
the bars can be found in the usual way. 

More, General Case. Direction-fixed Feet . — In the general case, 
Fig. 330, the columns may be of unequal length and stiffness. If the 
building be enclosed there may be, in addition to the wind pressure R' 
on the windward side of the roof, a suction R 7/ on the leeward side ; also 
a lateral wind pressure on the windward side of the building and a suction 


m 


msaammm 





iiiTJTTtif 


c /u 


*15 


T\ D 



Fig. 330 . 


on the leeward side, (ii) Fig. 83. The latter are represented in the figure 
by a uniform pressure and suction w x and iv 2 per unit of length on the 
columns AC and BD respectively, together with concentrated loads 
F' and F* at C and D. Not only so, but the feet A and B may be fixed 
in direction or approximate thereto. 

The procedure then follows a course similar to that for the portal 
with direction-fixed feet, § 104. If the frame GCDS, (ii) Fig. 330, be 
assumed to remain sensibly rigid, the reaction-forces F 3 , F 4 , F 5 , and F 6 
between the columns AC, BD and this frame may be found as in § 104 ; 
eqs. (4) and (5), § 104, for column AC, will apply to both columns of the 
roof truss. Thus 


(r,-F)V 

3EI X 


(2h x -f c) 


. (3) 
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#i- C )W + 2J l5+c «) F 3 -F„ . . 

m ~~ 24EI l ~ 6EI —( h i~ c )(. 2h i+c) 

^4(^1 c ) 3 


+ 


3EI, 


wJ 1 * (F s F )A,* F 6 (A 2 — c) 2 , , , 

2/0 = 8EI, 3EI; + _ ^EI7~ (2A2 + c) 

m# 2 - c) 2 (3^ 2 2 + 2A 2 c + c a ) F 5 - F" 


2/ s 

But y G = yo = 
Put ye = 2/G> 

Put 2 /d = 2/s, 


24EI, 


ggj (A z — c ) 2 (2A 2 + c) 


Put 2/c = 2/d, and use eqs. (7) and (8), 


Fb 


pi/^4c (3/t 2 + c)(A 2 — c) __ p,//j 4c(3fei 4- c) (7t x — c) 


Ii 


(4) 

(5) 


2 /d = 

, F 6 (/l 2 — C) 3 
+ 3EI 2 

2/s = A. 

• (6) 

^4 = 

4(F 3 — F')(3^ x 2 — c 2 ) — w 1 (4A 1 s — c 3 ) 

• (?) 

12 (h 1 — c) 2 

F 6 = 

4(F 5 - F")(3A 2 2 - c 2 ) - w 2 (±h* - c 3 ) 

• (8) 

.12(A t - c) 2 


+ t ; (^i 3 - 3A 2 2 c - 3A lC 2 - c 3 )(A x - c) 

-*-1 

- ^ 2 (£ 2 3 - 3 kjc - 3 A 2 c 2 - c 3 )(h i - c) (9) 
■^2 

From (ii) Fig. 330, 

F 3 - F 4 + F 5 - F 6 + (»' •+ W) sin 6 = 0 . . (10) 

y i+ V 2 „(R'_r-)cos<9 = 0 . . (11) 

Taking moments of the external forces about B, (i) Fig. 330, 

VjL + w 1 h 1 ^h 2 - + W J~L + (F' + F")*2 - RV + RV 

-(M A +M B )-0 . .(12) 

From a consideration of the forces acting on the columns, 

H x = w x h x +«F' - F s + F 4 ; H 2 = wji 2 + F" - F s + F e ' . (13) 

M a = ^ - (F, - F ')K + F 4 (A X - c) . . . . (14) 


M b = ^_(F 5 -F> 2 +F 6 (A 2 -c) . . . -(15) 

The forces F 3 , F 4 , F 5 , and F 6 can be found from eqs. (7-10) by inserting 
numerical values. From eqs. (11) and (12), Y 1 and V 2 can be found, 
hence the forces in the framework (ii) Fig. 330 can be determined. By 
the use of eqs. (13), (14), and (15), the shearing-force and bending- 
moment diagrams for the columns can be set out. 

2 H 
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211. Snow and/or Wind. — Snow and wind may be regarded as 
occasional loads on a roof, and some difference of opinion exists as to 
the necessity of allowing for their combination. It is pointed out that 
snow cannot lodge in severe wind storms, but there is the possibility 
that the snow may have fallen and consolidated before the wind storm 
commences. In northern latitudes several feet of snow, frozen hard, 
may form a serious addition to the loads on the roof. It would appear 
rational, in this country, if the probable wind loads be calculated as set 
forth in § 50, to allow also for a moderate snow load, say 5 lb./sq. ft., on 
all but steep roofs, in addition to the wind load. If the wind loads be 
estimated in the conventional manner by Duehemin’s or Hutton’s 
formula, the snow need only be allowed for as an alternative to the wind. 

212. Worked Example. — Design for a roof 'principal of the trussed 
rafter type. The roof covers an open shed in an exposed position . — The 
span, centre to centre of the columns, is 75 ft., and the spacing of the 
principals is 12 ft. 6 in. The covering is of galvanised sheeting 16 W.G. 
Horizontal wind pressure 30 lb./sq. ft. ; snow 5 lb./sq. ft. 

(1) Safe Stresses . — In direct tension and compression, ft =f c — & 
tons/sq. in. In direct shear, f s = f / 1 = 6 tons/sq. in. Safe bearing 
pressure in rivet holes, fb = 2/ s — 12 tons /sq. in. Struts to be designed by 
the Johnson parabolic formula, factor of safety = 3, which is to be 
increased to 4 when the angle is attached by its back ; qL J k not to exceed 
120. 

(2) Rivets. — Rivet holes (drilled) § in. diameter will be used through- 
out. The area of the closed rivet will therefore be 0*44 sq. in., and the 
worth of a rivet in single shear = 0*44 x 6 = 2- 64 tons. Assuming that 
the rivets bear in a ^--in. plate (the thickness of the gussets), the worth 
of a rivet in a double shear is § x ^ x 12 = 2*81 tons. 

(3) Type of Principal . — For a span of 75 ft. the type of principal 
shown in Fig. 331, with a pitch of 1 : 4, will be adopted. The spacing 
of the purlins will then be about 7 ft., a suitable distance. There will be 
no camber. All the members of the principal will be of angle section. 

(4) Dead Weight of Roof. — From the Table in § 207, the dead weight 
of the specified type of roof covering will be 7 lb./sq. ft., including 
fastenings and purlins. The weight of the principal itself can be found 
from eq. (1), § 208. For corrugated sheeting h = 9*5, and 

9 . 5 ( 752 

W : ; IFs, 1-8 + 1800! = 4 lb ' y,S<3 ' ft ' approx ‘ 

The total dead weight per square foot of area covered is, therefore. 

Principal 4 • 0 

Covering 7 • 0 

Snow 5 * 0 

16*0 lb./sq. ft. 

From Fig. 331 it will be seen that the width of roof (measured hori- 
zontally) supported at one panel point is (75 + 1-5) 12 = 6-38 ft. 



Purlins 



75-0 Centres 
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Hence the load per panel point is (6*38 x 12J x 16) ~ 2240 = 0-57 ton. 
This figure has been used in § 6 to calculate the forces in the bars due to 
the dead load. 

(5) Wind Load on Roof. — Use will be made in this connection of the 
results of Stanton’s experiments, § 50. As shown in the Table, p. 120, 
the value of K for the windward side of the roof of an open shed, if the 
pitch be 1:4, is 0*4. Therefore the normal pressure on the windward 
side of the roof, due to a horizontal wind pressure of 30 lb./sq. ft., is 
30 x 0*4 = 12 lb./sq. ft. The negative pressure on the leeward side is 
negligible (Lc.). The loud at a panel point, due to a normal pressure of 
12 lb./sq. ft., is that on an area 7 • 13 x 12J sq. ft., the pitch of the panel 
points being 7*13 ft. ; this load is 7*13 x 12 \ x 12 -f- 2240 = 0*48 ton. 
It will be assumed that the snow has consolidated on the roof before the 
wind rises, and hence that both snow and wind loads act simultaneously. 

(6) Calculation of Forces in the Members. — The stress diagrams for the 
dead and wind loads should now be drawn, and the forces in all the 
members of the principal should be calculated. These diagrams are 
given in Figs. 13 and 14, and the method is set forth in § 6. Since the 
roof is supported on columns, it should be assumed that one-half the 
horizontal component of the wind pressure is carried by each column, 
as explained in § 209. The maximum force in each member is given in 
the Table on p. 12. It is not necessary to treat the wind as a live load 
(see § 44). 

(7) Calculation of the Scantlings. — In the present case, the roof itself, 
and the forces in all the members, are symmetrical about the centre line, 
and it is only necessary to consider one-half the roof. 

Rafter. — Bars Nos. 1-6. The forces in the different panels of this 
member range from — 8*79 to — 10*49 tons ; the same section will be 
used throughout. Consider first the lowest panel, bar No. 1 ; its length 
to the centres of the gussets may be taken as 72 in., the force in it is 
— 10*49 tons. It is riveted to gussets at each end ; the lower one forms 
part of the shoe of the truss and possesses considerable rigidity, the other 
will hardly do more than hold the bar fixed in position. The condition 
of the member evidently approximates to that of a column position- 
and direction-fixed at the lower end, and position-fixed at the other. It 
will probably not be far wrong to take q — 0 • 8 (§ 158), so that the length 
qh = 0*8 x 72 = 58 in. Using the Johnson parabolic formula and 
applying Asimont’s device, § 164, the necessary area of the member is 
given by eq. (4), § 164, 


1 ( 4g(gL) 2 

40S00l’ ,W+ 3 * 4 ' ,n ' 


Double angles, forming a tee section, wall be used, for which g ranges 
from 2*6 to 3*30. Taking a mean value of 3*0, and adopting a factor 
of safety of 3, 


-U 

40,000] 


3 x 10*49 x 2240 + 


4 x 3 x (58)? 


= 2*10 sq. in. 
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Two 3§ x 3 x J in. angles, back to back, have a total area of 3 • 12 sq. in., 
which is more than sufficient. The minimum k of this section is 1-09, so 

that ^ = 54. From the Johnson formula, eq. (3), § 164, the 

crippling load on this section is 


R = a -j 40,000 


4/gL\*| 

Z\ K ) ) 


2240 2240 i 40,000 ' 


■ ^(54) 2 j = 50 tons ; 


hence the factor of safety 7 ) = ^ = 4-7. There is therefore ample 


strength. 

Testing the bay immediately above this, bar No. 2, the load is 9*57 
tons. The gussets which hold this bar are only two-hole gussets attached 
to a light angle, the degree of direction-fixing is small, and it will be safer 
to take q = 1 ; since L = 85J in., the value of qhjK is 85| ~ 1*09 = 79. 


Applying the Johnson formula, R = 


- 40,000 - 4 
2240 { 3 



44 tons ; 


and 7] = 44 9*57 = 4*6. 

Considering next the possibility of bending in a direction at right 
angles to the plane of the principal, the panel points are held in position 
by the purlins. The degree of direction-fixing is small, and q should be 
taken as 1. The value of k for primary bending in this direction = 1*29, 
and qL[t< = 85 1 ~ 1 *29 = 67. Rivets (with in. washers) about 
27 in. apart will be used to connect the two angles ; qLjic = 30 for the 
single angle; hence #L//c for the double section = \/67 2 4~ 30 2 = 74 
(see § 160). It -will be evident from the preceding calculation that there 
is ample strength in this direction. 

The in. gussets will be placed between the two angles, so that the 
rivets are in double shear. The worth of a f in. rivet in double shear 
is 2*81 tons, hence the minimum number of rivets necessary at the lower 
end of the rafter is 10*49 -7- 2*81 — 4, and at the upper end, bar No. 6, 


is 9*22 -r 2*81 = 4. 


If possible, these angles should be made in one piece from ridge to 
eaves, otherwise joints must be made over the central gusset. 

(8) Struts . — The main strut, bar No. 14, is 128 in. long, panel 
point to panel point, and the load in it is — 2 * 97 tons. The value q = 1 
should be taken for this member, so that qL = 128. If the value of 
qLjK is to be less than 120, the smallest section which can be used is 
two 3J x 3 x J angles back to back, min. k ™ 1 *09, #L//c —128 — 1*09 
== 118. The crippling load for this strut, a = 3*12 sq. in., using the 

Johnson formula, is R = ^ ^-40,000 — ^(118) 2 =29*8 tons; and 

2240 { 3 ) 

7) = 29*8 -T- 2*97 = 10. The strength is therefore more than sufficient 
in both directions. A3 x 2| x J in. double angle would carry the load, 
but the ratio qljjK = 138. 

Two rivets in double shear at each end are required. 
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The size of secondary struts, bars Nos. 11, 12, 16, and 17, is likewise 
determined by the ratio gL/ic. Their length is 77 in., and the force 
in them 1 • 19 tons. The minimum value of k for a 3 X 3 x J in. angle 
is 0*59 in. Hence, taking q = 1, the value of qL/k = 77 -h 0*59 = 130. 
This is over the limit, but the crippling load of the strut, according to 
the Johnson formula, is 14*7 tons, and the factor of safety is 14*7 ~ 1 • 19 
— 12-3. This is three times as much as is necessary, and the section will 
be adopted. Two rivets in single shear will be used in each end. 

For a study of the stresses in a strut attached by its back (as are the 
above members), see § 167. 

(9) Diagonal Ties.— Bars Nos. 9 and 10 (made in one piece). The 
maximum load occurs in bar No. 10, and is 4* 5*53 tons. At 8*0 tons/ 
sq. in. the net section required is 5*53 -f* 8 = 0*7 sq. in. Try a 3 X 3 x 
i in. angle. The gross area is 1 *43 sq. in. Deducting the area of a rivet 
hole in the vertical flange, § x \ = 0-19 sq. in., and one-half the area 
of the outstanding flange, § 151, | x 2*75 x \ — 0*35 sq. in., the net 
area is 1*43 — 0*19 — 0*35 = 0*89 sq. in., so that the section is worth 
0*89 x 8 = 7*1 tons and is sufficiently strong. Three rivets in single 
shear, each worth 2*64 tons, will be required. 

(10) Main Tie Bar .-^Bars Nos. 7, 8, and 18. The maximum force 
occurs in bar No. 7 and is 9*92 tons. Two angles, 3 x 3 x \ in., back to 
back, will be used, and, from the preceding calculation, will evidently 
carry the load. In fact, since these angles are attached one each side of 
the gussets, they are not eccentrically loaded, and the total net area 
might be counted in (see § 151). To carry the load of 9*92 tons, 9*92 

2*81 = 4 rivets in double shear are required in the ends of this member. 
These rivets share the vertical reaction at the supports, and the arrange- 
ment shown in Fig. 331 will be adopted. 

The double angle section will be carried right across, but owing to the 
great length of the bars, joints must be introduced at the panel points 
where bars Nos. 8 and 18, 108 and 18, meet. The maximum force in 
bar No. 8 is 7*71 tons, and in No. 18 is 4*39 tons. Four rivets, two in 
double shear, two in single shear, will easily carry the load. The arrange- 
ment of the joint is shown in (i) Fig. *331. 

(11) Secondary Ties. — Bars Nos. 13 and 15, maximum load 2*22 tons. 
A 2| x 2J x £ in. angle will easily carry this load, and 2 rivets in single 
shear are required. 

(12) Choice of Sections. — Unless there are a large number of principals 
to be made, all of the same type, it is doubtful whether it is worth while 
to introduce the new section 2J x 2J x £ in. for the above members. 
In the present design a 3 x 3 x £ in. will be used for bars Nos. 13 and 15, 
and as both main struts and rafters are 3| x 3 x £ in., there will only be 
two sections in the roof. This modification will increase the weight of 
each principal by 38 lb., but probably will not increase the cost. 

(13) Purlins . — The area supported by a purlin is 12*5 x 7*13 sq. ft. 
When carrying its maximum load, it supports a dead weight of 7 lb. for 
the covering, plus 5 lb. for the snow = 12 lb./sq. ft. of area covered. The 
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component of this, normal to the sloping surface,. is 12 x (2/^5) 
= 10*8 lb./sq. ft. Adding to this the normal wind pressure, 12 lb./sq. ft., 
the total normal pressure is 22-8 lb./sq. ft., and the normal load on the 
purlin is 12*5 x 7*13 x 22*8 -r 2240 = 0*91 ton. Taking the maxi- 
mum bending moment as WL/10 (see § 201), 


M = WL __°* 91 x 12*5 x 12 
10 10 


13*7 inch-tons, 


and at 8 tons/sq. in. the required section modulus is Z = 13*7 -r- 8 
= 1*71 in. 3 . A 5 x 3 x ^ in. angle, Z = 1*83, is sufficiently strong. 
The ratio of span to depth is 150 4- 5 = 30/1, which is permissible in 
such cases. The above calculation neglects the effect of the component 
in the plane of the roof covering. There is little doubt that the latter 
is resisted, partially at least, by the stiffness of the covering in its own 
plane. 

The purlins at the ridge act as part of the longitudinal wind bracing, 
(ii) Fig. 331, and are stressed as struts. They, however, carry only 
one-half of the normal pressure on the intermediate purlins. 

(14) Lay-out of Roof . — The general arrangement of the roof is shown 
in (ii) Fig. 331. To complete the structure, the columns, their founda- 
tions, the girders supporting the intermediate principals, the longitudinal 
wind bracing, and the covering (if any) down to the eaves at the ends, 
must be designed. Suitable drainage arrangements must also be planned. 
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QUESTIONS ON CHAPTER XII 

In the following designs for roof trusses, assume that the horizontal wind 
pressure is 20 lb./sq. ft., and the weight of snow 5 Ib./sq. ft. In closed -in 
buildings, take account of the negative pressure on the leeward side of the 
roof. The safe stresses and rivet details given in § 212 may be used. 



Fig. 332. 


1. Roof over an open shed. Principals spaced 10 ft. apart, and carried 
on columns. 

2. Roof over a building. Principals spaced 8 ft. apart and carried on 
brick walls. 
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3. Compound roof truss covering a factory building. Principals spaced 
10 ft. apart and carried on columns. Neglect any effect which one truss may 
have in shielding the next from the wind. Hint : Find the forces in the 
members CD, DE by the method of sections. 

4. The sketch represents the roof for an island railway platform. AA are 
two longitudinal girders running the full length of the roof. The columns 
are spaced 25 ft. apart longitudinally, and the pitch of the principals is 
12 ft. 6 in. 

5. Design the hipped end for the roof indicated in the figure. 

6. Knee-braced roof truss for a closed-in building. Columns and princi- 
pals spaced 12 ft. 6 in. apart. The roof is covered with glass. In this case 
the columns may be taken as hinged about the bottom of the concrete base. 



CHAPTER XIII 

ARCHES 


213. Arches. Definition.— An arch, Fig. 335, may be loosely defined 
as a curved structure which supports a system of loads by virtue of the 
end thrusts which sustain it. It follows that the curvature must be 
convex to the direction of the applied loads. An arch may be, and 
normally is, subjected to bending moments throughout its length, but it 
is to be distinguished from a curved beam in that its stability is dependent 
on these thrusts. 

214. The Linear Arch. The Line of Thrust.— If, for a system of 
vertical loads W x , W 2 , W 3 . . ., Fig. 333, a load line dg and pole 0 be 



taken, and a funicular polygon A J 2 B be drawn, passing through the points 
AB, this funicular polygon represents the shape which a series of links 
would assume under the action of the given system of loads. Such a 
series of links would form an elementary arch which would support this 
particular load system. It is clear that the arrangement is in equilibrium, 
for the three forces meeting at the point J x , viz. the thrusts in the links 
AJj and J X J 2 and the vertical load W x , are represented in direction and 
magnitude by the sides of the triangle Ode in the force polygon. Similarly, 
the three forces which meet at the point J 2 are represented by the triangle 
0 ef, and so on for the other points. The funicular polygon represents, 
therefore, the direction of the thrust at every point in this elementary 
arch ; and the magnitude of the thrust in each link is given by the lengths 
of the lines Od, Oe, 0/ ... in the force polygon, measured to the force 
scale. Such a funicular polygon is termed a linear arch. Although in 
equilibrium under the particular load system, such a series of links would 
evidently be highly unstable, for the slightest variation in the load 
system would bring about the destruction of the whole arrangement. 
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Eor this reason a practical arch must possess rigidity, so that it will 
retain its shape notwithstanding the inevitable changes in the magnitude 
and direction of the thrusts which result from variation in the load condi- 
tions. Eor each load condition, however, there will he a funicular 
polygon corresponding to the linear arch AJ 2 B, which will represent the 
direction of the thrust everywhere in the arch. This is called the line 
of thrust, and when it is known, the bending moment and stresses in the 
arch at every cross-section can be determined. 

215. The Horizontal Thrust of the Arch. — Suppose that AJ 2 B, 
Fig. 333, represents the line of thrust for an arch which is carrying the 
system of vertical loads Wj, W 2 , W 3 ... At any point J the direction 
of the line of thrust is J 2 J 3 . The magnitude of the thrust along J 2 J 3 is 
given by Of in the force polygon, measured to the force scale, and so on. 
At the ends of the arch the directions of the thrust are given by 
the lines AJ X and B J 3 respectively, and it is obvious that the reactions 
R x and R 2 at the supports are equal in magnitude to the thrusts in A 
and BJ 3 , but reversed in sense. It follows that in an arch the abutments 
must be capable of carrying not only vertical reactions, but both the 
vertical and horizontal components of these inclined reactions. 

Draw a horizontal line Oh in the force polygon, and let Oh = H. The 
length H, measured to the force scale, is evidently the horizontal com- 
ponent of each of the forces 0 d, Oe, Of . . . That is to say, the hori- 
zontal component of the thrust in the arch is everywhere the same, 
provided that all the loads be vertical. Further, since H is the horizontal 
component of the thrusts in both AJ x and B J 3 , it is the horizontal com- 
ponent of the inclined reactions, i.e. it is the horizontal force which each 
abutment must carry. The vertical components of the reactions can be 
obtained by taking moments of the applied forces about A or B, or from 
the force polygon, Fig. 333. The magnitude of H must be obtained 
from the conditions of equilibrium of the arch. 

It is clear that, by varying the position of the pole 0, an indefinite 
number of lines of thrust corresponding to the load line dg can be drawn 
to pass through A and B. Only one of these can be the true line of thrust, 
and there can only be one value for H. The methods by which this is 
determined are given later. In the meantime it is useful to find the 
relations between two lines of thrust for a given load system, each passing 
through A and B. 

From the properties of the funicular polygon, the moment M of all 
the vertical forces to the left of any section JN, Fig. 333, is given by the 
ordinate JN, measured to the distance scale, multiplied by H measured 
to the force scale (see § 33, Vol. I), i.e. M=Hx JN. M would evidently 
be the bending moment at the cross-section in a similarly situated beam. 
Let AJ./B, shown dotted, be the polygon corresponding to a new pole O' 
and a new polar distance H'. Then, as before, the moment M at the 
same section is H' x J'N. Hence, 

M = H x JN — H' x J'N : or gj = ^ 


(1) 
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That is to say, the ordinates at any section J'JN of two similarly situated 
funicular polygons vary inversely as the polar distances of the corre- 
sponding force polygons. 

In certain simple cases the foregoing considerations are sufficient to 
determine the horizontal thrust of the 
arch. Let (i) Fig. 334 represent a 
parabolic arch carrying a uniformly 
distributed load, w per unit of length. 

The funicular polygon, or line of 
thrust, for this load condition, like the 
bending-moment diagram for a sim- 
ilarly loaded beam, will be a parabola. 

Hence a parabolic linear arch, theo- 
retically, will support the load. If 
H be the horizontal thrust of such 
an arch, and D its rise, at the centre of the funicular polygon the 
moment 



M = * = HxD; and H 

o 


wL 2 

8D 


( 2 ) 


In a practical parabolic arch, thus loaded, the theoretical linear arch 
will form the centre line of the arch, and there will be no bending moment 
anywhere in the arch (cf. § 216). The stress on every cross-section will 
be a pure normal stress. 

The above is true for every parabolic arch passing through A and B, 
with its vertex at C. The flatter the arch, the greater the horizontal 
thrust. The end conditions, whether hinged or fixed, do not affect the 
problem. This case is the converse of the suspension chain considered 
in § 233. 

Similar reasoning applies to the pair of rafters carrying a load W as 
shown in (ii) Fig. 334. Here the funicular polygon is a triangle corre- 
sponding to the bending- moment diagram for a beam carrying a central 
concentrated load, 


M 




x D ; and H 


WL 

4D 


. (3) 


For the technical terms used in connection with arches, see Fig. 479. 

216. The Bending-Moment Diagram for an Arch. — Given a system 
of vertical loads on an arch, to find the bending moment everywhere. 
Let ACB, (i) Fig. 335, be the centre line of an arch, and suppose that 
STU be the line of thrust corresponding to the load system. Consider 
any plane section KjKKg normal to the centre line, and let F, (ii), be 
the thrust of the arch at this section. The direction of F will be that of 
the line of thrust at the point where it crosses the section K 1 K 2 , and its 
magnitude is given by the line 0/, drawn parallel to F, in the force polygon 
(iii). F is evidently the resultant of all the forces acting on the arch to 
the right of K X K 2 . 

Unless F act through the centre of area K of the cross-section, it will 
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produce a bending moment at the section of magnitude M, equal to the 
moment of the force F about K. Draw a vertical through K cutting the 
line of thrust at J, (ii) Fig. 335. Then F may be resolved into two com- 
ponents acting at J, F sin</> in a vertical direction, and Fcos <f> acting 
horizontally ; <j> is the angle which F makes with the horizontal. The 
moment of the vertical component about K is zero, the moment of the 
horizontal component is Fcos <f> x JK. Hence the moment of F about 
K, which is equal to the sum of the moments of its two components/ 
is 0 4- F cos cj> x JK, and the bending moment at K is M = F cos (j> x JK. 



Now F cos <f> = H, the horizontal thrust of the arch, represented by Oh 
in the force polygon, (iii) . If JK = /jl, then 

M = H x JK = Hft (I) 

That is to say, the bending moment at any cross-section is equal to the 
horizontal thrust H of the arch multiplied by the vertical distance 
between the line of thrust and the centre line of the arch at the cross- 
section. This is known as Eddy’s theorem. 12 Since all the loads are 
vertical, H is constant ; the ordinate /x represents, therefore, to some 
scale, the bending moment at the cross-section, and the shaded area in 
(i) Fig. 335 may be regarded as the bending-moment diagram for the arch, 
with STU as the base line. If preferred, it might be plotted from a 
straight base line as shown at (iv). If p be measured to the length 
scale in inches, and H to the force scale in tons, M = H fi is in inch-tons. 

Signs . — Ordinates measured above the line of thrust are considered 
as positive and represent a bending moment tending to increase the curva- 


478 


MATERIALS AND STRUCTURES 


ture of the arch. Ordinates measured below the line of thrust represent 
a negative bending moment tending to decrease the curvature. 

From the above theory an important equation can be deduced which 
applies to all arches. It will be evident from Fig. 335 that eq. (1), 
M = H x JK= H jji, may be written M = H(- JN -f KN) [in (iv) 
Fig. 335, ju at section K is negative]. But from the theory of the funicular 
polygon [cf. eq. (2), § 33, Vol. I], H(— JN) = M', the bending moment at 
the section K of a similarly loaded beam. If the arch be hinged at the 
ends, the support moments are zero, and the beam is merely supported 
at its ends ; if , as in Fig. 335, there be support moments represented by 
SA and UB at the ends of the arch, equal support moments must be 
applied at the ends of the beam. These must be determined by the 
methods of § 222. As before, a bending moment tending to make the 
beam concave upward is considered negative. Further, if the ordinate 
of the centre line of the arch KN = y, the expression for M may be 
written 

M = H x JK =» H(- JN + KN) = M' + Hy . . (2) 

This equation is deduced in a different manner for a three-hinged 
arch in § 217, eq. (2). 

It is evident that if the true line of thrust for the arch can be found, 
the bending moment everywhere is known, and the stress in the material 
can be found. There are three cases to consider, (i) a three-hinged arch, 
(ii) a two-hinged arch, and (iii) an arch in which the ends are fixed in 
direction. 

217. The Three-hinged Arch.— In a three-hinged arch. Fig. 336, a 
hinge or joint is provided at the springings A and B, and also at the 
crown C. Neglecting any friction 
there may be, it is evident that 
the hinges can transmit no bend- 
ing moment ; i.e. /*, at a hinge is 
zero, and the line of thrust passes 
through the centre of the hinge. 

The problem reduces, therefore, 
to finding a line of thrust for 
the given system of loads which 
passes through three given points. 

A graphical solution is simple, 
and to make the problem more general it will be assumed that the hinges 
A, B, and C, (i) Fig. 337, are not symmetrically placed. With a load line 
dg, and any pole 0 ls draw the force polygon (ii) for the given load system. 
Starting with a line in the space F, parallel to OJ, and jxtssing through C, 
draw the line of thrust A^B^ cutting the verticals through A and B in 
A x and B x respectively. This line of thrust will, in general, not pass 
through A and B. Join and draw 0^ in the force polygon parallel 
to A 1 B r Through A, draw Oh parallel to AB, and take a new pole 0 
such that H : BL 1 :: CN * : CN ; where H and H x represent the polar 
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distances of the poles 0 and 0 l3 and CN and CN X are the vertical heights 
of C above the lines AB and A^B Respectively. Then a line of thrust 
drawn to suit the pole 0 will pass through A, B, and C. 

This is the true line of thrust for the three-hinged arch. The ordinate 
ju, at any section K, Fig. 336, is now known, and the bending moment 
there is M = H/x ; H is measured to the force scale, fx to the length scale. 



Analytical Treatment . — The bending moment at any section of a three- 
hinged arch carrying vertical loads may be found analytically as follows : 
Let ACB, Fig. 338, represent the arch, span L, rise D, and let K be any 
point on the centre line. Since the forces acting on the pin C are in 
equilibrium, they cannot in any way affect the external forces acting on 
the structure. Therefore the vertical reactions Y x and V 2 , acting at 
A and B respectively, can be found by taking moments of the vertical 
forces about B and A in turn, exactly as in the case of a beam. The 



horizontal thrust can be found by taking moments about the pin C. 
Let E W 2 be the total load acting on the right-hand side of the arch, and 
z" the distance of its centre of gravity from C. Then, 

(SW 2 )z"-V 2 £+HD = 0 or, H = ^ - {S ^' (1) 

which determines the horizontal thrust H. 

Consider next the forces acting on the arch to the left of section K. 
The moment of these forces about K will be the bending moment at K. 
Let E W x be the total load acting on the arch to the left of K, and x 
the distance of its centre of gravity from K ; then, 

Me; = 55 .— Y x x + (E W x )x + Hy — Me;' 4- H y 


( 2 ) 
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where M K ' — - V x x + (S W x )x. M K ' is the negative bending moment 
which would occur at a section K distant x from the left-hand reaction of 
a beam, supported at the ends, and carrying a like vertical load system 
to the arch. In Fig. 336 Me' is represented to scale by JN, and KN 
represents B \y ; the difference JK = p, represents M K , the bending moment 
on the arch. Having found H, the true polar distance is known, and the 
line of thrust can be drawn. 

Alternatively, the magnitude and direction of the thrust at K can be 
determined as follows : Consider the forces to the left of K. The vertical 
component of the thrust at K is (V x — 2 W#). The horizontal com- 
ponent is H. The resultant F of these two components, (ii) Fig. 338, 
represents in magnitude and direction the thrust at K. This may be 
resolved normally and tangentially to the cross-section as shown. The 
normal component Fa produces a direct stress on the cross-section, the 
tangential component S produces a shear stress. The bending moment 
at K can be found from eq. (2) above ; the bending and direct stresses 
must be properly combined. 

218. Three-hinged Spandrel-braced Arch, — In a three-hinged 
spandrel-braced arch, (i) Fig. 339, it is not necessary to draw the line of 



thrust. The reactions on all three pins should be determined, and the 
forces in the bars found by drawing a stress diagram, or otherwise as may 
be convenient. The reactions V 1? V 2 , and H can be obtained by the 
analytical method of § 217. The reactions at the pin C can be found 
by considering the equilibrium of one-half the arch, (ii). The horizontal 
reaction at C is evidently equal to H ; the vertical reaction V 3 = 
2 W x — V v All the external forces are now known and the stress 
diagram for each half of the arch can be drawn. 

Worked Example* — (i) Fig. 340 represents the outline of a three- 
hinged spandrel-braced arch. It carries three loads of 10, 20, and 30 
tons respectively in the positions shown. Draw the stress diagram for 
the left-hand side of the arch (I.C.E.). Find the vertical reactions 
by taking moments about the right-hand end pin. Using the panel 
length as a unit, V x x 10 = 30 x 2 + 20 x 7 + 10 x 9 ; V x = 29 tons ; 
V 2 = 10 4- 20 + 30 - 29 = 31 tons. 

Find H by taking moments about the centre pin ; for the left-hand 
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side of the arch, (ii), 29 x 70 ~ 10 x 56 ~ 20 x 28 = H x 25 ; 
H = 36*4 tons. V 3 = S W x - V x = 10 + 20 - 29 « 1 ton. The ex- 
ternal forces on the left-hand side of the arch are then as shown in (ii). 
They are evidently in equilibrium. The stress diagram can be drawn in 
the usual way ; it is shown in (iii). To obtain an accurate stress diagram 
for a structure with a curved flange such as (i) Fig. 340, the outline (ii) 
must be set out to a large scale. 



219. TJnsymmetrical Three-hinged Arch. Any Load System.— The 
more general problem of an unsymmetrical three-hinged arch, carrying 
loads which are not vertical, can be solved graphically by the method 
shown in Fig. 341. Let ACB be the arch, R' the resultant of all the loads 
on the arch between A and C, and R" the resultant of all the loads between 
C and B. First suppose that R' is the only load on the arch. Join BC 
and produce to cut R' in G x , join AG X . Then BG X is the line of action 
of the reaction R 2 ', and AG X that of the reaction R/. The magnitudes 
of these reactions can be found by resolving the resultant R' along G X B 
and G X A as shown at (ii). Next suppose that R" is the only load on the 
arch. Join AC and produce to cut R" in G 2 ; join BG 2 . Then AG 2 is 
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the line of action of the reaction R/, and BG 2 is the line of action of the 
reaction R/. The magnitude of these reactions can he found by resolving 
R 7/ along GgA and G 2 B as shown at (iii). When R/ and R" both act on 
the arch, the magnitude and direction of the total reactions can be found 
by combining R/ and R/ to find R 3 as at (iv), and by combining R 2 ' 
and R/ to find R 2 as at (v). The thrust R 3 on the pin at C can be found 
by combining R/ and R./ as shown at (vi). 

The line of thrust can now be set out. In (vii), let pq and qr represent 
R 7 and R* respectively. Then rO and Op, drawn parallel to R 2 and R x , 
will represent in magnitude and direction these reactions, and 0 will be 
the true pole. Set out W x . . . W 6 the components of R' and R 7/ , 



join to the pole 0, and draw the line of thrust in the usual way. It will 
pass through the three pins. 

For the purpose of finding R' and R" from the given loads on the 
arch, subsidiary funicular polygons can be used as shown at (viii). 
The force polygon for (viii) is shown by the broken lines in (vii), the pole 
being O' 7 . 

When the loads are not vertical, the horizontal thrust of the arch, H, 
is not constant. H x , the horizontal thrust at A, is the horizontal com- 
ponent of R x ; H 2 , the horizontal thrust at B, is the horizontal component 
of R 2 ; and H 3 , the horizontal thrust at C, is the horizontal component 
of R 3 . The sum of the horizontal components of all the external forces 
acting on the arch to the left of C, including must be equal to the sum 
of the horizontal components of all the external forces acting on the arch 
to the right of C, including H 2 , and each sum must be equal to H 3 in 
magnitude. Eddy’s theorem, § 216, will still apply : that is tp say, the 
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bending moment at any cross-section of the arch is equal to the horizontal 
thrust H multiplied by the vertical distance between the line of thrust 
and the centre line of the arch at the cross-section, M = H/x ; but in this 
case, H is the horizontal component of the thrust on the particular cross- 
section. 

220. Two-hinged Arch.— In a two-hinged arch, Fig. 342, hinges are 
provided at the springings A and B only. It follows that the line of thrust 
must pass through the points A and B. An indefinite number of lines of 
thrust can be drawn passing through two points A and B, and in order to 
determine the true line of thrust, a second condition must be taken into 



account. This condition is that the distance between the points A and B 
is assumed to remain constant. 

Consider a thin slice of the arch KjKK 2 , (ii) Fig. 342, contained 
between two normal sections, and S l in thickness. Suppose that the 
bending moment which acts on the slice is M, and that it causes a change 
of slope So* in the elementary length SI. Then from eq. (5), § 91, Vol. I, 

= 073 where I is the moment of inertia of the cross-section at K. As a 

ilil oi , 

consequence of this change of slope, suppose that A would move to A 1 
were it free to do so. It is to be understood that AA X is the motion 
resulting from the deformation of the elementary strip only ; it is the 
motion which would occur if the arch to the right of the strip were held 
fixed, and the pin at A removed, the portion of the arch to the left of the 
strip remaining rigid. Then the angle AKA L is the change of slope Scr, 
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that is to say, 8cr -- ^ . 8 l. Now the horizontal component of 

the motion AA, is A A,. But, by similar triangles, 


AA e KN 
AA t AK ’ 


hence, 




M 

ET 


y . SZ, if KN = y. 


AA 2 is t-lie horizontal motion of A due to the deformation of the elementary 
strip 8Z. Similarly, every elementary strip from A to B will cause a 
horizontal movement of A, some a positive motion, some a negative 
motion. The total horizontal movement of A is the addition of all these 
f B M 

motions, which is w . dl. But if AB is a fixed length, the horizontal 

J a ei 

motion of A must be zero. Hence, 


j A Ei y ' dl “ ° ' (1) 

Graphical Procedure .— For the given system of vertical loads on the 
arch, take any pole O v (iii) Fig. 342, polar distance H 1# and draw a line 
of thrust AT 1 B, making it pass through A and B. The construction 
given in § 217 can be used for this purpose. Let the ordinate J X N of 
this line of thrust, measured on the vertical KN, be u. Suppose that 
ATB be the true line of thrust, at present unknown, which also passes 
through A and B, and let the ordinate JN of this, measured on the vertical 
KX, he ku , where k is a constant. If the value of h can be discovered, 
and a new line of thrust be drawn using a polar distance H = H* -r Jc, 
the ordinates of the new line of thrust will be Jc times those of the old, 
eq. (1), § 215 ; that is to say, H will be the true polar distance and will 
represent to the force scale the true horizontal thrust of the arch. 

Now from § 216, the bending moment at K is 

M - H ; IvJ - H(KN - JN) = H (y - ku) . . (2) 


(KJ in Fig. 342 is negative). Insert this value of M in eq. (1), . 

fBM fBjJ 

j jr/ ■ dl -= J - ku )y ■ dl = °- 

In this equation H, the horizontal thrust, is constant; E and k are 
constant ; I may or may not vary. The integral can therefore be written, 


E h I 


. dl + 


h r B .v 2 

eJ a T 


rf/ = 0; 


or, k = 


■“y 2 

J A I 

' B y« 

. A r 


.dl 


( 3 ) 


If the values of I, y, and u are such that the integrals can be evaluated, 
the value of k is thus determined. It is usually necessary to adopt some 
semi-graphical procedure such as the following : Divide the centre line 
A.CB into a number of equal parts each 8 1 long. Measure the values of 
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y and u at the centre of ©ach. part, and tabulat© tli© corresponding values 
of y 2 /l and yu/1 ; add these up. Then since 81 is constant, 

. . ( 4 ) 

The following tabular arrangement should be used : 



Inserting the summations in eq. (4), the value of H is determined, 
and the correct line of thrust can be set out. The ordinate /x at any 
section between the line of thrust and the centre line, measured to the 
length scale, multiplied by H measured to the force scale, gives the 
bending moment at the section. Alternatively, the bending moment M 
can be calculated from eq. (2), § 216, M = M' + H y. 

Analytical Treatment . — The value of H may also be found as follows : 
From eq. (2), § 216, M — M' +• H y, where M' is the moment about K of 
all the vertical forces to the left of that point ; i.e. it is equal to the bending 
moment* at a section K distant a; from the left-hand reaction of a beam, 
span L, supported at the ends and carrying a like vertical load system to 
the arch. Then from eq. (1), 

H y f B M' 77 „ 

y • dl = j HI? • dl+ H 

r B M' 

-y.dl 

from which H * — - ~r -s — (5) 

Lr» 

In finding M', the usual convention is to be observed that a bending 
moment making the beam concave upward is negative. 

In cases where direct integration is impossible, the semi-graphieal 

* M' in this chapter is to be distinguished from the same symbol used in § 94. 


rv 

Lei 


,dl= o 


J A Ei y J. 


•M' + 

~ e! 
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procedure previously used can be adopted, and the centre line divided 
into equal parts Si, when 

H=[S! (- MV/I) -2^/1] (6) 

the tabulation taking the form 


Ordinate. 

y 

-M' 

I 

- MV/I 

yV i 


i 

1 





Knowing H, the true line of thrust can be drawn, or the bending moment 
M everywhere can be calculated from eq. (2), § 216, M = M' + H«/. 

Prom the theory of the funicular polygon, — M' = H^, Fig. 342, 
Hjyu jl — — and eq. (6) follow’s directly from eq. (4). 

Integration Device . — Each integral in eq. (3) contains the factor SZ/I ; 
the semi-graphical integration described above is simplified if the parts 
into which the centre line 
ACB is divided are so 
chosen that SZ/I is constant 
for each part. The following 
graphical method of doing 
this is due to R. Mayer.* 

Assuming that the two 
halves of the arch are sym- 
metrical, on a base line OC, 

Fig. 343, representing 1/2 
the developed length of the 
half centre line, plot a curve 
TU representing the value 
of 1/1 for every point in the 
half arch. Divide this curve 
into a number of parts by 
means of the ordinates 
0 ... 5, which need not 
be equally spaced. Unequal 
spacing is convenient in Fig. 343. 

that it permits sudden 

variations in 1 /I to be taken into account more easily (see the worked 
example, §. 221). Project across from the centre of each element on to 
a vertical RQ at a convenient distance from 0. Using 0 as pole, and 
RQ as c load ’ line, draw the funicular polygon OV, such that o'p in the 
space 2 . 3 is parallel to OP and so on. Then by similar triangles, 



pq 

oq 



n = 


PQ 

OQ 



. (?) 


* Der Bauingenieur , Bd. 6, 1925, p. 466. 
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since, for the element 2 . 3, PQ = 1/1 ; oq = A1 ; whilst OQ = k. 
CV is the sum of all such elements as pq, hence 




Now 
. (8) 


Divide the distance CV into n equal parts (in the figure there are five) by 
means of the sloping line VW, and project across to cut the funicular 
polygon. Then the triangle o'p'q' corresponds exactly with the triangle 

opq, and as in eq. (7), p'q' = But PY = l /nth. of CV and is 

constant for every segment such as 2 ' . 3'. Therefore the segments 
0 . 1' ; 1 ' . 2' . . . represent values of SZ for which SZ/I is constant, 
and are those required for the integration. For clearness, i/2 in the 
figure has been divided into five parts only ; in practical work a closer 
subdivision is necessary. It will be observed from eq. (7) that 

jpQ QQ 

pq = —qq 1 = (area of the 1/1 curve between the ordinates 2.3) — h. 

Hence CV represents the area OTUC, and the curve OV might be set out 
by repeated use of a planimeter or by means of an integraph. 

From eqs. (3), (4) and (6), if SZ/I be constant, £ = and 


Hxp; 


3 

'A 2/M 


sly 2 ] 


[Sl(- 


MV) - 


(9) 



To effect the integration therefore, divide the centre line of the arch 
into parts SI obtained from 
Fig. 343 ; measure y and u 
at the centre of each part ; 
tabulate the values of yu and 
y 2 ; add them up ; then insert 
the sums in eq. (9) to find the 
value of H. 

Particular Case. As a first 
approximation it is sometimes 
assumed that I = I 0 sec 0, 
where I 0 is the moment of 
inertia at the crown of the 
arch, and 0 is the inclination 
of the arch to the horizontal at 
any section. Then dl dx x sec 0, and the integrals of eq. (3) become 

. fB 

y * . dx : 


or 


' Til 

L — 

.* — — . -** 

!n* • 


t 


Sr * 


Fig. 344. 



1 f B 1 P 

~\y*.dx-, r 

X 0J A X 0 J i 


yu 


. dx 


whence, from eqs. (4) and (6), 


H: 


H i[ • dx + jV ■ dx ~\ = £ j — My . dx + | y 2 . dxj (10) 

As an example of the above method of treatment, consider the case 
of a two-hinged parabolic arch ACB [(i) Fig. 344], span L, rise D, in which 
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I = I 0 sec 9, and carrying a single concentrated load W at a point Q 
distant l x from A. The equation to the parabola is 

4D 

y = - x ) (ii) 

The bending-moment diagram for the load W, were it carried by a beam of 
span L, would be the triangle a'q'b' [(ii) Eig. 844] of which the maximum 
ordinate is Mq' = — WlJJh, and the ordinate at any section distant x 
from A is 

-vr/ _ ^ „ WZ 2 a; 


n f/ p r M' = 


Vl t l 2 ^ _ W l 2 x 

T T x z" " XT’ 


Similarly, working from the other end, the ordinate at any section distant 
x " from B is = — ’Wl 1 x"jL. Then the integral [eq. (10)], 


— MV . dx = + 


~~y.dx + ±-y.dx". 


Eq. (11) for y, owing to its symmetrical form, will hold, for both these 
integrals if a; be changed to x" for the second. Then, 

. Wl 2 4Df*> _ , . 

JoTT 5 ' l * jjj (L -*)*’-'**; 


Iff Z 

(L- 

Jo 


x)x 2 . dx ; 


f- MV . dx = S^[4L - 3 ZJ + ^gA 3 [4L - » J 
WDZ l 

“ 3P,2 ~Pl 2 + ^2 2 ] j L = li + Z 2 

The integral [eq. (10) ], 

f B 16D 2 f L 8 

Then, from eq. (10), 

H [ j A ~ Wy ■ dx + j/ • dx ~\ = 1S5 Vi + «A + V] (12) 


-[4L - 3ZJ ■ 


[4L - »J 


or, in terms of a single variable l v , JW/q^r gin!i 

5W llPri 

® = 8L®i> — ^i)(^ S + 1^1 - h 2 ) * • (13) ' r L 

Knowing the magnitude of H, the bending \. \B // 
moment everywhere in the arch can be fonnd. a\jl /q. 

In a two-hinged circular or segmental arch of _ 

uniform cross-section (I = const.) carrying a singl e ’ 

concentrated load W, Fig. 346, if R be the radius of the centre line, 
R and 6 current co-ordinates, 

y = R(cos 0 - cos a) ; dl = R . d6. 


Fig. 345. 




Fig. 346. 


a total dead load of 1 \ tons per foot (measured horizontally). I at the 
crown = 3*20 x 10 4 in. 4 , I at the springings = 7*78 x 10 4 in. 4 The 
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variation in 1 /I is shown in (iii) Fig. 346. Find the horizontal thrust 
of the arch and the bending moment everywhere. 

If R be the radius of the centre line of the arch, 


(2R - 30) 30 = 90 2 ; and R = 150 ft. 


The length of the centre line of the arch from springings to crown is 
96-48 ft. 

From the given variation in 1/1, find by the integration device of 
Fig. 343 the lengths SZ for which SZ/I is constant. The construction is 
given in (iii) Fig. 346. It will be noted that the A Z ordinates have been 
chosen to suit the sudden variations in 1/1. The values of 8Z are given 
in column 3 of the Table, the half centre line being divided into 8 parts. 

The centre line can now be divided up, (i) Fig. 346, and the value of y 
at the centre of each SZ division scaled or calculated, and entered in 
column 4 of the Table. 

The load is transmitted to the arch by verticals placed 15 ft. apart, 
so that the load on each is 15 x 1| = 22J tons. Set out the M' diagram, 
(ii) Fig. 346. This may be done graphically or by calculation, treating 
the loads as if they were carried on a beam of 180 ft. span supported at 
each end. The value of — M' for the centre ordinate of each SZ division 
is entered in column 5 of the Table. If y is given in feet, — M' should be 
given in ft.-tons. The values of — M f y and y 2 can now be calculated 
and entered in columns 6 and 7. The summations E (— ~M!y) and E y 2 are 
obtained by addition. From eq. (9), § 220, 


E (- Wy) 875,610 
11 “ Si/ 2 ~ 4,402-6 


198-9 tons. 


As both the arch and the load are symmetrical about the centre of 
the span, only one-half the arch is included in the above summations. 
Had the conditions been in any way unsymmetrical, it would have been 
necessary to include the whole arch. 

A rough check on the value of H can be obtained by supposing the 
arch to be of parabolic outline, when from eq. (2), § 215, 


wL 2 _ 1\ x 180 2 
8D ~~ 8 x 30 


202 ■ 5 tons. 


The value of M everywhere is most easily obtained from eq. (2), 
§ 216, M = M' -f H y. The values of H y are given in column 8 of the 
Table, and the algebraic sum of columns 5 and 8 give the values of M, 
which are entered in column 9. These values are plotted in (ii) Fig. 346 ; 
the shaded area represents the dead load bending-moment diagram for 
the arch. 

222. Arch Direction-fixed at each End. — If the arch be fixed in 
direction at its ends, there will be a bending moment at each abutment, 
which prevents any angular movement of the end cross-sections, exactly 
as in the case of a direction-fixed beam. As a consequence, the line of 
thrust will not pass through the points A and B, but will be displaced 
vertically by distances /x x and jjl 2 , as shown in (i) Fig. 347, where ACB is 
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the centre line of the arch and A'T B' the true line of thrust. From 
§ 216, the fixing moment at A is M, = Hja,, and at B is M 2 = H/u. 2 . To 


Ordi- 

nate. 

111 

8Z* 

y 

- M' 

-Wy 

2/ 2 


M=M‘ 

+Ky 








ft.- 

ft.- 

0 

1/in. 4 

1 • 285 Xl0“ 5 

ft. 

ft. 

ft. -tons. 

ft. -tons. 

ft. 2 

tons. 

i 

tons. 

1 

.?© 

15*6 

4*53 

802 

3,630 

20*5 

901 | 

1 

j + 99 

i 

2 

CO 

14*6 

12*30 

2,300 

28,290 

151*3 

2,446 i 

+ 146 

3 

K 

10*2 

18*86 

3,635 

68,560 

355*7 

3,751 

1 

+ 116 

I 

4 

l 

13*3 

23*75 

1 

4,674 

111,010 

564*1 

4,724 ; 

+ 50 


g 

11*6 

26*81 

5,346 

143,330 

718*8 

5,333 

- 13 

5 

C 

1 

10*1 

28*65 

5,732 

164,220 

820*8 

5,698 

- 34 

7 

> 

8 

7*7 

29*58 

5,949 

175,970 

875-0 

5,883 

- 66 

j 

8 

3*125 x 10~ 5 

7*4 

29*94 

6,032 

180,600 

896*4 

5,955 

- 77 


875,(510 4,402-6 


* Giving equal values of 81 / 1 . H ^ 4.02-6 = ® * ons - 



find the line of thrust for a direction-fixed arch, these distances /*, and 
/u 2 must be determined, in addition to the constant k of § 220. There are 
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thus three unknowns, and three conditions of equilibrium must be taken 
into account. It will be assumed (a) that the horizontal distance between 
the points A and B remains constant ; (6) that the vertical movement 
of A relative to B is zero ; (c) that the ends remain fixed in their original 
direction, i.e. that the change of slope from A to B is zero (compare 
§ 58, Vol. I). The first two conditions imply that the ends are fixed in 
position, the third that they are fixed in direction. 

As in § 220, consider a thin slice K^KKa, (ii) Eig. 347, normal to the 
centre line at K and SI in thickness. Owing to the deformation of this 
thin slice, suppose that A would move to A x [see (ii) ] were it free to do so. 
Then the angle AKA X = Scr, the change of slope in the elementary length 
AA M 

SI ; and, as in § 220, So- = = gj . 81, where M is the bending moment 

on the slice. The horizontal component of the motion AA X is AA 2 , where 

AA 2 =^ 1 .KN = 2/ .§a = |^.Si; 


if KN = y. But AB is constant, hence the total horizontal movement 
of A relative to B is zero, and 

f»M 

] a ei ^ ^ = 0 • • • • W 

Similarly, the vertical component of the motion AA X is A X A 2 , where, 

AA M 

by similar triangles, A 2 A 0 — . AN = x . Scr = x . SI, if AN = x. 

Ai\. Jcil 


But A and B are fixed points, and the total vertical movement of A 
relative to B is zero, hence 


’ B M 

JSI 


x . dl = 0 


( 2 ) 


Now the bending moment M on the elementary slice is made up of 
two parts : Ma, the bending moment which would exist if the ends of 
the arch were hinged, and M", due to the fixing moments; so that 
M — 4- M* (cf. § 57, Vol. I). The value of M" at A is H x fjL v and at 

B is H x fi 2 . Hence the trapezoid ABB' A', (i) Fig. 347, can be regarded 
as a fixing-moment diagram. At the section KIN, distant x from A, the 
fixing moment is H x NN', where NN' is the ordinate of the trapezoid ; 

NN' = -f (fi z — fti)^/L, and therefore, M" = H \fi x + (fi 2 — 


To obtain the value of M h, proceed as in the case of the two-hinged 
arch. With a pole 0 1# (iii) Fig. 347, and a polar distance H x , draw any 
line of thrust AT^, passing through A and B, of which the ordinate 
JjN = u. Suppose that ATB would be the true line of thrust on the arch 
if the fixing moments were zero, and let the ordinate JN of this curve = ku. 
Then, from § 216, M^ = Hx JK = H(KN - JN) - H (y - ku ). [KJ in 
Fig. 347 is negative]. The true bending moment at K is, therefore, 

M = M h + W = H(y - ku) + H J Ml + . (3) 
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Inserting this value in eq. (1) 
PM 


.El 


f B H r 

Lb L 


(: y - ku) + 


Pi + (pi ~ Pi) 




Since H, E, and k are constant, this equation may be written 


-f 

EL 


{[ 


(y - ku) + 


or, 


'yu 


k\ V -dl + 


*B ^/2 

■j -dl+ /x x 
J A 1 


Pi + (p2 

f‘f- a+ 


L 

p2 Pi 


] 


Pi)r \y -dl= 0 


°xy 

aI 


dl = 0 . (4) 


Similarly, from eq. (2), 


f B M „ PHT, , f t)-i 

jgj x . dl J ( y "h ' Pi + (p 2 pi) r x . dl ~ 0 


which reduces to 


J A 1 A 


Pa; 
JaI ' 


dl + 


Pi ~ Pi 


i; 


dl = 0 . (5) 


The third condition of equilibrium is that the change of slope from one 
end of the centre line of the arch to the other is zero. Now the change 

M 

of slope in the elementary length SI is 8a = . hi. Hence the total 

Jail 

change of slope from A to B is 


B M 

A Ei 

Inserting the value of M from eq. (3), 

b h r 

ElL (y ~ ku) + ■ 


f BM ,, r 

JaEI-^-J 


.dl — Q 


Pi + (.P2 - Pi) 


(6) 


;}]■“- 0 


which, since H, E, and h are constant, reduces to 

B dl^fjL 2 


Ja J a ■! Ja-*- D J A l 


(7) 


From the three equations (4), (5), and (7) the three unknowns /x x , 
ju, 2 , and k can he determined, provided that the integrations can be 
effected. The semi-graphical method used for the two-hinged arch may 
he adopted. Divide the centre line ACB into a number of equal parts 
each SI long. Measure the values oix,y, and u at the centre of each part, 
tabulate the values of all the integrals in eqs. (4), (5), and (7), and make 
the necessary additions. Since SI is constant, these equations become 

"--a sl^-o . . (8) 


-ts‘f + z;=L + ft 2;| + 


Bf 


, Pi ■ 


ki,2 


B XU 


+ 2lf 


+ pXU 


L A I 




P 2 


W-o 


• (9) 

• (10) 
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three simultaneous equations giving the values of fi v /x 2 , and Jc. The 
method of tabulation to be adopted is the following : 



Denoting the summations by A x . . . A 9 , and putting = X and 
(fx 2 — ju^/L = Y, eqs. (8) to (10) become 


A 3 X + A 7 Y - A 9 h + A 6 = 0) 
A 2 X -f- AgY — A s k -f* A 7 = 0 
A x X + A 2 Y - A Jc + A 3 = 0. 


. ( 11 ) 


These equations may be solved as simultaneous in the usual way, or 
by means of the following determinant : 


X - Y 


1 

I 

-1 

A ' A 9 A 6 | A 3 A 9 A 6 


A 3 A 7 A 6 


A 3 A 7 A 9 

A 5 a 8 A. . ; Aj, A g A, 


a 2 a 5 a 7 


A 2 Ag Ag 

Ao A± A a 1 A x A ^ A 3 


A 1 A 2 A 3 


A x A 2 A x 


Great accuracy is necessary when solving this equation in order to 
obtain a correct result. 

Knowing k, the correct polar distance H = H 1 jk can be found, and 
hence the line of thrust, ATB can be drawn. This is not the true line of 
thrust, which passes through A x and B x . Since /x x and /x 2 have been de- 
termined, these points are known. Lower the line of thrust ATB by an 
amount equal to the ordinate of the trapezoid ABBA/ at each section 
(i.e. J becomes J', where JJ' = NIST, and so on). Then A'T'B' is the 
true line of thrust, and the shaded area is the bending-moment diagram 
for the arch. At any cross-section, the ordinate /x of this diagram, measured 
to the length scale, multiplied by H measured to the force scale, is the 
bending moment M at the section. 

If the integration device of § 220 be used so that 81/1 = const, for each 
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segment, eqs. (4), (5), and (7) still hold, but I in the denominator of each 
term must be put equal to unity. 

Since H = H Jk, h may be replaced by H x /H ; and since - M' 
= B-jU, where M' is the ‘ beam ’ bending moment (see the Analytical 
Treatment, § 220), eqs. (8), (9), and (10) may be written 


1 v b Wy v b y 2 

h i + 2 ' i i 

1 _B M'a; V B xy 

T +2iA T 


+ Mi^f + 

+ Ml Slf + 


M2 

Hi 


L 

L 




B ^_ 0 
A I ~ U 


Mi 


s!| =o 


(13) 

(14) 


1 v bM' 

h^T 


, v b y , v b 1 
+ j +• Ml ^A J 


j. M2 ~ Ml 

‘ L 


£*-0 


(15) 


These equations may also be used if the integration device of § 220, 
8J/I = const., be adopted ; but I in the denominator of each term must 
be put equal to unity. 

In finding M', the usual convention is to be observed that a bending 
moment which makes the beam concave upward is negative. 



Analytical Method for Influence Lines. Symmetrical Arch . — For the 
purpose of constructing influence lines, if the arch be symmetrical, it is 
convenient to take origin at the crown* and consider each half of the arch 
separately. The co-ordinates x , y of any point K on the arch are as 
indicated in Fig. 348, not as in Fig. 347. The three unknowns at the crown 
of the arch are H, the horizontal thrust ; V 0 , the vertical shearing force ; 
and M 0 , the bending moment. From the three conditions of equilibrium 
set forth on p. 492, these unknowns can be determined. As before, 
bending moments tending to make the arch convex upward are called 
positive. Suppose that a single load W is applied at the point G distant z 
from the origin, and consider the deformation of the left-hand half of the 
arch. The bending moment at any point K between A and G is 

* A further simplification of the equations results if origin be taken at the elastic 
centre 0 B of the arch. C 0 0 E = f'{y /El) dl f^l/EI) dl. In this equation y is 
the ordinate to the centre line measured from AB. This procedure involves the 
preliminary summations indicated in order to find 0 B> which minimises its advantages. 
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M = YJI X - z) - By - \> + M 0 ; and at any point K between G 
and C is M = — Hy — + M 0 . From eq. (1) the horizontal move- 

ment of C relative to A is 


f k -~y . dl = -z)- By- + M 0 }y . dl + 

Jc’EI 2 ' W 

I Ry ~~ v °* + M °^ ‘ dl 

= f — {x — z) y . dl — f {Hy + V,^ — M 0 }y . dl. 

JqEI Jc^ 1 


Treating the right-hand side of the arch in a similar way, the hori- 
zontal movement of C is 


-L{~ H y + V 0 # + ^o}2/ * dl* 

ohA. 

The sum of these two horizontal movements is the increase in span of 
the arch due to W, and this from Condition (a), the span remaining con- 
stant, is zero, 

A i-{Hy + Vo* - M 0 }y . dl 
C &1 

+ | By + V 0 a; + M 0 }y . dl = 0. 

Since the arch is symmetrical, AC = CB = i/2, where l is the length of 
the centre line. Hence the equation reduces to 

i_ L 

w | A(X ^ . dl - 2H j 2 ! 2 . dl + 2M 0 j 2 -| . dl = 0 . ( 16 ) 

From eq. (2), considering the left-hand side of the arch, the vertical 
movement of C is 

f ^-x.dl = [ {x — z)x . dl — [ ^{Hy + V 0 a: — M 0 }a; . dl. 

J 0 EI J a EI J C E1 

Considering the right-hand side of the arch, the vertical movement of 
C is 

By + VqX + M 0 }a: . dl. 

c-ttl 

If, from Condition ( 6), the two supports A and B remain on the same 
level, these two vertical movements must be equal, 

' A g (X - z)x . dl - j A i{Hy + Vo* - M 0 }x . dl 

'*±{- By+V,p+M 0 }x.dl 
c iiii 
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or, since the arch is symmetrical, 
. r A (# — z)x 


w 

Jg 


. dl - 2Vrs 


. dl = 0 


whence, 


V 0 = 


wflii 

J G 

Jo I ‘ 


.dl 


(17) 


dl 


From eq. (6), considering the left-hand side of the arch, the change of 
slope from C to A is 


r 


A M 

,BI 


dl 


r A w r A i 

J a EI ( * “ 2) • dl ~ j 0 El {Ry + V > “ M o) • dl 

and, considering the left-hand side, the change of slope from C to B is 

y o x + M o}- dL 

From Condition (c), since both ends of the arch are fixed in direction, 
the total change of slope from A to B is zero, hence 

£gj(*- *) • dl - j^{Hy+V 0 *-M 0 } . dl + .dl=0 

whence, taking account of symmetry, 

f A (* - z) 

Jo 


W 


.dl 


i — “IX 

Treating eqs. (16) and (18) as simultaneous. 


i i 

dl + 2M, 


• r?-o 

o y — v . 

Jo x 


(18) 


W 


H 


and 


Mo 


A (x - z)y 


dl X 


f* w pt=i .a* f‘».a 

Jo 1 Jg ^ JqJ 


(19) 


w r A (x-z)^ dl x py dl _ w p(x - z) 
Jg I J o 1 Jg i 


X 


f V 
J.I ■ 


<u 


•CCf-£f-M 


The three unknowns H, Y 0 , and M 0 can he found from eqs. (19), 
(17), and (20), and without solving simultaneous equations. If, for the 
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purpose of effecting the summations, the length l be divided into equal 
segments 81 as in eqs. (8), (9), and (10), 


H 


M„ 


x sjj- x s;| 

[ 3 ? x 


WE: 


2 I lr c j x s: 

A {x — z)x 


2E 


A** 

0 I 


WS*^- U -- - x - WE^~ 




* v a 1 | v a y '■ 

XS CI--( S CI| 


] 




( 21 ) 


(22) 


(23) 


If the integration device of § 220 be used, so that 81 jl = const, for each 
segment, eqs. (21), (22), and (23) will hold, but I in the denominator of 
each term must be put equal to unity. 

In elliptic arches , or arches of the basket-handle type, it is best to use 
eqs. (19), (17), and (20) with dl altered to 81, for the purpose of effecting 
the summations, and to take shorter segments 81 near the springings 
where the curvature is great. 

Knowing H, V 0 and M 0 , the bending moment everywhere in the arch 
can be calculated from the expressions for M given above. 

223. Effect of Direct Thrust. — The above equations neglect the 
shortening of the arch axis due to the normal thrust Fa, Fig* 338. This is 
chiefly of importance in flat arches. The contraction in length of the 
strip K x K 2 , (ii) Fig. 347, due to F 0 , will be F a . SZ/Ea, where a is its area. 
The horizontal projection of this is Fo . SZ x cos 0/Ea, where 6 is the 
inclination of the arch axis at K ; and the total shortening of the span, 
supposing the ends were free to move, would be 


• cos 6 . dl 


f B (H cos 9 + V sin 9) cos 9 

J a Fa 


dl 


r B ja 

I a Fa 


dl . (1) 


for Fa = H cos 9 + V sin 9, eq. (2), § 229, and it is customary to assume 
for this purpose that H cos 9 4- V sin 9 = H sec 9 , which is only approxi- 
mately true even when the inclination of the line of thrust to the arch 
axis is everywhere small. 

Two-hinged Arch . — The expression on p. 485 for the decrease * in the 
span, leading to eq. (5), § 220, if corrected for the effect of direct thrust, 
should read, therefore, 


f B fi' „ f B y 2 f B H 

J i EI 2/ -^ + H j A EI-^ + J A Ea 


,dl = 0 


* See AAj (ii) Fig. 342. 
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and 



(2) 


Direction-fixed Arches . — The expression, on p. 496 for the alteration 
in the span, leading to eq. (16), § 222, if corrected for the effect of direct 
thrust, should read. 


' A W 

r.EI 


(# — z)y . dl 


+ 


A 1 
M 


{H y + VqX - M Q }y. dl 


JE 
E a 


.dl~ 0 


and eq. (16), § 222, becomes 
K (x — z 


f A (* 
W - 
Ja 


-y 


Jo~{ - + V 0 r + M 0 } y . dl - j 

becomes 

• ^ - 2H ft! ? • a+ j!f] + 2M »lri • - 0 131 


To take account of this effect of the direct thrust, therefore, the term 
j(y 2 /I)dZ must be replaced by £j(y 2 /I)cZZ + J(l/a)dzJin the denominator 
of eqs. (19) and (20), § 222, and also in the numerator of eq. (20) ; similarly 
with eqs. (21) and (23), § 222, which become 


H = 


x - TOf---? x Sjf 


Lr o T + \i 2,0 1 


J °I) J 




WSg— -j— ^ x Sc l - WSa~-j- X • Scf + S* * 


1) 




w 


(5) 


Eq. (22), § 222, for V 0> may be used as it stands. 

224. Abutment Displacements. — The above theory can be modified to 
take into account either horizontal, vertical, or angular displacements of 
the abutments, by equating the expressions representing the motions of 
the ends of the span to the said abutment displacements instead of to 
zero. Care must be taken regarding signs. See also § 93. 

225. Temperature Stresses in Arches. — If the coefficient of linear 
expansion of the arch be a, and an 
increase in temperature t° occur, 
every dimension of the arch would 
increase by at times its original length 
were it free to do so. Thus the 
span L of the arch would become 
L(1 + at) in length. This increase 
in length is prevented by thfi rigidity 
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of the abutments, with the result that, in two-hinged and direction-fixed 
arches, temperature stresses and bending moments are set up which need 
to be taken into account. In a three-hinged arch an increase in tempera- 
ture merely causes the crown of the arch to rise an amount A, which can 
be calculated. The distance l 0 from pin to pin. Fig. 349, becomes 
Z 0 ( 1 + at), and JC' = l 0 at. From the geometry of the figure, 


sin 9 =» 


JC' 

C'C 


l^at 

X 


D 

lo ; 


and A = 


l 0 2 at 


L 2 + 4D 2 
~4D" 


at 


( 1 ) 


This movement relieves the arch of stresses primarily due to tempera- 
ture. 

Tivo-hinged Arch . — The attempt of a two-hinged arch to increase in 
span when the temperature rises is prevented by the abutments, which 
means that the horizontal thrust H is increased by an amount H*. This 
extra force prevents the expansion. It produces at any section K, 
Fig. 342, a bending moment M = H* x y, where y is the ordinate at K. 
It was proved in § 220 that a bending moment M, acting on an elementary 
length U of the arch, produces an alteration in length in the span AB 
of (M/EI)?/ . dl, which, summed from end to end of the arch, implies a 
total alteration in length of span of 


PM PH* 2 „ 

Lei* 


This is the negative alteration in length produced by H*, and it must 
be equal in magnitude to the positive alteration La t produced by the 
change of temperature, since the span does not alter. Hence 

H* p2/ 2 P 2/ 2 

L at = E J y . dl ; or, H* * LEatf - J ^ . dl (2) 

Knowing H*, the bending moment H ty everywhere is known, and 
hence the temperature stresses can be found. It will be noted that the 
integral is one of those already evaluated in § 220. The line of thrust 
for H* is evidently the line AB, which with the centre line of the arch 
forms the bending-moment diagram. The temperature stresses must be 
properly combined with those due to the loads on the arch. 

Direction-fixed Arch . — In a direction-fixed arch, if as in most practical 
cases the arch be symmetrical about its centre, the effect of an increase 
in temperature will be to call into 
play a horizontal thrust H* prevent- 
ing an alteration in length of the 
span, and a fixing moment M ie at 
each support preventing any change 
of direction there, Fig. 350. 

As in Fig. 348, origin will be 
taken at the centre C. Suppose the 
bending moment there, due to temperature effects, to be M^. There will 
be no vertical force at C due to this cause. Then the bending moment 


Jr* 



Fig. 350. 
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at K (xy) will be M = — H, y, and the resulting change in the length 

of span, § 222, will be 

i 

f B My , f2 1 

J A eI * ^ = 2 J 0 M (M ^ - H ^) - 

The change in the length of span due to a rise f in temperature = Lat, 
hence the total change in span, which must be zero, is 


(*2 1 

2 J 0 ei^ m °* ~ * dl + La# = ° 


whence 


i i 

2M„i0 . dl - 2Hij 2 ~ 2 . dl + ELai = 0 . . (S) 

Further, since the ends of, the arch are fixed in direction, the total change 
of slope from A to B must be zero ; hence, see eq. (6), § 222, 

f B M f B 1 

J EI'^J -Kty) .dl = 0 

whence 


i 

f * dl f 

= 0 . . (4} 

Solving eqs. (3) and (4) as simultaneous, 


and 



(5) 


( 6 ) 


M^-HtD+Mo* . . . . (7) 

From these equations the stresses due to temperature can be found 
in the usual way, and must be properly combined with those due to the 
loads on the arch (see § 322). 


TRAVELLING LOADS ON ARCHES 

226. Influence Lines for Three-hinged Arches. — Let ACB, 1%. 351, 
he a three-hinged arch, over which a load W = unity passes from left to 
right. Consider the conditions when W is at some point G between A 
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and C, and distant z from A. The line of application of the reaction R 2 
will pass through B and C, and intersect the load line and the reaction R x 
in the point G. Resolve R 2 
into its vertical and hori- W=1 

zontal components Y 2 and H. 

The component H will be the 
horizontal thrust of the arch 
when W is in the position 
shown. Taking moments 
about A, V 2 = Wz/L ; taking 
moments about C, HD = 

V 2 L /2, and H = Wz/2D ; 
or, when W = unity, 
z 

2D 

This will reach its maxi- 
mum value when W is at 
C and z = L/2, max. H = 

WL/4D; or, when W= unity, 
max. H as L/4D. When W 
crosses to the right-hand half 
of the arch, by taking mo- 
ments about C, HD — VjL/2, 
where V x = W(L — z)[L ; 
hence H = W(L — z) /2D, or 
when W = unity, 

L z ~ 

(2) Fig. 351 . 


H 


( 1 ) 



B.M.I.L. 


H = 




2D 

The influence line for H will be the double triangle ^ 1 d 1 b v 
(ii) Fig. 351 ; the ordinate of which, under the load, gives the 
magnitude of H for a unit 
load at G. The straight 
line a 1 d 1 is the graph of 
eq. (I) ; d-fii is the graph 
of eq. (2). The maximum 
ordinate c 1 d 1 = L /4D ; and 
the ordinate g 1 h 1 under 
the load = zJ2D. 

The influence lines aeb, 
afb, for the vertical reac- 
tions, (iii) Fig. 351, are 
identical with those for 
a simple beam, §32, and 
ajjjJ) is the influence line Fig. 352. 

for the vertical shear V, i.e. for the vertical component of the thrust at K* 

For an unsymmetrieal arch carrying a vertical load system, Fig. 352. 
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if H x and H 2 , V t and V 2 be the components of the end reactions, 
H = H 1 cos^r = H 2 cos ^r. The magnitudes of V t and V 2 are the same 
as in the previous case. Taking moments about 0, 


V 2 Z 2 = H 2 x CP = H X D cos ift = HD. 


But Y 2 — Wz/L, hence, 

H - Y * 1 * 
D 


Wl 2 z m 
LD ' 


or if W 



(3) 


max. H occurs when the load is at C, and z = Z x ; max. H == Z^/LD. 
The influence line for H is the double triangle ajdjb^ (ii) Fig. 352, of 
which the maximum ordinate is l x lj LD. 


The influence line for the bending moment at any section K of the 
arch in Fig. 351 can be set out as follows : From eq. (2), § 216, 

M=M'+Hy . . (4) 

where M is the bending moment at K ; M' is the negative bending moment 
which would exist at a similarly situated section of a beam of span L, 
supported at the ends and carrying a similarly placed unit load ; y is the 
ordinate of the centre line of the arch at the section K. Draw an 
influence line off b', (iv) Fig. 351, for a unit load passing over the similarly 
situated beam, § 27, and on the same base line plot an influence line for 
Hy K * The values for H are obtained from (ii) ; yK is the ordinate KN 
at the point K. The maximum ordinate c'cL' = x KN. Then, 

from eq. (4), the difference in the ordinates of the two influence Hues in 
(iv) forms the influence line for M, the bending moment at K. 

This applies equally to the unsymmetrical arch of Fig. 352. 

Stresses on a Gross-section . — Having set out the bending-moment 
influence line, (iv) Fig. 351, the bending moment at K can be found, for 
any position of the moving load, from the ordinates or area of this 
diagram, under the moving load, in the usual way. The stress fb due to 
bending can therefore be computed. To this must be added the direct 
stress due to the thrust. The magnitude of the horizontal thrust for the 
same position of the moving load can be found from the ordinates or area 
under that load in (ii) ; and similarly, |he magnitude of the vertical 
component Y of the thrust at K can be found from (iii). These two forces 
can be compounded to find F, the total thrust on the section, (ii) Fig. 338, 
which in turn can be resolved into Fa and S, the normal and tangential 
components of the force on the section * [see eqs. (2) and (3), § 229]. The 
direct stress fa = Fa/u, which combined with fb gives the total stress on 
the cross-section (see the worked example below) . This operation must 
be repeated for a number of positions of the moving load, in order to find 
the maximum stress which may occur on any cross-section. 

The process of finding the stresses fa and fb separately, and then 

* Influence lines for Fa and 8 can be constructed by the methods given in § 229. 
Fig. 359. 
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combining them, can be avoided by making use of the properties of the 
core, § 97, Vol. I. The stress anywhere on a cross-section is 


/ ~ fa *+ fb 


F a Mt; __ F a F a eu 

a I a I 


Fa^f/c 2 

— h e 
I ( v 


= (co + s) at the extreme fibres. 

Li 

Fa is the normal component of the thrust, and e is the distance of its 
point of application from the centroid, (i) Fig. 353 ; a is the area, and 
Z = l/v is the modulus of the cross-section; 
co = k 2 /v = Ijav = Zja is the radius of the 
core. At the top of the cross-section (ex- 
trados), v = v v Z = Z v co = co 1 ; call the stress 
/max. At the bottom (intrados), v — — v 2 , 

Z = — Z 2 , co = — co 2 ; call the stress /min. 

Then, 

Fa. Fa - 

/max. = + e) ; /min. = e) (5) 

In this equation F a , being a compressive force, 
is to be given a negative sign ; e is positive 
when it falls above the centre line, and negative 
when it falls below. A negative value for the 
stress denotes compression. 

Set out the radius of the core on each side 
of the centre line as shown in (i) Fig. 353 ; oo 1 is 
set out below the centroid and co z above it (cf. 

Fig. 162, Yol. I). Then F a (e -f co x ) and F a (e — a> 2 ) 
in eq. (5) are the moments of F a about the 
edges of the core. If, therefore, moments be 
taken about K 2 for the extrados stress and 
about K x for the intrados stress (instead of 
about K as heretofore), the total combined 
stresses /max.* and /min. are obtained directly, 
for BK 2 — (c -f ct>j) and BK^ = (e — cu 2 ). 

A separate bending moment influence line is required for each of the 
two stresses. For the extrados stress, y = KN in eq. (4) (from which the 
bending moment influence line is set out) is replaced by K 2 N 2 . The 
vertical k'f of (iv) Fig. 351 will fall in. line with K 2 N 2 [see the full lines 
m (il) Fig. 353], and the ordinate c'd' of (iv) Fig. 351 will become c'd' 
” c i^i x j otherwise the construction is exactly similar to that 
used in (iv) Fig. 351. For the intrados stress, KN is replaced by ; 
k'f falls in line with ’K. 1 N 1 [see the broken lines in (ii) Fig. 353] ; and 
c ' d ' 888 c i d i x K i N i* Then /max. = M K2 /Z 2 , and / min . « M^/Z*. 

In a masonry arch of rectangular cross-section the radii of the core 
are D/6, and the points and K 2 lie on the boundary of the middle 
third of the arch. 




Fig. 353. 
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By this device, the maximum extrados and intrados stresses can at 
once be determined from the influence lines, see p. 506. 

Worked Example . — Suppose (i) Eig. 354 to represent a three-hinged 
arch of 40 ft. span, 10 ft. rise, carrying a uniform load of 1 ton per foot 
which covers the left-hand half of the span. Assuming that the load is 
transmitted directly to the arch, find by means of influenoe lines the 
maximum and minimum stresses at the section K, distant 13 ft. measured 
horizontally from A. 

The horizontal thrust of the arch will be given by the area under the 
load of (ii) Fig. 351, i.e. by the area d x a x c v 

t L 40 

4D 4 x 10 

therefore the area d 1 a 1 c 1 = \ x 20 x 1 = 10, and H = 10 x 1 ton/ft. 
= 10 tons. From (iii) Fig. 351, since ae = bf = 1, and V x and V 2 are 
given by the areas under the load of the triangles aeb and afb respectively, 
V 1 = f x 20 x 1 ton/ft. = 15 tons ; 

Y 2 == i x 20 x 1 ton/ft. = 5 tons. 

The vertical component of the thrust at K is given by the area under 
the load of the figure aj x f 2 b, and is, 

V = (| x 13 x 0-325 -|x 7 x 0-675) x 1 ton/ft. = - 2 tons, 
and is therefore an upward force. The graphical determination of the 
forces on the cross-section is given in (ii) Fig. 354. The thrust at K, 
which is the resultant of 

H = 10 tons and V = 2 ■ ■ ■■pg S-0-87T. 

tons, is F= 10*20 tons : o v 


V-2t 


H == 10 tons and V = 2 ■ S-O-87 T. 

tons, is F= 10 *20 tons; ^ B ^ 

resolving this normally ^ ^ 

and tangentially to the * 1 ^ — fT\0*2° 

section at K, the normal ui) V*2t 

component F a = 10 • 17 H - 10 r ^ ,_ — 

tons, the tangential Fig. 354 . 

component or shearing 

force on the cross-section is S = 0*87 tons. The bending moment at K 
is given by the area under the load of (iv) Fig. 351. The negative area 
under the load of the triangle a'j'b' represents — 110*5 ft. 2 x 1 ton/ft. 
= - 110*5 ft.-tons ; (k'f = 8*78 ft.). The ordinade c x d x of (ii) = 1 
(see above), and KN = 9 ft. ; therefore c'd' = 9 ft., and the area under 
the load of the triangle a'd'b' represents + 90*0 ft. 2 x 1 ton— ft. = + 90 ft.- 
tons. Hence the bending moment at K is Mk — — 110 *54* 90*0 
— — 20*5 ft.-tons, or — 246 in. -tons. 

The area of the cross-section is 21*2 scp in. ; the relevant moment 
of inertia is 950 in. 4 , and the depth of the section is 20 in. ; the section 
is symmetrical, hence Z = 950 10 = ± 95 in. 3 

The direct stress on the cross-section is 

?£ = _ 10 -- = - 0-48 tons/sq. in. 
a 21-2 

the negative sign denoting compression. 
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The maximum tending stress is 

= ± ^ = ± 2-59 tons/sq. in. 

Hence the maximum stress is — 0*48 — 2*59 = — 3*07 tons/sq. in. ; 
and the minimum stress is — 0 * 48 4- 2*59 = 4- 2*11 tons/sq, in. ; the 
4 - sign denoting tension. 

These stresses could have been found by means of the properties 
of the core. The radii of the core ojj = — co 2 = Z/a = 95™ 21*2 
= 4*48 inches. Since Mk = Fa X e ; e = Mk/F« = — 246 4 — 10*17 
= 4-24*18 inches. Then, from eq. (5), 

10*17 

/max. = yK+ e) {4-48 + 24-18} = - 3-07 tons/sq. in. 

17 10*17 

/min. = |"( w 2 + e) = + — gg-{- 4 ' 48 + 24-18} = + 2-11 tons/sq. in. 

Alternatively, bending moment influence lines could be set out for 
K 2 and K x as before explained (see Fig. 353). From a full-size set-out, 
KK 2 measured horizontally is 0*105 ft., and AK 2 is 13*105 ft. ; K 2 N 2 
= 8*642 ; k'j* = 8*812 ft. ; c'd' = 8*642 ft. ; the area under the load 
represents — 110*71 4- 86*42 = — 24*29 ft. -tons, and the maximum 
stress at the extrados is — 24*29 x 12/95 = — 3*07 tons/sq. in. Similarly, 
for the intrados stress, AK X measured horizontally is 12*895 ft. ; K^N X 
= 9*358 ft. ; h'f = 8*738 ft. ; c'd' = 9*358 ft. ; the area under the load 
represents — 110*29 4- 93*58 = — 16*71 ft. -tons, and the minimum 
stress is — 16*71 x 12/ (— 95) = 4- 2*11 tons/sq. in. 

227. Influence Lines for Three-hinged Spandrel-braced Arch. — Let 
ACB, (i) Fig. 355, be a spandrel-braced arch hinged at A, B, and C, and 



suppose that a unit load W passes over it from left to right. When the 
load is at 6, distant z from A, the vertical reactions will be V 1 =W(L— z) /L, 
V 2 = W z/L, and the horizontal thrust H = Wz/2D (see § 226). The 
external forces acting on the two halves of the arch will then be as shown 
at (ii). It is evident that each half is in equilibrium. The forces acting 
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on the left-hand half can be resolved into two groups as shown at (iii) 
and (iv) Fig. 355. Considering the load W by itself, (iii), it will produce 

vertical reactions at A and C of V/ = — z\ and V/ — %—z 


vertical reactions at A and C of V/ = — z\ and V/ — %—z 

L 2 j Xi 

respectively. Considering the two horizontal thrusts HH by themselves, 
(iv), it is evident that, for equilibrium, vertical reactions V/ and — V/ 
must be called into play at A and C, such that HxD = V/ x L/2, 
and that 

v - _ v " — 2HD _ 2D Wz Wz 
1 ~ 3 ~ L ~ L *2D~“L 

If (iii) be superposed on (iv), it will be seen that the state of affairs 
shown at the left-hand side of (ii) will be obtained, for 


2W(L 


-* + 


v / v // 2W Wz Wz v 

V 3 - v 3 = -jj* -—=—== v 2 

If then the influence line for any bar K X Q 2 , (i) Fig. 356, be found for 
both the load conditions shown at (iii) and at (iv) Fig. 355, and the two 
be superposed, the influence line for the conditions shown at (ii) Fig. 355 
will be obtained. The influence line for load condition (iii) Fig. 355 is 
evidently that for a braced frame supported at each end, and is found by 
the methods of § 35. It is shown in (ii) Fig. 356 and is obtained by finding 
the intersection point I and setting up in = r(r + L/2)/(L/2)r 3 . The 
influence line for load condition (iv) Fig. 355 will be a triangle aeb ; 
for, taking moments about I, (i) Fig. 356, if F 3 " be the force in K 1 Q 2 , 
for the conditions shown in (iv) Fig. 355, 


7 „ Wz , 

y * r = m d ~ 


or, if W — unity, 


This is the equation to the straight line oe plotted as shown, for it will 
be observed that for the particular load position, the force in K X Q 2 due to 
load condition (iv), Fig. 355, is compressive, and adds to that due to load 
condition (iii), also compressive. 

When W passes on to the right-hand half of the arch, the forces on the 
left-hand side are as shown in (v) Fig. 355. V x is still W(L — z)/L, and 
V x x L/2 - H x D, so that H - V^D « W(L - z)/2D, and V 3 = Vi- 
Taking moments about I as before, 

or, if W = unity, 

L-zld r 

F ‘- — lw~L 


( 2 ) 
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the Baxae equation as (1), with (L - z) substituted for z. This is the 
equation to the straight line eb. The complete influence line is shown 
in (ii) Fig. 356 ; aeb is the new base line. 

The influence lines for the bars KjK,,, Qj_Q 2 are found in a similar way. 
The influence line for F 1; the force in the bar K X K Z for the load condition 
(in) Fig. 355, found by the methods of § 35, is the triangle a'j z 'c', (iii) 



Fig. 356, the intersection point I coinciding with Q 2 . For the load con 
dition (iv) Fig. 355, taking moments about Q 2 , 

*7 x d 2 = H(d 2 - d) - V 3 V'= |g(d 2 - d) - 
or, when W = unity, 


// 2 (^2 ^ 

1 ~~d* 1“2B~ 


. (3) 


This is the equation to the straight line a!e! ; the complete influence 
line is shown at (iii) Fig. 356. 

Similarly, for the force F 2 in bar Q 1 Q 2 , the influence line for the load 
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condition (iii) Fig. 355 is the triangle a'j^c', (iv) Fig. 356. For the load 
condition (iv), taking moments about K x , if W = unity, 

F/V 2 = m + V S V ; and F 2 " = + (4) 

This is the equation to the straight line a'e f in (iv) Fig. 356, 'which 
shows the complete influence line. The vertical scale of (iii) and (iv) 
is one-half that of (ii). 

228. Unit Panel-Point Load Method. — Another method of treating 
the problem of travelling loads on a spandrel-braced arch is to place a 
unit load at each of the panel points of the top chord in turn, and by 
drawing stress diagrams, or otherwise, to find the forces in all the members 
of the arch due to each of these unit loads. The forces thus obtained are 
tabulated, and the actual forces in the bars are found from the real loads 
at the panel points by multiplication. 

The forces due to the dead load are first obtained, and then the forces 
for a number of different positions of the travelling load. These are then 
combined to find the maximum and minimum forces in each of the bars. 

229. Influence Lines for Two-hinged Arches. — Owing to its statically 
indeterminate nature, the construction of influence lines for the two- 
hinged arch is more complicated than in the case of a three-hinged arch, 
but where the value of H can be expressed in terms of a single variable 
the construction is simple. 

Two-hinged Parabolic Arch . — It was proved in § 220, eq. (13), that the 
value of H for a two-hinged parabolic arch in which I = I 0 sec 9 is 

H = ^h(L - h)( L * + U, - 

if W — unity, and is its horizontal distance from the left-hand abutment. 
If, for different values of l v a curve be plotted, (ii) Fig. 357, in which 
the ordinate under any load 
position gives the value of H, this 
curve will be the influence line 
for the horizontal thrust of the 
arch. 

From eq. (2), § 216, the bend- 
ing moment* at any section K of 
the arch is 

where M y is the negative bending 
moment which would exist at 
a similarly placed section of a 
similarly loaded beam, of span 
L, supported at its ends. Draw 
an influence line a'fb ', (iii) Fig. 357, for a unit load passing over 
the beam, § 27, and on the same base line plot an influence line for 
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H^k> The values for H are got from (ii), and y K is the ordinate at the 
point K = KN. Then the difference in the ordinates of the two influence 
lines in (iii) gives the influence line for M, the bending moment at K (cf . 
Fig. 351). 

The General Case . — A not very laborious solution of the general case, 
in which the arch may have any shape and I vary in any way whatsoever, 
is to divide the centre line into segments for which 81 jl is constant, by 
the construction given in Fig. 343. Place a unit load at the end of each 
division in turn, and find the value of H for each load position from eq. 
(9), § 220. The same values of y hold throughout this computation, 
and the integral in the de- 

t z 


1 


0) 


nominator is the same for 
all load positions. The !«#- x 
influence line for H can then 
be plotted as in (ii) Fig. 357, o / \ 
and the influence line for the 
bending moment follows as 
in (iii) Fig. 357. 

Symmetrical Arches . — 

When the arch is symmetri- 
cal the work can be much 
reduced by the following 
device : Divide each half of 
the arch into the same 
number of segments. Place 
the load W = unity at the 
end of a segment, for exam- Fia 

pie at 3, (i) Fig. 358, and 

draw the M' diagram a'g'b', (ii), as for a beam. If the centre line of the arch 
is divided into equal segments, the magnitude of H from eq. (6), § 220, is 


ST T 
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Consider the product — for the segments 2.3, 2.3 on opposite sides 
of the centre line. On the left, — M' = ajS ; on the right, — M' = ; y is 
the same for each segment. For the two segments, E — Wy = (a/3 -f e£)y. 
Make /Jy = *£ ; then 2 — Wy = ay x y. Now it will be seen that 
ay = a' a = x ; therefore for these two segments 2 — Wy — xy . This 
applies from A to G. Treating segments 3.4, 3.4 in a similar way, it will 
be found that a 1 y 1 = z, and for these two segments E — Wy = zy. This 
applies to all segments from G to C. The expression for H can therefore 
be written 


H = 


rig 


? cy 


■ ( 1 ) 
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% is a constant for the particular load position. The summations for two 
load positions 3 and 5 of a particular arch are as follows ; the other 
positions can be similarly treated. 


Two -hinged Symmetrical Arch. Span 100 ft. Rise 20 ft. Ratio 5 : 1. 



For load point 3, 


487-92 + 28-27 x 37-91 
= 2103-24 


= 0-742 


For load point 5, 
See eq. (1), § 229. 


H = 


1977-03 + 50 X0 
2103-24 


0-940 


The method is not dependent on the way in which the half centre line 
is divided up, but the appropriate expression for H must he used. 

Knowing the value of H f.or each load position, the influence line can 
be set out as in Fig. 358. 

Influence Lines for the Normal Component of the Thrust and for the 
Shearing Force . — Having drawn the influence lines for H the horizontal 
thrust, and V the vertical shear (see for example (iii) Fig. 351), the 
influence lines for Fa the normal component of the thrust, and for S the 
shearing force, on a right cross-section of the arch can be found as follows : 
Consider the cross-section at K, (i) Fig. 359. The normal component 
of the thrust at K is the sum of the components of H and V acting 
perpendicularly to the cross-section at K, which from (ii) and (iii) 
Fig. 359 is 

Fa = H cos 6 + V sin 6 . . - . (2) 

0 is the inclination of the centre line of the arch to the horizontal at the 
point K. 
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The shearing force on the cross-section at K is the sum of the com- 
ponents of H and V acting tangentially to the said cross-section, which 
from (ii) and (iii) Fig. 359 is 

S = Veos0-Hsin0 . (3) 

The influence line for Fa is de- 
rived from the influence lines 
for H and V, (iv) and (v) Fig. 

359, by multiplying the ordi- (ii) H 
nates BE by cos 9 and the 
ordinates V by sin 9 and adding 
them. The V sin 9 diagram is 
conveniently set out by means 
of the graphical device indi- 
cated. The shaded area (vi) is 
the complete influence line. 

Similarly, the influence line 
for S is obtained by multi- 
plying the ordinates V by cos 9 
and the ordinates H by sin 9 
and subtracting them. The 
shaded area in (vii) is the com- 
plete influence line. 

These constructions are 
equally applicable to a three- 
hinged arch. Fig. 351. 

230. Reaction Loci. — Sup- 
pose ACR, (i) Fig. 360, to be 
a two-hinged arch loaded with 
a unit load at G. Then if R x and R 2 be the reactions for this load 
condition, they will intersect at the point G on the load line. If 
now another position for W be taken, a fresh position for G will be 



Fig. 360. 


obtained. In this way a locus G X GG 2 may be drawn, which will 
give the directions of the reactions at once for any position of the unit 
load. The magnitudes of R 1? R 2 , V l5 V 2 , and H can then be obtained 
from a polygon of external forces, (ii). If the load W be of magnitude 
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other than unity, the corresponding magnitudes of the reactions can bo 
obtained by simple multiplication. If there be more than one load on 
the arch, the reactions for each, separately considered, must be com- 
pounded to find the total reactions. 

In certain cases the equation to the reaction locus can be found, 
and the curve plotted from its equation. Suppose ACB, (i) Pig. 360, to 
be a parabolic arch, span L, rise D, in which I = I 0 see 6. Then from (i) 

and (ii) Fig. 360, by similar triangles, ~ But V I = ^ 

when W is unity ; and the magnitude of H is given by eq. (13), § 220, 
hence 

pTT V 1^1 _ M 2 _ *i(L — l{j 8L 3 D 

H HL ’ 5Z X (L - ^(L 2 + L*!- l^) 

8L 2 D 

: 5(L 2 +L Ix-h 2 ) (1) 


from which the locus can be plotted. 

The form of the reaction locus depends on the shape and structure of 
the arch. For the Niagara Falls spandrel-braced arch, Messrs. Johnson, 
Bryan and Turneaure * found for the equation to the locus 


y ' « 


2-5(D — d)x 2 
L 2 


-f- L) -f* 2 ’ 2d 


( 2 ) 


Origin is taken at the centre of the line AB ; y r is the ordinate to the 
curve. If this equation be applied to other spandrel-braced arches, it 
is stated that the error will not exceed 5 %. 

Freeman f gives for the equation to the locus for a spandrel-braced 
arch an expression equivalent to 

y'= (D + d)^l-3 — 0-2sin|(l— J . (3) 

This equation fits the locus for the Victoria Falls arch with some degree 
of accuracy. 

The influence line for H can be 
constructed by plotting values for a 
number of positions of the moving 
load. From this, and the influ- 
ence line for V, the influence lines 
for M, F a , and S can be derived, 

§ 229. 

231. Influence Lines for Direction- 
fixed Arches. — These may be treated 
by the method of Muller-Breslau 15 
p(Bd. II, Ab. 1, p. 304). A very 

* ‘ The Theory and Practice of Modem Framed Structures/ New York, 1893. 

t Proc. Inst. C.E. f vol. clxvii, 1906-7, p. 352. 

2 L 



Fig. 361. 
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complete exposition will be found in Molitor * (chap* xv, p. 298), to 
which reference may be made. When the arch is symmetrical, the analysis 
of § 222, p. 495, affords a simple solution. Divide the centre line of the half 
arch into a number of equal segments, Fig. 361, and apply a load W = 1 

at the end of a segment, for example at 2. Then the term — ~ Z ^ , 


which appears 

? kX y 

load position. 
Similarly, the 


in eqs. (21) and (23), § 222, may be broken up into 
for W = unity, and 2 is a constant for the particular 
x and y are the ordinates at the centre of each segment, 
term S G — j — becomes L G ^ — 2 L g j ; and £ a — »■— L 


, V A2 

becomes L G y — 2 y 

The tabular calculation to be adopted is the following : 



Then, from eqs. (21), (22) and (23), § 222, 

it __ (B 6 ^B 3 )Ai — (B 2 2 BJA 3 _ __ B 4 — zB 2 

2[A 5 A x — A 3 2 ] ’ V °~ 2A 4 ; 

M = (Be — 3B 3 )A 3 ~ (B 2 — zBjjAg 
0 . JtAA- A 3 sj 

The third section of the Table is only filled up below the load point 
indicated. The figures in this section are merely quoted from the second 
section. The load W = 1 is placed at the end of each segment in turn, 
and the values of H, V 0 , and M 0 determined. The denominator is always 
the same. From these values the influence lines are plotted. For the 
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complete working out of an arch direction-fixed at the ends, see § 322 , 
where the shortening of the arch axis due to direct thrust is also taken 
into account. 
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QUESTIONS ON CHAPTER XIII 

1. An arched rib is circular, 80 ft. span, rise 16 ft., hinged at the centre 
and at the springings, and is loaded with a concentrated load of 8 tons at a 
point 15 ft. to the left of the centre measured horizontally. Find (1) the 
horizontal thrust, (2) the reaction at each springing, and the angle each 
reaction makes with the horizontal, (3) the bending moment under the 8-ton 
load. (U.L.) 

Am. H = 6£ tons ; R^S-33; B x = 41° 21' ; R a =6*73; 0 2 = 
21° 48'; - 40-75 ft.-tons. 

2. A circular arched rib, span 50 ft., rise 10 ft., is hinged at the crown and 
at the springings. It carries a load of 6 tons placed 12 ft. from the left hinge, 
and one of 10 tons placed 30 ft. from the left hinge, the distances being 
measured horizontally. Draw a diagram of bending moment for the arched 
rib, and state the value of the maximum bending moment. Find the re- 
actions at the hinges. (U.L.) 

Ana. Max. M = — 17-42 ft.-tons; Rj = 16*07; R a = 15*50; R 
(centre pin) =13*84; H = 13*6 tons. 

3. A circular 3-hinged arch, span 100 ft., rise 20 ft., carries vertical loads 
of 5, 8, 7 and 6 tons acting 20, 40, 70, and 90 ft. respectively from the left- 
hand hinge, the distances being measured horizontally. Draw a line of thrust 
for the given load system passing through the three hinges, and hence deter- 
mine the horizontal thrust of the arch* (I.C.E.) 

Ana. H = 17*25 tons. 

4. A circular arched rib is hinged at the crown and springings and carries 
the loads shown in (i) Fig. 362. Find the reactions at the hinges, and draw 
the line of thrust. (U.L.) 

Ana. See §219, V A = 2*45; H A =2*25; V B = 1*67; H B = 0*91 ; 
V c =0*33; H c =4*37 tons. 
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5. A parabolic arch rib, span 64 ft., rise 12-8 ft., is hinged at the ends. 
It is loaded with two weights of 2 tons each, concentrated at points 8 ft. 
and 16 ft. from the centre, measured horizontally, on the left half of the span. 
Determine (1) the reactions, (2) the horizontal thrust, (3) the bending 
moments under each load, (4) the maximum positive bending moment, and 
(5) the axial thrusts at each load. Take I == I 0 sec 8 . (ILL.) 

Ana . V x = 2§ ; V 2 = 1J ; H = 3*2 tons; B.M. = 13*28 ; 11*6; 

max. = + 10*73 ft.-tons ; axial thrusts = 3*25 ; 2*9 tons. 

6. The two abutments of a semicircular arch of radius R, moment of 
inertia I, sectional area a v are connected by pin joints to a horizontal tie 
whose sectional area is a 2 . The structure rests without constraint with its 
ends on two walls, and a load W is suspended from the crown of the arch. 
Find expressions for the stress and strain in the horizontal tension member. 
Neglect the shear stresses, assume the wall reactions vertical, and take E 
to be the same in both arch and tie. (U.L.) 

Ana . See § 79, Fig. 117. 

7. The span of a circular arched rib of constant cross section, hinged at 
the springings, is 100 ft. and the rise is 12 ft. The cross section of the rib 
is symmetrical and 2 ft. 6 in. deep. Find the maximum change in the 
bending stress due to a change in temperature of 50° F. Take a = 0 • 0000062, 
and E — 13,000 tons/sq. in. 

Ana. f = ILEatDvjfyHl = 0*72 tons/sq. in. 



8. A parabolic arch with fixed ends has a span of 140 ft. and a rise of 30 ft. 
A vertical load of 5 tons rests on the arch at a distance 30 ft. to the left of 
the centre of the span, measured horizontally. Determine (1) the resultant 
reactions at the springings, (2) the bending moments at the springings, 
(3) the bending moment in the arch at the point of application of the load. 
Take I as constant. (U.L.) 

Ana. Use methods of § 222. 

9. A three-hinged segmental arch has a span of 150 ft. and a rise of 12 ft. 
Two loads each of 8 tons roll over the arch at a distance apart of 10 ft. Find 
(1) the thrust H, and (2) the bending moment at 40 ft. from one support, 
when the leading load is vertically above this section. (U.L.) 

Ana. H = 23 J tons ; B.M. = 190*4 ft.-tons. 

10. A metal arch, 80 ft. span, 16 ft. rise, is hinged at the centre and at both 
ends. The centre line of the arch is segmental. A load of 20 tons rolls over 
the arch. Find the ma ximu m bending moment on the arch and the reactions 
at the three hinges when the load is in the position which produces 'fee 
maximum bending moment. (U.L.) 

Ana. Max. M = 148*4 ft.-tons, underload 16*8 ft. from A. V! = 15*8; 
V a = 4*2 ; V 3 = 4*2 ; H = 10*5; R^IO-O; R» = ll-3; Rj = 11*3 
tons. 

11. (ii) Fig. 362 shows a three-hinged spandrel-braced arch, 80 ft. span, 20 ft. 
rise, depth at springings 24 ft., lower chord parabolic. Each bay is 10 ft. 
long. The live load is 2 tons per ft. run and is longer than the span, the dead 
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load is 1 ton per ft. run. Show how to find the maximum and minimum 
forces in each member and determine the forces in MN, MC, MR and BC. 
(U.L. modified.) 

Am. Forces : MN = 0 ± 13 *4 ; MC = 0 ± 4* 8 ; MB = — 5 — 10 
— 3-2 ; — 5 4- 3*2 ; BC = — 23*7 — 48-8 ; — 23-7 + 1*5 tons (per girder). 





Fig. 363. 

12. Design for a two-hinged, mild steel, single track, arched railway 
bridge. Span 100 ft., rise 11 ft. 6 in., Fig. 363. To carry a 20-unit Ministry 
of Transport Loading, § 22 ; equivalent live load = 2*6 tons/ft., maximum 
axle load = 25 tons. Use the stresses and impact formula given in § 196 ; 
i for the arched ribs = 0-45. Wind pressure = 38*5 lb./sq. ft. on the empty 
bridge ; 30 lb./sq. ft. on the loaded bridge and train. Temperature variation 
± 30° F. Dead load on each arched rib may be taken as 0 • 75 ton/ft. as a 
first approximation. Design the floor system by the methods of § 196 and 
the ribs by the methods of § 229 (symmetrical arches). A segmental arch 
is suggested. 


CHAPTER XIY 

SUSPENSION CHAINS AND BRIDGES 


232. The Catenary.— The curve in which a uniform flexible chain 
(supposed inextensible) hangs, when loaded merely with its own weight, 
is called a catenary. The properties of 

this curve are frequently required in y ... */y 

engineering problems. Let ACB, (i) Jj 

Kg. 364, represent a uniform hanging B X ~/ /T 

chain of weight w per unit of length, \ / / / / 

supported at any two points A and B. V J $ / 

P is any point on the curve, of which \7 y 

the co-ordinates are x and y. Consider _lH 700 
the portion CP of the curve, length s. ! \ /' c if urs 

There are three forces acting on it, a ^ ^7 0 • / 

horizontal tension ,H at C; a tension j H 1 x 

T at P, tangent to the curve ; and ws the 0 

weight of the chain between C and P. Iio. 364. 

These three forces are in equilibrium and 

may be represented by a triangle as shown in (ii). Since T is tangent 

dy m 8 

to the curve at P, the slope of the chain there will be ~ j| = "> 
where H = wc. Make OC — c, and take origin at 0. 

Now {dsf = {dy) 2 + (dx) 2 , and ^ 1+ -y l + j r 

Anj 

Hence ~r - , „ or,t/ = V-s 2 + c 2 , for <? = 0 when y = c\ from which, 
ds V« 2 +c 2 * 


tio. 364. 


f ~ & 


dy _ 8 _ \/y 1 
dx 


• or, j- = 

dy 


By integration, - = log {y + Vtf- c 2 } + Cj. 
c 

When x = 0,y=c; hence C x = - log c, and 
- = log l — IL- : log - ; or, 3 / + 


= y -f s ■■ -ce? . (2) 
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whence, 1 - c 2 = s 2 = {ce? - yf, 

c c X x 

from which, y = -^ c + € c j = c - ... (3) 

which is the equation to the catenary. Differentiate, ~ — sinh ~ ; 
and, s = cjt — c sinh * . . . . (4) 


The length 5 can be determined by the simple construction shown in 
Fig. 364. In the triangle MOQ, OM = y, OQ = c. Hence 

QM 2 = OM 2 - OQ 2 = y 2 ~ c 2 , 

or from eq. (1), QM = s. QM is parallel to the tangent at P. From the 
triangle of forces (ii), T 2 = (ws) 2 + H 2 = (ws) 2 + (wc) 2 — w 2 (s 2 + c 2 ) — w*y 2 
[eq. (1)]. Hence T = wy. That is to say, the tension in the chain at 
any point is equal to the ordinate of the curve at that point multiplied 
by the weight per unit of length of the chain ; and 
the difference between the tensions at any two 
points is equal to the difference between the 
ordinates multiplied by the weight per unit of 
length of the chain. It will be observed that H 
is the horizontal component of T for any position 
of the point P. In other words, the horizontal 
component of the force in the chain is constant. 

Problem. — Given the length l of a chain, 
supported at any two points A and B, to 
find the shape of the curve if H, the hori- 
zontal component of the tension in the chain, 
be known. Suppose C, Fig. 365, to be the 
vertex of the curve. Take origin at 0, such that OC = c = IL/w, where 
w is the weight of the chain per unit of length. Let the co-ordinates of 
A and B be x 1 y 1 and x 2 y 2 respectively. Then the equation to the curve 

is y = c cosh xjc, and since both A and B lie on the curve, y x = = c cosh — ; 

c 

y 2 = c cosh ~ ; and 
c 

Vi — ^2 — c \ cos h cosh — r = 2c sinh — sinh — - — 

{ c c j 2c 2c 



Further, since s — c sinh s x = c sinh — ; s 2 — c sinh — ; and 
c c c 


s 2 ) — c 


sinh ~ — sinh — 
c c 


o . V X 1 *^2 V X 1 "h ^2 

= 2c smh — cosh 


2c 


2c 


Vl-V2 = Vy- i 
l 


, , + x* 

= tanh -I-J- .~ 2 
2c 


Then 


*1 — S 2 


( 5 ) 
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/v* ! n* 


COSh*^-^ 

2c P- (y x - y 2 ) 2 
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Again, 


( 5 i *“ s 2 ) 2 — 4c 2 sinh 2 - - — — 


^i3 C0S]l2 %+3 

2c 2c 


(2/i ~ 2/a) 2 = 4c 2 sinh 2 sinh 2 ^*±5 


and 

(«1 - * 2 ) 2 - (2/1 ~ 2/ 2 ) 2 = 4 c 2 sinh 2 ^{cosh 2 - sinh 2 ^ 2 

■ 2c 2 [2 sinh 2 + 1 _ iL^lcosh^* 

( 2c j ( c 

Therefore, 


1 

1 


cosh ^2-ZL^? = 


- 4/ .\ 2 


Knowing Z, c, and (t/ x — t/ 2 )> the value of (a?! — x 2 ) can be obtained from 
eq. (7) ; (x a + x 2 ) can be found from eq. (5) or (6), hence x 1 and x 2 are 
known and therefore the shape of the chain is determined, and hence the 
tension T everywhere. 

Example . — The horizontal force on a floating structure moored by a 
chain is 3*6 tons. The length of the chain is 150 ft., and the vertical 
distance between the anchor and the point of suspension on the structure 
is 30 ft. If the chain weighs in water 0*0145 tons per ft., find the 
horizontal distance between the anchor and the point of suspension. If, 
due to wind pressure, the horizontal force increase to 36 tons, find the 
Increase in this horizontal distance. 

TT 3*6 

When the horizontal force is 3*6 tons, c = — = K .s = 248*2 ft. 

w 0*0145 

If the values of and x 2 be determined from eqs. (6) and (7), it will be 
found that x 2 is negative. This implies that the chain will not be lifted 
entirely ofi the bottom, and that the vertex of the curve will lie on the 
ground line. If, then, and y 1 be the co-ordinates of the point of sus- 
pension (a point on the curve), y 1 = 248*2 -f 30 = 278*2 ft., and from 
eq. (3), 

y 1 — c cosh — , or, cosh— = — = = 1*1 20* 

c c c 248*2 

Prom a table of hyperbolic cosines, x 1 /c = 0*4853, or 2^ = 0*4853 x 248*2 
= 120*5 ft. The length of the curve from the vertex to the point c* 
suspension is = VVi — ° 2 l see efl- (1)], and 


= V278-2 2 - 248 *2 2 = 125*7 ft. 

The total length of the chain is 150 ft., so that 150 — 125*7 24*3 ft. 
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of chain "will lie on the ground, and the horizontal distance between the 
anchor and the point of suspension will be 

24-3 + a?! - 24*3 + 120*5 - 144*8 ft. 


When, due to wind pressure, the horizontal force increases to 36 tons, 


= 5 = 

w 

bottom ; 


— — *= 2482 ft. The chain will now be lifted right off the 
0-0145 

(Vi ~ Vt) = 30 ft., and l - 150 ft. From eq. (7), 


cosh 



r 


- (y i - y£ 

2c 2 


150 2 - 30 2 
“ 2 x 2482 2 


+ 1 = 1-00175; 


, 0-0593 ; (*, - z 2 ) = 0-0593 x 2482 = 147-2 ft. 
c 

This is the new horizontal distance between the anchor and the point of 
suspension. The increase in this distance is, therefore, 147*2 — 144*8 
« 2*4 ft. To determine the shape of the curve, (a^ + x 2 ) must be 
found from eq. (6), 

U2 x x + P _ 150 2 

cosn ~ P - (y x - i/ 2 ) 2 150 2 - 30 2 ‘ 

from which, 


(x 1 + x 2 ) - 2 x 2482 x 0*205 - 1017*6 ft. 

} follows that x 1 = 582*4 ft., and x 2 = 435*2 ft. The vertex of the 
curve is now known, values of y can be determined, and the tension 
everywhere can be calculated from the equation T = wy. 

233. Uniformly Distributed Load — The Parabola. — If, as in a suspension 
bridge, the chain support a roadway carrying a uniformly distributed load 



Fig. 366. 


M per unit of length, such that the weight of the chain is negligible relative 
thereto, the curve assumed by the chain will be a parabola. As before, 
let P, (i) Fig. 366, be any point on the chain, and C the vertex of the curve. 
Take origin at C, and consider the equilibrium of the portion CP of the 
chain. The three forces acting on this portion are : H, the horizontal 
tension in the chain at C ; T, the tension at P, which will act tangentially 
to the chain at P ; and wx, the load on that portion of the roadway which 
subtends CP, These three forces will be in equilibrium and can be 
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represented by the triangle of forces shown in (ii). If, then, x and y be 
the co-ordinates of P, the slope of the chain at P will be 

% = tan 0 = ^ ; whence, by integration, y = ~ (1) 

Zx± 


No constant need be added, for y = 0 when x = 0. This is the equation 
to a parabola, with its vertex at C. If the two points of support A and 
B be at the same level, and AB = L, CE = D ; then y = D when 
x = L/2. Hence, from eq. (1), 


D - 


wL 2 
8H ; 


or, H 


wL 2 

8D 


( 2 ) 


T, the tension at any point P, is given by 
T = \/H 2 -f (wx) 2 


(3) 


At A or B, where x — 

Z 



This is the maximum tension in the chain. 

234. The Link Polygon. — -The shape of a chain carrying a number of 
separate vertical loads is obtained by drawing the funicular or link 
polygon for the system 
by the ordinary graphical 
construction, as shown in 
Fig. 367. In the force 
polygon, the triangle Oe/is 
the triangle of forces for 
the point J 2 . Since ef 
represents the force W 2 , 

Oe represents the tension 
in the link J 1 J 2 , and fO the tension in the link J 2 J 3 . Thus the tension 
in every link is given by the force polygon. The horizontal line Ok 
represents H, the horizontal component of the force in any one of the 
link s, which component is the same from one end of the chain to the 
other. The reactions at the points A and B are equal in magnitude, but 
opposite in direction, to the tensions in the links AJ X and BJ S respectively. 

If the points AB be joined, the ordinate JN of the funicular polygon 
represents the moment M of all the external forces to one side of J, and 
is such that 

M = JN x Oft = y x H ; hence, H = M jy . . (1) 

In the case of a unif ormly distributed load w per unit of length, the value 
of M at the centre of the span L is wUjS ; the ordinate y at the centre 
of the span becomes the dip D. Hence, H = the result obtained 

in eq. (2), § 233. 

235. Suspension Bridges. — The suspension bridge in its most ele- 
mentary form is shown at (i) Fig. 368. The roadway AB, spanning from 
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support to support, is hung by vertical suspenders from a suspension 
chain PQCTJV. This chain is carried by vertical towers AQ and BU, 
over which it passes, and is anchored at P and V . The portions QP and 
UV are called the back stays. In order to relieve the towers of the 
bending moment which would otherwise come upon them, a saddle is 
provided at the top of each tower, over which the chain passes. This 
permits a small to-and-fro movement, so that, except for the effects of 
friction, the reaction at the top of the tower is always vertical. 

Such an arrangement evidently makes an economical bridge, especially 
for large spans, for all the main members are in tension ; but although 
such a structure would safely carry a uniformly distributed load, it is 
very unsuitable for heavy moving loads. It has been seen that, for a 
given arrangement of loads, the shape of the chain is represented by the 
corresponding funicular polygon. It follows that the shape of the chain 



Fig. 368. 

is different for each different arrangement of loading. The passage of 
a moving load across the bridge would therefore produce continuous 
alteration to the shape of the chain, whence would result large deforma- 
tions and oscillations in the roadway. Only when the moving load is 
relatively very small in comparison with the proper weight of the roadway 
could a simple suspension bridge be used with safety. To overcome this 
difficulty, the bridge must be so stiffened that it will retain its shape under 
all load conditions ; all deformation, except that due to the elasticity of 
the material, must be prevented. 

Two methods are adopted to give this rigidity : a stiffened chain may 
be used, (ii) Pig. 368, or else a stiffened roadway , (iii) Pig. 368. 

In the first method the flexible chain is replaced by a stiff frame, 
which may be formed of two parabolic members braced together to form 
a truss, or the top members may be straight, (ii) Pig. 368. A hinge is 
provided at the centre of the span. The whole construction may be 
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regarded as an inverted 3-hinged arch and designed in a similar way. 
Chapter XIII. It is statically determinate. The stresses are due to 
the combination of tension with bending, instead of thrust with bending, 
as in the arch. The influence lines for the stiff frames will be exactly 
similar to those for a corresponding 3-hinged arch. The floor is supported 
by vertical suspension rods, as in the simple suspension bridge. The 
Tower Bridge, London, is a well-known instance of this method of 
construction. 

Alternatively, the floor may be stiffened by girders, as shown in (iii). 
The function of these stiffening girders is so to distribute the load that 
the chain will retain its shape, and by their rigidity to prevent deforma- 
tion 'of the floor. The stiffening girder may be in one span from A to B, 
supported at these points,* or it may be, in addition, hinged at the centre. 
The supports at A and B must be able to prevent the girder from rising. 
The advantage of the centre hinge is that it relieves the stiffening girder 
of temperature stresses, which, in a span without a central hinge, may 
be considerable. It is, however, easier to carry the wind pressure on the 
bridge without the central hinge, and despite temperature stresses the 
stiffening girder without the central hinge is considered to be the lighter 
construction and is the common practice. 

236. Stresses in the Stiffening Girder. — (i) Eig. 369 represents a 
suspension bridge in which the floor is stiffened by a girder AB. Suppose 



Fig. 369 . 


that the vertical force in the suspension rods due to the loads on the floor 
be p per unit of length. The suspension rods are assumed to be sufficiently 
close together for these forces to be regarded as a distributed load. Then 
the forces acting on the chain will be as shown in (ii) Fig. 369, and those 
acting on the stiffening girder will be as shown in (iii). 

From the theory of the funicular polygon, the curve which represents 
the shape of the chain under the action of the vertical supporting forces p 
will also represent the bending-moment diagram for the stiffening girder 
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due to these same supporting forces, and the relevant reactions at A 
and B (ef. § 234). Hence, if y be the ordinate of the curve at some point 
K distant x from A, and H be the horizontal tension in the chain, (ii), 
Hy will be the bending moment in the stiffening girder at K due to the 
forces p. Let the bending moment at K due to the actual loads on the 
bridge, separately considered, be M' * This bending moment is found 
in the ordinary way on the assumption that the stiffening girder is a 
simple beam supported at A and B. Then M, the total bending moment 
in the stiffening girder at K, is 

M = W + Ry (1) 


the same equation as that which gives the bending moment at any section 
of an arch, eq. (2), § 216. In eq. (1), bending moments tending to make 
the girder convex upward are considered as positive, and M' for the 
downward acting loads is negative. 

The shearing force S at any section K is dM/dx, § 34, Vol. I. Hence, 


dM. dM' „dy Q , w dy 
dx dx dx dx 


• (*) 


where dM! jdx = S' is the shearing force on the stiffening girder at K 
due to the actual loads on the bridge, and calculated as in the case of an 
ordinary beam supported at A and B ; dy/dx is the slope of the chain 
at K. If w denote the total load per unit of length on the stiffening girder, 


dS dm. d*M' d*y dS' dfy 

W ~~ dx dx 2 dx 2 dx 2 dx dx 2 


w'+ H- 


dx 2 


( 3 ) 


where w' denotes the actual loads on the bridge per unit of length. But 
the total load per unit of length on the stiffening girder is p 4* w'. Hence 

P + w' = w ' + ; and V = . . (4) 


The bending moment on the stiffening girder will be a maximum 
when dM/dx = 0 ; or, from eq. (2), when 



S'; and J 
dx 


S' 

H 


. («> 


Parabolic Chain.— ^Suppose that the vertical suspension rods are 
numerous, and that their length has been so adjusted that the shape of 
the chain is parabolic ; let it also be assumed that the stiffening girder 
is so rigid that the chain retains this shape in all conditions of loading. 
As shown in (i) Fig. 369, and as is usual in practice, suppose that bridge 
and chain are symmetrical about their mid-point ; take origin at Q and 
let QU be the axis of x. Then the equation to the curve is y — cx(L — x) r 

* For convenience, throughout this chapter, the bridge is conceived as though 
supported by a single chain. The area of, and forces acting on, this ideal chain 
must be properly proportioned between the actual number of chains, however 
many there be. 



SUSPENSION CHAINS AND BRIDGES 


527 


where c is a constant. If the dip at the centre of the chain be D, y = D 
when x = L/2, and c = 4D/L 2 ; hence 


4D ,T 

2/ = X 2 ~ 

^ - !5(L _ 2x) • ^ 

“ L z( ] ’ da; 2 


8D 

L 2 


• ( 6 ) 
• ( 7 ) 


Therefore, from eq. (4), 

V = 


8HD 

L 2 


. ( 8 ) 


and since H must be constant from end to end of the chain, p must be 
a uniform load acting upward. 

Uniform Load covering the Span . — If the actual load w on the bridge 
be uniform and cover the span, p = — w ; hence, p+ w' is zero every- 
where, and M, the bending moment on the stiffening girder, is zero every- 
where ; whence, from eq. (1), ILy = — M'. M' is the bending moment 
on the stiffening girder supposing it simply supported at the ends. 
At the centre of the span, M' = — w'UJS, and y — D, 


w'L 2 , 

HD - and H - 

o 


w'L 2 
8D 


( 9 ) 


as found in eq. (2), § 233. This equation gives the horizontal tension in 
the chain due to the weight of the stiffening girder and floor, or for any 
other uniform load entirely covering the span. It will be observed that 
the construction of the stiffening girder, whether hinged at the centre or 
not, does not affect this value. 

237. Stiffening Girder with Parallel Flanges and a Central Hinge : 
Parabolic Chain, — If the stiffening girder be hinged at its mid-point C, 
as shown in (i) Dig. 370, the bending moment at C must be zero ; y at the 
centre = D, and from eq. (1), § 236, 

H= hence, M = M' - ^ y . . . (1) 


The values of S and w follow from eqs. (2) and (3), § 236. 

Single Concentrated Load on the Bridge. — Suppose the bridge to carry 
a single concentrated load W, distant z from A. Then, considering the 

whole span as a single beam supported at A and B, R/ = -y- ; 


M c ' = - R,' x ^ ^ X ^ and from eq. (1), 

tt Mg' Wz 

D 2D 

From eq. (8), § 236, 

8HD _ 8D Wz 4Wz 

v ~~~ U" ~ L 2 1 2D _ L ! ' 


- ( 2 ) 
• ( 3 ) 


the minus sign indicates an upward force. 
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The arrangement of forces on the stiffening girder is shown in (ii) 
Eig. 370, and the above values can be obtained from first principles as 



Tig. 370. 


follows : the total load on the half-span CB is pL/2, each of the down- 
ward reactions is R 2 « R 3 » pL/4. Considering the half-span AC, and 
taking moments about A, 

‘ i ~ = w ^ ere R 3 = ^ 
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hence, 


f 


4W '% 

= -lt;R 2 = R,. 


Wz 


; R = W - R. 


From eq. (8), § 236, for a parabolic chain, 


pL 

T 


Wz 


- w ( i -l) 




tj _ fflL 2 4Wz L a _ 

8D = 1/ X 8D ~ 2D 


The shearing-force diagram is shown in (iii) Fig. 370. From eq. (2), 
§ 236, the shearing force S = S' -{- H ~ where H = and from eq. (7), 

§ 236 >S=t?( L - 2a; )- Hence > 


S = S ' + !X • § (L -2^ = s ' 


2Wz 

L 2 


(L — 2a;) 


(5) 


In (iii), aegfb is the S' diagram drawn as if the girder were a simple beam 
supported at A and B, and qgu is the graph of 2Wz(L — 2z ) /IA The 
difference between the ordinates of the two diagrams, shaded in the 
figure, represents the shearing-force diagram, qu is the base line. The 
values of R 1? R 2 , and R 3 are indicated, and it will be noted that R 2 = R 3 
in magnitude, which suggests a simple way of setting out the diagram. 
It will also be noticed that the shearing force changes sign where the 
bending moment is a maximum. The double triangle aqcub is evi- 
dently the shearing-force diagram for the uniformly distributed upward 
load p. 

The bending-mom mt diagram is shown in (iv). The parabola 

a'd'b' is the bending-moment diagram for the uniform load p ; the 

j* x rjf pL 2 4W z L 2 W z R 2 L . , , k , 

ordinate c d = -jj- x -g- = -g- = HD = The triangle ag b 

is the negative bending-moment diagram for the load W. The 
line g f b' must pass through d\ for the bending moment at the pin is 
zero. The shaded area is the complete bending-moment diagram. At 
any section K, k'j' — M' ; k'hf = H y ; h'j' = M ; and M = W -f Hy. 

Influence Lines . — From eq. (2), H = Wz/2D ; if W — unity, 
H = z/2D. This is the equation to the influence line for H between A 
and C. The complete influence line is the triangle adb , (v) Fig. 370. 
The maximum ordinate occurs at the centre of the span where z = L/2, 
and is H = L/4D (cf. § 226). 

From eq. (2), § 236, S = S' + H (dyjdx). For the point K, let dyjdx 
= ok. Then 

Sk = Sk' d* Hctk. 

From eq. (7), § 236, a K = = fT (D - 2*)- Tlle influence line for Sk', 

CuX Jut 

the shearing force at K. for the stiffening girder considered as a simple 
beam supported by A and B, is the figure aj 1 j 2 b, (vi) Fig. 370, where ae = 6/ 
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~ unity. The influence line for Hoe: is the triangle adb, obtained by 
multiplying the ordinates of (v) by ok* The maximum ordinate of (vi) is 

cd = H m ax. x o* = ~ x ~ (L - 2a) = (L - 2x)[L. 

The shaded area in (vi), representing the difference between the ordinates 
of the two diagrams, is the complete shearing force influence line, of 
which adb is the base line. When x < L/4, d falls outside be ; when 
L/4 < x < L/2, d falls inside Z>e ; when x > L/2, cd is plotted upward 
from 

From eq. (1), § 236, M = M' + Hy ; for the point K, 
M k =Mk'+H2/k. 

4D 

From eq. (6), § 236, ?/k = vr — $)• The influence line for Mk' is 

JL r 

the triangle a'j'b', (vii) Fig. 370, where k'j' = z(L — x) /L (see § 27). The 
influence line for Hy K is the triangle a'd'b obtained by multiplying the 
ordinates of (v) by y-&. The maximum ordinate of (vii) is 

cd = Hmax. x Vx- = 4D = |5 • jJ *(L - x ) = j — • 

Therefore cd' = k'j', a useful relation in setting out the diagram. 

Maximum Values for a Single Concentrated Load. — For a single con- 
centrated load W, the maximum values of the shearing force are obtained 



Fig. 371. 

at once from the shear influence line (vi). At the ends of the span the 
maximum shearing forces are ^ W; at C, the centre of the span, the 
maximum shearing forces are W/2. The maximum shearing-force 
diagram is shown in (i) Fig. 371 ; it is set out graphically from the 
influence line. 
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Since in (vii) Fig. 370, k'f = c'd', it is evident that the maximum 
negative bending moment at K always occurs when W is at K ; and the 
maximum positive bending moment at K occurs when W is at C. From 
the geometry of the figure, since k'j' = c'd', the maximum negative bend- 
ing moment at K is 


W x j'j' = W .c'd 



Wr(L — a*)(L — 2x) 
L 2 


( 6 ) 


and the maximum positive bending moment at K is 


W x d'd,' = W k'j'i l-~j(L-x) = + -5- (L . T 2x ) 
( 2 2L 


( 7 ) 


Eqs. (6) and (7) apply only from A to C ; but the maximum bending- 
moment diagrams are symmetrical about C, and are set out from these 
equations in (ii) and (iii) Fig. 371. To find the maximum negative 
bending moment anywhere on the girder, differentiate eq. (6) with 
respect to x and equate to zero, L 2 — 6Lx + 6a; 2 = 0 ; a — 0-211L. 
Putting this value in eq. (6), the maximum negative bending moment is 
O0962WL. 

To find the maximum positive bending moment anywhere on the 
girder, differentiate eq. (7) with respect to x and equate to zero, 
L — 4a:— 0; x — 0 *25L, and max. + M = WL/16. 

Maximum Values for a Uniformly Distributed Load Longer than the 
Span. — The maximum + and — shearing-force diagrams for a uniform 



load w' per unit of length, longer than the span, crossing the bridge from 
A to B, can be obtained from the areas of the shearing-force influence 
line, (vi) Fig. 370. The curves are set out in (i) Fig. 372. While x < L/4 
there are four possible maxima : (I) positive, when the front of the 
load covers ak, (vi) Fig. 370 ; (2) negative, when the front of the load 
covers an ; (3) negative, when the back of the load covers kb ; (4) 
positive, when the back of the load covers nb. When L/4 < x < 3L/4. 
Nos. 2 and 4 disappear. The curves in (I) Fig. 372 are numbered to 
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suit. The n u>.’Hmnm + and — shearing forces occur at the ends and at 


the centre ; the influence lines for these cases are shown in (iii) and (iv) 
Fig. 372. From the shaded areas the values are, 

_ . 1 , L 

w'L 

At the ends ± max. S.F. = w x-x lx- = 

IT 

1 1 L 

w'L 

At the middle ± max. S.F. = w x ^ x 2" x ~2 : 

~8~ 


The maximum negative bending moment at K occurs when the load 
covers the length a'1c z ' = x z , (vii) Fig. 370, and the maximum positive 
bending moment at K occurs when the load covers the length k z b' 
— L-~x z . Since the ordinates k'j' and c'df are equal, the areas of the 
triangles a'j'b' and a'd'b' are equal. Subtract the area of the triangle 
a'j z 'b ', and the areas a'j'j z and b'd'j z are equal, that is.to say, the maxiinum 
negative and maximum positive bending moments at K are equal in 
magnitude. From the geometry of the figure, 




oj/2 _ k'j' __ L — x 

X 3 ^3 jz ^ X Z 


x z (L-x)=~(L- x z ) 


and x z — L 2 /(3L — 2x). Hence the equal negative and positive areas 
of the influence line under the load are 


tif x 


x z z(L — -x) (L — 2x) 


L 2 


L 2 


2(3L - 2x) 


and the maximum positive and negative bending moments at K, due to 
the uniform load w\ are 


max. ± M k = 


w'x (L — x) (L — 2x) 
2(3L - 2x) ~~ 


( 8 ) 


This equation only applies from A to C, but the maximum bending- 
moment diagrams are symmetrical about C. They are plotted from 
this equation in (ii) Fig. 372. To find the maximum bending moments 
at any position on the girder, differentiate eq. (8) with respect to x and 
equate to zero 

3L 3 - 18L*r + 24L* 2 - 8x 3 = 0 


whence x = 0 -234L and max. ± M = Q -0188 w' L 2 . 

238. Stiffening Girder with Parallel Flanges. No Central Hinge : 
Parabolic Chain. — In Fig. 373 the stiffening girder is anchored to its 
supports A and B and has no hinge at the centre. This arrangement is 
statically indeterminate, for it is evident that, were they sufficiently 
strong, either the chain alone, or the stiffening girder alone, could support 
the floor from abutment to abutment. 

As an approximate method of finding the stresses in the chain and 
girder, it is sometimes assumed that the girder is sufficiently rigid to 
spread any load on the bridge uniformly over the span, and that the chain 
therefore carries the whole load. The reactions R x and R 2 must then he 
equal and opposite. It may be shown as follows that this assumption 
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is untenable. If W be the total load on the bridge, and the stiffening 
girder be sufficiently rigid to spread it uniformly over the span. 



Fig. 373. 


It follows that H is constant for any load system of magnitude W. 
Suppose W to be a single concentrated load just entering the bridge. 
From eq. (1), § 236, the bending moment anywhere, and therefore at the 
end of the span, is M = M' -f Hy. But whether the stiffening girder is 
regarded as a beam simply supported at its ends, or whether it is supported 
by the chain, the bending moment at the ends of the span for a load W 
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just entering the bridge must be zero j that is to say, for the end cross- 
sections, both M' and M are zero. Hence H y is zero, and consequently 
H is zero, not WL/8D, as according to the above assumption it should be. 

It is necessary to take into account the relative stiffness of the different 
parts of the bridge in order to find H ; strain energy considerations 
(Chapter V) may be used to solve the problem. A number of studies 
have been made of this question (see Refs. Nos. 20 to 29, Bibliography) ; 
the following treatment, based on § 89, is approximate. 

The structure may be regarded as a redundant frame built up of bars 
forming (i) the chain, (ii) the vertical suspension rods, and (iii) the stiffen- 
ing girder. It is clearly redundant, but there is only one redundant bar, 
for if the lowest link of the chain be removed, neither the chain nor the 
suspension rods could carry any load. Remove this link, and find the 
forces F w in the remaining bars due to the actual loads. Then remove 
the applied loads, replace the redundant link by unit loads, and find 
the forces F' in all the bars due to the unit loads ; the force F' in the 
redundant member will be unity. Then from eq. (1), § 89, 

^ 2 F W F'A 

X == Fr = H — - 

for in this case the force F r in the redundant link is H. It is convenient 
to treat the three components of the structure separately. Let T denote 
the tensions in the links, 3? the tensions in the suspension rods, and F 
the forces in the bars of the stiffening girder. T w is the force in a fink 
due to the actual loads ; T' that due to the unit loads ; and so on. Then 

2 T W T'A + 2 PwP'A + S F W F'A 
2 (T') 2 A + 2 (P') 2 A + 2 (F') 2 A ’ 

Since there can be no forces in the chain links or in the suspension 
rods, due to the actual loads, when the lowest link of the chain has been 
removed, it follows that T w and P w are all zero, hence 

H _ ___ 2 F W F'A qv 

2 (T') 2 A -f 2 (F) 2 A + 2 (F') 2 A * K) 

an equation giving H in terms of forces which can be found from the shape 
and dimensions of the parts of the bridge. 

In the present instance, let it be assumed that the shape of the chain 
is parabolic, and that the areas of the finks are so proportioned that the 
stress / in the links is constant from end to end of the chain. Let the 
area of the lowest link be a 0 ; then H, the tension in that link, is a^f, 
and/ = H/a 0 . Consider any link of length l , and area a ; let the tension 
in it be T. Then 

T ,*11.1 H 
/ a T J T o 0 ’ 

if H be put equal to unity, T ~ T' and A= l/T'a 0 . Further, from 
T 7 7 

L»* t'trr 4 L m Tr f *-r /i , ™ n 


I/T'ciq. Further, from 


T l 
Ffc.374. - 

H x 


~ H sec 0 ; and when H = unity, T 
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Then 

(T') 2 A — W* 1 — ^ sec ^ __ 258602 0 
T a A 

for f= #sec0, and 

S (T') 2 A = — E a; sec 2 8 = i- E #(1 4- tan 2 8) 
a Q 

Conceiving the chain as a continuous parabolic curve, and letting x get 
smaller and smaller without limit, 


; (T') 2 A == I f(l + tan 2 6)dx 
a oJ 

Taking origin for the present purpose at C, (i) Pig. 373, the equation 
to the curve is y = x 2 ; tan 8 = = “^"5 am ^ including both 

halves of the curve, 


E (T') 2 A 


2 r L /2 
” S ] 


_ , 64D 2 * 2 | , 1 r T , 1 6DH 

1+ — -«-L l+ irj 


L 4 


( 2 ) 


The internal work stored in the suspension rods will be small rela- 
tively to that stored in the chain and the stiffening girder, and therefore 
the summation E (P') 2 A will be neglected in what 
follows. If the dimensions of the rods were known, it 
could easily be taken into account. 

Consider next the stresses in the stiffening girder. 

Let D 1 denote the depth of this girder, and suppose 
that the area of all the members of both flanges be a v 
If, at any section Q x K l3 Pig. 374, the bending moment 
be M, the force in a flange member such as Q X Q 2 will 
be P = M/Dj. If the length of the member be l v the 
value of A is Z x /a 1 . 

Prom eq. (1), § 236, the bending moment in the 
stiffening girder is 

M = M' + H y. 

Assuming (see above) that all the applied loads have 
been removed from the bridge, the bending moment M', 
due to them, must be zero. If also the force in the lowest link of the 
chain be made unity (H = 1), then M = y, and in these conditions F = F\ 
Assuming parabolic initial curvature, and taking origin at one end of 
AT) 

the span, y = - ■ .r(L — x) [see eq. (6), § 236]. 

JL r 



Then 


F' 


M 


y 


4D 


D x D, L *D l 
16D 2 




X(h - X) 

h 


( 3 ) 


and 
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Regarding the flanges as continuous members from end to end of the 
span ; letting Z, get smaller and smaller without limit until it becomes 
dx ; for both the flanges 

32D 2 f 1 16LD 2 

< 4 > 

Suppose that the applied load on the bridge 
is a single load W distant z from A, Fig, 375. u. z • — • — -h 

Then the bending moment under the load is A K. ! W 

— Wz(L — z) /L ; and at any section distant x I 

from A, if x <z> the bending moment is * ; : 

— W(L — z)x[L , or if x > z, is — W; z(L — x)[L. ** x 

The forces F w in the flanges of the stiffening Fig. 375. 

girder, for these two cases, are 

M W T „ W (L-a?) 

Fw ~ D, ~ ~ D, (L ' Z) L ; Fw “ D , Z L ’ 

The summation EF W F'A must be split into two parts to correspond 
with these two values. Inserting the values of F w , W (eq. 3), and A, 
and treating the two flanges as continuous members as before, 


Fie. 375. 


W (L — x) 
D/ L ’ 


W L - 
D , Z L 


iwDi 


x(L — x) 


to r r* r? i 

ry— (L — z) x 2 (L — x)dx z l x{L — x)Hx 
h a i L Jo Jz J 


3L 2 D 1 2 a 1 


. z(L 3 - 2Lz 2 + z 3 ) 


From cq. (1), 


SF W F'A 

E (T') 2 A + S {F) 2 A + 2 (F') 2 A 

Putting in the ascertained values, eqs. (5), (2), and (4), ' 

2WD 

~ • z(L3 ~ 2Lz * + z3) 
1 r 16D 2- | 16LD 2 

floL + 3L J + 15D^X 

which simplifies to 

H = z(L - z)(L 2 - Lz - z 2 ) x W . 

1) 10 


L ' oD^a, 


[3L 2 + 16D 2 ] + 16L 2 D 2 


L ' 51, 


[3L 2 16D 2 ] -r 8L*D* 


(?) 
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if lx = D^eti/2 is the moment of inertia of the stiff enin g girder. In 
finding these formulae, the deformation of the suspension rods, that of 
the web bracing of the stiffening girder, and any deflection in the chain, 
have been neglected. The equations can only be applied when I 1 and a 0 
are known. An approximation which may be used for the purpose of 
preliminary design can be obtained as follows : Eq. (7) may be written 


X 


10D 

L® 




[3 + 16-JJ + 16D 2 


In practical cases the value of D /L will be about -fa or slightly greater, 
and the equation may be written 


a. — 


5D 


8L 3 ' DjX 


+ D 2 


5D 1 

8 L 3 ' 2 J* + d 2 

a o 


If the girder were infinitely stiff, I x ~ oc, and y = 0 ; if the girder were 
perfectly flexible, I x = 0, and y = 5/( 8L 3 D). In practical cases its value 
will not differ much from 1 /(2L 3 D), and eq. (6) becomes 


JL 

~2L 3 D 


z(L — z)( L 2 -f Lz — z 2 ) 


( 8 ) 


This curve has been plotted accurately in (v) Fig. 373, for W — 1. It 
will be found to differ very slightly from the parabola 


H = 


5W 

8LD 


z(L — z) 


w 


which equation can be used for the preliminary design. 

The value H = JWL/D, based on the assumption, p. 533, that the 
stiffening girder spreads the load uniformly over the span, is likely to be 
most nearly correct when W is at the centre of the span, z = L/2, in 
which case, from eq. (8) or (9), H = &WL/D, a not very different value, 
but showing that the stiffening girder is more flexible than the said 
assumption implies. 

The shearing-force diagram for a single concentrated load W, distant 
z from A, is shown in (iii) Fig. 373, set out from eq. (2), § 230 [see also 
eq. (7), §236], 

S S' + =S'rH.-(L - 2x). 


The value of H for the given load position is obtained from either 
eq. (8) or eq. (9). The diagram, (iii) Fig. 373, is similar to (iii) Fig. 370 ; 
aq ~ bu ~ 4HD/L. 

The bending-moment diagram for the same load position is shown in 
(iv) Fig. 373, set out from eq. (1), § 236 [see also eq. (6), § 236]. 
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The value of H is obtained from eq. (8) or eq. (9) as before. The 
diagram is similar to (iv) Fig. 370 ; c'd! the central ordinate of the para- 
bola aW - HD. 

Influence Lines . — These are similar to (v) } (vi), and (vii), Fig. 370, 
q.v.j and are set but in similar fashion, except that the influence line for H 
approximates to a parabola instead of being a triangle. 

From eq. (8), if W = unity, 

H = 2I Jd 2(L - z)(L2 + ^z-z*). 


This is the equation to the influence line for H, and is set out in (v) 
Fig. 373. The maximum ordinate, at the centre of the span, is 5L/32D. 
Alternatively, the curve can be set out from eq. (9), if W in that equation 
be put equal to unity. 

From eq. (2), § 236, for the point K, 

S K = Sk + H^= Sk' + H<r K 

from which the shearing force influence line for K, (vi), is obtained. 
The curve adb is obtained by multiplying the ordinates of (v) by 

<r* = 4D(L - 2x) /It 2 . 

From eq. (1), § 236, for the point K, M K = Mk' + Hy K} from which 
the bending moment influence line for K, (vii), can be set out. The curve 
a'd'b' is obtained by multiplying the ordinates of (v) by 


y K = 4D;r(L — x ) /L 2 . 


The maximum shearing-force and bending-moment diagrams can be 
obtained from the influence lines as were those in Figs. 371 and 372. 

Temperature Stresses . — The effect of changes in temperature in alter- 
ing the length of the chain and suspension rods of the bridge may be found 
by use of eq. (4), § 93, 

■y SF'a tl ^EF'a tl 

* E (F') 2 l/Ea ~~ 2(F') 2 A 

In this equation l is the length of a member, t the alteration of tem- 
perature in degrees, and a the coefficient of expansion per degree. 
Treating the three component parts of the structure separately as before, 
and using the symbols T, P, and F for the chain links, suspension rods, 
and bars of the stiffening girder, respectively, the above equation becomes 


X* 


E 


SM+SFafl 
2 (T') 2 A + 2 (P') 2 A + 2 (F') 2 A 


H* 


( 10 ) 


cf. eq. (1), where the symbols are defined. H$ is the increase in the hori- 
zontal tension due to a rise in temperature t. Ignoring as before the 
effect of the suspension rods, the equation becomes 


H* « - E 


o^m 

2 (T') 2 A -f 2 (F') 2 A 
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But (see above), when H = 1, T' = sec 9, and Tl = Isecd = x sec 2 9 
(Fig. 374). Hence, E T 'l = (L — 16 D 2 /3L) [c.f. eq. (2)]. The denominator 
has previously evaluated [see eq. (5a)], therefore 

H . Ea/ (L+ 16D 2 /3L) 

1 ir 16D 2 *1 16LD 2 

a 0 L L + 3L J + 15D Ja, 

Ea< (L-r 16D 2 /3L) 

If 16D 2 -| 8LD 2 ' (11) 

<*oL L + ~3L J + 151^ 

where, as before, l x = D 1 2 a 1 /2 is the moment of inertia of the stiffening 
girder. 

At any point in the stiffening girder, the bending moment induced by 
this change in H will be 

4D 

M = Kty — - x) . . .(12) 

See eq. (6), § 236. 

CONTINUOUS GIRDER AND CANTILEVER BRIDGES 

239. Continuous Girder Bridges. — It follows from the theory of 
continuous beams, Chapter VI, VoL I, that in a large bridge of more 



Fig. 376. 


than one span, the bending moment everywhere, and consequently the 
weight and cost of the bridge, can be considerably reduced by making 
the girders continuous over the piers, (i) Fig. 376. 

Although one of the earliest long-span bridges, the Britannia Bridge 31 
over the Menai otraits, (ii), was a successful example of this type, 
continuous girder bridges have not been very generally employed for the 
following reasons : 

One of the conditions assumed in the usual theory is that all the 
supports are at the same level, and that they remain level when the load 
is applied. This is a difficult condition to ensure in practice. Even if 
the piers of a bridge are made level when first constructed, they are 
liable to slight settlement, unless they can be earned down to solid rock. 
If they are constructed of metal, they will expand with differences of 
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temperature. Such variations may materially alter the bending moments 
and stress distribution in a continuous girder bridge, especially if the 
spans are short and the girders are deep and stiff. In very long spans 
the effect may not be so serious. 

A second objection to the use of continuous girders in large bridges 
is that the complete girder is usually too large to erect in one piece. It is 
possible in some cases to roll the girder out, but this involves special 
stiffening to resist the exceptional stresses set up. As a rule, each span 
must be lifted into place separately, and connected to its neighbours 
afterwards. Now the connections, whatever form they may take, will 
in their normal condition be in a state of strain, and even if that state 
be due to the weight proper of the girder alone, it is necessary to ensure 
that the strain is of the correct amount, otherwise the entire distribution 
of stress in the girder will be altered. This is not easy to do, with the 
result that unknown initial stresses may exist in the girders. 

These uncertainties are inevitable in continuous girder bridges, and 
have led many bridge engineers to prefer separate spans. 

240. Cantilever Bridges. — Many of the advantages of a continuous 
girder bridge, without the countervailing disadvantages, may be obtained 


.1 



(i) 




LL. f or 
Reaction. R A 


I.L. for 
Reaction R c 

I.L .for 
Reaction R E 


by adopting the type known as the cantilever bridge. In a continuous 
girder bridge, the position of the points of no bending moment are different 
for each different load condition. In a cantilever bridge, these points 
are fixed by making an actual joint in the girder, (i) Fig. 377 shows an 
example. This bridge consists of two cantilevers AC, AE, built out 
from each pier, and carrying a suspended span EF. The ends C and D 
are anchored down to prevent them from lifting due to the weight of the 
suspended span and the loads on it ; E and F are the joints. The stresses 
in such a bridge are statically determinate. 
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The Forth Bridge, Fig. 77, is a well-known example of this type, 
which is a common one for large bridges. Fig. 378 and Fig. 379 show 
other examples of cantilever bridges. The cantilever construction is very 
suitable for building out from the piers. 

241. Influence Lines for Cantilever Bridges. — Note : When consider- 
ing the effects produced by a unit load passing over a cantilever bridge 
or similar structure, it is well to regard the structure as weightless, and to 
rid one’s mind of previous conceptions as to the effect of the suspended 
span, methods of anchorage, the sense of the end reactions, etc., con- 
centrating the attention on the effects produced by the single moving load. 

Reaction Influence Lines . — Let (i) Fig. 377 represent a cantilever 
bridge with two cantilever spans CE, DF, and a central suspended span 
EF. For the purpose of finding the reaction influence lines, it is un- 
necessary to consider the bracing. Let R A be the reaction at the pier A. 
The influence line for this reaction is shown at (ii). When the unit 
load W enters the bridge at C, the reaction at A will be zero. As W 
advances, R A will increase, until, when the load is at A, R A = W = 1 . 
When W passes A, R A will continue to increase at the same rate as before 
until W reaches the suspension point E, when R A = W(L X -j- L^/L*. 
As the load W travels along the suspended span, R A will steadily diminish, 
and when W enters the right-hand cantilever arm, R A becomes zero. 
The influence line for R A is therefore a triangle cghf , (ii), the ordinate 
ag = unity, and eh = (L t 4- L 2 ) /L x . 

The reaction influence line for R 0 is shown at (iii). When W is at C, 
the reaction R c = W = 1 (forget the weight of the bridge and think of 
the arm CA as a span supported at C and A) . As W advances, R c will 
diminish, until when W arrives at A, R 0 — 0. When W passes A, the 
reaction at C will become negative, i.e. it will act downwards, and will 
go on increasing in magnitude until, when W reaches E, R c = WL 2 /L X . 
As W passes along the suspended span, R c will gradually diminish, 
becoming zero when W enters the right-hand cantilever. This is shown 
in (iii), where eg = 1 and eh = L 2 /L x . 

The influence line for the reaction at E from the suspended span is 
the same as that for any other span supported at the ends. It is shown 
at (iv) (cf. Fig. 59). 

Influence Lines for Anchor Arm . — Let Fig. 378 represent a con- 
ventional cantilever bridge ; AC is the anchor arm. If the bridge be 
regarded as a weightless structure, it will be evident that while the load 
is between C and A the anchor arm will act as a lattice girder supported 
at A and C. The influence lines are then as given in § 35, Fig. 64. Taking 
•K-5K2Q2Q1 as a typical panel, the influence line for the diagonal K X Q 2 
is cj x j 2 a, (ii) Fig. 378, where eg = rjr z (compare § 35). 

When the load passes A, the reaction Rc becomes negative and 
increases until W passes E, when it begins to diminish and ultimately 
becomes zero when W passes F, (iii) Fig. 377. But after the load has 
passed Q 2 K 2 , the only force to the left of the panel K X Q 2 is R c . Hence 
the force in K X Q 2 will depend solely on the magnitude of Rc> and will 
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increase and decrease in direct proportion thereto . Therefore, to complete 
the influence line, produce ga to h and join fif; the complete influence 
line for K X Q 2 is cj^^ahf. 

It will be evident that the force in Q 2 K 2 bears a constant ratio to the 
force in K X Q 2 ; and can be found by multiplying the force in K X Q 2 by 



Fig. 378. 


rj{r + + h + h)‘ Allowance must be made when necessary for the 

incidence of the load from the cross girders on to the verticals. 

Considering next the bottom flange K^K 2i the other two bars cut by 
the section SS meet in Q 2 . While the load is between A and C, the 
influence line c'j 2 'af for this bar is similar to that for K X K 2 , (iv) Fig. 64, 
and is shown in (iii) Fig. 378 ; the end ordinate is (Z x -f Z 2 - f- Z 3 ) /r x . After 
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the load has passed A, the same arguments apply to K X K 2 as to K 1 Q 2 , 
and the influence line can be completed by producing j 2 'a' to h' and 
joining k' to /'. 

The influence line (iv) 3 for Q^, while the load is between 

A and C, will be similar to (vii) Pig. 64. As before, it can be completed 
for load positions between A and F by producing j{af to g' and joining 
g' to (iii) and (iv) are plotted on the same base line c'f'. 

Influence Lines for Cantilever Arm. — While the load is between A 
and C, there will be no stress in the cantilever arm AE. When the load 
passes A, this arm will be in the condition of a projecting cantilever with 
a load advancing towards its free end [(v) Fig. 378]. Consider the typical 
panel Q 3 K 3 K 4 Q 4 , and cut it by a section SS. There will be no stress in 
Q 3 K 4 until W passes Q 3 K 3j after which the force F 6 in that member will 
steadily increase as shown by k z j± in the influence line (vi), until the 
point Q 4 K 4 is reached. At this point, taking moments about I, 

F 6 r 6 = W(Z 7 -f Z 8 + r), and F 6 = (l 7 -f- Z 8 + r)/r 6 , since W = unity. 

Therefore the ordinate = (Z 7 + Z 8 + r) /r 6 . As W advances, the 
force in Q 3 K 4 will decrease, until, when W reaches E, F 6 r 6 — Wr ; and 
eh = rjr e . As the load travels along the suspended span, R E » and 
therefore the force in Q 3 K 4 , will steadily decrease ; this is shown by hf. 

Consider next the bottom flange member K 3 K 4 . There will be no 
force in this bar until W passes Q 3 K 3 , after which F 4 , the force in it, 
will continuously increase until W reaches Q 4 K 4 , when, taking moments 
about Q 3 , F 4 r 4 = WZ 6 ; hence the ordinate kfjf of the influence line (vii) 
is equal to Z 6 /r 4 . The stress in K 3 K 4 will continue to increase until W 
reaches E, when F 4 r 4 = W(Z 6 + l 7 + h) 5 and e'h' = (Z 6 + l 7 -f Z 8 ) /r 4 . 
As W travels along the span EF, the force in K 3 K 4 will continually 
diminish as shown by the line h'f ; (vii) is the complete influence line. 

There will be no force in the upper flange member Q 3 Q 4 until W 
passes Q 4 K 4 , after which the force F 5 in it will increase until E is reached. 
Taking moments about K 4 , 

E 6 r 5 = W(Z 7 + Z 8 ) ; and e'g' = (Z 7 + h)!r s . 

The force in Q 3 Q 4 will steadily diminish as W travels along EF. The 
complete influence line is shown at (viii). 

With the influence lines plotted as shown in Fig. 378, an ordinate 
above the base line implies a tension in the member, and an ordinate 
below the base line implies a compression. The influence lines for the 
right-hand cantilever spans are exactly similar to those of Fig. 378, but 
of the opposite hand. For clearness, (ii) and (vi) of Fig. 378 have been 
plotted to double the vertical scale of the other influence lines in that 
figure. 

The whole series of influence lines can best be set out by assu min g 
the cantilever span fixed in space at A and loaded with a unit load at C. 
The forces in the members of the arm AC, due to this load, will give 
the ordinates of the influence lines on the vertical through C (see § 35). 



544 


MATERIALS AND STRUCTURES 


Similarly, the forces in the members of the arm AE, due to a unit load 
at E, will give the ordinates on the vertical through E of the influence 
lines for the arm AE. 


LONG-SPAN BRIDGES 

242. Types. — The following types of bridge are used for long spans : 
Cantilever Bridges . — This type is illustrated and discussed in § 240 
et seq. The Forth Bridge, 35 Fig. 77, and the Quebec Bridge 38 over the 
St. Lawrence, Fig. 379, are two well-known examples. The K bracing 
in the cantilever webs of the latter should be noticed. 



Fig. 379. — Quebec Bridge. 


Continuous Girder Bridges . — Continuous girder bridges are sometimes 
used for long spans. The Ohio River Bridge at Sciotville, 40 Fig. 380, 
is an example. 





Arches . — The two-hinged braced arch is frequently adopted for 
long spans. A typical example is the Hell Gate Bridge, New York 
(see § 94 and Fig. 130). The Sydney Harbour Bridge, Fig. 381, is of this 



type. Tied arches. Fig. 127, are occasionally used ; the bridge over the 
Rhine at Mainz is an example. Two-hinged spandrel-braced arches are 


* F = fixed bearing ; S — sliding bearing. 




LONG SPAN BRIDGES 


540 


suitable for spanning deep gorges. The Victoria Falls and Niagara 
Arches are well-known examples. 

Cantilever Arch . — Except for large masonry arches, the arch with 
fixed ends is not usually employed for long spans.* A type. Fig. 382, in 



Fig. 382. 

which anchor arms are built out cantilever fashion from the arch and 
supply the fixing moments at the main abutments, is termed a cantilever 
arch. 

Suspension Bridges . — The three-span stiffened suspension bridge is 
one of the best types for very long spans, and a number of notable 
examples have been constructed, particularly in America, which include 
the Delaware River Bridge, 41 Fig. 383 ; the George Washington Bridge, 42 
main span 3,500 ft. ; and the Golden Gate Bridge, 43 main span 4,200 ft. 



716 - —4- 1750 Ft. 1- 716-8* 


Fig. 383. — Delaware River Bridge. 


In Fig. 384, which represents a bridge over the Rhine at Cologne, 38 
the stiffening girder is continuous over the three spans and the chain 


, — -r-rTflTlT 



— 92-23 j 

|5l I84*46m. (605*2 ft) ^ 

Fig. 384. — Rhine Bridge, Cologne. 

92-23 fn. — f* 


is attached to the shore end of the anchor arms. Such a bridge is termed 
self-anchored ; the cost of the abutments is much reduced. It does not 
appear to be a very economical type for spans of great length, as the 
stiffening girder has to resist the horizontal tension in the chain. 

For the elementary theory of suspension bridges, see § 235 et seq. 
For the more exact treatments used in long-span bridges, see the 
Bibliography of this chapter, Refs. Nos. 20-29. The commonly adopted 
ratio of dip to span ranges from xV to 

* A steel arch of 800 ft. span, with direction-fixed ends, has recently been, con- 
structed in New York. Eng. News. -Red. voL 117, p. 232. 


2 xr 
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Combined Arch and Chain Bridges. — Fig. 385 shows a form of bridge 
suggested by Professor Krivoshein, 18 in which a cantilever arch is com- 
bined with suspension chains. It is a self-anchored type, and appears 
to show considerable economy over either a plain 3-span suspension 
type, or the self -anchored suspension bridge. Over the main span, the 
horizontal tension in the chain is balanced by the horizontal thrust of the 



arch, and the roadway girder is relieved of this stress. The type may be 
regarded, therefore, as a development of the Saltash type, (ii) Fig. 280. 

243. Choice of Type. — -As to which type of long-span bridge is most 
economical depends very largely on the situation, and particularly on 
the foundation possibilities. For example, if rock abutments are avail- 
able, anchorage is easy, and the self-anchored types of suspension bridges 
and their variants have no great advantage over the plain types. A 
deep gorge may suggest a spandrel-braced arch, Fig. 340, the sides of 
the gorge forming natural abutments for the arch. In situations where it 
is impossible to obtain suitable abutments for an arch, a tied arch might 
be used (cf. Fig. 127), but if the tie obstruct the waterway, this form is 
precluded, and another must be adopted. Again, foundations for piers 
may be possible only at particular points on the line of the bridge, a 
circumstance which will determine the number and length of the spans. 
Such local considerations will usually outweigh the intrinsic merits of 
any one type. For a discussion of this question, see a paper by Waddell 
before the Western Society of Engineers.* 

With the exception of simple cantilever bridges, most types of long- 
span bridges are statically indeterminate, and strain-energy methods 
must be employed to determine the stresses (see for example § 64 and 
§ 238). The magnitude of these structures is far too great to permit 
simplifying assumptions to be made. 


VIADUCTS 

244. Viaducts. — The term viaduct is commonly used to designate a 
structure carrying a railway or roadway across a valley, and consisting 
of a number of contiguous, moderately short spans, supported on a series 
of piers. The piers may be of steel (§ 246) , masonry, brickwork, or timber. 
They are usually tall ; for heights less than 50-60 feet it is often more 

* Jour., vol, xxxii, October 1927, p. 313. 
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economical to construct an embankment. The spans between the piers 
may be bridged by steel girders, or by masonry or brick arches. A 
series of arches of the type shown in Fig. 500 would be called a brick 
viaduct. Timber trusses on timber trestles were formerly common in 
America. Viaducts, both piers and spans, are frequently constructed 
of reinforced- concrete. 

The spans in such structures may range from 30 to 60 feet, but site 
considerations, suitability of foundations, and other local conditions are 
the determining factors. 
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36. Fraser. Strengtheni n g the Floor, etc., of the Forth Bridge. Proc . 

Inst. C.E. , vol. ccxv, 1922-3, p. 120. 

37. Cruttwell. The Tower Bridge. Foundations : Proc . Inst . C.E., 

vol. cxiii, 1892-3, p. 117 ; Superstructure : vol. cxxvii, 1896-7, p. 35. 

38. Modjeski. Design of Large Bridges with Special Reference to the 

Quebec Bridge. Jour. Frank . Inst., Sept. 1913, p. 239 ; see also Engg., 
Sept. 18, 1914, p. 349. 

39. Dietz. Die zweite feste Strassenbriicke iiber den Rhein in Kdln. Zeit. 

Ver. deu. Ing ., Aug. 7, 1920, p. 613. 

40. Lindenthal, The Continuous Girder Truss Bridge over the Ohio River 

at Sciotsville, Ohio. Trans. Amer . Soc. C.E., vol. lxxxv, 1922, p. 1910 ; 
see Engg., Jan. 25, 1918, p. 81. 
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41. Delaware River Suspension Bridge. Jour. Frank. Inst., Oct. 1925 

pp. 417, 436 ; June 1926, pp. 691, 712, 735 ; Engg Oct. 26, 1923 
p. 511. 

42. George Washington Bridge (Hudson River) (Main Span 3,500 ft.). 

Trans. Amer. Soc. C.E. , vol. 97, 1933 ; Ammann, General Concepiiori 
and Development of Design ; Dana, Anderson and Rapp, Design oj 
Superstructure , and other papers. 

43. Golden Gate Bridge (Span 4,200 ft.). The Engr ., July 24, 1936, 

p. 78; San Francisco -Oakland Bay Bridge (Main Span 2,310 ft.) 
Mech. Eng., New York, vol. 58, p. 7 ; Engg., Mar. 29, 1935, p. 329. 

For Large Arched Bridges, see Ref. Nos. 31-34, Chap. XHI, Bib. 


QUESTIONS ON CHAPTER XIV 

1. A 2-in. wire rope, 4 lb. per fathom, is 200 ft. long and is suspended at 
two points at the same level 150 ft. apart. Find the deflection at the centre 
and the. maximum and minimum tensions in the rope. 

Am. 58-86 ft. ; 76*25 lb. ,* 37-0 lb. 

2. What would the maximum tension in the rope of Q. No. 1 have to be 
to reduce the dip to 2 ft., and what would then be the length of the rope 
between the points of support ? 

Am. 939*2 lb. ; 150*08 ft. 

3. Prove that for a chain suspended from two points* at the same level, 
when the ratio of L/D is small, the total length of the catenary is given 
approximately by the expression l — L + 8D 2 /3L. Show that this is also 
true when the curve is a parabola. 

4. Using the formula of Q. No. 3, find the length of a suspension chain 
500 ft. span and dip 25 ft. What would be the increase in length for a rise 
in temperature of 40° F. if a — 0 • 000006, and what would be the increased 
dip ? 

Am. 503 *33 ft.; 503*45 ft. ; 25*45 ft. 

5. Find an expression for the tension at any section of a suspension chain 
hanging in a parabolic curve and carrying a uniformly distributed load. 
Calculate the maximum and minimum tensions in the chains of a suspension 
bridge, 300 ft. span and 30 ft. dip, when the total load is 1J tons /ft. run. 
(U.L.) 

Am. 302*9 ; 281-3 tons, if two chains. 

6. A suspension bridge, span 500 ft., dip 50 ft., carries a uniformly 

distributed load of 1£ tons per ft. of span. The anchor chains have an 
inclination of 45° and may be assumed to be straight. The suspension and 
anchor chains are attached to saddles free to move horizontally on the piers. 
Determine : (a) the maximum and minimum tensions in the suspension 
chains ; (b) the thrust on the piers ; (c) the tension in the anchor chains. 
(UX.) .... 

Am. (a) 468*8, 504*9; ( b ) 656*3; (c) 662*8 tons, if two chains. 

7. Why is it necessary to stiffen suspension bridges ? A uniformly 
distributed load w per ft. run covers half the length of a suspension bridge 
stiffened by girders hinged at the centre and freely supported at the ends. 
Draw a curve showing the bending moment at each point of the span, and 
find the position and magnitude of the maximum positive and negative 
bending moments. State clearly the assumptions made in arriving at the 
results. (U.L.) 

Am. ± wJJJQ4 ; centre each half span. 
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8. Assuming that the chain of a stiffened suspension bridge of span L 
hangs in a parabolic curve, and that the stiffening girders are hinged at both 
ends and at the centre, find the positions of a rolling load W which will 
produce the maximum positive and negative bending moments in the stiffen- 
ing girder, and the magnitude of these moments. (U.L.) 

Ans . See (ii) and (iii) Fig. 371. 

9. In a suspension bridge with stiffening girders not hinged at the centre, 
the span is 500 ft., dip 70 ft., area of lowest link of each chain 50 sq. in., 
moment of inertia of each stiffening girder 1-7 X 10 6 in. 4 . Assuming that 
the shape of the chain is parabolic, find the increase in the horizontal tension 
in the chain per 10° F. fall in temperature. Take a = 0*000006. 

Ans . 3*54 tons. 

10. If in Q. No. 9 the stiffening girder be 20 ft. deep, find the bending 
stress per square inch at the centre of the girder resulting from the 10° change 
in temperature. 

Ans. 0*21 ton/sq. in. 
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245. Trussed Beams. — In Chapter I the trussed beam was treated as 
a pin-jointed frame. As ordinarily constructed, the beam proper AB, 


(i) Fig. 386, is continuous, and will 
C. If the continuity at C be taken 
into account the frame becomes 
statically indeterminate, and must 
be treated by the methods of § 91, 
Chapter V. 

Suppose that a single load W 
be applied at the point D distant z 
from A (z < L/2). Treat bar 
No. 2 as the redundant member, 
remove it from the frame and find 
the forces due to W in the rest 
of the bars. In these circum- 
stances there can be no forces in 
bars No. 3, but the load will pro- 
duce a bending moment in the 
beam, bar No. 1, of which the 
maximum value is — Wz (L — z) /L 
at D ; a'f'b' is the bending-moment 
diagram. Next, remove W from 
the beam and apply loads of unit 
magnitude in place of bar No. 2 
Assume that the force in bar No. 2 


not behave as a member hinged at 



is compressive, so that the unit load Fig. 386. 

will act upward at Cand downward 

at E. The unit load at C will produce a + bending moment everywhere 
in AB of which the maximum value at C is L/4 ; a'e'b' in (iii) is the 
bending-moment diagram. The unit load at E will produce forces of 
l 3 j2l 2 in bars No. 3, and a longitudinal force of L/4Z, in the beam, bar 
No. 1. Since both beams, and ties and struts occur in this frame, eq. (12), 
§ 91, must be applied. To simplify the analysis, since the effect erf the 
shearing force in the beam will be small, the S terms may be neglected ; 
further, the cross-section of the beam will be assumed constant, and since 
the longitudinal force therein will be the same from end to end, so far 
as this force is concerned the beam may be regarded as one of the bars 
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of the fr ame , and included in the E terms, when the N terms disappear. 
Eq. (12), § 91, then becomes 

FwF'! r [ M w M' 

_ _ E "s- + Lnr'" 




^ (F )H V (M 7 ) 
* Ea + n El 


Dealing first with the bending moment, the value of M w everywhere 
is given by the bending-moment diagram a'f'b', (ill) Fig. 386. At any 
section distant x from A 


if x < z. 


„ W(L - z) 

Mw== S L x 


if x > 2, 


(L - x). 


The values of M' are given by the bending-moment diagram a'e'b', (iii) 
Fig. 386. At any section distant x from A, 

if x < z, M' * + xj2 

if x> z y M' = + (L — x)/2. 

1 (i 

The integral =. \ MwM'. dl must be split into three parts corresponding 
iti j 0 

to the lengths a'd\ d'c', and c'b', (iii), of the beam AB, 

1 f\, „ 1 f z W(L~z) x J 

®) .M’M ■B-ijJ, — 

i r L ' 2 Wz T z , 

+ Ej 1 ) z -~L (L ~ X) 2- dX 


■ EJ, 

W 

48E 1 I 1 


-jj- ( L ~ ») g • 

Wz L-ce 


. z(3L s - 4z 2 ) 


where E x and I x have reference to the beam. 

Since the strut, bar No. 2, occurs in the middle of the span, the 

If 1 

integral gj. j (M ') s dl for the two halves of the beam may be written 
1 f 1 2 f**/*\« L 3 

nj (s) *-BS£ 

Considering next the forces in the bars of the frame, as was seen above 
there are no forces in the bars due to W when bar No. 2 is removed. 
Hence Fw — 0 in all cases, and the first summation in the numerator 
disappears. 

For the beam, bar No. 1, W = L/4Z 2 (see above), and 

2an 2 * = ljlil a ?i 2!_ 

E v a E x \U t ] a x ’ 
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For bar No. 2, F' = 1, and 


E ' ' a 

For the two bars No. 3, F' 


s(*T; = i(U s ^ = 


E 2 ‘ ' a 2 
l 3 /2l 2 , and 

2 jU’Za 


E. 2L I a. 


Ej ,a 2 ' 

h* 

2i 2 2 Ega 3 


Then 


L 3 


W 

48E 1 I 1 


Z (3L 2 -4z*) 


+ 


h k 1? 

E 2 ci 2 r 2/' 2 2 E 3 a 3 + 48E 1 I 1 


( 2 ) 


1 16Z 2 2 E 1 a 1 

Knowing F 2 , the bending moment everywhere on the beam can be found, 
and also the forces in the bars. The equation is only valid for values of 
2 < L/2. Let 

L3 ~ X • (®) 


48EJ. 


L 3 


5 \m^ iai + E 2 a 2 1 2Z 2 2 E 3 a 3 r 48EJ,, 

where y is a constant for the frame, and can be calculated when its 
dimensions are known, then 

E 2 = WXz(3L 2 - 4z 2 ) .... (4) 

If W be put equal to unity, this equation will be the equation to the 
influence line for F 2 from z = 0 to z = L/2. The curve is symmetrical 
about the centre of the beam, and is plotted in (iv) Fig. 386. From 
this curve the value of F 2 for any load arrangement can at once be found, 
and hence the stresses everywhere in the truss determined. 

Alternatively, certain load conditions can be treated from first 
principles without using an influence line. Thus, for a uniform load 
completely covering the span, the M w bending-moment diagram is a 
parabola, (v) Fig. 386, M w = — wx (L — x) /2 ; max. ordinate — w&JS, 
and the integral, eq. (1), 


U 


■ + ■ 


u 


4- 


-f 

EI Jo 


if 


L/2 


W 


-.x(L -x)-'dx=- 

The denominator will be the same for all cases, hence, 

5wL 4 

*• 

F. ■ 


384EJ! 


5wL 4 

384E!!! 


5toL 4 


L 3 


• + 


k 


(5) 


-+; 


+ 


1 E 2 a 2 T 2Z 2 2 Ejflg 1 48E J! 

w [total area of the influence line (iv)]. 


It is to be observed that the numerator in the equations for F 2 is 
the central deflection of the member AB considered as a plain beam 
carrying the applied load. 
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246. Braced Piers.— (i) Fig. 387 represents a braced pier supporting 
a deck bridge. The maximum stresses in the pier will occur when the 
bridge is carrying a train, and is subjected at the same tune to wind 
pressure* The total vertical load W oh the pier can be found from the 
weight of the bridge superstructure plus that of the train. It must 
include the effect of impact, §§ 61 and 63. The resultant wind pressure 

Ri | W i o' ^(W-2R)cascc©. I i^(W+2RWee 


fSWfii 


Fig. 387. 

on the pier from the bridge and train can be found from the principles 
of § 52 (cf . Kg. 87). Let it be represented by a force F acting at a distance 
r above the top of the pier. Then, as will be seen from (iii), there will 
be two vertical reactions R' acting on the top of the pier due to this wind 
pressure, one acting upwards, the other downwards, of magnitude 

IT = Fr -h B 

* According to the British Standard Specification No. 153, 1933, the alternative 
cases of the empty structure subjected to a 50 lb. wind pressure or the loaded struc- 
ture subjected to a 30 lb. wind pressure must be considered (see § 52). 
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and a horizontal reaction equal to F. The total downward forces acting 
at the four corners of the pier will be, therefore, 

W R ' w Fr 
4 ± 2 4 ± 2B 

In addition, the forces . . . p h acting on the pier due to the wind 
pressure on the frame itself must be taken into account, and if the pier 
be very tall and heavy, the stresses due to its own weight must also be- 
allowed for. If the viaduct be curved in plan, the centrifugal force due 
to the train passing round the curve, § 193, must be combined with the 
lateral wind pressure. 

Since the wind may blow from any direction, it is usual to cross-brace 
the pier as shown ; to find the forces in the different bars it is then neces- 
sary to divide the frames into their two components, halving all the loads 
on the frame, and find the forces in each component, combi nin g them 
afterwards as explained in § 7. One of the component frames is shown 
in (iv), with the forces acting on it. If the batter on the pier is considerable, 
it will be necessary to develop the true shape of the component frame as 
in (iv), and to resolve the vertical load in the plane of the frame. 

To find the forces in the bracing on the sides of the pier parallel to 
the track, the wind pressure F 7 
on the end of the train (or 
trains), girders, and the pier, 
must be found ; these must be 
combined with any loads due to 
acceleration or braking, § 193. 

Since the wind may blow diagon- 
ally, when (see Fig. 82) its in- 
tensity on planes at 45° will be, 
practically speaking, equal to its 
normal intensity, the forces in 
the four main corner members 
due to wind pressure will be the 
combination of both lateral and 
longitudinal wind loads, which 
must be properly combined (cf. 

§48: Tall Masts). 

On these assumptions, a 
wind pressure of 30 lb./sq. 
ft. should be allowed for in ex- 
posed positions, but the per- 
missible working stresses in 
the material for all combina- 
tions of loading may be raised 
by 25 %. 

The reactions R x . . . R 4 on the concrete foundations can be found 
from the two sets of forces, lateral plus longitudinal, taking into account 



Fig. 
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for this purpose the weight of the pier itself and also that of the concrete 
footings. 

The factor of safety against overturning should be at least 1 • 5, whether 
for the loaded or empty bridge. The methods of § 52 may be followed. 
Messrs. Arrol’s suggest (Bridge and Structural Engineers’ Handbook) 
that the width of the base should be B 0 = B -f- H/3 transversely, and 
B 0 ' = B + H/6 longitudinally. 

247. Cylinder Bridge Piers. — Fig. 388 shows a common type of bridge 
pier, consisting of two cylinders sunk into the river bed, and braced 
together at the top. It is necessary to provide a factor of safety of at 
least 1J- against overturning, and to ensure that the allowable pressure 
on the river bed is not exceeded. 

If F* — the wind pressure on the bridge, tons, 

F, as that on the train, tons, 

F, = 2Ddi? 2 /3090 tons — the resistance to the river current of v ft. /see, 

W& sss the weight of the bridge coining on the pier, tons, 

W t = the weight of one train coming on the pier, tons, 

W c = the inclusive weight of one cylinder, tons, 

* 

then, t aking moments about O, the dimensions being in feet, 

The overturning moment M 0 — F 1 r 1 -f F 2 r 2 4- F 3 r 3 . 

The righting moment Mr — (Wb/2 -f Wc — P -f p)B 0 + W t q. 
Factor of Safety = Mr M 0 > 1^. 

W t — the weight of one empty train standing over the leeward 
pier, Fig. 388 ; P = jC?i 2 (D + D x ) /35 is the upward water pressure 
on the bottom of the cylinder (in all but impervious foundations) ; 

Tt 

V = d 2 )D/35 is the downward water pressure on the conical part 

of the cylinder ; when D x is great, take 0 from 5 to 10 ft. down, depending 
on the lateral resistance of the river bed. 

The maximum value of R 2 will occur when two heavy trains are 
crossing the bridge : 

R 2 = Wb/2 + W*(l + i) + W c - P + p + (F 1 r 1 + F 2 r 2 + F 3 r 3 )/B 0 . 
i — the impact factor, P — 0 in impervious soils. The bearing pressure 

R 2 4- ~d x 2 must not exceed that allowable on the river bed.* The 

pressure on the concrete in the cylinder at section AA should be similarly 
investigated. 

Skin Friction. — When D x is great, skin friction * between the cylinders 
and the river bed may be an important factor ; it is frequently neglected. 

In the case of masonry piers, indicated in (ii) Fig. 388, the resultant 
pressure on the foundation should fall within the middle third. 

248. Wall Crane. — -A common type of wall crane is shown in (i) 
Fig. 389. It consists of a beam AB along which the load travels. The 
beam is rigidly connected to a vertical post DG at A, and its outer end 

* For permissible values see Newman, Cylinder Bridge Piers , or Arrol’s Handbook. 
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is supported by a tie bar BC. The crane turns in bearings at G and D. 
The structure is statically indeterminate, and the forces in the members 
must be found from strain-energy considerations. The method of § 91 
will be used. 

Remove the tie bar BC, leaving the structure DAB (ii) as the principal 
system. The lengths, areas, and moments of inertia of the bars are 



indicated on the figure. Considering first the beam AB, the bending 
moment at any section J due to a unit load W is 

M w = 4- Wx' = + since W = L 
Replace the forces in the tie bar by unit forces X — 1, acting at B and C 
along the direction of the tie bar as shown in (ii). The vertical and hori- 
zontal components of the unit force at B will be 1 x sin 9 and 1 x cos 0 
as indicated, hence the bending moment at J due to X is 

M 7 = - (1 X sin0)(z +a/) = -(H^) sin# 
and for the beam AB, between the limits x' = 0 and x ' = z, that 

is from D to A, the integral 


dl = -Lf‘ 1 -x’{z+ o') sin. 6 .fix' 

1 r 1 *-* , (2Z, + z)(L — z)* . „ 

- ET^Jo = - 6EI, " 83X19 

M w between B and Dls zero, afid^tberefore M W M' is zero. 


( 1 ) 
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At any point distant x from B, the bending moment due to X = 1 is 
M' = - (1 x sin d)x = — x sin 6 , and for the whole length, 

dl = It; sin20 j/- dx = 3^ siti20 • • (2) 

The load W produces no longitudinal force in AB ; that due to 
1 is 1 x cos 6. Hence 

F w F'Z/Ea = 0; (F') 2 Z/Ea = Z x (cos 2 6)[Ea x (3) 

The effect of the shearing force in AB will be neglected. 

Considering next the vertical post DG, the forces and moments are as 
shown in (ii) and (iv) Fig. 389. At any section distant x' from D, 

M w = Rd^ = since R D = W (l x - z)Jl v and W = I ; 


and at the same section, M' = — (1 x cos 9){x' — c x ). Hence, for the 
vertical post, the integral 

X _ z 

‘ x(x' — Cjj cos 6 . dx' 


-k\l 


h 


1 l x -t 


cos 6 \ x'(x' — c t )dx' 

Ci 


" El, • k 

~- Q L- ll 7 z ^ s +^i)h 2 oo S e 


(4) 


A 3 *4 

M' is zero between D and C, and also between A and G. For the vertical 
post, the integral 


EL 


1 

(W) 2 dl — ==r COS 2 0(x' — C Xj 

J ti, hjc l 


) 2 dx 


cos 2 6 


(5) 


EI a * 3 

The load produces no longitudinal force in DA ; that due to X — 1 is 
1 x si n0. Hence, 

F w FZ/Ea = 0; (F') 2 Z/Ea = Z 3 (sm 2 0)/E^ 3 • - (6) 

For the bar BC, considered separately, (iii), F w = 0, F' = X = 1. 
Hence 


(FTi/Ec-A 


■ (?) 


Then from ec[. (12), § 91, 


X = 


F W F'Z f 1 M W M' 

+ Jo El 


Ea 


-dl 


(F ')H r l {M') 2 
1 la Lir 


dl 


Inserting the values in the numerator from eqs. (1) and (4), and in 
the denominator from eqs. (2), (3), (5), (6), and (7), and rearranging, 

Zj ™ z 


(2 Z 1 _+*)(i 1 -*)« ainfl 1 


X — 


6EI 1 


6EI, ‘ l. 


(2? 3 + Bc x )l z 2 cos 8 


3FJ X 


« 2jQ Q <> n , h cos 2 9 L sin 2 9 L 

8 + :WT cos 6 + ~ +■ V- + tic 


( 8 ) 




E a* 


Eo. 2 
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But sin 9 = ^ 3 /^zi an d cos 6 = lySl * ; if all the members are made of the 
same material, E = const., and 


X = 


*A (2 *i + *)(*!- *)*!« + 


— % 
~T~ 


(2l z + 3c x ) I 


+ I A} + Gljlg 


7 3 7 3 7 Z \ 

L 1 . H , *3 

— i ^ i 


. (9) 


l a i ' «2 a z\ 

If the crane is built into a rigid wall, the terms in eq. (8) with a 3 
or I 3 in the denominator will disappear, and if E be constant, 


jw ; i_i ; wi 

1 [ 31, a x a 2 ] 


( 10 ) 


Knowing X, the force in the tie bar, the forces and moments in all 
the bars of the frame can easily be found. If W have a value other than 
unity, the force in the tie bar = WX. Let 

hk r-=X 

WA + W+ + h 3 + l l\ 

where x is a constant for the particular frame. Then 

X = x ! (2*1 + *)(*, - *)% + 1 ' - (2*3 + ScJIAi, . (11) 

4 4 


This equation will give the value of X for a load W = 1 at any position 
distant z from B. In other words, it is the equation to the influence line 
for X, and from it the value of X for any load condition on AB can at 
once be found,. This influence line has been plotted in (v) for the frame 
shown in Fig. 389 and particular values of the constants. The ordinate 
of the curve under the load gives the magnitude of the tension in the tie 
bar, which increases rapidly as W rolls out towards B. ’♦ 

248a. The Wichert Truss. — The continuous girder is an economical b 
type, but has the disadvantage that it may be subjected to severe addi- 
tional stress due to pier settle- 
ment and/or changes in tem- 
perature, § 239 ; and since it 
is statically indeterminate, the 
.computations are somewhat Fiq. 389a. 

involved. It is claimed that 

the Wichert Truss , Fig. 389a, presents all the advantages of the con- 
tinuous girder without these disadvantages. The truss is supported at 
A and C in the usual way, but at B the middle support takes the form 
of a pin-connected quadrilateral BDEF. A simple model will best ex- 
plain its action. Such a truss is statically determinate, and the 
influence lin es are straight lines. It is stated that there is a saving in 
material, both in the trusses and at the piers, and that the time of 
erection is reduced. The principle can be applied to arched structures 
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and other types. Tor further exposition, see a book by Dr. Steinman 15 
where the subject is fully discussed. 

249. Vierendeel Girders.— In 1896 Vierendeel 7 suggested a method of 
constructing open- web girders in which the diagonals are omitted. The 
girder consists of top and bottom flanges connected by verticals, the 
junctions are stiff joints ; a typical example is shown in Fig. 390. A number 
of bridges have been built on this system with success and, it is claimed, 
considerable economy. It appears to be a very suitable type for open- 
web girders of welded construction or of reinforced concrete. 

Vierendeel girders are statically indeterminate. The stresses in them 
may be determined by a consideration of the elastic displacements, or 
by strain-energy methods. If there be many panels, an exact treatment 
is laborious : the following method may be used as a first approximation. 
Consider the distortion of any one panel of the girder shown in (i) Fig. 391. 
There will be points of inflexion J and K in the verticals, which will be 



assumed to occur at the mid-height of these members. The upper and 
lower halves of the girder have been separated for clearness at the points 
of inflexion, where horizontal and vertical forces H and V will act. The 
portion of the girder to the left of AC being removed, its effects on the 
panel CB will be represented by a horizontal force F^ a vertical shearing 
force S/, and a moment Mg./ in the flange at A, and similarly by F x , 
S x ' and Mg./ at C. The configuration of the points B and G, and the 
slope of the flanges at these points, will be determined by the distortion 
of that part of the girder to the left of BG, and for present purposes the 
flanges at B and G may be regarded as fixed in position and direction. 
The method of attack is to calculate the horizontal distance l between J 
and K, first by considering the lower half, and secondly the upper half, 
of the panel. Equating these two values, a relation between H 2 and H 3 
is obtained, which, successively applied to each panel, enables the value 
of H for every vertical to be found. Knowing these values, the stresses 
in all the members follow from statical considerations. The longitudinal 
strains in all the members will be neglected. 
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From the geometry of the lower portion of the panel, 

l = A 0 B 0 = AoA + V - BB 0 , where AB = l". 

BK may be regarded as a vertical cantilever loaded with a horizontal 
force H 3 at K. Therefore 

BB = =- 

0 3EI S \ 2 / ~24EI 3 ‘ 

The displacement A^ is composed of two parts, H 2 D 2 3 /24EI 2 due to 
the deflection of AJ, plus that due to the bending of AB magnified bv 


tel 


Fig. 391 . 

the arm AJ. The vertical force acting at A is (S/ — W/ + V 2 ). Hence 
at any point distant x from B, the downward bending moment is 
M = H 2 D 2 /2 - M 2 ./ - (S/ - W/ + - x). 

1 f r 

The change of slope at A produced by this moment is l M , dx t 

El J 0 

where 

Pm . dx = (HgDj/2 - M'jr - (8/ - W,' + Vj)(n*/2. 
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Hence 


w i 

= 24EI 2 EF 
H 2 D 2 s , JD* 
24EIj T 2EI 


M . dx X JA 


^N5j£* - M 2 ./Jr - (S/ - W/ + v 2 )^Tj 


HJDo 2 H,D 2 2 M 2 . 1 // I) 2 „ txt // . y ^ 2 ^ H 3 D 3 2 

1 - r + Ift + w ' -sir ; (S ‘ “ * + *V m> 

fteip^r iangeuia simlLr way! I - horizontal^ projection ot 
CG + GG — CC 0 , where the horizontal projection of CG = l". As before, 
qq _ g °p) 3 / 24 EI 3 . The displacement CC 0 is composed of two parts, 
pr 7 °) 3/24ET 3 „ due to the deflection of CJ, plus the magnified effect of 
the bu rlin g of CG. The vertical force acting at C is (S/ — W 2 ' — V 2 ). 
The vertical force S/ is the sum of the vertical components of the normal 
shearing force and of the longitudinal force in the upper flange at C, 
and Fj. is the algebraic sum of the horizontal components of these two 
forces. At any point distant x measured horizontally from G, the 
downward bending moment is 

M = HJD./2 + OT - x) tan a 2 } + VJP - x) tan a 2 

sl 21 -M 2 ./-(S/-W t '-VJ(F-x) 

1 f° 

The change of slope at C produced by this bending moment is — j M. . da, 
where CG = V = l" sec a 2 , and 8s is an element of this length. Then 

M = EL{D 2 /2 + {V - «) sina 2 } + F S’ - s) sina 2 

4 — Mjj-i' — (Si — W 2 ' — V 2 )(Z' — a) cosa 2 

and 


I'm . * - H w: + E^*} + - M,.-» 


(S.'-W.'-VJ 


(r) 2 cosa a 


Hence, putting l" sec a 2 for l'. 


24EI 2 EI'Jo 


M .da x CJ 


H 2 D 2 3 P 2 r H j D 2 rseca 2 ^ ( Q a tana 2 Beca 2 


24EI. 2 El 


F^) 2 tan a 2 sec oj _ ^ ^ ^ ^ _ (g ^ _ Wj / _ Vj 


(l") 2 sec a 2 


l — l* _l. — ^ 2 (D 2 + r tanaj) — tana 2 

4 " t+ 24E X 3 24E X * 4E X W 

, M 2 .jI> 2 g , pg r . y 

T ~2E^ + (&1 2 2, 4E X ' 


( 2 ) 



MISCELLANEOUS STRUCTURES 


563 


where x = F/Z' = I'/Z" sec a z ; and l" tan a 2 = D 3 — D a . Equating the 
two values of l from eqs. (1) and (2), and simplifying, 

3F X 


BW 

Xz 


X2 


H,D. ® 

x' " 


(D 3 — D 2 )D 2 


- 6D 2 |^L + l _ (S' - W' - 


,3UD, 


^. + ^ [ _ (S '_w/-v 2 pp 

_ (Sl "_W/+V 2 )^ (3) 
X 

In most practical cases x' and x will not differ greatly in the same panel. 
Let x = X* “ X > fbe value of x may be taken as a mean between those 
of x an d x"- Then 

H 3 D 3 2 HjJV 3I) 2rTT -pv . 

“ ~~ = v [H2(r>3 + D *> + F 1 (D 3 - D 2) 

X3 X2 X 

- 2(M a . 1 / + Mg./) - Z"(S/ - W/ + S/ - W 2 ')] . (4) 

Let M 2 be the external bending moment at AC due to the applied 
forces and reactions. Then, taking moments about A, 

M 2 - F X D 2 + M # . x ' + M 2 ./, and M 2 . x ' + lt vl * = M 2 - F X D 2 . 

If S 2 be the external shearing force in the panel CB, 

S 2 - S x ' - W 2 ' + S/ - W 2 L 
Inserting these values in eq. (4), 


tt tj 2 "FT T> 2 of) 

n 2 .u 2 = ^2 [H2(D3 + Da) + f i( d 3 + D 2 ) - (2M 2 + S 2 n] 

X 3 X2 

327 H /T . ^ 61)2,- /K 

— — — (D 3 -f D 2 )D 2 — M 2 |. (®) 

A A 

2 

for H 2 + F x = F 2 = E X H, i.e. the sum of all the horizontal forces H up 
to and including H 2 ; since F x = ; F 2 == H x 4- H 2 , and so on (see 

Fig. 391). Also M 2 + S/72 = M 2 j is the external bending moment at 
the centre of the panel CB. If AC be the rth vertical of the girder, 
and B6 the (r ~f l)th, eq. (5) piay be written 


H, + x D f+x » _ B W = 3(D y+1 +D r )D^ r H __ 6D^ 

Xf + 1 Xr X 1 X + * 

- TT = T (Dr+ 1 + ^)^; h - T w+ * 

where I /l" is the mean of T ft' and Y [l" for the panel in question. 


• ( 6 ) 

• (ft)* 
If the 


* Vierendeel’s formula for girders of this type is 
H r+1 D r + I * = H f D r * (3D r + x - D r )/2 + l'{3D r + x D r + (D r + x - D r )*}5TH 

-r 31' (Dr + t + Dr) Mr + ,/2 + S^iT (Dr + i + 2D r )/2 
obtained by assuming that the upper flange is hinged to the top of all the verticals 
and that 1 is constant. 
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girder is parallel, D f + x = D f — D ; and I f+ 1 = l r = I ; 
reduces to Vierendeel’s formula, 


H f 


+ 1 ' 


H r = |VH-gM r 


D 2 


this equation 


. ( 8 ) 


Eq. (7) is of the form dR f + x - &H r = cS' H - d , where a, 6, c, and d 

can be found directly from the dimensions and loading of the girder. 
Consider a symmetrical girder of six panels symmetrically loaded, 
(ii) Fig. 391 ; find a, b , c and d for each panel in turn, and apply 
eq. (7) to each. Starting with the end post, H = H x , 

^i-aPi ** c i-aPi ~ ^1*2 

^2*3-®3 ^2*3®*2 ^ ^2*3(Hl ^2) ^2*3 

a 3 . 4 H 4 — 5 3 . 4 H 3 = c 3 . 4 ( Hi +H 2 + H 3 ) — d 3 . 4 ; 

H 4 = 0, since the conditions are symmetrical. Solving these equations, 
H x . . . H 4 are known. It is necessary to work accurately. 

From (i) Fig. 392 and (i) Fig. 391, 

M 3 . 2 "=M 2 ./+(S/-W/+ V 2 )Z*-H 2 D 2 /2 . . . (9) 

M 3 ./ = Mg./ + (S/ - W/ - V 2 )Z // ^ H 2 {D 2 /2 + (D, - D 2 )} - F X (D 3 - D 2 ) 
- Mg./ + (S/ - W/ - V 2 )l" - H 2 D 2 /2 - F 2 (D 3 - D 2 ) . (10) 


Suppose that M 3 ./ = k . M 3 ./'. Then 

v _ M 2 ./ - at,./ ( S/~w/)^w-w/o __ F 2 (P 3 - Pg) 

2 ~~ (1 + 4)? 1+4 (1+4)** 

H 2 D 2 (1-4) 

2 (i + 4)r * 

and 

w Mr. r _/ - , (S r _/ - W/) - 4(S r _ / - W/) 

r (1 + 4)P ^ 1 + 4 

(D r 4.1 D r ) v f xx H r D r 

(1 + k)V i ~ 2 


( 11 ) 


(12) 


k and l" are to be given the correct values for the panel under considera- 
tion. The value of k might be obtained from the condition that the 
vertical deflection of J must be the same whether the top or bottom 
half of the girder be considered, but the expression is complicated- If, 
with Vierendeel, it be assumed that M' : M" :: F \V : Yjl", which is only 
approximately true, since the ratio M'/M* is net constant across the panel, 

YV' 

* : fU (13) 


which may be used in default of a more exact value. If the girder is 
parallel, and I' = Y everywhere, 4=1 and eq. (12) becomes 


V r = 


- w/ + w/ 


(W) 


a negative sign indicates that V r acts in the opposite direction to that 
shown in Fig. 392. 

Having obtained the values of H, in order to find the moments and 
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forces everywhere, start at one end of the girder. Eor the first panel. 
Mi-/ - - HiDi/2 ; = - H^/2 ; Fig. 392. M 2 ./ = (R — Vjr 

- H x D x /2 ; M 2 ./ = (V x - W/)r - H 1 (U 2 - D x + D x /2) ; M 2 ./ 

k x , M^/', where k x — jl^T ; hence V x can be found and the bending 
moments. Knowing M 2 ./ and M 2 . x ', V 2 can be found from eq. (12), or 
by taking moments as in the case of V x . M 2 . 3 " = M 2 ./ - H 2 D 2 /2 ; 
M 2 . 3 ' = Mg./ - H 2 D 2 /2. For M 3 . 2 , see eqs. (9) and (10). F x = H x : 



F 2 = H x -f H 2 ; and so on. Note that the end bending moments acting 
on the flange members are reversed in sign to those shown in (i) Fig. 392 ; 
see (ii). 

250. Rigid-frame Bridges. — This type of bridge, suitable for short 
spans, has been developed in America by Mr. A. G. Hayden, 14 in collabora- 
tion with Mr. G. D. Clarke, the latter being responsible for the archi- 
tectural treatment. It consists of a very flat arch made continuous with 
its abutment walls, Fig. 393, so that the combination forms a stiff portal. 
Such bridges have advantages from an aesthetic point of view, there is 
considerable saving in the cost of the abutments, and owing to the 
flatness of the arch the approach gradients are reduced. For spans of 
from 35 to 80 feet in reinforced-concrete, and from 80 to 120 feet in steel, 
the rigid-frame bridge is claimed to be more economical than the ordinary 
types of reinforced-concrete or steel bridges. 

Fig. 393 shows a typical example of about 50-ft. span. The dead 
loads on the structure consist of its own weight and the horizontal earth 
pressure on the abutment walls. The feet may be hinged or fixed in 
direction, and the stresses are calculated as for a two-hinged or tixed- 
ended arch, §§ 220 and 222. To find the stresses due to the live load, 
influence lines should be constructed for a unit load moving over the 
bridge. Types are shown in Fig. 393 : (ii) is the influence line for the 
horizontal thrust H, (iii) gives the bending moment influence lines for 
the points Nos. 2, 5, and 9, obtained on the assumption that the ends 
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are hinged. The method of § 229 ( General Case) might be used to find 
these. It is necessary to investigate the effect of variations in temperature 
and movement of the abutments in such structures. 

Detailed calculations for rigid-frame bridges of the above type, for 
s imilar bridges with direction-fixed ends, and also for skew spans, are 



given in Hayden’s book, 14 to which reference should be made for further 
information. 

251. Incomplete Frames. — A frame composed of just sufficient bars 
to divide it into triangles, § 3, is statically determinate and is called a 
perfect frame . Frames which contain less than this number of bars are 
called incomplete or imperfect frames . Such frames depend for their 
strength and stability on the rigidity of their parts and joints, and the 
stresses in them cannot be determined from statical considerations. 
The common bicycle frame is an incomplete frame which depends on the 
stiffness of its bars and joints for stability. Vierendeel girders, § 249, 
are incomplete frames of the same type, as are stiff portals, § 106. In the 
roof trusses of Fig. 394, the stability of the structure depends on the 
stiffness of the tie beam and its capacity to carry bending moments. 
Many other incomplete frames are employed in practice with success. 
Such frames are incomplete or imperfect only in the statical sense, and 
may be well fitted for their functions. No methods, generally applicable, 
can be given for the purpose of determining the stresses in incomplete 
frames ; each type requires particular treatment. 
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QUESTIONS ON CHAPTER XV 

1. In Fig. 386, AB is a 15 X 15 in. timber beam and the span L = 

40 ft. Bars Nos. 2 and 3 are of mild steel, L = 5 ft. ; a a = 4*2 sq. in. ; = 

1*77 sq. in. E timber = 540 tons/sq. in. ; E steel — 13,000 tons/sq. in. 
Draw the I.L. for F a ; find F a for a load of 5 tons placed 12 ft. from A. Find 
also the stresses in all the members. 

Ans. x = 1/(122*43 X 10 6 ) ; F* * 3*58, F x = 7-16, F 3 - 7-38 tons; 
A = 980 -f 71 = 1051 lb./sq. in. in the beam ; / a - 0*85, /* = 4*17 tons/ 
sq. in. 

2. Using the value of F a from eq. (4), § 245, obtain expressions for the 
bending moment M D under the load W distant z = nL from A, Fig. 386, 
and for M 0 at the centre of the beam. 

Ans . M D = - WLn{l - (fL 3 * + 1 )n + 2L 3 *n 3 } ; Me = iWLn{(3L* x 
— 2) — 4L 3 x n 2 }. Hence show by differentiation that the position of W for 
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maximum values of M D and M 0 is giv6n respectively by the expressions : 
1 _ (SL*x + 2)n + 8n s « 0 ; 3L 3 *(1 - 4n 2 ) = 2. 

3. A 12 X 12-in. beam of timber is 24 ft. span. It is trussed by a cast- 
iron strut at the centre supported by two mild steel tie rods 1J in. diam. 
passing from the bottom of the strut to the ends of the beam. The strut is 
3 ft. long, and its cross section is 2*5 sq. in. Find the stresses in the strut 
and tie rods when the beam carries a uniformly distributed load of 20,000 lb. 
E timber == 1,500,000 ; E cast iron = 15,000,000 ; E mild steel — 30,000,000 
Ib./sq. in. (ILL.) 

Ana. x « 1/(28*92 X 10 6 7 8 9 ) ; F a « 10,325, F 3 - 21,280 lb. ; /, = 4130, 
/ s = 17,310 Ib./sq. in. 

4. Using the theory of § 248, design a swinging wall crane to carry a load 
of 5 tons, maxim um radius 10 ft. The horizontal reactions are not to exceed 
8 tons. 

5. In the frame shown at (5) Fig. 394, assume that the points of inflexion 



occur at the mid-points of the verticals, and using a strain-energy method, 
find the unknown forces X x and X 2 . 


( ATT- T T>3 

Am. X x = WDL* 8 |D 2 L + 


; X, = W-s-{s 


, 72I x D) 
+ a t L 3 f 


6. In the Vierendeel girder shown in (6) Fig. 394,. if the I of all the members 
be the same, find all the H values. 

Am. H x = 5*110 ; H 2 = 3*212 ; H 3 = 0 tons. 

7. If in the girder of Q. No. 6, the flanges were parallel, and the depth of the 
girder 12 ft., find by VierendeeFs formula, eq. (8), § 249, all the H values. 

Am. H* = 3*164 ; H 2 = 4*146 ; H 3 = 0 tons. 

8. In Fig. 394, (8) represents diagrammatically a timber roof truss, 
supported at A and B and loaded as indicated. AB is a timber beam 
11 X 5 in. in cross section. Find the maximum stress per square inch in 
the part CD of this tie beam. (I.C.E.) 

Ana. 771 Ib./sq. in. 

9. Draw the shearing-force and bending-moment diagrams for the tie 
beam AB of the roof truss shown in (9) Fig. 394, for the loading indicated. 
AE — EG = GF — FB. The reaction at B is vertical. (U.L.) 

Am . Shearing forces : S A =2*01, S B =2*77 tons ; bending moments : 
Mj = 40*2, M k = 55*4 ft, tons. 


CHAPTER XVI 
THE BUILDING MATERIALS 
TIMBER 

252. Classification.—' The timber used for constructional purposes is 
obtained from tbe class of trees called by botanists exogens, i.e. trees 
in which growth takes place by the annual addition of an external layer 
or ring of cellular tissue and woody fibre. It may be subdivided into 
hard woods and soft woods. The hard woods come from the broad- 
leaved deciduous trees. The chief varieties are: oak, elm, beech, 
greenheart, walnut, mahogany, maple, and teak. Bass, though obtained 
from a broad-leaved tree, is classed as a soft wood. The soft woods are 
obtained from the coniferous or needle-leaved trees ; these include the 
pines and firs. The chief varieties are : Pinus sylvestris, commonly 
known as northern pine, Scotch fir, red or yellow fir or deal ; Pinus 
resinosa, known as red pine or American deal ; Pinus strobus, white or 
yellow pine, the American long-leaved pine ; Kauri pine ; and pitch 
pine (Pinus rigida ) ; Pirn, excelsa, known as Norway spruce, spruce 
fir, or white deal ; Douglas spruce or fir ; Abies pedinata, silver fir ; 
and larch. 

253. Structure.— As shown by a transverse section, the stem of an 
exogenous tree is made up of the following parts : (i) the medulla or pith, 
(ii) the medullary sheath and rays, (iii) the annual rings, and (iv) the lark. 
The pith, which occurs at the centre of the tree, is composed entirely 
of cellular tissue. It is enclosed by a thin membrane called the medullary 
sheath, from which radiate the medullary rays, thin layers of a muriform 
cellular tissue. The annual rings are deposited immediately outside the 
medullary sheath, in the form of concentric layers of cellular tissue and 
woody fibre. In temperate climates one ring is added each year. It 
consists of two parts : a soft inner portion, composed of cellular tissue, 
light in colour, formed early in the year, called spring wood ; and an outer 
portion, darker and harder, composed of woody fibre, formed late in the 
summer, and termed autumn wood. The annual rings nearer the centre 
of the tree are harder and closer in grain than those near the circumference, 
and are called the heartwood or duramen. This is the part of the tree 
used for constructional purposes. The softer rings near the circumference 
are called sapwood or alburnum. They are lighter in colouti and more 
open in grain. Sapwood should not be used for constructional work, 
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as it is immature timber, not properly hardened, and readily decomposes. 
The bark is the familiar external covering of the tree. 

254. Telling an d Seasoning. — The tree should be felled on reaching 
maturity, for the strongest and most durable timber is obtained 
from trees in their prime. The proportion of heartwood is then at 
its maximum and the heartwood has not commenced to decay. Oak 
trees reach maturity in about 100 years ; elm, ash, and larch in 
from 50 to 100 years ; firs and pines in from 70 to 100 years. The best 
time for felling is at midwinter, when the sap has ceased to flow and the 
contained moisture is at its minimum. Immediately after felling the 
trunk should be stripped of its bark to allow the moisture to evaporate, 
and as soon afterwards as possible it should be sawn into scantlings, 
otherwise large shakes and splits will occur due to shrinkage. 

Before the timber can be used for constructional work it must be 
seasoned, i.e. the moisture and unhardened sap must be dried out. 
The natural and best method of seasoning is to stack the timber carefully 
in open sheds, with distance pieces between each scantling, so that the 
air can circulate freely all round. This produces the strongest and most 
durable timber, but it requires a considerable time to accomplish, 
particularly if the timber be large. To hasten the process, the timber 
may be dried by warmed air in chambers or kilns. The timber is stacked 
in the drying chamber in the manner described above, and is exposed to 
currents of warmed air from a fan. The temperature and humidity of 
this air are so controlled that the rate of evaporation from the timber 
does not exceed a certain figure which experience has shown will not 
lead to deterioration of the material. In modifications of the method 
the timber is moved slowly through a long tunnel, in which the 
temperature of the circulating air gradually increases as the timber 
passes along, so that the required rate of evaporation is maintained. 
It is claimed that this method of seasoning produces timber equal in 
quality to that obtained by natural seasoning. 

Another method, called water seasoning, is completely to submerge 
the green timber in running water for about fourteen days, with the 
butt end up-stream. The water enters the pores of the wood, dilutes 
and drives out the sap. The timber is then dried in a shed as before, 
but the time taken is much reduced. 

255. Defects in Timber. — The more important defects to be looked 
for in timber are : Cup Shakes , or splitting due to the separation of one 
annual ring from the next. Star Shakes , which are splits radiating from 
the centre of the tree towards the circumference. Heart Shakes , or splits 
through the heartwood, usually found in old trees. Foxiness is a dull 
reddish stain, and Doatiness is a speckled stain, both indicating incipient 
decay. Waney Edges are edges formed by the natural curvature of ; the 
circumference. The inference is that the timber contains a large pro- 
portion of sap wood. 

256. Characteristics of Good Timber. — The timber should . be free 
from defects, firm and ctean in appearance, and when struck should 



TIMBER 


571 


emit a clear ringing sound. The cellular tissue should be hard and 
compact, the annular rings narrow, and the proportion of sapwood not 
unduly large. If the tree has been felled too young, the proportion of 
sapwood is large and the heartwood is softer than in a mature tree. 
If the tree is very old, the heartwood is brittle, and often decayed. The 
width of the rings indicates the rate of growth of the tree. Wide rings 
indicate rapid growth, narrow rings slow growth. The rings near the 
centre are usually wider than those at the circumference, but the width 
and arrangement of the rings commonly varies in trees of the same variety, 
and in different parts of the same tree. Timber in which the rings are 
wide, indicating too rapid growth, is usually soft and weak (see Fig. 402). 

257. Strength of Timber. — The strength and other mechanical proper- 
ties of timber are found to depend on (see § 271) : 

Its density. 

The rate of growth (rings per inch). 

Percentage of autumn wood. 

Moisture content. 

Number and arrangement of the knots (see § 262). 

Position in the tree. 

Size of the specimen (see § 262). 

Defects in the timber (see § 255) . 

Before considering the results of tests, the methods of determining the 
density, rings per inch, percentage of autumn wood, and moisture content, 
will be briefly described. 

258. Density or Specific Gravity. — A block of the umber is cut to a 
definite size and weighed. The specific gravity is obtained by dividing 
the weight in grammes by the volume in cubic centimetres. The specific 
gravity thus obtained will evidently depend on the percentage of moisture 
which the specimen contains. A second determination is therefore made, 
after the block has been dried in an oven at 100° C. until it ceases to lose 
weight. It is again measured and weighed, and the specific gravity 
found as before. This is the specific gravity oven-dry, and it is used 
for purposes of comparison. 

Not only is the density affected by the moisture content, hut it 
also depends on the width of the annual rings, the percentage of 
autumn wood, and on the part of the tree from which the specimen was 
taken. 

259. Rings -per Inch. — The width of the annual rings is determined 
by drawing a radial line one inch long on the end section and counting 
the number of rings which cross the line. The result is stated as so many 
rings per inch. When the number and arrangement of the rings varies 
over the cross-section, a number of counts are made at different places, 
and an average taken. 

260. Percentage of Autumn Wood, — This is determined by estimating 
the ratio of the added areas of dark woody fibres to the total area of 
cross-section. 
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261. Moisture Content.— The percentage of moisture in a specimen 
is obtained by weig hin g a small slice, or borings from the specimen, 
before and after drying. The ratio of the loss of weight to the dried 
weight is called the percentage of moisture. The borings should be 
taken from as near to the point of fracture as possible. They are 
dried in an oven with a free circulation of air at 100° C. until they 
cease to lose weight. If u\ and w 2 be the weights before and after 
drying, the percentage of moisture is 100(^ x — w 2 ) [w 2 . In large speci- 
mens, a determination may be made at a number of points, and an 
average taken. 

To obtain test results which are strictly comparable, certain experi- 
menters have proposed the adoption of a standard percentage of moisture. 
Timber which has been thoroughly dried in a kiln is found, on exposure 
to the atmosphere, to absorb about 12 to 15 % of moisture. Bauschinger 
adopted the latter figure as a standard percentage of moisture, and it is 
commonly accepted. In America it is more usual to take 12 % as the 
standard percentage. 

Before testing, the specimens are dried in a kiln, until the desired 
|moisture content is obtained. 

262. Effect of Size of Test-Piece. Knots. — The size of the test- 
||)iece has considerable effect on the strength of timber as determined in 
the testing machine. A large specimen is far from being homogeneous 
and nearly always contains knots, shakes, and other defects. A small 
specimen is usually free from such defects, and the percentage of moisture 
is much more uniform. Eor these reasons the strength of small specimens 
is nearly always greater than that of large specimens. The effect of 
size oil the bending and compressive strength of timber is plainly evident 
in Fig. 401. 

Knots . — From compressive tests parallel to the grain, the relative 
strength of large specimens is of the following order (Bull. No. 108, U.S. 
Forest Service) : 


No knots ........ 100 

Sound knots £ inch diameter or less . . . , 95 

„ i to 1 J inches diameter . . .90 

„ „ over 1J inches diameter . . .80 


263. Tests on Timber. — The more usual tests are : tensile, compres- 
sive, shear, bending, and cleavage or splitting tests. Notched bar and 
hardness tests are sometimes made. 

264. Tensile Tests. — The tensile test is similar in character to that 
used for metals, except that the ends of the specimen have to be 
greatly enlarged, or the speci- 
men will fail by shearing or 
crushing in the grips. A com- 
mon form of test-piece is shown 
in Fig. 395. 

The results of some tension tests on timber specimens will be found 
in the Table on p. 577. 



Via. 395. 
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265. Compression Tests.— Compression tests may be made along or 
across the grain. For tests along the grain the specimens are usually 
short prisms about 2x2x4 inches in size. Failure usually takes place 
either by collapse of the walls of the cells of which the 
internal structure is composed, or by local kinking of the 
fibres which frequently commences at a knot, Fig. 396. 

On the tangential surface of the specimen the line of 
fracture is usually inclined, on the radial surface it may 
remain normal to the fibres. The compression is accom- 
panied by longitudinal shearing along the fibres, and 
splitting often occurs. It is found that the fibres split 
rather than separate. 

In tests where the pressure is applied across the 
grain, failure occurs due to splitting along the fibres. 

The propagation of cracks may easily be observed, first Ym. 396. 
dividing two annual rings for a short distance, then 
crossing the ring, again following the contour of the next ring for a short 
distance, then again crossing that ring, and so on until the specimen is 
completely disintegrated. 

For results of compression tests see the Table, p. 577. 

266. Shear Tests. — The most satisfactory shear test on timber 
(across the grain) is by the Izod method, Fig. 284, Vol. I. Here the 
specimen is in double shear. 

Some results are given in the 
Table, p. 577. 

Tests are sometimes made 
on wooden pins in double shear ; 
in other tests the specimen is 
placed in single shear along the 
grain. 

267. Bending Tests. — This is one of the simplest and commonest tests 
for timber. Four-point loading is usually adopted, Fig. 397. The speci- 
mens are of rectangular 
cross-section, and may 
be of large dimensions, 
i.e. of a size used in 

practice. Failure may Cross Break in Tension 

occur in tension or com- 
pression (cross-breaking), 
or by longitudinal shear. 

In short specimens the 
latter is a very common 
mode of failure, owing to Fig. 398. 

the weakness of timber 

in resisting such shear. Some typical fractures for a central load are 
sketched in Fig. 398. 

From the breaking load, a modulus of rupture fi is calculated, which 


Primary failure Longitudinal Shear_ 


Final Crass Break in Tension, 




Fig. 397. 
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figure would be the stress in the material were it elastic up to the breaking 
point. This modulus may be regarded as an indication of the relative 
strength of the specimen in bending. For a rectangular specimen 
B x D, loaded as shown in Fig. 397, if W be the magnitude of each load 


at the failure point, 


fJL x ^BD 2 . 
o 


Hence 


W(h-J) 

BD 2 


Values of fi for the commonly occurring timbers are given in the 
Table, p. 577. 

268. Elastic Constants for Timber. — Observations with an extenso- 
meter in tension experiments, and with a compressometer in compression 


experiments, are made on 
timber specimens in order 
to determine the propor- 
tional limit and the mod- 
ulus of elasticity. The 
resulting load-extension 
or load-contraction dia- 
grams are of the same 
type as those obtained for 
metals, (i) Fig. 399. Up to 
the proportional limit the 
points lie on a straight 
line, the departure from 
this straight line deter- 
mines the proportional 
limit, which is clearly 
defined in most timbers. 
The modulus of elasticity 
can be obtained from the 
slope of the straight line. 

The bending test is 
also a convenient method 
of determining the modu- 
lus of elasticity of timber. 



If the load be plotted Fig. 399. — (TJ.S. Forest Service, Bull. No. 108.) 
against accurately ob- 


served deflections, say at the middle of the beam, a diagram of the type 
shown in (ii) Fig. 399 will be obtained. As in the tension test, the points 
lie on a straight line up to the proportional limit. For accurate wdrk 
it is best to measure the deflection in a central length shorter than l, 
Fig. 397. Over the length l x the bending moment is constant and the 
shearing force zero. A suitably arranged defleetometer should he 
arranged to ensure accurate readings. If y be the central deflection in 
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the length l x shortly before the proportional limit is reached, and W be 
the magnitude of each load when this deflection is produced, 

E 6 W ( L ~ W 

8BD hj ~ ' 

269* Special Tests. k A splitting or cleavage test has been introduced 
by the Department of Agriculture, U.S.A., the nature of which is indicated 
in Fig. 400. 


Notched bar tests , § 256, Vol. I, are some- 
times made. The specimen is fixed in a vice of 
the Izod type, and protected with a cap where 
it is hit by the striker. The notch is of the 
Charpy type. Ball indentation tests are made 
to determine the relative hardness of different 
kinds of timber. Another frequently made test 
is the determination of the resistance to with- 
drawal of nails and screws . Wear, or resistance 
to abrasion , tests for wood blocks are also made. 

270. Time Effects.— It is found that the rate 
of loading considerably affects the strength of 
timber, particularly if the timber be green. 



Standard rates of increasing the strain in timber are therefore specified. 
From some experiments by Thurston and J. B. Johnson * it would 


appear that 50 to 60 per cent, of the short time breaking load, as deter- 


mined in an ordinary test, is sufficient to 


bring about failure of the specimen if 
applied for a sufficiently long period. 

271. The Influence of the Physical 
Condition of Timber on its Mechanical 
Properties. — The factors which influence the 
strength and other mechanical properties 
of timber are enumerated in § 257. The 
following is a brief summary of their 
effects, drawn largely from the work of the 
U.S. Forest Service. 

Density. — In sound timber with a given 
moisture content, the strength and stiffness 
of the timber increase as its density in- 
creases. This will be evident from Fig. 401, 

* See Johnson’s Materials of Construction . 6th 
Ed., p. 208. 

Fig. 401. 

(Bull. No. 88, U.S. Forest Service.) 

Curve 1. Small Beams, 2'x 2'x 24'. 

„ 2. Large Beams, 8' X 16' X 186'. 

» 3. Small Specimens, 2' x 2' x 10'. 

„ 4. Large Specimens, 6'x 6'x 18'. 

,» 5. Large and Small Beams. 



tb.yfcab.ft. 
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plotted on a base line representing the dry weight of the timber. In the 
compression tests the load direction was parallel to the grain. The size 
of the specimen does not much affect the value of E. The averages of 
many experiments (Bull. No. 676, U.S. Dept. Agric.) on small sound 
specimens of a large variety of timbers may be represented by the formula 

^ = Cp« 

where (j> denotes the mechanical property under consideration ; p is the 
specific gravity of the timber, based on the volume of the test-piece and 
the oven-dry weight of the timber ; G and n are constants with the 
following values : 


, 

Unit. 

Green. 

Air dry. 

9 

_ 

0 

n 

C 

n 

Modulus of Rupture 

Ib./sq. in. 

18,500 

1*25 

26,200 

1-25 

Ditto, average 113 varieties . 

lb./sq. in. 

19,140 

1*27 

25,530 

1*20 

! Modulus of Elasticity- 

1000 lb./sq. in. 

2,500 

1*0 

3,000 

1*0 

Work to maximum Load 

j in. lb./in. 8 

42-7 

2*0 

38*9 

2*0 

' Compressive Strength : 

| Parallel to grain . 

lb./sq. in. 

6 900 

1*0 

12,000 

1*0 

i Normal to grain . 

lb./sq. in. 

2,900 

1 2*25 

5,200 

2*25 

| Shear Strength (tangential) 

lb./sq. in. 

2,750 

1*33 

4,000 

1-33 

1 Tension across Grain . . j 

lb./sq. in. 

1,950 

1 2*0 

2,100 

20 


Rate, of Growth : Rings 'per Inch. — Fig. 402 shows the relation between 
the strength of three varieties of timber and the rings per inch. Wide 



Redwood — 


20001 — Tou- 


Fir — - 



E in tOOO Ib.sqdn. 

*0 20 40 60 

Rings per inch. 

Fig. 402. 

(Bull. No. 108, U.S. Forest Service.) 
Units: Ib./sq.in. 


10,000 



Modulus ofj 
Rupture 


Prop. Limit 


4,000 


- 2£00 


SKortleaf Rne 
Redwood 
Douglas Fir __ 

E in iooo lb. sq.in. 

20 40 60 80 

Autumn 'Wo od % 

Fig. 403. 

(BulL No. 108, U.S. Forest Service.) 



RESULTS OF TESTS ON TIMBER. 

Small Clear Pieces in a Green Condition. Bull. No. 556 U.S. Dept, of Agriculture. 
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'ecimens 2" x 2‘' 
*36*S pan 


rings, indicating too rapid growth, signify weak timber ; a medium rate 
of growth produces the strongest timber. 

Percentage of Autumn Wood . — 

It will be evident from Fig. 403 
that the larger the percentage of 
autumn wood the stronger the 
timber. 

Moisture Content. — The drier 
the timber the greater its strength, 
provided that the moisture content 
does not exceed the saturation 
point. Fig. 404. This figure shows 
the variation in the modulus of 
rupture with the moisture per 
cent., based on the dry weight, 
for specimens of small cross-section ; 
similar variations are observed in 
the compressive strength and 
modulus of elasticity. Large mem- 
bers dry so slowly in air that in- 
crease in strength on this account 
should not be expected. 

Position in Tree . — The density, 
and therefore the strength, of the 
timber is greatest in the butt of 
the tree, and between the medullary 
sheath and the middle annual ring. 

Working Stresses , — The 1935 A.R.E.A. Specification for Steel Railway 
Bridges recommends the following extreme fibre stresses for structural 
timber in bending : 



Fig. 404. 

(Boll. No. 70, U.S. Forest Service.) 


Yellow pine, dense structural grade . 
Douglas pirn, close grain, structural grade . 
White oak ...... 

White pine, Norway pine, or Spruce . 


lb./sq.in. 

1,500 

1,400 

1,200 

800 


STONE 

272. Natural Stones. — The three kinds of stone commonly employed 
in engineering work are (i) granites, (ii) sandstones, (iii) limestones, 
including the dolomites or magnesian limestones. The granites are 
igneous rocks, formed by volcanic action, composed of crystals of quartz, 
amorphous felspar, and mica grains, fused together. The sandstones 
are aqueous rocks composed of grains of sand (chiefly quartz) cemented 
together by silica, carbonate of lime, or other material. The strength 
and durability of the stone depend chiefly on the nature of this cement. 
The most durable stones are those composed of grains of silica (quartz) 
cemented together by siliceous material. The limestones are aqueous 
rocks composed principally of carbonate of lime. They consist either of 
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crystallised grains of carbonate of lime cemented together by the same 
material ; or, in the oolite stones, of rounded grains of calcareous matter 
similarly cemented, often formed about a nucleus of a small shell, so 
that the structure of the stone resembles that of a fish roe. The dolomites 
or magnesian limestones contain about equal proportions of carbonate 
of lime and carbonate of magnesia. When these carbonates are in 
crystalline form, the stone is very hard and durable. 

For names and descriptions of the varieties of building stones 
commonly used in this country, see § 350. 

273. Tests. — The tests to which stones are subjected are : (i) the crush- 
ing test, (ii) density determination, (in) tests for absorption, (iv) the acid 
test, and (v) microscopic examination. Bending tests, and a determina- 
tion of the elastic constants are sometimes made. For certain purposes, 
abrasion tests to determine the resistance to wear are necessary. 

274. Crushing Tests —The usual test-piece is a cube of 4 inch sides. 
In America, a cylindrical specimen 6 inches in diameter and 12 inches 
high is preferred. The test is carried out in a 
similar manner to the compression test for metals, 

§ 226, Vol. I, but in brittle materials like, stone, 
the greatest care must be taken that the ends are 
flat and parallel, and that the load is axially 
applied, otherwise a marked reduction in the ap- 
parent strength of the specimen will result. 

The most satisfactory way of treating the ends 
of a stone specimen is to dress them as nearly flat 
and parallel as possible, and then coat them with 
thin layers of plaster of Paris. These surfaces are 
rubbed down true and flat, so that the ends are 
perfectly parallel. The ends, thus prepared, are 
placed in direct contact with the pressure plates of the testing machine. 
It is a mistake to interpose a soft substance such as sheet lead, or 
thin layers of wood, with the idea of securing a more uniform pressure 
distribution. The heavy compressive load causes lateral flow in the 
soft layers, with the result that the lateral tensions which accompany 
the longitudinal contraction cause the stone specimen to split along 
planes parallel to the direction of the load, and a reduction in the apparent 
strength of from 36 to 55 per cent. (Hudson Beare is the result. If 
the lateral expansion be prevented by friction betw r een the pressure 
plates and the specimen, failure takes place by shearing. Foppl * showed 
that by greasing the ends of the specimen, in order to reduce the friction, 
a reduction in strength occurs of the order of 50 per cent, or more. 

The normal fracture is of the double cone type, Fig. 405, commonly 
observed in brittle materials under compression. The base angle of the 
cone is about 60°, so that, in order to obtain a complete double cone, the 
specimen should be at least two diameters high, as is the American 
practice. It is found that for values less than two, the strength varies 
♦ Proc. Int. Assoc. Test. Mat., 6th Cong. 1912, Paper XXVIII 7 , 
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with the ratio of height to diameter, but in geometrically similar test- 
pieces such as cubes, the crushing strength per square foot for a given 
material is constant. 

According to the tests made by Professor Sir Thomas Hudson 
Beare 25 on 2£ inch cubes, the mean crushing strengths of the different 
classes of stones are as follows: granites 1112*2; sandstones 489*8; 
dolomites 500*5 ; oolitic limestones 141*3, all in tons/sq. ft. Some more 
detailed results are given in the Table, § 350. 

In masonry structures the blocks shoiild be so arranged that the 
# pressure is applied perpendicularly to the planes of stratification (see 
§ 351) . This condition should also be complied with when testing stratified 
stones. Tests on a Yorkshire sandstone 25 with the pressure first 
perpendicular to, and second parallel to, the planes of stratification, 
gave in the first case a crushing strength of 996*8 tons/sq. ft., and in the 
second case 1035*0 tons/sq. ft. The load-contraction diagrams are 
shown in Fig. 406. 

275. Elastic Constants, — Typical load-contraction diagrams for a 
Yorkshire sandstone (Lightcliffe, Bed No. 4) in compression are given in 
Fig. 406. These were obtained by means 
of a special extensometer 25 which gave 
the contraction in a length of 1 \ inches. 

Tests on stones of all classes generally 
show, on first loading, considerable perma- 
nent set. On second loading the stones 
become much more nearly elastic. Hudson 
Beare’s mean figures for the modulus of 
elasticity on second loading are : granites 
522,100 ; sandstones 132,280 ; dolomites 
321,000; oolitic limestones 150,750; all 
in tons/sq. ft. The modulus as here given 
is the ratio of increase in stress to in- 
crease in strain for a specified range of 
stress. 

Fig. 406 is of further interest in that 
curves A and B were obtained from tests 

J.' -LVjf. 1UU. 

in which the pressure was perpendicular A . Pressur6 perpendicular to 
to the planes of stratification, and curves bedding planes, 1st Test. 

C and D from tests in which the pressure. perpendicular to 

was parallel to those planes. In the first c. Pressur^pa^aUerto^edding 
case the modulus of elasticity on second planes, 1st Test, 

loading was 127,800, and in the second D ' Assure parallel to bedding 
case 241,400 tons/sq. ft. planSS ’ 2nd Test ’ 

276. Density. — To evaporate the contained water, the sample is 
first dried by heating in a kiln to 100° C. until it ceases to lose weight. 
When cool, it is given a thin coating of paraffin wax to exclude moisture. 
The specific gravity is then determined by weighing iri air and water in 
the usual way. The weight per cube foot is 62 - 4 x specific gravity. 
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277* Absorption. — To determine the amount of water which the 
stone will absorb, a specimen is first heated to 100° C. until it is thoroughly 
dry, and then weighed in air. It is next immersed in water and left to 
soak for three or four days. After removal from the water, it is wiped 
dry and at once re-weighed. The increase in weight x 100, divided by 
the weight in air, gives the percentage absorption. This figure may be 
regarded as an indication of the weathering power of the stone, for the 
more absorbent it is, the more likely are rain and moisture, which contain 
destructive acids, to penetrate ; and the greater the likelihood of consequent 
injury through frost. Hudson Beared average figures are : granites 
0*27 % ; sandstones 4*68 % ; dolomites 5*43 % ; oolitic limestones 
8*96 % ; see also the Table, § 350. 

278. Acid Test. — A specimen of the stone is immersed in a weak 
solution (about 1 %) of hydrochloric and sulphuric acids for several days. 
The solution should be agitated at intervals. When removed from the 
acid, the edges of the specimen should still be sharp and the surface 
grains intact. Loose grains on the surface imply poor weathering 
qualities. 

Effervescence from sandstone, when treated with acid, indicates the 
presence of lime, which in certain stones forms the cementing material. 
Such stones will not weather well, particularly in towns. 

279. Microscopic Tests. — Valuable information as to the strength 
and durability of stones can be obtained from a microscopic examination. 
The microscope will reveal the mineral composition and its arrangement, 
the nature of the cementing material, the texture and bonding of the 
particles, and whether the stone contains injurious matter or partly 
decomposed minerals. From these observations much may be inferred 
as to the suitability of the stone for a given purpose. 

Thus, in the granites, a compact non-porous texture, with tightly 
interlocked crystals, a fine uniform grain, and with the mica and felspar 
in an undecomposed condition, imply a very strong durable stone. 
In the sandstones and limestones also, a fine grain of uniform size is 
indicative of strength, whereas in the weaker stones the grain is non- 
uniform or coarse. Much depends on the nature of the cementing 
material, and on the shape, arrangement, and bonding of the grains. 
The cement adheres better to sharp angular grains than to rounded 
ones. When the grains are loosely compacted, and cemented at the 
points of contact only, a weak stone is the result. In a strong stone the 
whole of the pore spaces are filled with cement. When the grains hardly 
touch, but are bound together by a matrix of cement, the latter deter- 
mines the strength of the stone. Decomposed minerals, such as felspar, 
are sources of weakness. The size and shape of the pores, and the mode 
of connection one to another, have considerable effect on the durability 
of the stone. 

If, therefore, the microscope reveals a fine grain, closely interlocking 
angular particles, with the interstices filled with cement, the inference 
is that the stone is hard and durable. If the grains are coarse and 
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rounded, hardly touching, with little or no cement in the pore spaces, 
it implies that the stone is weak and not likely to weather well. 

For a microscopic analysis on the above principles of a number of 
commonly employed building stones, reference should be made to a 
paper by Morton 32 read before the British Association at Oxford, 1926. 

280. Effect of Physical Condition— A number of experiments have 
been made on stones subjected to atmospheric influences, effect of frost, 
soaking in water, alternations Li temperature, the action of slightly 
acid rain water, etc., with the object of ascertaining how the strength 
of the stone is affected by its physical condition. Thus Baldwin-Wiseman 
and Griffiths 27 showed that the strength of stone is much reduced if it 
be previously soaked in water, or subjected to high temperatures for 
longer or shorter intervals, and cooled at different rates. For further 
information on this subject see Hirchwald. 30 

Baldwin-Wiseman and Griffiths also determined the thermal and 
electrical properties of various stones. 

281. Brickwork. — For the results of tests on bricks and brickwork, see 
§369. 

CEMENT 

282. Cements. — The cements commonly used for constructional work 
are : (i) lime, including hydrated lime ; (ii) hydraulic cements, of which 
the most important are Portland cement and aluminous cement. 

283. Lime Cements. — Lime is obtained by burning chalk or limestone 
in a kiln at about 500° C. At this temperature the C0 2 is driven off 
from the calcium carbonate, leaving CaO, quicklime. This, when 
mixed with sand and slaked with water, forms the mortar commonly 
used in building construction. Setting occurs owing to the lime drying, 
but the outer surface of the mortar hardens later, by the lime absorbing 
C0 2 from the atmosphere. Setting is accompanied by considerable 
increase in volume. Hydrated lime is made by adding a definite 
proportion of water to quicklime. The process of slaking is thus kept 
under control, and a superior mortar can be obtained. After screening, 
the slaked lime is finely ground. 

284. Hydraulic Cements —Lime cements are non-hydraulic, they 
will not withstand the action of water. By mixing material containing 
silica in an active condition, and water with the lime, a hydraulic cement 
is obtained, i.e. one which will set and harden under water. The siliceous 
materials formerly employed were usually of - volcanic origin, such as 
pumice or turfa; in modern cements of this type, granulated blast- 
furnace slag is used. This is mixed with the slaked lime, and the 
mixture is finely ground. The product, slag cement , sets slowly, but 
ultimately reaches a strength approximating to Portland cement. 

In cements of the Portland type, definite chemical combination of 
the lime and silica is brought about by calcination, followed by grinding. 
Hydraulic lime and Roman cement , obtained by burning limestones con- 
taining a percentage of clay, are natural cements of this type. 
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285. Portland Cement. — Portland cement is manufactured by inti- 
mately mixing together definite proportions of carbonate of lime and 
silicate of alumina, burning the mixture at a high temperature, and grind- 
ing the resulting clinker to a very fine powder— the Portland cement of 
commerce. The materials commonly used for the carbonate of lime are 
chalk and limestone ; and for the silicate of alumina are clay, Medway 
mud, or shale, depending on local circumstances ; ‘the important point 
is to provide the correct proportions of lime, silica, and alumina. To 
ensure intimate mixing, the raw materials are ground to powder. When 
hard limestones and clay are used, they may be ground in a dry state ; 
but the greater part of present-day Portland cement is made by the ‘ wet 5 
process. In this, the materials used are either chalk and clay, or chalk 
and Medway mud. These are ground together with water to form a 
slurry . This slurry is fed or sprayed into the top end of a rotary kiln, 
which is a long, slightly inclined cylinder with a refractory lining. Some 
modern kilns are 250 feet long, 11 feet in diameter, and have a capacity 
of 15 tons per hour. A powerful jet of flame is driven up the kiln from 
the lower end by injecting finely powdered coal through a nozzle by 
means of an air blast. At the top end of the kiln, where the temperature 
is lowest, the slurry is dried. As the kiln rotates, the dried slurry slowly 
descends, its temperature gradually rising, C0 2 is driven off from the 
carbonate of lime, and the latter begins to react chemically on the silicate 
of alumina. When the region of the flame is reached, the temperature 
is raised to a white heat, 1500° C., chemical combination between the lime 
and silicate is completed, and the product leaves the kiln in the form of 
small particles of clinker. These particles are cooled by a current of air. 
The air, thus heated, is used in the burner to heat the kiln, the process thus 
being made regenerative. The cooled clinker is a dark hard substance ; 
the cement is obtained by grinding this in a special mill to a very fine 
powder. Nothing may be added after burning but a small quantity 
(1 to 2 %) of calcium sulphate (gypsum), and about the same quantity 
of water. The calcium sulphate is added to produce a slower setting 
cement. 

The product thus obtained is a slow setting hydraulic cement, which 
hardens with very little change in volume. Its hydraulic properties are 
due to the presence of silicate of alumina. Properly treated, it exhibits 
considerable tensile strength as a cement, and the concrete made by its 
means is a most valuable material of construction, of great strength and 
permanency. The relative slowness in setting of the cement gives suffi- 
cient time for the concrete to be properly mixed and placed in position. 

In this country the quality of the cement is governed by the British 
Standard Specification No. 12 — 1931, which contains regulations to which 
the cement must conform. Its properties depend on certain charac- 
teristics, chiefly on chemical composition and fineness in grinding. Tests 
are specified to ensure the suitability of the cement in these respects, 
and others to determine the strength, the time of setting, and the 
soundness. 
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Chemical Composition . — The composition of a typical Portland cement 
is as follows : 

Per cent. 


Silica (SiOj) 22-0 

Insoluble residue . . . . . • 1*0 

Alumina (A1 2 0 3 ) . . • . • * 8-0 

Ferric oxide (Fe 2 0 1 ) . . - * * 2*5 

Lime(CaO) 62-5 

Magnesia (MgO) ...... 1*0 

Sulphuric anhydride (SO n ) . . • • 1*5 

Carbonic anhydride (CO.>) . . • . 0-5 

Water (H 2 0) . 0-5 

Alkalis and loss . . • . . . 0*5 


100*0 


Certain limiting proportions are laid down by the standard speci- 
fications. 

286. Mechanical Tests on Cements. — These usually include (i) Fine- 
ness ; (ii) Tensile strength (cement and sand) ; (iii) Setting time ; 
(iv) Soundness. For full particulars of the standard tests, the British 
Standard for Portland Cement should be consulted. 

Sampling . — In order to obtain a representative sample of a bulk of 
cement, equal portions should be taken from twelve different bags and 
thoroughly mixed together. The sample thus obtained should weigh 
10 lb., sufficient to carry out all the tests twice over ; it should be stored 
in air-tight tins. 

287. Fineness Tests. — -The fineness of the cement is determined by 
the amount of residue left on standard sieves of specified dimensions, 
after being continuously sifted for a definite period. The dimensions 
of the standard sieves are : (1) meshes per inch 170 x 170, diameter of 
wires 0*0024 inch; (2) meshes per inch 72 x 72, diameter of wires 
0*0056 inch. The sieves are arranged in a nest, with the coarse sieve on 
top and a container below. 100 grammes of cement are placed in the 
top sieve, and the whole is continuously sifted for 15 minutes. The 
residue on the coarse sieve should not exceed 1 %, and that on the fine 
sieve should not exceed 10% of the original weight. The residue on the 
fine sieve is obtained by adding the two residues together. 

The strength of concrete increases with the fineness of the cement 
from which it is made. Fine grinding also shortens the time of hardening 
of the cement. Note : Distinguish between selling and hardening ; see 
§ 289. 

288. Tensile Strength. — -Although in practice cement should not be 
subjected to tensile stress, tension tests form a quick and convenieiab way 
of obtaining an indication of the strength of the cement. Such tests are 
sometimes made on neat cement, but tests on a mixture of cement and 
sand discriminate better between a coarsely and a finely ground cement. 

Normal Consistency. — In order to arrive at the amount of water neces- 
sary for gauging the cement and sand, it is first necessary to determine 
the amount of water required to make a cement paste of normal con- 
sistency. For this purpose the Vicat apparatus shown in Fig. 409 is 
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used* The cement is mixed with a measured amount of water, the mould 
is completely filled with this paste and smoothed off at the top. The 
needle in the Vicat apparatus is replaced by a cylindrical plunger, 10 mm. 
in diameter, with a flat end. This is gently lowered on to the surface of 
the paste and allowed to sink in. According to the Specification of the 
American Society of Testing Materials, 
who originated the test, the paste is 
of normal consistency when the 
plunger penetrates 10 mm. below the 
surface in a \ minute. According to 
the British Standard, the plunger 
should penetrate from 33 to 35 mm., 
but only 0*78 of the water required 
for such a paste is to be used in a paste 
of normal consistency. The amount 
of water is expressed as a percentage 
by weight of the dry cement. A 
series of trials are carried out to deter- 
mine the correct percentage. 

Tests on Cement and Sand . — For 
the tests on mixtures of cement and 
sand, the standard sand used is ob- 
tained from Leighton Buzzard and is 
what is known as the white variety. 

It is thoroughly .washed and dried, 
and graded so as to pass through a 
standard sieve of 18 x 18 meshes per 
inch, diameter of wire 0*022 inch, 
and be retained on a standard sieve 
of 25 x 25 meshes per inch, diameter 
of wire 0*0164 inch. 

The mixture used is 1 of cement to 3 of sand by weight, and the 
British Standard percentage of water is £P -j- 2*50, where P is the per- 
centage required to produce a paste of normal consistency. The cement, 
thus gauged, is moulded into briquettes of the shape shown in (i) Fig. 407 . 
The moulds, Fig. 408, 
may be single or mul- 
tiple ; they are made 
in two halves so that 
the briquette can he 
easily removed. These 
moulds are placed on a 
non-porous plate, slate or glass, and filled with the mixture. After 
filling, a small heap of the mixture is placed on top and beaten down 
with the flat of the standard spatula, which has a lenticular blade 2 *88 in. 
long and 1*81 in. broad. The mould is then turned over and another 
small heap is similarly beaten down from the other side, until water 



Fig. 408. 
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appears on the surface, when the briquette is finished oft smoothly with 
a trowel, level with the top of the mould. The temperature of the room 
and of the water should be maintained within a range of 58° to 64° F. 
The briquettes, thus prepared, are kept in a damp atmosphere for 24 hours 
after gauging (preferably in a box lined with cloth or felt which is kept 
wet), when they are removed from the moulds and immediately immersed 
in clean fresh water, also at a temperature of from 58° to 64° F., which 
should be changed every 7 days. They are left immersed until required 
for the test ; when removed from the water they should be tested at once 
without being allowed to dry. 

The tensile test is carried out in a small lever testing machine arranged 
for the purpose. The load is applied either by rolling a weight along the 
beam, or by running water or lead shot into a tank. The rate of loading 
has considerable effect on the apparent strength of the specimen, and it is 
important that the load be applied at the standard rate of 500 lb. per 
minute, and without shock. The form of the shackle is shown in 
(ii) Fig. 407. Care must be taken correctly to centre the specimen, or a 
reduction in the breaking load will be the 
result. The British Standard requires that 
the average strength of 6 briquettes, tested 
72 hours after gauging, shall not be less than 
300 lb. /sq. in. ; and that of 6 more, tested after 
seven days, shall show an increase and be not 
less than 375 Ib./sq. in. 

289. Setting Time. — The setting and harden- 
ing of Portland cement may be divided into 
three stages. Some 30 minutes after the water 
has been added to the cement, the mixture 
ceases to be plastic. This is due to chemical 
action between the water and the cement, and 
is called the initial set . The process continues, 
and after a lapse of about 10 hours the mixture 
reaches a condition called final set . It is by 
no means completely hard, and the third stage 
during which it attains its permanent form is 
called hardening . 

To determine the initial time of setting, an 
apparatus called a Vicat Needle is employed, 

Fig. 409. A circular mould, 80 mm. diameter 
and 40 mm. high, resting on a non-porous 
plate, is completely filled with neat cement 
paste of normal consistency. The needle is 
a bar 1 mm. square with a fiat end. It is p IG . 409. 

mounted in a frame, so that it can slide 

vertically up and down, and the depth of penetration is read off on a 
scale. It is loaded with a weight of 300 grammes. The initial setting 
time is defined as the period elapsing between the time when the water 
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was added to the cement, and the time at which the needle ceases com- 
pletely to pierce the cement in the mould. In making the experiment, the 
flat end of the needle is gently lowered until it touches the surface of the 
cement. It is then quickly released and allowed to sink into the cement. 
The process is repeated until the needle fails completely to pierce the 
specimen. 

The final setting time is determined by means of the same apparatus, 
but a circular cutting edge, 5 mm. diameter, Fig. 409, is attached to the 
square rod in such a manner that the latter projects 0*5 mm. When, 
on gently applying the needle to the specimen, the square projection 
still makes an impression, but the circular cutting edge fails to do so, 
final set is deemed to have taken place. 

For a normal-setting cement the initial time of setting should not be less 
than 30 minutes, and the final, setting time not more than 10 hours. 
For a quick-setting cement these periods may be respectively 5 minutes 
and 30 minutes. 

The latter is only used where rapid work is imperative. The slow 
setting time is a most valuable property of normal Portland cement, for 
it enables the mixing and putting in place of the concrete to be accom- 
plished before initial set takes place. When once initial set has occurred 
the concrete must not be disturbed until it has hardened, otherwise 
serious diminution in its strength will be the result. 

In making tests for the times of setting it is important that the 
standard conditions, percentage of water, temperature of room and of 
water, be complied with,, otherwise these times will be affected. The 
tests should be conducted in a moist atmosphere. 

290, Test for Soundness. — A sound cement is one which does not 
crack, swell, blow, or otherwise disintegrate during setting and hardening. 
The test of soundness is that 
the volume remains con- 
stant. To ascertain this 
the Le Cliatelier test is used. 

The apparatus is shown in 
Fig. 410. A cylindrical 
brass mould, 30 mm. diam- p ICL 410 . 

eter and 30 mm. long, is slit 

longitudinally. Attached, one to each side of the slit, are two pointers 
165 mm. long, to the centre of the mould. The ends of these pointers 
are temporarily fastened together, and the mould is placed on a glass plate 
and filled with cement paste of normal consistency as in the previous 
tests. The top is then covered with a second glass plate held down by 
a weight, and the whole is immersed in water at a temperature of 58 to 
64° F. for 24 hours. At the end of this period the fastening between the 
pointers is removed, and the distance apart of the ends of the pointers 
accurately measured. The mould is then placed in cold water, which is 
brought to the boiling point in 25 to 30 minutes and kept boiling for three 
hours. The reason for boiling the cement is to expedite the test, which 
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would otherwise have to be continued during the whole normal period 
of hardening of the cement. At the end of the three hours the mould 
is removed from the water, allowed to cool, and the distance apart of 
the ends of the pointers again measured. The difference between the 
two measurements is an indication of the expansion of the cement and 
should not exceed 10 mm. If the cement fail to pass this test, the 
expansion must not exceed 5 mm. in a further test after the cement has 
been aerated for seven days. 

291. Rapid-hardening Cements. — Rapid-hardening cements are so 
called because mortars and concrete made with them harden and attain 
their strength far more rapidly than when made with ordinary Portland 
cement. A rapid-hardening cement must be distinguished from a quick- 
setting cement, § 289. Notwithstanding its rapid-hardening qualities 
it is not quick-setting, but gives ample time for mixing and placing in 
position before initial set takes place. There are two types : rapid- 
hardening Portland, and aluminous cement. 

Rapid-hardening Portland Cement . — This is made from the same 
materials and by similar processes as ordinary Portland cement. The 
chemical composition of the finished product is slightly different, in that 
it has a greater proportion of lime, CaO, The calcination is more 
prolonged, resulting in a harder clinker. This has to be more finely 
ground, so that the residue on a 170 x 170 sieve is only from 1 to 2 %. 
The tensile strength of a 1 cement : 3 sand mixture of this cement, at 
the end of seven days, can be guaranteed at 600 lb./sq. in. At the end 
of six months the average strength of this mixture will reach 720 lb./sq. 
in. in tension, and 7,300 lb./sq. in. in compression. These figures may 
be considerably exceeded. The initial setting time ranges from 90 to 110 
minutes, and the final setting time from 2| to 3 hours. In the Le 
Chatelier test for soundness, the expansion usually does not exceed 2 mm. 
The neat cement is gauged with from 20 to 25 % of water, and the 1 : 3 
mixture with from 7| to 9 %, depending on the make of cement. 

Aluminous Cement . — This is manufactured by fusing together in a 
blast furnace lumps of bauxite (an indurated clay with a very high 
alumina content) with lime or calcium carbonate in definite proportions. 
The molten material is cast into pigs, cooled, broken up, and finely ground 
to make the cement. An analysis of the finished product may contain 44 

Per cent. 


Silica (Si0 2 ) 5*95 

Alumina (Al 2 0 3 ) 38*95 

Ferric oxide (Fe 2 0 3 ) . . . . . 9*86 

Ferrous oxide (FeO) . . . . . 6*25 

Titanium dioxide (Ti0 2 ) .... 2*00 

Lime (CaO) . . . . . .36*25 


Considerable variations in the chemical content are possible without 
affecting the qualities of the cement, but the percentage of A1 2 0 3 to that 
of CaO should not be less than 0*85 nor greater than 1*3. 

The cement is almost black in colour, and concrete made with it is 
darker than ordinary concrete. It is not necessary to grind it so finely 
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as is the case with a rapid-hardening Portland cement, and the residue 
left on a 170 x 170 sieve is about 8 %. The tensile strength of a 1 : 3 
mixture, gauged with 8 % of water, should exceed 450 lb./sq. in. in 
24 hours, and should reach 600 lb./sq. in. in seven days. This attains, 
therefore, a greater strength in 24 hours than does ordinary Portland 
cement mortar in three months, but its strength does not increase with 
age at the same rate as the latter. The minimum crushing strength of 
3-inch cubes of 1 : 3 mixture, tested 24 hours after gauging, is 5,000 
lb./sq. in. The initial setting time ranges from 1| to 4.J hours, and the 
final setting time from 2| to 5| hours. The expansion in the Le Chatelier 
test is less than 1 mm. 

The following Table gives some comparative figures regarding the 
strength in lb./sq. in. of 1 : 3 mortars made with the three cements : 


Tensile Strength. 1 

Ordinary Portland cement 
Rapid-hardening Portland cement 
Aluminous cement 

Compressive Strength. 

Ordinary Portland cement 
Rapid-hardening Portland cement 
Aluminous cement 


cement : 3 sand 

24 hours. 7 days. 
100 400 

420 650 

525 640 

1 cement : 3 sa?id 

24 hours. 7 days. 
800 5,000 

. 3,500 9,000 

. 7,000 10,000 


It will be observed that not only do the rapid-hardening cements 
attain their full strength much earlier, but they are intrinsically stronger 
than the ordinary Portland cement. They are, however, more expensive 
per ton ; but in making an estimate of relative cost, the saving in time, 
and re-use of shuttering, which can be struck much earlier in the case 
of the rapid-hardening cements, must be taken into account. Rapid- 
hardening cements, particularly aluminous cements, give out much heat 
during hardening, which enables work to be carried on during frosty 
weather. Aluminous cement also possesses the advantage that it will 
resist the action of sea-water and water containing sulphates, which 
attack Portland cement. 


CONCRETE 

292. The Material.— Concrete is made by mixin g together definite 
proportions of cement, sand or fine aggregate, and a hard coarse aggregate, 
and adding water. The cement and sand form a mortar which cements 
the whole mass together, thus forming an artificial stone possessing con- 
siderable crushing resistance, which can be moulded, before it sets, into 
required shapes. 

The materials of which it is made vary widely. To form the mortar, 
or matrix as it is termed, Portland or other cements may be used; or, 
for certain classes of work, hydraulic lime. The coarse aggregate may be 
a hard broken stone, or gravel, when a superior concrete is required ; 
for less important work broken bricks, hard clinker, or coke breeze may 
be employed. Concrete made with the latter aggregates will not resist fire. 
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The two most important kinds of concrete used in ordinary engineering 
work are : (i) the concrete used in mass constructions, in which the pro- 
portion of cement to sand plus aggregate ranges from about 1 : 3 to 1 : 12, 
a common proportion for ordinary foundation work being 1 : 6. The 
aggregate is usually limited in size to that which will pass a 2-inch square 
mesh ; (ii) the concrete used for reinfpreed-concrete structures, in which 
for ordinary work a 1:2:4 mixture is commonly adopted (1 cement, 
2 sand, 4 coarse aggregate). The coarse aggregate is limited in size to 
that which will pass a f-inch square mesh. 

A 1 : 6 concrete must be distinguished from a 1 : 2 : 4 concrete. The 
proportions are determined by volume, not by weight, and if 2 volumes 
of sand be mixed with 4 volumes of coarse- aggregate, the mixture will 
only occupy about 4J volumes, not 6 volumes, for the sand fills the 
interstices in the aggregate. 

The compressive strength of concrete appears to depend on : (a) the 
nature of its constituents, (6) the proportions, (c) the grading, ( d ) the 
water ratio, (e) the manipulation. It will be convenient to consider 
these factors separately. 

293. The Cements. — The relative tensile strengths of ordinary 
Portland cement, rapid-hardening Portland cement, and aluminous 
cement have been discussed in § 291. Some figures showing the relative 
compressive strength of concrete made with these cements are given in 
§ 301. Roughly speaking, at the end of three months, concretes of normal 
proportions, made with either of the rapid-hardening cements, are at least 
25 % stronger than similar concrete made with ordinary Portland cement. 

294. The Aggregates. — The fine aggregate should consist of hard 
clean particles, free from organic matter. A sharp sand, or hard stone 
screenings, forms a suitable material. The particles should pass a -^inch 
mesh. 

The coarse aggregate should also be hard and clean, free from clay or 
organic matter. Hard broken stone — granite, sandstone or limestone ; 
flint gravel from a pit when free from clay ; shingle from the seashore or 
a river bed, spoken of as ballast ; all form suitable materials for a strong 
concrete. Some difference of opinion exists as to whether the rough 
angular pieces of broken stone make a stronger concrete than the smoother 
and rounder stones found in the ballast. There appears to be less 
tendency for the stones to separate out and to form ‘ pockets 5 in the 
case of the ballast concrete, i.e. the rounded stones pack better and the 
concrete is more likely to he sound throughout ; but if properly graded 
and mixed, broken stone concrete has a slightly greater crushing strength. 

295. Rest Proportions. — Theoretically, it would appear that the mini- 
mum amount of fine aggregate is that which would just fill the interstices 
or voids in the coarse aggregate, and the minimu m amount of cement is 
that which is just sufficient to fill the interstices in the fine aggregate, plus 
the amount required to give all the particles a coating of cement. To 
determine the percentage of voids, a known volume is filled with the 
aggregate. Water is added until it just covers the aggregate. The 
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volume of this water is the volume of the voids. To ma.lra a workable 
concrete, the volume of the fine aggregate must exceed that of the voids 
in the coarse aggregate by about 5 to 10 % ; and similarly, the volume 
of the cement must exceed that of the voids in the fine aggregate by 
about 10 %. The volume of cement necessary decreases with increase 
in size of the coarse aggregate. 

Such a method of determining the proportions of the mix ture does 
not of necessity make the strongest concrete ; much depends on grading 
the size of the aggregates. 

296. Grading.— Professor Duff Abrams 47 has introduced a method of 
proportioning aggregates based on a fineness modulus, by mea.ng of which 


Sieve. 

Size.* 

Size 

of Opening, 
inch. 

Medium 

Sand. 

4 B.’ 

Pebbles. 

‘E.’ 

Concrete 
Aggregate 4 G ’ 
25%‘R’ + 75%‘E.’ 

100 

0-0058 

91 

100 

98 

50 

0-0116 

70 

100 

92 

30 

0-0232 

46 

100 

86 

16 

0-0464 

24 

100 

81 

8 

0-093 

10 

100 

78 

4 

0-185 

0 

95 

71 

fin. 

0-375 

— 

66 

49 

f in. 

0-75 

— 

25 

19 

If in. 

1*50 

— 

0 

0 

Fineness Modulus . 

2-41 

6*86 

i 

5-74 


* Tyler Series. 


the gradation of particles producing the strongest, or the most economical 
concrete for a particular purpose, 


can be determined. The method 
can be applied either to the fine or 
coarse aggregate, or to the com- 
bination. The manner in which the 
fineness modulus is determined will 
be evident from the Table above 
which gives some of Professor 
Abrams 5 results. 

A series of sieves are used, each 
of which has a width of opening 
double that of its predecessor. A 
weighed sample of the aggregate 
sifted through each in turn, and the 
weight of the residue, expressed as 
a percentage of the weight of the 
sample, is entered in the Table. The addition of all these percentages 
divided by 100, gives the fineness modulus. 



Fig. 411- (Abrams.) 

All aggregates graded 0-11 in. 
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Abrams showed that for a given mix , i.e. ratio of cement to total 
aggregate by volume, the compressive strength is the same for all gradings 
having the same fineness modulus, irrespective of how the size of the 
particles may vary. Further (see Fig. 411), that for a given mix and 
different fineness moduli, there is a particular modulus for which the 
compressive strength is a maximum. Fig. 412 shows the maximum 
permissible fineness moduli for different mixes and different aggregate 
ranges. Curve A may be taken as applying to mass concrete, Curve B 
to reinforeed-concrete, Curves C and D apply to mortars. Fig. 412 has 
reference to sand and pebble aggregates. For crushed stone or slag as 
coarse aggregate, reduce the fineness moduli by 0*25; also, if stone 
screenings be used for the 
fine aggregate, reduce the 
values by 0*25. Sand or 
screenings used for the fine 
aggregate must not have a 
higher fineness modulus 
than that permitted for 
mortars of the same mix. g 
Having found the fine- jlj 
ness modulus m x for the fine <5 
aggregate available, and g 
that for the coarse aggre- "g 
gate, m 2 , as in the Table, ** 
p. 591, and decided on the J! 
requisite modulus m for the 
combined aggregate, having 
regard to the strength re- 
quired and the mix, Figs. 411 and 412, the necessary proportion of fine 
to combined aggregate can be found from the formula 

vol. of fine aggregate m 2 — m 
vol. of combined aggregate m 9 — m. 

Thus, in the Table on p. 591, to obtain a combined aggregate ‘ G 5 
(m = 5*74) from the sand ‘ B 9 = 2-41), and the coarse aggregate 

* E 9 (m 2 = 6*86), the ratio in question must be 

6*86 — 5*74 1*12 1 

6*86 — 2*41 ~~ 4*45 ~~ 4 

and 25 % c B 5 by volume plus 75 % f E 9 must be used. 

297. Water Ratio Theory. — Exhaustive experiments by Abrams 47 
have shown that, for given materials and conditions, the strength of the 
concrete is determined by the ratio of the volume of the mixing water to 
the volume of the cement, called the water ratio or water-cement ratio , 
provided that a workable mixture is obtained, irrespective of the volumes 
of the other materials so long as they are suitable and clean. A certain 
quantity of water is required to hydrate the cement. This quantity 
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produces the maximum adhesive power, more water reduoes the adhesive 
power and weakens the concrete, hence the water ratio should be a 
minimum, Fig. 413. A dry mix, more cement, coarser aggregate, all 



imply a smaller water ratio and increase in the strength of the concrete. 
For normal concrete, made with American Portland cement (1918), under 
average conditions, the compressive strength of 12" x 6" cylindrical 
specimens at 28 days was represented by the 
formula < 

/as = — — lb./sq. in. . (1) 

where x is the water ratio, When the operations 
are not under rigid control, the denominator 
should he changed to 9*, Fig. 413. 

It Will be evident that, subject to complete 
hydration and the production of a workable 
mixture, the less water used, the better. As a 
practical means of determining the minimum 
amount of water necessary to produce a work- 
mixture, the slump test has been devised. 

The apparatus consists of a hollow cone of the 
dimensions shown in Fig. 414. This is placed 
on a non-absorbent surface and filled with the concrete in 3-inch layers, 
each of which is rodded 25 times with a pointed f-ineh rod, and 



l- 8* 1 

Fig. 414. 
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finally struck off level with the top. Three minutes later the cone is 
lifted vertically and the moulded concrete is allowed to subside until 
quiescent. The height of the specimen is then measured ; the amount 
by which it is less than 12 inches is called the slump. A slump of J to 
l inch indicates that the minimum quantity of water has just been 
exceeded. Increased slumps are necessary to ensure workability. In 
mass concrete the slump should not exceed 2 inches ; in reinforced- 
concrete work it should not exceed 3 inches in heavy sections, nor 6 inches 
in thin confined sections. 

Typical graphs showing the relationship between the different factors 
under discussion are. plotted in Fig. 415. These correspond to the lower 


Slump 3 - 4 in. 

<■* i&f .dr 



Slump 6 ~ 7 in. 




W 500 



ineness Modulus 


Fineness Modulus 


Pig. 415 (Abrams). 

curve in Fig. 398 ; they give the necessary mix for a required strength 
and slump.* 

If eq. (1) be written in the form / = A[B X 

A -a? log -B . . . . (2) 

Plotting the values of / 28 to a logarithmic scale, the curves become 
straight lines, Fig. 416, all of which pass through the point A = 14,000 
Ib./sq. in., which represents the theoretical value of / 28 when x = 0. 
B, which depends on the quality of the cement, is indicated by the slope 
of the lines, and by suitably choosing B, the diagram will give the strength 
of the concrete at any time up to say 3 months. Abrams’! values for 
B are given in the Table, p. 595. 

* Por corresponding experiments on British Portland and rapid-hardening 
Portland cements, and the application of these theories to practice, see Wynn and 
Andrews. 53 Professor Abrams’ theory does not apply to aluminous cement, for 
which a small excess of water is not disadvantageous. 

f See Abrams in the discussion on c Some Long-time Tests of Concrete,’ M. O. 
Wit hey, Jour . Amer. Cone. Inst., 1931. 
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Values of B. 



8 hrs. 

1 day. 

3 days. 

7 days. 

28 days. 

3 months. 

High Early Strength 
P.C. Concrete 

58*4 

9-5 

5*9 | 

1 

4-7 

3*7 

3*4 

Ordinary P.C. Concrete 

— 

27-7 

11 0 S 

55 

4*9 

1 

3*9 


These values have reference to modem American Portland cement concretes. 



In determining the water ratio, any water absorbed by the aggregate 
should be deducted from the total quantity. 

Later experiment has shown that the compressive strength for a 
given water ratio decreases with fall in temperature. 

The correct water ratio for a particular purpose is not the same for 
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all cements or for all aggregates. Experiments with, the availabl 
materials are necessary. 

298. Manipulation. — Given the proper proportions of materials an< 
water, the strength of the concrete will depend very largely on thi 
workmanship. Careful measurement of the constituents is necessary 
They must be thoroughly mixed so as to produce a homogeneous mass 
Eor small quantities hand mixing is possible, for large quantities machim 
mixing is universal. The concrete must he carefully deposited in plac< 
in relatively thin layers before it commences to set ; it should be carefulb 
rodded or tamped to consolidate it. Experiments on 12 x 6 incl 
cylindrical specimens have shown that 20 to 30 strokes with a f-inch roc 
pushed into the concrete, or a similar number of blows with a 2-lb 
tamper, will increase its compressive strength from 2,200 to 2,800 lb./sq 
in. Very dense strong concrete can be made by vibrating the forms bj 
means of a pneumatic hammer. The work of concreting should be 
carried on continuously. When it is necessary to bond new work on tc 
old, the surface of the latter should be carefully cleaned and roughened 
thoroughly wetted, and coated with 1 : 1 cement mortar. Portland 
cement concrete should not be deposited during freezing weather. 

It may be pointed out that compressive tests on concrete, made undei 
practical working conditions, show that a reduction in strength of the 
order of 20 %, compared with that made in a laboratory, is not uncom- 
mon * (cf. Eig. 413). 

299. Curing. — To obtain a strong durable concrete it is necessary tc 
keep the freshly deposited material moist and at a suitable temperature 
for at least 7 days, to permit it to harden. A low temperature during 
curing reduces the strength. 

300. Tests on Concrete.— The commonest test on concrete is the 
crushing test. Shearing, tensile, and bending tests are sometimes made, 
and a determination of the elastic constants is of importance in con- 
nection with reinforced-concrete. 

301. Crushing Tests. — The test-piece usually employed in this country 
is a cube with from 6 to 10 inch sides. In America, for aggregates which will 
pass a 2-inch mesh, a cylindrical test-piece 6 inches diameter and 12 inches 
long is preferred, for the reasons discussed in § 274. The crushing strength 
for a 6-inch cube will be from 15 to 20 % greater than for a 6 x 12 inch 
cylinder. The test is made in a similar manner to that used for stone 
specimens, § 274, and the fracture is of the same type. Some values 
for the crushing strength (laboratory tests) of a 1 : 2 : 4 concrete, made 
(a) with ordinary Portland cement, (b) with rapid-hardening Portland 
cement, and (c) with aluminous cement, are as follows : 

24 hours. 7 days . 28 days . 

Ordinary Portland Cement, 6 % water . . — 2,860 4,440 

Rapid-hardening Portland Cement, 6 % water . 1,750 5,360 6,810 

Aluminous Cement, 7 % water .... 6,200 8,100 8,800 

All in lb./sq. in. 

. * See for example Proc. Amer . Soc. C.E. , January 1925. 
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The aggregate used was ballast. The strength of concrete on a job may 
fall well below these figures. 

In making a test cube, the mould, which should be of metal with plane 
parallel ends, is placed on a glass plate and the concrete is deposited in 
2-inch layers, each layer being rodded 25 times with a points J-inch 
rod. The top should be struck ofi level, and after two hours, made per- 
fectly flat and level by means of a thin layer of neat cement mortar. 
After 24 hours the cubes should be removed from the moulds and placed 
in water at from 58° to 64° F., or buried in damp sand, until required for 
the test. In practical work, the concrete for a test cube should be taken 
from a form immediately after depositing, or from the mix immediately 
before depositing. 

Fig. 417 shows the variation in crushing strength with age in labora- 
tory specimens with different kinds of cement. 



1. Ordinary Portland Cement Concrete. Mix 1 : 2 : 4, 6 % water, 6 in. cubes. 

2. Rapid-hardening Portland Cement Concrete. Mix 1 : 2 : 4, 6 % water, 6 in. 
cubes. 

3. Early tests on Ciment Fondu (Ponts et Chaussees Lab., Paris, 1916). Mix 
400 kg. cement, 300 litres sand, 900 litres gravel, 7*9 % water, 200 mm. 
cubes, stored in air. 

4. High Aluminous Cement Concrete. Mix 1 ; 2 ; 4, 6 in. cubes. 

302. Elastic Constants. — Fig. 418 (Davis and Troxell **) represents 
a typical compressive stress-strain diagram for a concrete specimen at 
the age of three months, and also the corresponding lateral expansion 
diagram. The specimen was a 6-inch cylinder, 12 inches high, capped 
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with neat cement, and bedded on a thin layer of plaster of Paris. 
The concrete was graded to ap- 
proach maximum density. The 
secant modulus E was found to 
increase with the age of the 
specimen, rapidly at first and then 
slower, but decreased as the stress 
increased. The value of E was 
higher for richer mixes and denser 
aggregates. There was no direct 
relationship between E and the 
compressive stress which could be 
generally applied ; but with con- 
stant conditions, the higher the 
ultimate strength, the greater the 
secant modulus at a given stress. 

At 800 lb./sq. in. the values ob- 
tained for this modulus were : 



At 200 days 
1000 days 


1 : 3£ mix. 

4.400.000 

5.200.000 


*0 1 2 3 4 5 6 x UT 

Axial Deformation, in. ^5 
0 2 4 6 8x10 

Lateral Deformation in. 
Fig. 418. 

1 : 4J mix (by weight). 

4.800.000 

5.100.000 lb./sq. in. 


Defining Poisson’s ratio as the ratio of unit lateral extension to unit 
axial contraction immediately on application of the load, the values 
obtained at a stress of 800 lb./sq. in. were : 


1 month. 
0-15 to 017 


ti months. 
0' 19 


i year and beyond. 
0-20 


Poisson’s ratio increases with age at a gradually decreasing rate. 
It does not vary materially with the richness of the mix, or kind of 
aggregate. 

From experiments on 6 x 12 inch cylindrical specimens at 28 days, of 
sand and pebble concrete proportioned by sieve analysis, for a variety 
of mixes ranging from 1 : 7 to 1 : 3, Stanton Walker 64 gives for the average 
value of the secant modulus at 25 % of the ultimate strength : 


Compressive Strength 
at 28 days. 

1,000 

1,500 

2,000 

3.000 

4.000 

5.000 


Modulus. 
2-38 x 10 6 
2*79 
3*21 
3*87 
4*36 
4*86 


As average values, he suggests for the initial tangent modulus 
E = 33,000 (/ 28 ) * ; and at 25% of the compressive strength E = 66,000 (/ 28 )L 
Professor Lea 66 suggests the formula E = 1*8 -f 7*5(1 — x) mil- 
lion lb./sq. in. as a mean value for E at 5-600 lb./sq. in. ; x is the water- 
cement ratio. The value of E was found to depend more upon this ratio 
than on the mix or materials. 
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303. Shrinkage. — As in the ease of many other substances, the volume 
and length of a concrete specimen increase when it absorbs moisture and 
diminish as the moisture dries out. Such changes take place for at 
least 20 years. From the moment of setting, a concrete structure drying 
in air will shrink, at first rapidly, and then more and more slowly. Such 
shrinking may, in certain circumstances, produce cracking and severe 
internal stresses in the structure. Similar shrinkage phenomena take 
place in neat cement and mortar specimens, and in the aggregate. The 
magnitude of the volumetric changes depends on the materials, the mix, 
the manipulation, and apparently on any influence which affects the 
porosity of the concrete. It also depends on the size and shape of the 
specimen, and whether or not it is reinforced. It is greater in rich mixes 
than in lean ones, and less when the aggregate is of quartz or granite 
than when it is of gravel or sandstone. For 3" x 3" x 40" specimens of 
a 1.2:3 mix, water-cement ratio 0*9, fineness modulus 5*58, R. E. 
Davis 78 gives the following figures for the percentage change in volume 
in three months : 


Aggregate. 

Contraction in Air. 

1 

Expansion in Water. j 

Gravel 

0*079 

0*0074 

Sandstone 

0*075 

0*0055 

Limestone 

0*039 

0*0050 

Granite 

0*037 

0-0131 

Quartz. 

0*036 

0*0094 


The effect of reinforcement is to reduce the shrinkage. According to 
Matsumoto 76 the shrinkage stress in the steel of a reinforced -concrete 
specimen may reach the working stress if the percentage of steel is less 
than 1*5; and the ultimate strength of a 1 : 2 : 4 concrete may be exceeded 
if the percentage of steel is greater than 1*5. 

304. Plastic Flow or Creep. — As will be seen from Fig. 418, the 
elasticity of concrete is imperfect, and plastic flow or creep takes place 
under sustained loads (cf. Fig. 274, Vol. I). As in mild steel also, partial 
recovery takes place on removal of the load, Fig. 304, Vol. I. The rate 
of creep depends on the mix, the materials, the age, the magnitude of the 
stress, and the reinforcement if any ; it decreases with time, but continues 
for at least 2 years. The rate of creep is greater the leaner the mix, and 
is less the higher the fineness modulus of the aggregate, i.e. for the denser 
concretes. For a I : 7 mix, fineness modulus 3*62, the total creep per 
100 ft. in 5 months exceeded \ inch, but for a 1 : 4 mix it approximated 
to | inch. The rate of creep increases with the water-cement ratio. It 
is least for aggregates of granite and quartz, and greatest for gravel and 
sandstone. At 800 Ib./sq. in., the total creep per 100 feet in 2 years 
ranged from \ inch in limestone concrete to 1§ inches in metamorphic 
sandstone. It is greater for concrete stored in air than in water. Longi- 
tudinal reinf orcement^e^tisid^i^ both shrinkage and creep in 
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specimens stored in air ; but the combined effect of shrinkage and creep, 
in a column supporting a long sustained load, is to transfer the stress from 
the concrete to the steel until the yield point of the steel is reached. 
The effects of shrinkage and creep in producing shrinkage stresses are 
opposed to one another, and the stress developed depends on the relative 
rates of shrinkage and creep ; see Refs. Nos. 79 and 80, Bib. 

305. Temperature Effects.— The coefficient of linear expansion for 
Portland cement concrete is usually taken as a = 0*0000055 per degree 
Fahrenheit. It varies 77 with the aggregate used, averaging about 
0*0000065 for sandstone; 0*0000060 for gravel; and 0*0000038 for 
limestone concrete ; increasing with the richness of the mix, but is slightly 
less for wet than for dry mixes. The average value for concrete made 
with high aluminous cement is about 0 • 0000052 ; the variation with 
mix and range of temperature is not large. 
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CHAPTER XVII 

REINFORCED-CONCRETE 

306. The Material.— The resistance to tension and to shear of ordinary 
plain concrete is small, hence the material cannot be employed in situa- 
tions where these stresses are of considerable magnitude. , By embedding 
steel bars in the concrete, so arranged that they carry the tensile and 
shear stresses which the concrete by itself is unable to resist, a very 
valuable constructional material is obtained, with a wide field of applica- 
tion. This is called reinforced-concrete. Three circumstances render 
such a combination useful for practical work : (i) the concrete contracts 
slightly while setting in air, and tends to grip the steel, causing the two 
to adhere ; the concrete is able, therefore, to transmit to the steel those 
stresses which it cannot carry ; (ii) the linear coefficient of expansion by 
heat of concrete and steel are very nearly equal, hence no serious stresses 
due to variations in temperature occur ; (iii) the coating of cement 
protects the steel and tends to preserve it from corrosion. 

307. Advantages and Disadvantages of Reinforced-Concrete.— The 
advantages are : 

The materials are easily obtained. It is easy to make. It is very 
durable. The cost of maintenance is practically nil. No painting is 
required. It is impermeable to moisture, but special precautions are 
necessary to resist a head of water. 

Its monolithic character gives great rigidity. 

Its fire-resisting properties are good, and it is a poor conductor of 
heat. 

Some of the disadvantages are : 

Its own weight is a considerable percentage of the load to be carried 
and must always be taken into account in design. Reinforced-concrete 
construction is heavier than steel construction (but lighter than mass 
construction in stone or plain concrete). 

A considerable quantity of timber is required for the forms and false- 
work necessary during erection. 

308. Materials and Manufacture. — The concrete used for reinforced 
work should be of a high quality, carefully prepared from clean and good 
materials. Ordinary Portland or a rapid-hardening cement may be used. 
The coarse aggregate should pass a f-inch mesh and be retained on a 
A-hich mesh. The fine aggregate should pass a -&-inch mesh. The 
aggregate should be well graded, hard and non-porous, and for preference, 
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proportioned by the methods described in § 296. It is common 
practice for ordinary work, however, to use a 1:2:4 mix (1 of 
cement, 2 of sand, and 4 of coarse aggregate, by volume). The mixing 
is done in a concrete-mixer. A moderately wet mix is necessary for 
reinforced-concrete work in order to get the concrete between the 
reinforcement and into the small spaces to be filled. A slump, 
§ 297, of 5 to 6 inches is permitted. The concrete must be deposited 
and well 4 rodded ’ in position before setting commences, otherwise the 
quality of the concrete will be adversely affected. Test cubes should 
be made at intervals to check the strength of the concrete. At joints 
between old and new work, the old work should be cleaned, roughened, 
thoroughly wetted, and coated with 1 : 1 cement mortar before the new 
concrete is deposited. 

Forms . — The forms or moulds are made of timber (sometimes of 
metal) of a size and shape suitable for the finished work. They must be 
of sufficient strength and rigidity 
to support the wet material and 
allow it to be properly tamped, 
and so constructed that they may 
be easily removed when the con- 
crete has hardened. A typical 
arrangement of formwork for a 
slab and beam floor is shown in 
Fig. 419. The interior of the 
forms must be oiled or soaped 
to prevent the concrete adhering 
to the wood. Care must be taken 
that the reinforcement is not 
pushed out of position while the Tig. 419. 

concrete is being placed. Small 

blocks of concrete called bar spacers are employed to hold the bars in 
place and at the correct distance above the forms. 

The Reinforcement . — Round bars of mild steel, of the ordinary quality 
used in structural work and complying with the British Standard 
Specification, are commonly used for reinforcement ; but hard-drawn 
steel wire and high yield-point steels are also employed. The main 
longitudinal members in tension should not be less than § inch diameter, 
and the main longitudinals in columns should not be less than § inch 
diameter. No bar should exceed 2 inches in diameter. All bars should 
be carefully cleaned of rust, loose scale, oil, etc., before being used. 
Unless otherwise effectively secured (see Anchorage , § 317), the ends of 
all tension and shear members should be provided with a hooked end, 
(i) Fig. 420. If a bar be hooked tightly over a main reinforcing bar 
running transversely to it, (ii), it may be regarded as securely anchored. 
An alternative method of anchoring the end is shown at (iii) Fig. 420. 
Square bars and special shapes for reinforcement have been extensively 
employed. These include various patterns of bars with notches and 
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projections intended to increase the bond between the concrete and the 
steel. Such material is usually strain-hardened during the process of 
notching. Wire meshes are largely used for floor slabs, reinforced- 
concrete roads, and in other positions where it is convenient to introduce 
the reinforcement in sheets instead of single bars. 

Cover and Arrangement of Bars . — The cover is the thickness of 


In interior beams 
and not less than 


concrete outside the reinforcement, (iv) Pig. 420. 
and columns this should not be less than 1 inch, 
the diameter of the longitu- 
dinal bar covered. In slabs 
and walls, not less than 

| inch anywhere, and not less 
than the diameter of bar 
covered. The end cover out- 
side a hook, (i) Fig. 420, 
should not be less than 

2 inches, nor less than twice 
the diameter of the bar. The 
space between two bars 

should not be less than 

1 inch (size of coarse aggregate fig. 420 . 

plus \ inch), nor less than 

the diameter of the bars, and the minimum space between two tiers of 
bars should be \ inch. These minimum spaces may be increased with 
advantage. Splices in mild steel tensile reinforcement should be over- 
lapped a distance l = ^ /*///, where cf> is the diameter of the bar, f t the 



tensile stress therein, and // the permitted bond stress. 

309. Working Stresses.— It is now becoming customary to divide 
concrete into grades, depending on the degree of control exercised on 
the works. In the ordinary grade , no rigid control or field tests are called 
for. In high grade concrete, effective field control, field tests for strength, 
and daily slump tests are required. In special cases where, in addition, 
the water content is rigidly controlled, and the aggregate is graded, 
certain specifications propose to base the working stresses on the strength 
obtained in the preliminary tests, subject to specified limitations. 

The permitted working stresses in each grade are usually based on 
the minimum compressive strengths, expected or ascertained, at 
28 days. 


Ordinary Grade. Expected ultimate strength at 28 days in field 
tests : 

1915 L.CJ3. Rides. / = 2,800 — 200V lb./sq. in., where V is the 
added volume of the aggregates, measured separately, per volume of 
cement. 

1934 Proposed British Code of Practice . /= 3,600 - 225V lb./sq. in. 
approx. 
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The Table on p. 608 gives the allowed working stresses in ordinary 
grade 1:2:4 concrete according to different authorities. 

High Grade. Ultimate strength at 28 days, in field tests : 

1934 Proposed British Code of Practice. /= 4,650 — 300V lb./sq. in. 
approx. 


The following rules are laid down by the Ministry of Transport (1931) 
for road bridges : 


Mix. 

lb. : cu. ft. : eu. ft. 

Working 
Stress jf c 

lb./sq. in. 

Modular 

Ratio. 

m 

Crushing Strength of 6 in. cubes. 

Normal Test.* 
lb./sq. in. 

Additional Tesfc.f 
lb./sq. in. 

A : 2 : 4 

5A + 300 

_ 

15A -f 900 

10A + 600 

90 : 2 : 4 

750 

15 

2,250 

1,500 

120 : 2 : 4 

900 

15 

2,700 

1,800 

150 : 2 : 4 

1,050 

12 

3,150 

2,100 

180 : 2 : 4 

1,200 

10 

3,600 

2,400 


* At 28 days, ordinary Portland cement ; at 7 days, rapid-hardening Portland 
cement. 

f At 7 days, ordinary Portland cement ; at 3 days, rapid-hardening Portland 
cement (if required). 

The cement must comply with the current B.S.I. specification for Portland 
cement. Concrete taken from the mixer or from between the forms must consis- 
tently show the specified crushing strength. The cement must be weighed and not 
measured by volume ; 90 lb. of cement = 1 cub. ft. 

Modular Ratio. — L.C.C. (1915), m = 9,000 -r safe/ c ; U.S.A. (1936), m = 
30,000 - 7 - ult. str. at 28 days ; 1934 Code of Practice, m = 40,000 ult. 
str. at 28 days ; assumed value to take account of creep. 

310. Experiments on Reinf orced-CJonerete . — Space considerations 
prevent a detailed account of the experimental work done on reinforced- 
concrete. Summaries will be found in Taylor, Thompson, and Smulski, 8 
and in Morsch. 1 

311. Stresses due to Bending. — The simple theory given in § 38, 
Vol. I, for the stresses in a beam will not apply to a beam of reinforced- 
concrete, composed as it is of two materials with different moduli of 
elasticity. The usual theory for such beams is as follows : It is assumed 
(a) that plane and normal sections of the beam remain plane and normal 
after bending, (6) that the resistance of the concrete to tension is zero, 
(c) that the compressive stress in the concrete is proportional to the strain, 
i.e. that E c , the modulus of elasticity of concrete, is constant over the 
range of working stress, and (d) that the grip or adhesion between the 
concrete and the reinforcement, supplemented by the anchorage of the 
bars, is sufficient to make the two materials act together in resisting 
the straining forces. It is probable that none of these assumptions is, 
strictly speaking, accurate, but the successful design of reinforced- 
concrete structures proves that no serious error results from them. 
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1:2:4 Ordinary Grade Concrete 


Unit : lb./sq. in. 


L.C.C. 

(1915). 


Stress- 


U.S.A.* 

(1936). 

%$ [Stress 


Code of Prac- 
tice (1934). 

%% ' Stress. 


Ultimate Crushing Strength. 
Preliminary Test at 28 days 
Field Test at 28 days . 

Permissible Working Stresses. 

In Beams : 

Compression in extreme fibres . 
Shear, without web reinforcement 
Shear, with web reinforcement . 
Bond or Adhesion, plain bars . 
Ditto, Bars hooked each end 
Ditto, Deformed bars 
Modular Ratio .... 
In Short Columns with lateral 
reinforcement. 

Direct Compression . 

Hooped Columns 


150 3,375 


... 

1,600 

100 

2,000§ 

4.W 

100 

0,0/0 

2,250 

100 

2,400f 



25 

600 

40 

800 

33i 

750 

2£ 

60 

( a ) 2 

40 

3i 

75 

m 

(200) 

(5)6 

120 

(13J) 

(300) 


60 

4 

80 

loon 


100 


100 




15 


15 


18 

25 

600 

15-4 

308 


600 


- . (c) 22 

440 



t +**-* inv 

See Regulations, anti § 321. 


* Proposed Regulations, Amer. Cone. Inst. Proc . vol. 32, p. 407. 
f At 4 months. 

t T* 1 ® same percentages can be used for other mixes and for high-grade concrete. 
|| Shear stress + 25 lb. 

§ Strength of concrete with specified water content ; mix not specified. 

(a) = ordinary anchorage ; if special anchorage take 3 %. 

f)® »> » »» .» « » 12%. 

Special anchorage = every longitudinal bar with standard hook, or made 
continuous with reinforcement for reversed bending. 

(c) On gross area. 


(i) Fig. 421 represents the cross-section of a reinforced-concrete beam 
of breadth b and effective depth d. The effective depth is the distance 
from AB, the outer edge of 
the beam in compression, to 
the centre of area of the ten- 
sile reinforcement, repre- 
sented in the figure by the 
three round bars. 

If NN be the neutral axis, 
that portion of the cross- 
section above NN is in com- 
pression, the portion below 
is in tension, but any tensile 
stress in the concrete below NN is neglected (Assumption b). The beam, 
in effect, is assumed to .consist of the rectangular area ABNN in com- 
pression, and the bars forming the reinforcement in tension. 

If plane no rma l sections remain plane and normal after bending, it 
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follows, exactly as in the ordinary beam, § 38, Vol. I, that the strain at 
any point on the cross-section varies directly as the distance of that point 
from the neutral axis. The strain diagram will therefore be the double 

triangle shown at (ii) Eig. 421, and eq. (1), § 38, Vol. l,- = will hold 

V XV 

for the reinforced-eonerete beam ; / is the stress at any point distant v 
from the neutral axis, E the modulus of elasticity, and R the radius of 
curvature. It follows that the stress in the concrete on the compressive 
side of the beam will vary from zero at the neutral axis to a maximum 

fc at the edge AB, (iii) Fig. 421. If / = f c , where v = v c , ^ E,- 

is the modulus of elasticity of the concrete in compression. Eq. (1), 
quoted above, will likewise apply to the tensile reinforcement, and if ft 

be the stress therein and vt its distance from the neutral axis, — — 5f, 

V% XV 

where E f is the modulus of elasticity of the tensile reinforcement ; vt is 
measured from the neutral axis to the centre of area of the tensile 
reinforcement, and the small variation in the stress in the reinforcement 
is neglected. The equations for fc and ft may be written thus : 

A — _Al — II. (i) 

R E c vc E m * * * 1 


The variation in stress over the cross-section is shown at (iii) Eig. 421. 

Since the stresses on a cross-section are produced by a bending moment, 
and no longitudinal force exists, it follows that the sum of all the forces 
on a cross-section must be zero, exactly as in the case of the ordinary 
beam. That is to say, the total compressive force F c on the cross-section 
is equal in magnitude to the total tensile force on the cross-section. 
Now the compressive force on an elementary strip of width Sv distant v 
from the neutral axis, (i) Fig. 421, is fb . 8v. Hence the total compressive 

f Ve f Ec fc 

force on the cross-section is F c = fb.dv. But- = —-'== ; therefore, 

Jo V It Vc 


Fc = b^- f v.dv 


bfcVc 

v c ) o 2 

The total tensile force on the cross-section is F* = atft, where a* is the 
area of the tensile reinforcement. But since F c = F*, 


bfcVc 


. j ft 2 at 

atfu and v c - . y 


m 


From eq. (1), 


ft 


v c + vt = d , from which 


vt d — v c 


in eq. (2), 


v c 


Vc 


and 


E* . 

- is 

/# 


— m- , where m = is the modular ratio. Also 
E c vc Vc Ec 


m- 


v c 


v c 


2 mat,, ' , vmti 

(d — Vc), and v c = -y- • 




2bd 

mat 


Substituting 


1 - 

I 


an equation which determines the position of the neutral axis. 


( 3 ) 
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t__ retained bv taking moments about 
The moment of resis ance c ^ ^ t ^ e f orce on the elementary 

*■ — — of ‘1^7™ f T 

on the cross-section is l fbv . dv - ^ • dv 3 ’ ° r v v c ' 

, A , , _rLi „ T i„ of the tensile force in the reinforcement 

?T“S£ <■ «*»> *• *• ^ 

Z*Z Mon the cross-section, is the som of these two moments. Hence. 
M== b M + atfm. But from eq. (2), «</* = VW 2 > and n = d-v c . 


Therefore, M — 






where 


: v is called the arm of the moment of resistance of 


the cross-section, see Fig. 428. Eq. (4) also be written 
' = ^(2g + wl = <1-^1 ■ 


M = -§-{2 d + v t } ■- 

O 


3) 


Let the ratio ftjfc = *• Then, from eq. (1), 


fc Ec«c 

But v c + vt = d ; hence 


ft E m _ ...n • ■ ^ k 


: m— : 
v c 


7 1 V t * 

h ; and — = — 
’ v c m 


From eq. (2), 


Vc = * d,«id«--4i > i 
6 m + 4 ™ + k 

md bd 


m 


__ 6/cVc 6 1 

and from eq. (4), 

= 6 ^-^_ ( 3 d T , 

^ 2 j 3 j 6 w -t- A; ( m + ^ . 


m 


- k 
md 


2 k (m + k) 


(5) 


( 6 ) 


(7) 


( 8 ) 


(9) 

1 6 J (to + A) 2 


Ea. (9) is of the same form as the moment of resistance equation for 
an ordinary rectangular beam, except that the stress f c , is multiplie y 
a coefficient depending on the relative properties of the steel “ d con ° r ^ 
For a given beading moment, and given values of f c , m, and &, the value 
of bd 2 can be obtained from it. A suitable section can then ^e chosen. 
The value of d should not be less than *th the span, nor should & be less 
than JWth the span, unless adequate stiffening against lateral bending 
be provided. Knowing b and d, the necessary area of tensile, reinforcement 
is obtained from eq. (8). 1 , +v ,* r 

Theoretically, other things being equal, /. and ^should reach then 
maximum allowable values at the same time. Thus, for a 1.2.4 
Portland cement concrete, and ordinary mild steel reinforcement if 
to = 15, /. - 750 lb./sq. in., and /* = 18,000 lb. /sq. in., the value of k is 
18,000 - 750 = 24. Inserting these values for m and k m eqs. (i), w, 

^ (9) ’ „ c = 0 • 38d ; a, = 0-00801M ; and M = 125 • 7 bd 2 in.-lb. (10) 
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If the same values for the stresses and for k be used, but m be taken 
as 18, 


Vc = Up = 0*43 d ; a t = M/112 = 0*00893 bd ; 
and M = 137 -7M 2 in. -lb 


. (10a) 


Corresponding figures for other stresses and values of m are easily obtained, 
* The area of tensile steel reinforcement is usually expressed as a 
percentage of the area bd, thus, 


percentage of steel == p = 


From eq. (3), 


at = 


bv c fc_ _ bv c ~ 

2 ’ ft ~~ 2 m(d - v c ) 


and the percentage of steel 


P = 


50v c 


which may be written 


md(d ~ v c ) 


Vc = 


pmd I 

100 i V p m 


l/ 2 ~ 

V pm 


+ 1 - 1 !■ 


* (II) 

• ( 12 ) 

- (13) 

. (14) 


In sections where ft and / c reach their maximum allowable values 
simultaneously, the value of at is given by eq. (8), and the percentage of 
steel is 

100a/. 100 m 

p ~ IT " mm 7 T) * * ' (15) 

For a 1 : 2 : 4 Portland cement concrete, m = 15, k — 24, p = 0*801 %, 
or if m = 18. k = 24, p = 0*893 %. 

312. Use of Graphs and Tables. — The application of the above 
formulae is greatly facilitated by the use of graphs and tables. Such 
aids to calculation are to be found in all the standard books on the 
subject. Some useful curves for rectangular beams and slabs, with 
single reinforcement, are given in Fig. 422. From eq. (14), § 311, 


v c p*n f a / 200 

d ” 100 ( V pm 



whence it will be seen that v c jd is a function of m and of p, the percentage 
reinforcement, and can be plotted on a base line representing p ; see 
(i) Fig. 422. From eqs. (5) and (4), § 311, 


M = 




bd 2 

p m 



3i) 



bd? vc 
~2 ' d 


/c{l 



1 

bd? lwr [ 


vc 
3 d 


M_ _ l«c . j. _ *c ) 
bd* 2d ' Jc \ 2d) 


■ ( 2 ) 


whence, 
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Vcjd has been shown to be a function of p and m, so that M/bd 2 is also 
a function of p and m, and may be plotted on the same base line, using 


T<rl 12 ^ 


£«750 rn = 15 


fc-750 


Stress f c 


tr 


Stress^ 


% Reinforcement = 


Fig. 422. 


the values of v c jd just found, (ii). Fig. 422. In these curves, ft = 18,000 
Ib./'sq. in. and/ c ranges from 750 to 1,200 lb./sq. in. as indicated. At points 
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such as Q, both steel and concrete will work at the specified maximum 
stresses ; for lower values of p the concrete will be understressed ; for 
higher values of p the steel will be understressed. For given values of 
M, b, and d, M /bd 2 can be found, and p and v c read from the curves. 
From eq. (11), § 311, at = pbdj 100. Applications will be found in the 
worked examples. 

313. Tee Beams. — In most reinforced-concrete floors the floor beams 
are moulded in one with the slabs forming the floor proper, Fig. 423, the 
whole forming a monolithic construction. In these circumstances it is 
evident that part of the slab will be compressed when the floor beam 
bends, and in consequence, will act as part of the floor beam. For the 
purposes of calculation, therefore, the shape of the floor beam should be 
taken as that shown hatched in (i) Fig. 423. Such a beam is called a 
tee beam , from its outline. It is not possible to determine exactly how 



much of the sectional area of the floor slab should be counted in as 
forming part of the floor beam, but certain empirical rules have been 
laid down which give reasonable results in practice. For example, the 
breadth B of the flange or table of the tee should be taken as not more 
than (a) one-third of the effective span of the tee beam, (b) the distance 
between the centres of the ribs of the tee beams, or (c) twelve times the 
thickness D plus b x the breadth of the rib, whichever be the least. 

When finding the moment of resistance of a tee beam, two cases occur : 
In the first, the neutral axis NN falls above the bottom of the slab, as 
shown at (ii) Fig. 423. The concrete below the neutral axis is in tension 
and is neglected in the analysis. Hence the fact that the beam is shaped 
as shown at (ii) makes no difference to its moment of resistance, and 
the formulae found in § 311 for plain beams are applicable, except that 
B, the width of the table, should be substituted for b. In the second case 
the neutral axis falls below the bottom of the slab, as shown at (iii), and 
the expressions for the plain beam no longer apply, for now the compres- 
sion area is affected, being no longer rectangular. The exact expression 
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for the moment of resistance of the compression area shown in (in) is 
complicated. To obtain an expression suitable for use m practice, 
therefore, it is usual to neglect the small area between the bottom of the 
slab and the neutral axis, and to assume that the compression area is the 
rectangle B x D. The stress on the area neglected is small, and its 
moment about the neutral axis trifling ; the error introduced is negligible. 

In (iii) as in the plain beam, the position of the neutral axis is 
determined by the condition that the total longitudinal force on the cross- 
section is zero. The expression for F c , the total compressive force on 
the cross-section, is identical with that given in § 311 except that the 
lower limit is [i'c — D) instead of zero. Hence 


fc 

/B . dv — B J 

J Vf 


v.dv= ~(2vdD 
2 v c 


1 J.-i/ J*-n 

The tensile force F t -- atft as before. Hence, if F c - 

. D \/c 




BD[ vc 


As in § 311, 


, rv c * 

• V 2 

i*e-D 


B/ c , 3 
! 3^ c 


from which 2 ma t d + BD 2 

Vc 2 (mat + BD) 

which determines the position of the neutral axis. 

The moment of resistance is obtained by taking moments about the 
neutral axis. The moment of the compressive forces about NN is 

[*' fbv u 2 . dv = ~{u c 3 (vc - D) 3 } 

l ’c iu - d 3l ’c 

The moment of the tensile force in the reinforcement is atfm- Hence 
the moment of resistance, which is equal to the bending moment on the 
cross-section, is 

M = ??/?{3vc 2 - 3i? c D + D 2 } + atfm . . .. (3) 

oVc 

But, from eq. (1), atft = BD^Vc — 9 '^^’’ an< ^ v t = d — v c . Hence, 

M ® {3u c 2 - 3v c D + D 2 } + BD^c - - «e) 

=.??.£ {<M - 3v c D - SDi + 2D 2 } 

6 Vc 

= ?? .^{Bd(2v c - D) - D(3«c - 2D)} 

O Vc 


3» c D + D 2 } + atfm . 

D \f c - , 

2 J“. and^ = d-u, 


Hence, 


1 {%vd - 3r c D - 3Drf + 2D 2 } 

: {M(2v c - D) - D(3u c - 2D)} 


( 4 ) 
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If, from eq. (1), 


reduces to 


■(-5) 


RDf 

pv be substituted for in eq. (3), this 


„ f _ D Zvc - 2Dt 
M » atft\d — — “ 


3 2r c - D ) 

If m -= Ei/Ec ; and & — ftifc as before, eq. (1) reduces to 


BD ( D m ~ Ic) 

at -= — * 1 — -J — 

A: I d 2m j 


and eq. (4) to 


BD 

u = -rfc 


_ & D 2 ra -f £ ■ 

6 (d - D) - 3-D -f 2 - 3 - 

m a m } 


. (*) 

- (6) 

. (?) 


For the values of h when the stresses in concrete and steel both reach 
their maximum value at the same time, see § 311. 

The above expressions are awkward to apply without the aid of graphs, 
and it is often assumed, as a first approximation, that F c acts at the 
centre of area of the area BD, and F { at the centre of area of the rein- 
forcement. The arm of the couple resisting the bending moment is then 

V = (d-?) and 

l 9, I ^ 

M = at ftld-~) (8) 




From this equation the. area a* for a given depth d is at once determined. 
Knowing d and a u the value of v c should be found from eq. (2), and hence 
the value of fc checked from eq. (3). Better still, the values of fc and ft 
can be obtained by the methods of § 315 (see p. 634). 

314. Beams with Double Reinforcement.— When it is desired to 
reduce the depth of a reinforced-concrete beam to a minimum, reinforce- 
ment is introduced on the 
compression side, as shown 
at (i) Fig. 424. To balance 
the resulting increase in 
compressive resistance, a 
larger area of tensile rein- 
forcement is provided, and 
for a given bending moment 
a shallower beam can be 
used. This is not usually an 
economical proceeding, for 

the steel in compression works under disadvantageous conditions. 

The method of finding the moment of resistance of the beam is similar 
to that of § 311, but the resistance of the steel in compression must be 
taken into account. Let ac be the area of this steel, and fc the stress 
therein. Then / c ' = Ex strain in the elementary strip of which a>c 
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forms a part. The strain at the top edge of the beam is /c/E c ; at a 

distance g below it is This is the strain in both steel and 

concrete ; for steel, E = Ej ; and/e = E; . gr ~ m /c V( _ > w ere 

m — E t /E c . The total force in the compressive steel is, therefore, 
ac'fc = mfflc'/c— — A correction is necessary in that the steel 

displaces an equal area of concrete in which the stress is /c(«c - g) fa 
and the force is affcfa - g)fa. Hence the net increase in compressive 
force due to the compressive steel is (m - 1 )a c fcfa fa fa- 
compressive force on the area bv 0 of concrete in compression is twq/c/2 
(see § 311), and the total compressive force on the cross-section is 

F = tfcvc + _ i) ac 'f c Vc ~ 1. The tensile force on the cross-section 

2 

is F t = atft, and since F c = F$, 

b !p + (m - Ifa'fc^ 1 = atft (D 

2 


From eq. (1), § 311, | v *° whenoe 


** = - v c ) - 2(W , I)aC -Vc - 9) 


2mat, 

T 


( 2 ) 


The moment of resistance can be obtained by taking moments about 
the neutral axis. The moment of the forces on the compressive side of 
the section is 


bf c vc „ 2t’ C 
~~9~~ 3 t_ 


(m — l)a,cfc V - G 


X (»c - 9) 


and on the tension side is atftvt- Hence the moment of resistance is 
M + (m - l)acfc Vc ~ ^ + atftvt- 


Inserting the value of atft from eq. (1), and putting = d - v c , 

M = \"°^\d - V A + (m- Dafa^d - <7)l/c (3) 

Knowing the dim ensions of the beam and the size of the reinforcement, 
vc can be obtained from eq. (2), and, for a given value of /c, M from eq. (3) ; 
the corresponding value of ft is ft = mfcVt/vc, eq. (1), § 311. The reverse 
operation, given the bending moment to find the dimensions of the beam, 
in the absence of graphs, is tedious. In cases where v c is not very different 
from 3 ( 7 , simplification without great error can be effected by assuming 
that the force on the compressive reinforcement acts at the centre of 
pressure of the compressive side of the beam, i.e. that g = Vcl 3. The 
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arm of the couple resisting the bending moment will then be V = d — r c ./3, 
as in a singly reinforced beam. If then a singly reinforced beam of the 
required depth and width be taken, in which f c and ft both attain their 
maximum values, p. 610, and a compressive reinforcement etc be inserted, 
and also the area of the tensile reinforcement be increased so that the 
neutral axis is not moved, v c will be the same in the two cases and the 
ratio k — ft Ifc will be unaltered. From § 311 the safe bending moment 
on the singly reinforced beam can be calculated ; if the doubly 
reinforced beam has to carry a bending moment M, the difference (M ~ M x ) 
must be carried by the extra reinforcement. The arm of the couple 
(d — vc/3) is known from the singly reinforced section, hence the force 
to be carried by the compressive reinforcement is 


M-Mi 

d — vc/3 


- ctefe - (m - 1 )a c 'fc 


vc- g 


Vc 


2, 

3 m 


1 )®c'fc 


(see above), from which af is found. The required increase at in the 

M — M 

area of the tension steel is given by ^ = at ft ; this area at', added 

to the tension area of the singly reinforced beam, gives the area at of 
the doubly reinforced member. 

Example.— A 12" x 6", d = 10-6 in., 1:2: 4 mix, P.C. r.-c. beam, 
m = 18, doubly reinforced, has to carry a bending moment of 140,000 in.- 
lb. Find the necessary areas of tensile and compressive steel. From 
eq. (10a), § 311, for a singly reinforced beam of these dimensions, M x — 
137 *7M 2 — 137*7 x 6 x 10*6 2 = 92,850 in.-lb. ; t? c - 3i/7 - 3 xl0*6/7 « 
4*54; d — vc/B = 10*6 — 1*51 = 9-09 ; at = M/112 = 10-6 X 6/112 = 

47 1^0 x 3 

0-568. M -M,- 140,000 - 92,850 - 47,150 x 2 X 17 X 750 


-«•“* “ d “‘ 9 -M , xT8,000 + 0 - 568 °' 86 

All the necessary details of the cross-section are thus determined. 
The actual stresses in the materials should then be checked by the 
methods of § 315, with the compres.sive reinforcements in their proper 
place. 

An exactly similar procedure can be adopted in the case of tee beams 
with double reinforcement, but as in § 313, when the neutral axis falls 

below the slab, the arm V may 

as a first approximation. 

315. Moment of Inertia and Section Modulus of Reinforeed-Concrete 
Beam. — As shown in § 40, Vol. I, the moment of resistance of the forces 

E 

on a cross-section of a beam is the integral of the expression . 8t> 

xv 


be taken as 


(d — — ) instead of ^d — , 


summed from top to bottom of the beam, i.e. it is equal to the integral 
r»i E . 

1 —bv 2 .dv. When E is constant, this reduces to El /R = M, the well-known 

J — 
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formula. If E be not constant, the integral becomes M = ~ l Ebv 2 . dv. 

R J — ^ 

In a reinforced- c oncrete beam, let E = mEc, where w is a coefficient 
depending on the material ; m = 1 for concrete, and m = E$/Ec for the 

1 r«< E C P* 

tensile reinforcement. Then M = ^ j m'Ecbv 2 . <2#= — J mbv 2 .dv, the 
limits v 0 and vt, which replace v l and v 2 , signifying that the integration 

f 

is carried over the whole cross-section. Let I mbv 2 . dv = !<;. Then the 

J t*i 


equation becomes 

M _ Ec _ fc ... 

I c ~ R “ Vo ' ' ‘ ' ' 

1 f 

for from eq. (1), § 311, ^ Now eq. (1) above is identical in 

form with eq. (1) of § 40, Vol. I. It follows that Ic can be regarded as 
the equivalent in a reinforced-concrete beam of the moment of inertia I 
in an ordinary beam, and may therefore be termed the moment of inertia 
of the reinforced-concrete beam. Also, from eq. (1), 



. (2) 


analogous to eq. (2) of § 40, Vol. I ; and if Icjvc = Zc, Z c is the section 
modulus of the beam on the concrete side, and 

M = fcZc • • • • . (3) 

In a layer of concrete distant v from the neutral axis, the stress would 
be f c — Mv/Ic. The stress in a similarly situated steel bar would be 
m times this, where m = E//Ee. Hence the stress in a steel bar distant v 
from the neutral axis is / = Mmvflc. This applies to steel in tension 
or in compression. For the tensile reinforcement, f ~ ft and v = vt ; 
hence, 

, M 

ft = T mvt (4) 

or>ifZi= 4’ M=/iZ< (5) 

If, as in Fig. 435, there be two (or more) layers of tensile steel, vt and ft 
in eqs. (4) and (5) have reference to the lower layer. In such cases the 
total tensile force on the cross-section F$ = E atfu in which expression 
the appropriate values of at and ft for each layer must be inserted. Then 
since M = F^V, the arm 


V = M/S atft = Ic/wS am . . . . (6) 


For the compressive reinforcement, v = v c — g, Fig. 424, and / = fc- 
Hence 


fc ** M m{v c ~ g)llc . . . . . (7) 



REINFORCED-CONCRETE <319 

where g is the distance of the compressive reinforcement from the top of 
the beam. 

Now just as I in an ordinary beam can be determined by a tabular 
method of calculation, § 48, Vol. I ; by the same method of tabular 
calculation Ic can be determined, except that each area in the calculation 
for Ic must be multiplied by the appropriate value of m> for the integral 
for Ic includes the factor m , which the integral for I does not. The process 
is exactly similar to that for an unsymmetrical section, Vol. I, p. 82, and 
need not be further elaborated. A typical calculation for the section 
given in Fig. 424 is set forth below. For convenience, moments are taken 
about the top of the beam. The value of m for concrete is 1 ; that for 
steel in tension is Ef/Ec, taken in the Table as 15 ; that for steel in com- 
pression less the replaced concrete is (Et/Ec — 1) = 14 in the Table 
(cf. | 314). 


Moment op Inertia of Cross-Section with Double Reinforcement, (i) Fro. 424. 


Part. 

a ' 

m 

ma' 

h' 

ma'h' 

ma'(h /}* 

ml' 

Concrete in compres- \ 
sion . . .5 

bv c 

1 

bv c 

v c 

2 

bv c 2 

2 

bv d 3 

4 

bv c * 

12 

Steel in compression . 

a c ' 

14 

14 a c ' 

9 

14 a c 'g 

Ua c y 


Steel in tension 

a t 

15 

1 bat 

d 

1 5atd 

15atd 3 


i 



2 ma' 


2 ma'h' 

E ma'(h')‘ 

2 ml' 


v c = -v, 


2 mail' 

2 met' 


vt = (d v c ) 
M 


Z c = “ 

Vc 


Tma'{h') 2 -f Era'I — 
Ic 


(Tmah') 

Tima' 


and 


The arm V 


mam 
£ M M 

A - % - E :"*• 


; since, from eq. (5), 


The determination of vc involves the solution of a 
quadratic equation, 

t?c(£ ma') = 2 mail' . . . (8) 


mvt 



T‘ 

'/ 7 » + 
<K 

II 

tO 



Vj 

CM 



I 

1 


Jl 


— 12“ H 



Unless suitable graphs are available, the above 
is one of the quickest methods of finding the 
stresses in any r.-c. beam, excepting a plain rect- Fio. 425. 

angular section with single reinforcement. 

Worked Example . — To find the safe bending moment on the section 
dimensioned in Fig. 425 when ft = 18,000, fc = 750 Ib./sq. in., and 
m — 18. Take moments about the top of the beam. 
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Part.. 

a f 

m 

ma' 

hf 

ma'h' 

ma'(h') 2 

mV 

Concrete in com- 








pression 

1 2v c 

1 

nv c 

M 2 

6w e 2 

3 r, a 

v e 3 

Steel in compres- 




1*44 j 

44*1 

63*5 


sion 

1*8 

17 

30*6 


Steel in tension . 

2*4 

18 

43*2 

22*56 j 

974*6 

21,987*0 





73-8 + 12« f 

I 

I 

1018-7 + By/ 

22,050* 5 + 3v/ 

V- 


*- wng '- 8;a,; 

Io - 22,050-5 + 3tfc* + 5c* - - 12,510. 


z*« 


12,510 

8-26 

12,510 
18 x 14*3 


1514 ; Safe M = 1514 x 750 = 1,135,500 in.-lb. 

:: 48*60 ; Safe M - 48 *6 x 18,000 = 874,800 in.-lb. 


The latter figure is the safe bending moment on the section. 

The above example, although primarily intended to elucidate the 
method of calculation, serves also to illustrate the ineffectiveness of com- 
pressive steel as a means of increasing the moment of resistance, unless 
balanced by extra tensile steel. The section without the three top 
g-inch bars satisfies eq. (10a), §311 : at = bdj 112 =» 12 x 22*56/112 — 2*42 
sq. in. ; and the safe bending moment is 137 -Ibd 2 = 841,400 in.-lb., or 
only 4 % less than the section of Tig. 425. 

To make this an economical section, at must be increased until 
v c — 3d/7 = 3 x 22*34 + 7 = 9*57 [see eq. (10a), § 311 ; an increased 
cover will be necessary]. The required value of at can be found as 
follows. Take moments about the top of the beam. 


Part. 

a' 

m 

ma' 

K 

ma'h' 

Concrete in compression — 12r c 

114-8 

1 

114*8 

4*79 

549*9 

Steel in compression 

1*8 

17 

30*6 

1*44 

44*1 

Steel in tension 

at 

18 

18a* 

22*34 

402 * 1 at 




145-4+ 


594*0 + 




18 at 

i 

402 • la* 


594*0 + 402*lai „ _ , 0 

vc = ~ | 45 . 4 _|_ = 9*57, whence at == 3*47 sq. m. 


Four lJg- bars will be required, and by the tabular method above, 
safe M = 1,230,400 in.-lb., a 46 % increase. 
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316. Combination of Direct Stress with Bending.— -Many cases occur 
in practice, for example, columns and arched ribs, in which a reinforced- 
concrete member has to resist both direct stress and a bending moment. 
In the following consideration of these conditions, it will be assumed 
that bending takes place about one of the principal axes of the cross- 
section only (uniplanar bending). The general formulae for such com- 
binations of stress are given in Chapter VIII, Vol. I (cf. § 354 of the 
present volume). 

In reinforced-concrete construction it is necessary to dis tinguish 
between members in which the stress on the cross-section is wholly com- 
pressive, and those in which the stress is wholly or partly tensile. 

Case I. Stress Wholly Compressive . — In Fig. 426, suppose that a 
normal force F act on the cross-section at a distance e from the centre 



Fig. 426. 



of resistance C. As in § 354, the effect will- be equivalent to a direct 
compression F producing a uniform strain sa all over the cross-section, 
plus a bending moment Fc. The corresponding diagram of stress in the 
concrete is shown at (iii) Fig. 426 : f a = E c sa is the stress due to the direct 
compression, and/6 the stress due to the bending moment. As in § 321, 
the equivalent area of cross-section, allowing for the different values of 
E, is hd 0 + (m — l)(a c ' + at),* where d 0 is the overall depth of the cross- 
section. The direct stress in the concrete is, therefore, 

F 

= bd 0 + (m - \){a c ' + at) ' ’ ‘ (1) 

The maximum stresses in the concrete due to bending, § 315, at A and 
B respectively, are : 

. M v c F ev c , M., . 

fb ~ Tc~ ~ TT ; ^ = T c ^ d ° “ Vc) = I ^ d ° ~ Vc) 9 (2) 

Ic and v c are found exactly as in § 315, except that the whole area of the 
concrete is counted in; since both at and a c ' are in compression, use 

* These symbols have been retained to correspond with those of f 314, but there 
is no tension anywhere ; the neutral axis lies outside the cross-section, and does 
not coincide with CC. 
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(m - 1) instead of m for both areas (see the worked example below). The 
maximum and minimum stresses in the concrete at A and B respectively 


are : 


max. f c = fa + fb = F i 


ev c ) 


mm 


I ,bd 0 + (m - l)(«c' + at) Ic ' 

. - _ f , _ tJ 1 e(d 0 - we) | 

■Jo = Ja (M 0 + (?» — l)(a c ' + a;) Ic ) 


( 3 ) 

( 4 ) 


The stresses in the steel are : 


t _*i?f 1 , e(r c -gr) 

6 ’ ^ |M 0 + (m - l)(ae' + at) Ic 

r . „( 1 ovt) 

nat, f m + ( TO _ i)( ac ' + a< ) -Ic f 


( 5 ) 

( 6 ) 


TTor&erf Example . — In Fig. 426, h = 12, d 0 = 24, g = 1 • 44, d = 22*56, 
«c' = 2*4, a£ = 1*8, and m = 18. If a force F = 90 tons be applied 10 
inches below the top of the cross-section, find the stresses in the concrete 
and steel. Taking moments about the top of the section, 


Part. 

a ' 

m 

ma' 

h' 

ma'k ' 

ma' (h')* 

mV 

Whole area of the concrete 

288 

1 

288 

12 

3,456 

41,472 

13,824 

Top Steel (a/) 

2-4 

17 

40-8 

1-44 

58*7 

85 


Bottom Steel (at) . . j 

1*8 

17 

30-6 

22*56 

690*3 

15,573 

. 





359*4 


4,205-0 

| 57,130 

13,824 


r o = ~^ = H-7; d 0 -% = 2 4 - 11-7 = 12-3; e= v c - 10 = 11-7-10 

= 1*7 in. 

Ic = 67,130 + 13,824 - = 21,755. 

Then, see eqs. (3), (4), (5), and (6), 


. . , 90 x 2,240 . 90 x 2,240 x 1-7 x 11 -7 __ 

+— 

. , . , 90 x 2,240 90 x 2,240 x 1-7 x 12-3 00 „ 

mm hiljSS -367. 


18 x 90 x 2,240 18 X 90 x 2,240 X 1-7 X 10-26 

tom. coo ill u-c - jrrrr a r nTT*?? 


359-4 


21,755 


■ 13,006. 


Stress in at = 


18 x 90 x 2,240 
359-4 


18 x 90 x 2,240 x 1-7 x 10-86 
12,755 


7,017, 


for ( 110 - 9 -) = 11-7 -1-44 = 10-26; and v t = 22-56 - 11-7 = 10-86. 
Units : lb. ; in. ; lb./sq. in. 
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Validity Limit. — In the limiting case, before tension appears on the 
cross-section, min. f 0 from eq. (4) becomes zero, when 

Ic I(* 

6 ~~ (d 0 — v c ){bd Q + (m — 1) (a c r + at)} [d 0 — v c ) E(ma') ^ om ta ^ e l fl) 

bdp* - 3bd 0 vq (d 0 - v c ) + (m - l){ac'(v c - g) 2 + am 2 } 

3(d 0 — v c ){bd 0 + (m- l)(a c ' + at)} ' ' 

for Ic = bd 0 3 / 3 — bd 0 v c (d 0 — v c ) + (m — l){a c ' (% — g) 2 + am 2 } (9) 

Case II. Stress wholly Tensile . — When F is tensile, and falls between 
the reinforcements, (iv) Fig. 426, the stress on the section is entirely 
tensile. In this case the concrete is neglected altogether, and the distribu- 
tion of stress in the reinforcement is determined by taking moments 
about J or K. 

Case III. When both Tension and Compression occur. — In cases where 
e exceeds the value given by eq. (7), both tension and compression will 



occur, and the above formulae no longer apply. In (i) Fig. 427, let F be 
a compressive force acting on the cross-section at a distance r from the 
top compressive edge. If r be sufficiently great, sb , the strain due to 
bending, will exceed Sa, the strain due to direct compression, (iv), the 
neutral axis NN will fall within the cross-section, and the lower edge of 
the member will be in tension. The distribution of stress on the cross- 
section will be as shown in (ii) . If F c be the total compressive force on the 
cross-section, 

F c = ^ + a c 'fc' = + (m - I) a c 'fc (10) 

and the total tensile force on the cross-section will be F^ = atft (cf. § 314). 
For equilibrium, the difference between Fc and F* must equal F, F c — F^ 
= F ; and the moment of Fc plus that of F* must equal the moment of F 
about any point. Take moments about the line of action of F$, then 
FcV = F((f + r). 
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Erom the first relation, 

F = F c — F* - b -?fi 4- (« - 1) a c 'fc ■ a t ft 

= + ( m - l)fle7c • - - matjc (11) 

for a$ = matfc,d — v c ) lv c (cf. § 314). 

From the second relation, using eq. (11), 

F {d fr) = i + (m 1 ) a c 'fc — — ^ - matfc - — j- (rf + r) 

'6'C 

= F C V = h ^f c \d + (m - 1) ac'fc — * 9 (A - g) 

whence, 

~ (v c + 3 r) = mat (d + r) (i - v c ) - (m — 1) a c ' (g + r) (v c - g) (12) 

To obtain vc, plot graphs of the expressions on each side of the equation 
on a vc base line, using a series of values for v c . The intersection of the 
two curves gives the required value for v c . Knowing v c , the stress f c is 
obtained from eq. (11), and F c from eq. (10). Since 

I* = atft = matfc (d - v c ) /vc ; ft = mf c (d - v c ) Jv c . (13) 

Note that when F acts below the top of the section, r is to be given a 
minus sign. If the section be only singly reinforced, the same equations 
hold, but ac is to be put equal to zero. 

It will be found by trial that when F is a tensile force, (v) Fig. 427, 
the same formulae apply, but r, which still denotes the distance of F from 
the compressive edge of the member, must be given a minus sign. 

Worked Example . — If 6 = 12, d = 22*56, g = 1 *44, ac =2*4, and 
at = 1*8, find the stresses if F = 70,000 lb. (comp.), r = — 6 in., and 
m = 18. Substituting in eq. (12) , 
v c 2 (v c - 18) £lcr>’ 

= 5,918*2- 175*25 vc, t ' 
and v c = 22 * 15 ; whence from i 
eq. (11), I N 

F = 95 • 36, f c = 70,000 lb., and > 

fc = 734 lb./sq. in. From eq. | 

(13), /$ = 0 * 333/c = 245 lb./ ; 
sq. in. 1-* 

317. Shear Stress. — In a plain 
rectangular reinforced-concrete 
beam with single reinforcement, (i) Fig. 428, let M denote the bending 
moment at any section distant x from some origin. From eq. (5), § 311, 
M = atft(d — Vc/3), and therefore the shearing force on the cross-section is 






max 

f 

max 

" S 


£ 

( 1 ) 


(ffij. 


Fig. 428. 
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whence 


d. .. S 
dx ( a tft) - a-ve/Z 


s 

v : 


( 1 ) 


for (a$/$) is the rate of increase in the force in the tensile reinforcement 

CbX 

with respect to x ; that is to say, it is s , the shear per unit of length of § 81, 
VoL I. From eq. (1), s is equal to the total shearing force divided by 
the arm V — (d — vc/B)'. If b be the breadth of the beam in the neigh- 
bourhood of the tensile reinforcement, the shear stress in the concrete 
there is 


f ,f a s A 

fs 'b , v c bV 

d 

3 


m 


Bond Stress . — In a reinforced-concrete beam, if 2 q be the total 
perimeter of the tensile reinforcement, and f 8 the shear stress or adhesion 
per unit o£ area between the concrete and the steel, then (S q x 1 x fa') 
is the increase in the force in the tensile reinforcement per unit of 
length = s . Then 



and the value of f s \ thus calculated, must not exceed the safe bond stress 
given in § 309. Should the reinforcement bars not be all of the same 
diameter, it is necessary to consider the adhesion of the largest bars 
individually. From eq. (3), the necessary perimeter of the tensile re- 
inforcement is 



Anchorage . — If ft be the stress in a bar of diameter <f>, the force in the 
bar is ft. The perimetrical area of a length l is rr^l ; if fs' be the safe 
bond stress, the length l necessary to form an effective anchor is 

i = i^ft + HU = \ftlU ; 

and such a length of straight bar may, in suitable cases, replace a hook. 

Distribution of Shear Stress . — On the compression side, the reinforced- 
concrete beam is in exactly the same condition as a rectangular beam of 
any other material, the compressive stress varying from zero at the neutral 
axis to a maximum at the extreme fibres. The distribution of shear 
stress over this part of the cross-section is found exactly as in § 81, VoL I, 
and the equations there given will apply. Thus eqs. (4) and (5) of that 
article will give s, the shear per unit of length, and f s , the shear stress. 
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respectively, at a point distant v 3 from the neutral axis, (i) Fig. 428. 
For the reinforced-concrete beam these equations become 


O _ c N 2 - v s *)b 

s X = b 2ic 


(5) 


J - 


. S q (vc- 

/s = X 2l c 


■»i) 


( 6 ) 


As in the case of the beam of ordinary material, Fig. 138, Vol. I, 
each of these equations represents a parabola as shown at (ii) and (iii) 
Fig. 428, the maximum ordinates occurring at the neutral axis, where 
« 3 = 0 ; the maximum values are 

S _ S 
V 


ofivc 1 

max.s = S^ = 


d 


max. f s = S ; 


Ve i 

2L; 


vo 

' 3 

S 


( 7 ) 


for, from eq. (2), § 315, and eq. (4), § 311, 

Mv c _ hvc 
___ _ 


Ic = : 


H) 
M) 


J3_ 

bV 


( 8 ) 


These values are the same as those given by eqs. (1) and (2), and it will 
be evident that since the concrete is assumed unable to resist tension, 
the shear stress on the tension side will be the same for all values of v , 
as shown in (ii) and (iii) Kg. 428. These figures represent, therefore, the 
distribution of vertical or horizontal shear over the whole cross-section. 


Korn eq. (7), § 811, v c = — ^—d, and the arm 

m + k 


\_rffl_ w 1 

. = d- 

2m 4- Zk 

/ ( 3 (m '+ k) J 


3 (ra+ k) 


Hence, from eqs. (1), (2), and (4), 

; fs ■■ 


# __ S ( 3(m -f k) 


and 


d [2m + 3 k 


s 


dxf a ' 


S 3(m -b k ) ) 
bd \2m + 3 k 
3 (m + k) 


2m + 3 k 


. l») 


For a beam of 1 : 2 ; 4 Portland cement concrete (see § 311), if m = 18 
and k — 24, 

7S . 7S , v 7S 
8 ~ 6d’ f*~m’ md ^ q ~6df s ' - - ‘ (10) 

the arm V = 6i/7 = 0*857 d. 

Eqs. (1), (2), and (4) hold for either rectangular or tee beams, but for 
tee beams in which the neutral axis falls below the bottom of the slab, 
d — . D/2.) may, as an approximation, be substituted for (d — v c /3) as the 
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value of the arm V. Also, b is to be replaced by b l9 the breadth of the rib. 
It is always necessary to ascertain that the shear stress in the rib does 
not exceed the allowable stress in the concrete. 

More general expressions, applying to any type of beam, can be deduced 

M M 

from eq. (5), § 315 : ft = ~ = T mvt . For a single layer of tensile 

M lc 


steel, citft = Y-matvty&nd 


d 

dx 


(atft) 


dll 

dx 


mam 


S 

■ r mam = 6* 

lc 


( 11 ) 


an equation analogous to eq. (4), § 81, Vol. I. It follows that, in the 
neighbourhood of the tensile reinforcement, 

S % 

fs = gj -mam (12) 

and the requisite perimeter of the tensile reinforcement is 

S 

2 q = jTf-mam (13) 

JS J-c 


When there are two (or more) layers of tensile steel (cf. Fig. 435), 
if at and vt in eqs. (II), (12), and (13) have reference to the lower layer, 
these equations give the values of s, f s , and S q at or for that layer. 
Eqs. (11) and (13) will give s and Eg for the upper layer if at and vt have 
reference to the upper layer. To find max. 5 and max. f$, Fig. 428, 
eqs. (II) and (12) must be written 


max. 5 = T m S am ; max. f s = ry~ra E am 

If " ” ■ 


blc 


(14), (15) 


in which expressions the appropriate values of at and vt for each layer 
must be inserted. 

It is proper to remark that the above theory presumes that the 
stresses in a reinforced-conerete beam are developed in a similar way to 
those in an ordinary solid beam. When bars are bent up to carry part 
of the shearing force, § 318, and so-called ‘truss action’ takes place, 
the conditions approximate rather to those in a lattice girder. 

318. Shear Reinforcement. — If the shear stress f 8 exceed the permis- 
sible value for the concrete employed, it is necessary to introduce 
reinforcement to carry the shear. This takes the form of diagonal 
and/or vertical bars arranged as shown in Fig. 429. These bars are the 
equivalents of the tension members of the web of a lattice girder, the 
concrete itself acting as the compression members. There is little doubt 
that the state of affairs existing in the web is roughly as represented in 
Fig. 429, where the probable lines of diagonal compressive stress in the 
concrete are indicated by the thin parallel lines. It is customary to 
turn up the tensile reinforcement bars, when the reduction in bending 
moment towards the ends of the beam will permit, to form the diagonal 
shear members, (i) and (iii) Fig. 429. The vertical members shown at (ii) 
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and (iv) are called stirrups ; they are introduced especially to resist the 
shear. Stirrups are generally made of round bar, usually smaller in 
diameter than the tensile reinforcement, but not less than J- inch. Typical 
shapes are shown at (v) to (viii) Fig. 429. 

If the shear reinforcement is to develop anything like the permissible 



(i) 





Fig. 429 . 



tensile stress for the steel, the resulting tensile strain in the concrete will 
exceed that which the concrete can safely carry, and it will crack. Its 
resistance to shear proper will then be small, and it is customary to 
neglect it altogether, sufficient reinforcement being provided to carry 
the total shearing force ; but in no case should the value of f s , found 



from eq. (2), §317, exceed four times the permissible shear stress in the 
concrete. 

Safe Shearing Force . — The vertical shearing force which a system of 
diagonals, (i) Fig. 429, will safely carry can be determined from the 
parallelogram of forces in Fig. 430. AB represents the force in the 
diagonal, AD the force in the horizontal branch, the resultant AC is the 
diagonal compression in the concrete. Then GC = AC sin <f> represents 
the vertical shearing force which the system will carry. Let a* be the 
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sum of the areas of the diagonal bars AH, and ft the safe tensile stress 
therein. Then asft is the maximum safe value of either of the forces 
AB or AD.* Two cases may be distinguished. In (i) Fig. 430, AB > AD, 
and </» > (90 — 0/2). Then AB — asft, and if S be the safe vertical 
shearing force, 

S = a s ft sin 9 ...... (1) 

In (ii) Fig. 429, AD > AB, <f> < (90 — 0/2). Then AD — a 8 fu and 
S = a s ft sin 9 sin <f> /sin (0 -f <f>) . . . (2) 

It is simpler to draw the parallelogram. 

In cases like (iii) Fig. 429, the vertical shearing force which each 
system will safely carry should be separately determined, and then added 
together. 

In (ii) Fig. 429, the vertical shearing force is equal to the vertical 
component of the diagonal force in the concrete, which component is 
equal to the tension in a stirrup. Hence, if a 8 be the area of a stirrup, and 
ft the tensile stress in it, the shearing force S is 

S = asft . . . . (3) 

The stirrups are here spaced V = the arm of the resistance moment 
apart, and the diagonal force in the concrete is assumed to be inclined 
at 45°. If an intermediate stirrup be introduced between each existing 
stirrup, as shown at (iv) Fig. 429, this is equivalent to superposing a 
second web system on the first, and the double web system will carry 
a shearing force S of twice the magnitude of the single system ; S = 2a$ft. 
If now n intermediate stirrups be introduced, spaced at a distance 
— V I (n -f 1) apart, the total shearing force which the system will carry 
will be S = (n -f \)a s ft* But (n -f 1) = V Ip, hence 


~ asft ; or, a s ft = 



( 4 ) 


This formula may be written in a different way. {Suppose that at two 
sections of the beam, p apart, the respective bending moments are M x 
and M 2 , and that the corresponding stresses in the tensile reinforcement are 
/i and / 2 . Then 


M 2 

V 


- «tf 2 - atfi sp~ S, 


for (atf 2 — atff) is the increase in the tensile force in a length p. 
from eq. (3), 


a 8 ft ” 



Hence, 
. (5) 


From either eq. (4) or (5) the pitch and area of the stirrups can be found 
(see the worked example, § 319). 

If both stirrups and diagonal bars be provided, Fig. 435, the safe 
shearing force which tHe combination will carry is the addition of the 
safe shearing force on each system. 
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When the beam is continuous over a support, the reinforcement will 
be arranged after the manner shown in Fig. 431, the shearing force being 
carried by diagonal bars and vertical stirrups as before. The diagonal 
bars are carried over the supports to act as the tensile reinforcement at 
the top of the beam, in order to withstand the reversed bending moment 
at the supports. Such beams are often provided with a haunch as 
shown in Fig. 431. Owing to its inclination, the compressive force in 
the haunch helps to resist the shearing action at the ends of the beam. 
If Fc be the compressive force in the haunch, its vertical component 
will be F c sin 8 , which is the shearing force carried by the haunch. The 
inclination 8 should not exceed 30°. 

In designing shear reinforcement the following points should be noted. 
This reinforcement should extend from the tensile reinforcement at least 
to the centre of pressure of the concrete in compression. Stirrups should 
be passed round the tensile reinforcement and hooked over longitudinal 
bars provided for the purpose in the compression area, (vii) Fig. 429, or 



Fig. 431. 


else passed round both the tensile and compressive reinforcement as 
shown in (viii) Fig. 429. This serves the additional purpose of preventing 
the compressive reinforcement from buckling. The ends of diagonal 
reinforcement should be hooked, (i) and (iii) Fig. 429, unless it is carried 
over a support as shown in Fig. 431, or otherwise provided with an effective 
anchorage. To obviate too great a compressive stress on the concrete 
at the bend, the radius of a bar where it is turned up to form the diagonal 
should not be too sharp, say from 4 <f> to 6</>. The distance centre to centre 
of the stirrups should not exceed the arm of the resistance moment. 
They must of course be placed closer together if required to carry the 
shearing force. If in a slab or beam the concrete alone will carry the 
shearing force, the tensile reinforcement should be carried to the ends of 
the beam and, for preference, one-half the bars should be bent up in 
the form of shear resistance. 

319. Design for a Slab and Beam Floor. — As a simple example of 
reinforced-concrete design, the calculations for a warehouse floor to 
carry 200 lb./sq. ft. will be outlined. The arrangement proposed is shown 
in Fig. 433. Beams, spaced 10 ft. centres, and resting on 18-in. brick 
wails, support the floor slabs ; the slab reinforcement runs at right angles 
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to the beams. A granolithic finish, 1 inch thick, applied after the slabs 
have hardened, is to be provided. A 1 : 2 : 4 Portland cement concrete 
will be used, and the normal working stresses of § 309 adopted. 

Design of the Floor Slabs . — The weight per square foot carried by the 
floor slabs is estimated to be : 


Applied load ..... 

5 in. reinforced-concrete at 144 lb. /cub. ft, 
1 in. granolithic finish, at 12 lb./sq. ft. 


200 

60 (assumed) 
12 


Total .... 272 lb./sq. ft. 

A strip of the floor slab, 1 ft. wide, may be regarded as a continuous 
beam resting on the walls at the extreme ends of the building and con- 
tinuous over the floor beams. According to the conventional rules, 
for the intermediate spans the. slab must be designed to carry a bending 
moment of WL/12 at both ends and middle of the span, which moment > 






Beam 

ffi 

Floor Slab 7 I'feraimlitHi^ 




Fig, 433. 


must be increased to WL/10 for the end spans, since the end span is 
merely supported at the extreme end. Dealing with an intermediate 
span, L — 10 ft., 

W - 1 x 10 x 272 = 2720 lb. 

WL/12 = (2720 x 10 x 12) ~ 12 = 27200 in.-lb. 


life = 750 ; ft = 18,000 lb./sq. in. ; and m = 18 ; from eq. (10a), § 311, 
since b = 12 m., 

M « WL/12 = 137 -7M*-= 27,200 

d 2 — 27,200 -r (137*7 x 12), and d = 4*1 in. 

Assuming an overall depth of slab' of 5 in., J in. diameter bars, 
and | in. cover (see § 308), the effective depth will be 4£ in., or slightly 

M 27 200 

deeper than is required, ^ ^ ^ > and from Fig. 422, 

p = 0*812 and Vc = 0*414eZ = 1*76 in. ; whence, from eq. (11), § 311, 


_pbd _ 0*812 x 12 x 4*25 
at ~ 100 _ 100 


= 0 *42 sq. in. per ft. 


It will be found that \ in. diameter bars, spaced 5£ in. centres, will 
give this area. These will be arranged as shown in Fig. 434. To 
carry the reversed bending moment at the ends of the span, the same 
number of bars will be required as at the centre. This is accomplished 
by bending up every alternate bar of the adjacent spans. These bars 
are carried over the supports and about one-quarter the way along the 
adjacent span as shown. In addition, transverse bars, f in. diameter. 
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spaced about 4 d — 17 in. apart, should be provided in the positions 
indicated, to help distribute the load and prevent cracks. 

From eq. (2), § 317, the maximum shear stress in the concrete at the 


ends of the span is 




Taking S - W/2 - 1360 lb., 


12(4*25- 


1 *76/3) 


31 Ib./sq. in., 


which is well within the allowed shear stress of 75 lb. /sq. in. No reinforce- 
ment against shear, therefore, is necessary. 

To carry the increased bending moment WL/10 in the end spans, 
the slab must be made thicker, or the pitch of the reinforcement may be 
reduced. 



Fig. 4*34. 


Design of the Floor Beams . — Assuming that the weight of the ribs 
of these beams is 120 lb./ft., the total load per ft. on a beam (at 10 ft. 
spacing) is 


10 x 1 x 272 -f 120 = 2840 lb. 


The clear width between the walls is 16 ft., hence the load on the beam 
is 16 x 2840 — 45,440 lb., and the maximum shearing force is 22,720 lb. 
Assuming that the beams are carried 13| in. into the brick wall at 
each end, the actual span is 12 x 16 4* 13J =* 205| in. The bending 
moment at the centre of the span is 


45,440 x 205| 45,440 x 16 x 12 


1,243,920 in.-lb. 


The shearing-force and bending-moment diagrams are shown in Fig. 
435. From the rules given in § 313, the width of slab which may be 
counted in as forming part of this T beam is 

12D 4- — 60 4- 8 == 68 in. 

Using eq. (10a), § 31 1, as a first approximation, M = 137 • Ibd 2 = 1,243,920, 
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where b = 68, hence d — 11*6 in. ; also at = M/112 = 7*04 sq. in. 
Eight lx£ bars would be required. Although this is a possible section, a 
much more practical design will be obtained by increasing the depth. 



1 243 Q20 

Try V = 16 inches. Then at = — 45 - 7^ 7, = 4*4 sq. n. Either 8 bars 

10 X lOjOOU 

| in. diameter, or 6 bars 1 in. diameter, would be suitable. Choosing 
the latter alternative, try the section shown in Fig. 435. From eq. (2), 
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§ 317, the shear stress in the rib of the beam is f a = Sjb^V, which must in 
no circumstances exceed 4 x 75 = 300 lb./sq. in. Hence b v the width 
of the rib, must be at least 


K 


22,720 
16 x 300 


= 4-8 in. 


From eq. (4), § 317, if// be limited to 2 x 100 lb./sq. in., 

^ S 22,720 _ „ , 

X 3 : V/ S '~16x2x 100 

If the three bottom bars are carried to the ends of the beam, their peri- 
meter is 9-42 in., so that the proposed section is quite suitable in these 
two respects. A breadth of 8 in. is sufficient to contain the bars and 
give the prescribed clearances. 

The moment of resistance of the cross-section is calculated as follows : 
Since the neutral axis falls below the slab, the whole depth D will be 
counted in as forming the compression area. Take moments about the 
top of the beam. 


Part. 

a ' 

m 

ma' 

h' 

mah' 



ma'(h') 2 

... __ 

mV 

Concrete in compression, 
68 X 5 . 

340 

1 

340-0 

H 

850-0 

2,125*0 

12,166*9 

708*4 

Steel in tension (upper) 

2-34 

18 

42-1 

17 

715-7 

— 

Steel in tension (lower) 

2*34 

18 

42-1 

18£ 

778-8 

14,407*8 

— 




424*2 


2,344*5 

28,699-7 

708*4 


2344*5 
Vc 424-2 


5-53 


vt= 18-5 - 5-53 = 12-97 


I c = 28,699-7 + 708-4 - (2344 -5* ~ 424-2) = 16,450 
16 450 

To - — TW"? v 7 = 70 • 46 ; Safe M * = ftZt = 18,000 x 70*46 - 1,268,200 
lo x iz*y7 . -it 

m.-lb., 

which is sufficient. After turning up one of the upper layer of bars, 
safe M = 997,200 in.-lb., and when all three bars of the upper layer are 
turned up, safe M = 719,910 in.-lb. ; v c = 4-21, and V = 17*1 in., which 
is satisfactory. Lines representing these moments are plotted on the 
bending-moment diagram, Fig. 435, and determine the positions of the 
turning-up points. 

From eq. (15), § 317, if the maximum shearing stress in the concrete 
be limited to 75 lb./sq. in., the safe shearing force near the centre of the 
beam, without shear reinforcement, is 


g__ W* 

m S am 


8 x 16,450 x 75 

18 (2 - 34 x 12 *97+ 2* 34,.x 11* 47) 


« 9590 lb. 
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The approximate value of V for the central cross-section is (mean d — v c j3) 
= 17-75 - 5*53/3 = 15-91 in. Hence, from eq. (2), § 297, 

S = b x Yf s = 8 x 15-91 x 75 = 9550 lb., 
which checks the above figure. 

The horizontal line representing this shearing force cuts the S.F. 
diagram at the point 1, which is 3 ft. 5 in. from the centre. Over the 
middle 6 ft. 10 in. of the beam, therefore, the stirrups can be spaced at 
their maximum pitch = V, say about 16 in. apart. One bar of the top 
layer of reinforcement can be bent up at 45° at the point 2, which is 5 ft. 
from the centre, and the other two bars at the point 3, which is 6 ft. 9 in. 
from the centre. It will be seen from the B.M. diagram that points 12 
and 13 are well outside the curve ; and, from the elevation, that the arrange- 
ment forms a suitable truss. Applying the test of Fig. 430, it will be 
found that it is safe to stress the turned-up bars to 18,000 lb./sq. in. 
Hence from eq. (1), § 318, the shearing force one bar will carry (area of 
bar 0*78 sq. in., 9 = 45°) is 

S - asft sin 0 = 0-78 x 18,000 x 0-707 = 9930 lb., 

represented in the S.F. diagram by the area 2.6 ; and, where two bars 
turn up, twice this value, represented by the area 3.8. The shearing 
force which must be carried by the stirrups is indicated by the shaded 
area. From eq. (4), § 318, f in. diameter stirrups with two verticals 
(area 2 x 0*11 sq. in.), p inches apart, will carry a shearing force of 


s = -arft = x 0-22 x 18,000 = 6 -^ lb. 
V V V 


A convenient arrangement of stirrups is shown in Fig, 435. At 8| in. 
pitch a two-branch stirrup will carry a shearing force of 63,010 -~ 8 \ = 7,413 
lb., so that if the stirrup at 2.5 is assumed to carry the whole shearing 
force of 14,200 lb., a double (four-branch) stirrup must be used. At 
in. pitch a two-branch stirrup will carry 8,400 lb., and a four-branch 
stirrup will also be necessary at 6.7. 

320. Design for a R.-C. Retaining Wall. — The wall is to support a 
bank of earth sloping upward with a gradient of 1 : 2 from the top of the 
wall, which is 25 feet above ground level. The earth weighs 100 lb. /cub. 
ft., and its natural slope is 35°. The soil on which the foundations rest 
is capable of carrying a pressure of 2 tons/sq. ft. A 1 : 2 : 4 Portland 
cement concrete will be used, and the following working stresses adopted : 
fc = 750 lb./sq. in. ; ft — 18,000 lb./sq. in. 

1. Proportions . — The foundations will be carried down 4 ft. below 
the ground level on account of frost, so that the total height of the wall 
will be 25 -f 4 = 29 ft. For a wall of this height a counterfort design 
will be the most economical. The width of the base will be taken as 
0*6 of the height of the wall, 29 x 0-6 = 17 ft., and the vertical face will 
be set back 0-3 of the width of the base, 0*3 x 17 = 5 ft. These are 
normal proportions for such a wall. The proposed outline will then be as 
shown in Fig. 436. 
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2. Earth Pressure . — The pressure on the back of the wall will be found 
from the Rankine theory given in § 325. In this example, tan a =1/2; 
a = 26° 34" ; <f> = 35° ; and from eq. (3), § 325, or from the construction 

w 

given in Fig. 447,^ = 0*427, and p' = 0-427u& cos a = 0-427 x 100 

x 0-894& == 38*2 h lb./sq. ft., where h is the depth below the surface. 

This is the pressure parallel to the sloping upper surface. The 
corresponding pressure normal to the back of the wall is 
p' cos a = 38*2 x 0-894A- = 34*2 h lb./sq. ft. 

3. Vertical Wall . — Suppose the counterforts to be placed L ft. centre 
to centre, and consider a strip of the vertical wall as a beam spanning 
from counterfort to counterfort. If the strip be 1 ft. wide and h ft. 
below the top of the wall, the load on it will be 

W = L x 1 x 34 -2h = 34 * 2Lh lb. 


Since the strip is continuous over many spans, it may be regarded as a 
continuous beam, when the maximum bending moment anywhere will 
be WL/12. For end bays, or where, due to expansion joints or other- 
wise, the continuity is lost, the maximum bending moment must be taken 
as WL/10, or else properly determined. For the normal bays, 


WL_34-2Mx 12L 
12 12 


34 • 2L 2 & in.-lb. 


Suppose that at a point just above the toe, where h = 25*7 ft., both steel 
and concrete work at their maximum permitted stresses. Then, for 
single reinforcement, from eq. (10a), § 311, if m— 18, M= 137-7M 2 , 
where in this case b = 12 inches. Hence, 


34 2L 2 x 25*7 = 137*7 x 12 x d * ; and L = 1*37<Z. 


For a wall of the dimensions under consideration, the spacing of the 
counterforts would range from 8 to 10 ft., and the total thickness of 
the wall would normally not be less than 10 in. When an ordinary 
1:2:4 concrete is used, it is customary in structures like retaining walls, 
which are continuously exposed to wet, to allow a thicker cover for the 
reinforcement than is usual in buildings ; say 1^ to 2 in. in a case 
like the present. For a wall 10 in. thick, therefore, d might be taken 
as 8 in., when L = 8 x 1*37 = 10*9 ft. Alternatively, if L= 10 ft., 
d = 7*3 in., not a very different value. As a practical compromise, a 
thickness of 10 in., with a spacing of counterforts of 10 ft., will be 
adopted ; the wall will be kept of uniform thickness top to bottom, i.e, 
not less than 10 in., but the steel bars will be spaced out towards the 
top, as the load and bending moment fall off. Assume f in. diameter as 
the size of the reinforcement, area 0*307 sq. in., and let p be the required 
pitch of the bars at any point y ft. from the top. Then the area of the 
steel per 12 in. of depth is 0*307 x 12 ~ p = 3*684/p. Allowing 
1 \ in. of cover for the f in. bars, the value of d will be (10 — 1£ — -&) 
— 8*18 in. ; bd = 12 x 8*18, and the percentage reinforcement will be 
p * (100 x 3*684) ^ (12 x 8*18 x p) = 3-753/p, 
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p 

5 

6 

8 

10 

p 

0*751 

0*626 

0*469 

0*375 

M 

bd z 

117*2 

98*5 

75*1 

60*7 

M _ 

94,120 

79,090 

60,300 

48,730 


The third line in this Table is obtained from Dig. 422, using the value of p 
in the second line, or may be calculated from eqs, (I) and (2), § 312. 
The value of M in the fourth line follows from the known values of b } d 
and ft : b = 12 ; d = 8* 18 ; ft = 18,000 lb./sq. in. The proper arrange- 
ment of bars may be determined graphically, (i) Fig. 436. The bending 
moment M = 34*2 Uh = 3,420^ in.-lb. ; this is represented by a triangle, 

. the ordinate of which at h = 25 * 7 ft. is 87,900 in.-lb. If the safe bending 
moment for each different pitch of bars, from the Table above, be plotted 
on this diagram, the necessary extent of each pitch is evident, and the 
bars can be arranged accordingly. Since the pressure is on the back of 
the wall, the face of the wall will be in tension near the centre of the span, 
and in compression opposite the counterforts. The bars should therefore 
be bent as shown in (iii) Fig. 436. To obviate bending the bars, the main 
reinforcement is sometimes run right through at the face of the wall, and 
a second set of longitudinal bars is provided at the counterforts to carry 
the tensile stress there, (v) Fig. 436. 

The counterforts will be made 14 in. wide (see below). Hence the 
maximum shearing force on a vertical strip of wall, 1 ft. wide, just above 
the toe, is 

i x 34*2 (L- 1 - 16) A = £ x 34*2(10 - 1*16)25*7 = 3890 lb. 

The allowable shear stress on a 1 : 2 : 4 concrete is 75 lb./sq. in., and the 
actual shear stress given by eq. (2), § 317, is 


S 3890 

Js ~ b(d - »c/3) ~ 12(8-18 - 0-134 xTl8j = 45 ' 8 lb ’/ s< 1- “• 

for, from Fig. 422, when p = 0 • 751, v c = 0 • 402 d. No shear reinforcement, 
therefore, is required, for the stress gets smaller higher up the wall. 
Had the allowable shear stress been exceeded, it would have been more 
economical to thicken the wall than to introduce stirrups. The thickness 
could then have been reduced higher up the wall as the stress falls off. 

4. Pressure on the Pose.— In order to design the base of the wall, and 
the counterforts, it is first necessary to estimate the pressure on the 
bottom and top of the base. The weight and centre of gravity of the 
wall proper, per foot of length, is calculated as follows, moments being 
taken about the front of the toe T. 
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The weight of the superincumbent earth, UY, (i) Pig. 436, on the 
base is 29,750 lb. ; its C. of G. lies 11-61 ft. from the front of the toe T. 

The total earth pressure on the surface XZ, (i) Fig. 436 [of. ecp (2), 
§ 327], is 


?'=U' 

Jo 


dh=* 38*2 


h 38 ’2 

h . dh = — - — x (34 *6) 2 = 22,870 lb., 
o * 


since p’ = 38*2A Ib./sq. ft,, and H = 34*6 ft. The horizontal component 
of P' = P' cos 26° 34' = 20,460 lb. The vertical component of P' = P' 
sin 26° 34' = 10,230 lb. The horizontal component acts 34-6 -r 3 
= 11 *53 ft. up from Z ; the vertical component acts through Z. Taking 
moments about T, 



lb. 

ft. 

ft. -lb. 

Wall 

10,310 

7*48 

77,120 

Earth 

29,750 

11*61 

345,400 


40,060 

10*54 

422,520 

Vertical Component j 
of Earth Pressure J 

■ 10,230 

17*0 

173,910 


50,290 


596,430 


Less moment of horizontal component of 

earth pressure, 20,460 X 11*53 . . : =235,900 


Total moment about T 


The resultant cuts the base line at 


360,530 

50,290 


. = 360,530 
7* 17 ft. from T. 


This point lies well within the middle third of the base. The graphical 
confirmation of this calculation is given in (i) Pig. 436. 

‘ Factor of Safety 5 against overturning — oqk’qaa — 2*53. 

17 

Eccentricity = e = — 7 • 17 == 1 • 33 ft. 

From eqs. (3) and (4), § 354, the maximum and minimum pressures 
on the underside of the base (max. allowable = 2 tons/sq. ft.) are 






50,290 ( 1 , 6 x 1*33 
EHTii^-TT- 


Pmax. = 4350 lb./sq. ft. ; pmin. = 1570 lb./sq. ft. 


The variation in pressure is shown by the figure tmnz, (iv) Fig. 436. 

The pressure acting downward on the base slab is made up of three 
parts : (i) its own weight ; (ii) the weight of the superincumbent earth ; 
(iii) the vertical component of the pressure p' acting on the top of the 
slab. The slab is 18 in. thick, hence its own weight is 18 x 144 12 = 

220 lb./sq. ft. The depth of the earth at Q is 27 *5 ft., it weighs 100 Ib./cub. 
ft., hence the pressure on the slab is 2750 lb./sq. ft. At Y the depth is 
33*1 ft., hence the pressure is 3310 lb./sq. ft. The vertical component 
of the pressure p' is 38*2&(sin 26° 34'). At Q, h = 27*5 ft. and the 
vertical component = 470 lb./sq. ft. ; at Y, h — 33*1 ft. and the vertical 
component = 570 lb./sq. ft. These -pressures are also plotted in (iv) 
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~ ino . +w sum at Q is 220 + 2750 + 470 = 3440 lb./sq. ft. ; and 
Sy ta 220 + 3310 + 520 - «00 lb./sq. ft. The difference between the 
upward and downward pressure on the bare slab „ represented by ft, 
shaded figure in (ft), and reaches a reammum of 2530 lb./sq. ft. at Y. 

The slab must be designed to earry this load. 

5 Base Slab. -The thickness of this slab has been assumed to be 
ifi ■ ' The shear stress in the concrete will usually be the determining 
lie;' MclaTstriP 1 ft. Wide at ft, edge Y of the slab, where 
the load is 2530 lb°/sq. ft-, ‘he maximum shearrng force on the stop as 

£ x 2530(10 — 1-16) = 11,180 lb. 

Assuming that « e = 0-43d, and that the lever arm V = 0 86d ; from 
eq (2), § 317, if the shear stress is not to exceed 75 lb./sq. in., 

11,180 


<f = 


12 x 0-86 x 75 


14-5 in. 


An overall depth of 18 in. as assumed will be ample. 

The total load on the above strip, considering it as a continuous beam 
of 10 ft. span, is 10 x 1 X 2530 = 25,300 lb. ; and the maximum bending 

moment, WL/12, is 

25,300 x 10 x 12 


whence. 


M = 

bd 2 


12 

253,000 
12 x (16*0) 2 


253,000 in.-lb. 


82-4 


for d may be taken as 16 • 0 in. From Eig. 422, p = 0-522 % ; whence 


at = 


p bd _ 0-522 x 12 x 16-0 = j. 01 ^ foot . 

i r\r\ x x 


inn 


100 


Bars i \n diameter (area 0-442 sq. in.) at 5 in. pitch will provide 
this area ; as shown in Eig. 436, this pitch may be increased to 12 m. 
as the pressure falls off towards Q. A diagram similar to that for the 
vertical wall (i) will serve to fix the proper spacing. As the bottom of the 
slab near the centre of the span will be in tension, and opposite the 
counterforts will be in compression, the bars should be bent as shown 
in (ii) Eig. 436. Alternatively, a second set of reinforcement might be 
provided at the counterforts, as indicated in (v) Fig. 436. 

6. Counterforts . — These may be regarded as cantilevers projecting 
27-5 feet above the base slab, and supporting an area 10 x 27-5 sq. ft. 
of vertical wall against the horizontal component of the earth pressure, 
viz v' cos a = 34-2 h lb./sq. ft. The total horizontal pressure on this 
area is F cos a = fc>'H* cos a = \ x 34-2 x 27 -5* x 10 = 129,320 lb. 
This force acts at a point 9-17 ft. (£ the way up) above the base plate. 
The moment it produces is resisted by a tee beam, shown in (iii) Eig. 436. 
The arm of the resistance moment at the base, measured at right angles 
to the reinforcement [see (i) Eig. 416], is approximately 10-4 ft. Hence 
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the force in the tensile reinforcement is F = (129,320 x 9*17) ~ 10*4 lb., 
and at 18,000 lb./sq. in. the area required is 


at 


129,320 x 9*17 
10*4 x 18,000 


6*34 sq. in. 


Six lj-in. diameter bars, giving an area of 7*32 sq. in., will be required, 
arranged in two layers, 4 in the outer and 2 in the inner layer. The 
points to which the bars must extend can be determined from the 
bending-moment diagram, (i) Fig, 437, a cubic parabola, maximum 
ordinate 129,320 x 9*17 = 1,185,860 f t./lb. If Fy = F cos (ii) Fig. 437, be 
the vertical component of the force 
in the tensile reinforcement, the 
bending moment at any horizon- 
tal sectidn is Fy h, where h is the 
horizontal arm of the resistance 
moment (cf. § 180). Plot a dia- 
gram showing Fy = M /h at every 
cross-section, (i) Fig. 437, maxi- 
mum ordinate = 1,185,860 11*3 

= 104,940 lb. ; the value of Fy 
per 1 J in. bar is Fy = atft cos x = 

1*22 x 18,000 x 0*926 = 20,330 
lb. If a series of lines be plotted 
from the base line of (i), repre- 
senting the value of 2, 4, and 6 
bars, the necessary length of the 
bars is at once determined. 

Strictly speaking, the counterfort 
is equally a cantilever projecting 
from the vertical wall and sup- 
porting the base slab, and the 
lower portion of the counterfort 
reinforcement should be designed 
from this point of view, but it is customary to anchor all the reinforce- 
ment in the base slab, as indicated in (i) Fig. 436. 

It has been assumed in the above calculation that the compressive 
stress in the concrete is within the permitted limits. At a point 25*7 ft. 
from the top of the wall, the value of Fy from the diagram is 91,650 lb. 
To this must be added the vertical component of the pressure acting on 
the face of the wall, which is 

P' sin a = | x 38*2 x 25 -72 x i0 x 0*447 = 56,390 lb. 

Hence the total vertical compressive force on the compression flange of 
the counterfort is 91,650 4- 56,390 = 148,040 lb. Counting in the whole 
10 ft., the area carrying this force is 120 x 10 sq. in. and the compressive 

stress m the concrete is only/ c = x jq ~ 124 Ib./sq. m. 
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The maximum shear stress in the counterfort rib can be found thus • 
At 25-7 ft. below the top, the total shearing force on the rib is 

P' cos a — \ x 38-2 x 25-7 2 x 10 x 0-894 = 112,780 lb. 

Subtract the component perpendicular to the wall of the force in the 
tension flange, which is 

F sin x = IV tan \ — 91,650 x 0-406 = 37,210 lb., 

and the shearing force to be resisted by the web is 112,780 — 37 210 
= 75,570 lb. From eq. (2), § 317, the maximum shear stress is 

* 8 b'i(d - D/2) bjV 14 x 126-7 ~ 43 lb ’/ s<1 ’ m ’ 

No stiffening for shear proper is therefore necessary, but ties’ must be 
provided to carry the tensile stress between the wall and the rib, and 
that between the rib and the base slab. These ties will be carried right 
round the main tensile reinforcement in the rib, and anchored round 
bars in the slabs. The load per foot of height, tending to part the vertical 
wall from the rib, is 34-2 x h x 10 x 1 = 342 h lb. /ft. The diagram 
showing the variation in this load will be a triangle, (vi) Fig. 436, 
maximum ordinate = 8790 lb. The safe tensile load on a two-branch 
stirrup, | inch in diameter, is 2 x 0-196 x 18,000 = 7060 lb. If these 
be spaced p inches apart, the safe load per foot of height is 7060 x 12 jp lb. 
If lines corresponding to different values of p be plotted, the necessary 
pitch of stirrups is easily determined. A similar diagram will determine 
the pitch of the vertical stirrups, (vii) Fig. 436. The load ranges from 
0 at q to 2530 Ib./sq. ft. at y, (iv) Fig. 436. 

7. Toe . — The toe forms a cantilever projecting 5 ft. from the vertical 
wall and loaded with an upward pressure ranging from 4170 lb.fsq. ft. 
at T to 3060 lb./sq. ft. at the face of the wall, (iv) Fig. 436. The load 
per foot of length of the cantilever is 18,080 lb. ; it acts at 31 -5 in. from 
the face of the wall. Hence M = 569,600 in.-lb. ; b = 12 in. ; d = 37 in • 
and M/M 2 = 34-7 ; p = 0-21 %; at = pbd/100 = 

0-94 sq. in. per foot. j-in. bars spaced at 7-| in. pitch 
will provide the necessary area. The shear stress in 
the toe is small. 

321. Reinforced-Concrete Columns. — If a short re- 
inforced-eoncrete column of length L, such as is 
shown in Fig. 438, be compressed by a load W, and 
8L be the contraction in length, the strain every- 
where is SL/L. Hence the compressive stress in the 
concrete is Ec x strain = Eg . 8L/L ~fc . The strain in 
the longitudinal reinforcement is also 8L/L, and the 
compressive stress therein is E { . SL/L = f 0 ". Let A 
be the area of the column, and a c the total area of 
the longitudinal reinforcement. Then the area of the 
concrete is (A u-c), and the load which it carries is 
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(A - a c )fc ; that carried by the steel is acf c ". The total load carried by 
the column is, therefore, 

(A - ae)f e + a c f c " = (A - « c )f ? • . SL = W. 


Putting Ej = mE c , this reduces to 

E 

W = {A — etc 4* mcic} -jj . SL — {A 4- (tti — l)ctc}fc 
for ~ . SL = / c . It follows that 

St ™ ,U L 

E, E,(A + (m - l)o c } El 

and 

// = m/ c ... 


( 1 ) 

m 

(3) 


Such an elementary member as is discussed above would not be 
suitable for practical columns, in which the longitudinal bars are of 
considerable length compared with their diameter, 
and it is necessary to tie them together with lateral 
binding to prevent buckling. Further, questions of 
creep and shrinkage, §§ 303 and 304, come into 
consideration. 

For the safe load on axially loaded columns 
(qLfD < 15) with lateral ties, Fig. 440, the L.C.C. 

Code of Practice lays down certain rules which may 
be expressed by the following formulae : 

W = 0 *8/c(A - a c ) 4 - f ct-eft . . (4) 

where W denotes the safe axial load, f c and ft the 
permitted stresses in bending (see § 309), A the area 
of the column proper, and a c the total area of the 
longitudinal steel. 

When the lateral reinforcement takes the form 
of a continuous helix, Fig. 439, this lateral reinforce- 
ment, if of suitable dimensions, tends to prevent the Fig. 439. 
concrete which it encloses from expanding laterally, 
and, in consequence, the concrete 6 core ’ will safely carry higher stress. 
The safe axial load is given by the formula 

W - 0-SA cfc 4- Kflc/2 4- Wt . . (5) 



where A c denotes the area of the core, and ft the volume of the helix 
in cubic inches per inch of length of the column. The larger of the 
values given by eqs. (4) and (5) is to be taken as the safe axial load, which 
nevertheless is not to exceed J-(A — a c )/c. 

If the length of the column is such that #L/D > 12, or <?L//c > 50, the 
above values are to be multiplied by a reduction factor x given by 

X - f - L/30D * | - t^L/* . * - («) 




644 MATERIALS AND STRUCTURES 

In a column with helical reinforcement, the value of D or k is to be found 
from the dimensions of the core. 

The above formula may be used for all internal columns supporting 
an approximately symmetrical arrangement of beams. Where, as in the 
case of an external column supporting 
the end of a beam, the column is sub- 
jected to a bending moment, it must be 
designed to resist both the bending mo- 
ment and the longitudinal load. 

The following practical rules regarding 
the reinforcement of such columns should 
be observed. The longitudinal bars should 
not be less than | inch diameter, nor 
greater than 2 inches. There should not 
be less than four longitudinals in a square, 
nor six in a column with helical reinforce- 
ment. The total area of longitudinal 
reinforcement should be at least 0*8 % 
of the area A, and not more than 8 %. 

At joints (see Fig. 440), the longitudinals 
should overlap a distance l = \ Ifs' > 
max. = 24^>, where <j> is the diameter of 
the bar ,/</' the compressive stress therein, 
and fs the permitted bond stress. The 
diameter of any lateral binding should 
■ not be less than inch. The pitch of 
the lateral ties should not exceed the 
least lateral dimension D, or 12 times the 
diameter of any longitudinal bar. It 
should not be greater than 12 inches or 
less than 6 inches. The pitch of the helix, 

Fig. 439, should not exceed 3 inches or 
one-sixth the diameter of the core ; it 
should not be less than 1 inch, or three 
times its own diameter. The volume of. 
the lateral binding should not be less than 
0*4 % of the gross volume of the column. 

Fig. 440 shows a typical reinforced- 
concrete column as used in the interior 
of a building, with its footing. The 
method of attaching the column to the 

latter by means of splice bars should be~‘observed, and the method of 
changing section at a floor. The inclined part of the vertical bars should 
be kept within the region of the floor beams. The arrangement of the 
lateral binding in an eight-bar column should also be noted. 

322. Design for a Reinforced-Concrete Arch with Direction-fixed 
Ends. — 1 .Particulars . — Span 100 feet, width of roadway 20 feet, two 5 feet 





REINFORCED-CONCRETE 


645 


sidewalks. To carry the standard M.T. loading,* see § 23. Foundations 
in compact gravel, safe bearing pressure = 4 tons/sq. ft. Some regard 
to appearance is desirable. - 

2. Dimensions of Arch . — The proposed construction is shown in 
(i) Fig. 441. For a 100-ft. span, an open-spandrel arch will be used, with 
columns 10 ft. apart. These will be carried by two arched ribs with a 
ratio rise to span of 1 : 5. 

3. Materials and Stresses . — To make as light a design as possible, a 
180 lb. : 2 : 4 cub. ft. concrete will be used for the arch ribs and roadway, 
fc = 1200 Ib./sq. in. Ordinary B.S. mild steel round bars will be used 
for the reinforcement, ft ~ 18,000 lb./sq. in.f ; m ~ 10. For the abut- 
ments proper, a 1 : 6 mass concrete will be employed ; and a 90 lb. : 2 : 4 
concrete for the abutment walls. 

4. Design of Roadway Slabs . — As shown in (iii) Fig. 441, the roadway 
will consist of a continuous slab supported by transverse girders 10 ft. 
pitch, which are carried by the columns. A 2-in. asphalt wearing surface 
will be provided. Assume a thickness for the slab of 7J in. The weight 
per sq. ft. of the roadway is : 2 in. asphalt = 20 lb. -f 7J in. concrete 
= 90 lb., total 110 lb. If 6-inch fillets are provided, the span may be 
taken as the distance between the ribs, viz. 10 — 1 *17 = 8*83 ft. The 
slab is continuous over many spans, so that the maximum dead load bend- 
ing moment per foot of width = w?L 2 /12 = 110 x 8*83 2 -r 12 == 715ft.- 
lb. From the M.T. curve, Fig. 50, for a loaded span of 8*83 ft., the 
prescribed live load is 335 lb./sq. ft., plus a knife-edge load of 2700 lb./ft. 
placed in the worst position, in this case transversely at the centre of the 
span. These values include impact. The live load bending moment at 
the centre of the span, per foot of width, is, therefore, 

w?L 2 /8 = 335 x 8 * 83 2 ~ 8 = 3265 
WL/4 - 2700 x 8*83 - 4 - 5961 

9226 ft.-lb. 

To allow for continuity, an empirical coefficient of 0*8 will be taken. 
The same reinforcement will be used top and bottom of the slab, and both 
sets of bars will be carried right through to allow for the altering position 
of the moving load. The maximum bending moment anywhere will then 
be 715 + 0*8 x 9226 — 8096 ft.-lb. per ft. of width. By the methods 
of § 319 it may be shown that a 7J-in. slab, d — 6*37 in., p = 1*28 %, 
fc = 1200, ft = 18,000 lb./sq. in., m = 10, J-in. bars at 5-in. pitch, will 
safely carry this bending moment. The effect of the reinforcement on 
the compression side of the slab has been neglected. The shear stress 
is small and no shear reinforcement is required. 

From Fig. 50, for a span of 8 *83 ft., distribution steel, running trans- 
versely, equal to 57 % of the main reinforcement is to be introduced. 
If f-in. bars are used, the spacing should be 5 in. -f- 0*57 = 8*8 in. 
An 8 J-in. pitch, as indicated in (iii) Fig. 441, will be convenient. 

* For Ministry of Transport practice, refer to Reinforced Concrete Bridge Design , 
Chettoe and Adams, London, 1933. 

t ft = 16,000 lb./sq. in. (Ministry of Transport Regulations). 

















REINFORCED-CGNCRETE 


647 


In the end panels of the roadway, and at transverse beam V, no 
reduction in bending moment on account of continuity is permissible. 
The 5-in. spacing of the main reinforcement must be reduced to suit. 

5. Design of Sidewalk Slabs. — The sidewalks are supported on brackets 
in line with the transverse beams, and the span of the floor slabs will be 
8*83 ft. They must carry a load of 100 lb./sq. ft., but provision is to be 
made for a vehicle mounting the pavement. It will therefore be assumed 
that the sidewalk slab carries a bending moment equal to § of the live 
load bending moment on the road slab ; i.e. it will carry the same loading, 
but at 50 % increased stresses. A 6|-in. slab will be found suitable, 
with a 1-in. asphalt wearing surface. Weight of floor (10 + 78) Ib./sq. ft. ; 
max. bending moment 5492 ft. -lb. ; <£ = 5*37 in. ; p=I-22; f-i n. 
bars at 6J-in. pitch will be required. The shear stress is small. 

6. Transverse Beams. — The cross-section is shown in (iii) Eig. 441. 

Span 20 ft. The allowable width of slab to be counted in is J- x span * 
= 5 ft. ; weight of beam per foot of width : slab, 10 x 1 x 110 = 1100 lb. ; 
rib, 19 x 14 in. = 266 lb. ; fillets, 6 x 6 in. = 36 lb. ; total, 1402 lb. 
Uniformly distributed live load on span of 20 ft. = 220 Ib./sq. ft., 
Fig. 50, i.e. 1 x 10 x 220 = 2200 lb. /ft. ; knife-edge load, end to end of 
beam, 2700 lb./ft. Total load per foot = 1402 -f 2200 -f 2700 = 6302 lb. 
Bending moment at centre = wL 2 /8 = 6302 x 20 2 8 = 315,100 ft.-lb. 

This will be reduced by the weight of the overhanging footpath, 5430 lb. 
at 2*5 ft., and parapet wall 2100 lb. at 5*25 ft., = 24,600 ft.-lb., so that 
the maximum bending moment on the transverse beam is 290,500 ft.-lb. 
The calculation for the moments of inertia and resistance of the central 
cross-section, (iii), is as follows (see § 315). 

Momenta about top of slab. Inch units. 

Part. a ' ma'h' ma'(k') 2 ml' 


Slab, 60 X 7J 
5/1 £ bars 
5/l| bars 


450 1 

4-97 10 

4*97 10 


450 3*75 
49*7 22*56 
49*7 24*68 


1687 6,326 

1121 25,294 

1227 30,272 


2110 


4035 

V ° ~ 549*4 : 


7*34 


549*4 


4035 

4035 a 

549*4 


61,892 

29,635 


2110 


vt = 24*68 - 7*34 = 17*34 


I « 


34,367 


7*34 
290,500 X 12 
4682 


= 4682 ; Zt = 


34,367 


10 X 17*34 
= 745 lb./sq. in. ; ft = 


198*2; 
290,500 X 12 


32, 25^ + 2110 
34,367 


= 17,590 lb./sq. in. 


The design of the beam is similar to that of Fig. 435, hut the sale 
shear stress = 120, and the safe bond stress = 145 lb./sq. in. The 
bending-moment and shearing-force diagrams are given in Fig. 441. ^ 
* £ of span ; pitch ; or 12 X slab thickness, whichever be the least. 
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In setting out the latter, it should be noticed that since the live load 
(2200 + 2700) lb. /ft. may be applied anywhere on the beam, it is 
equivalent to a uniform load, longer than the span, crossing the beam 
transversely (see § 18), and the shape of the shearing-force diagram is 
as shown. The maximum shearing force is 63,020 lb. ; V — 21 *2 ; breadth 
of rib, 6 X = 14 in. ; from eq. (2), § 317, the maximum shear stress is 


S 63,020 
ZqV “ 14 x 21*2 


= 213 lb./sq. in., 


or less than twice the safe shear stress on plain concrete. The width 
14 in. is therefore permissible. The turn-up of the bars is indicated in 
Fig. 441. 

7. Cantilever Brackets . — The cross-section through the cantilever 
brackets is shown in (iv) Fig. 441. The bending-moment acting thereon 
is 24,600 ft .-lb. due to the dead load (see above), plus that due to f the 
live load on the transverse beam (f x 4900 = 3270 lb. /ft.), i.e. a bending 
moment of 5 x 3270 x 2| = 40,880 ft.-lb. ; a total bending moment of 
65,480 ft.-lb. The stress in the concrete is 501 lb./sq. in., and in the 
steel is 9990 lb./sq. in. This stress has been kept low to avoid cracking 
in the sidewalk slab above the bracket. The shear stress is 76 lb./sq. in, 

8. Vertical Columns ,^- These will be made 15 in. square with four 
1-in. longitudinal bars ; equivalent area = 15 x 15 -j- 4 x 9 x 0-785 
— 253 sq. in. Taking the sidewalks for this purpose as loaded with 
100 lb./sq. ft., the maximum load on a column is : 


Vertical shear from transverse beam = 63,160 lb. 
Dead load from sidewalk = 7,630 lb.’ 

Longitudinal beam top of column 1,550 lb. 

Live load on sidewalk, 10 x 5 x 100 5,000 lb. 


77,240 lb. 

so that the direct stress is only 77,240 253 == 307 lb./sq. in. The ratio 

L/D for column IV is 14 -r 1 -25 =11-2. These columns will be subjected 
to secondary bending moments in both directions due to frame distortion, 
wind pressure, etc., and the direct stress should not exceed 50 % of that 
allowable (960 lb./sq. in.). Columns IV and V are cross-braced trans- 
versely to give lateral stiffness. 

The Arched Ribs. As stated above, the roadway will be carried by 
two arched ribs, ratio rise/span = 1 : 5, so that the rise of the arch will 
be 20 ft. According to Williams’ proportions, § 357, with a 1:1:2 
concrete, f c == 1100 lb./sq. in., the most economical depth at the crown 

would be ^‘®' 2 qq+ lj = 3 -75ft.;. the total area of cross-section 


necessary would be ^ x 25 * = 12-5 sq. ft. ; and the depth at the 

springings 2 x 3-75 = 7-5 ft. Such proportions, though economical, 
would make the arch look very thick and heavy, and the ribs would be 
only 1-67 ft. wide, which is undesirably narrow in proportion. Chiefly 
for the sake of appearance, a rib 2 - 5 ft. deep at the crown and 5 ft. wide 
* Equivalent width, taking reduced load on sidewalks into account. 
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at the springings, will be tried. This is 33 J % shallower, and from § 357 
a 33 J x 1 *25 ~ 42 % increase in area must be provided, i.e. a total area 



of 12*5 x 1*42 = 17*7 sq. ft. With the assumed 1 % of reinforcement 
and (m — 1) — 9, the equivalent area of concrete =17*7 x 144 x 1*09 
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= 2778 sq. in,, or 1389 sq. in. per rib. Since the permissible stress is 
increased from 1100 to 1200 Ib./sq. in., this area may be reduced to 
1273 sq. in. A convenient section will be as shown at (ii) Fig. 442, for 
which the equivalent concrete area is 30 X 30 + 32 x 1 * 227 x 9 
sss 1253 sq. in. This will be tried. 

10. Calculation of 8Z, x, and y.— Divide the half centre line into ten 
equal parts, (i) Fig. 442. The ribs will be made segmental, and the radius 
of the* centre line is R = L 2 /8D | 0/2; L — 100 ; I) ~ 20 ; and 
R = 72*5 ft. The angle subtended at the centre by the half arch 
= 43° 36-17' ; the half length of the centre line i/2 = 55-17 ft. ; and 
Si = 5-517 ft. Further, x = R sin 6 and y = R(1 - cos 6), whence the 
value of x and y at the centre point and end of each segment can be calcu- 
lated. The values for the centre points are entered on Table I ; those for 
the end points are required later for the values of z, Table II. Work in feet. 

11. Depth of Rib.— The depth of the rib is 2-5 ft. at the crown and 
5 ft. at the springings. It will be assumed to increase proportionately 
to the cube of the distance from the crown, measured along the arc. 
Hence, if d 0 be the depth of the rib, at the centre of the wth segment 
from the crown d Q =* 2-5 + (2n — l) 3 /3200 ft. Calculate the value of 
d Q at the centre of each segment (n = 1 . . . 10). 


Half Arch : Feet Units. Table I. 


Ordinate. 

* 

X 

y 

I 

a 

1 

I 

X 

I 

y 

i 

X 2 

T 

V* 

I 

xy 

I 

1 

a 

0 















2-76 

0*05 

5*73 

8*70 

0*175 

0*482 

0*009 

1*33 

0*00 

0*02 

0*115 



8*26 

0*47 

5-75 

8*71 

0*174 

1*436 

0*082 

11*87 

0-04 

0*67 

0-115 

2 

r -4 
iO 












3 

JO 

13*71 

1-31 

5*98 

8*80 

0*167 

2-293 

0*219 

31*43 

0*29 

3*00 

0-114 

4 

II 

«© 

19-08 

2*56 

6*43 

8-97 

0*156 

2*967 

0*398 

56*62 

1-02 

7-60 

o-m 

5 

t 

24-37 

4*21 

7*29 

9*27 

0-137 

3*343 

0-578 

81*47 

2*43 

14-07 

0-108 

6 

§ 

1 

29-47 

6*26 

8*76 

9*74 

0-114 

3*364 

0*715 

99*14 

4*47 

21*06 

0*103 


© 

to ; 

34*42 

8*69 

11*19 

10*42 

0*089 

3-076 

0-777 

105*87 

6*75 

26-73 

0-096 

7 













8 

a* 

© 

39*17 

11*49 

15*10 

11*34 

0*066 

2*594 

0-761 

101*61 

8-74 

29*81 

0*088 

9 

© 

i-t 

43*70 

14*65 

21*37 

12*54 

0*047 

2*045 

0-686 

89*36 

10-04 

29*96 

0-080 

10 


47*97 

18*14 

31*39 

14-06 

0*032 

1*528 

0*578 

73*31 

10-48 

27-72 

0-071 





Totals . 

1-157 

23-128 

4-803 

662-01 

44-26 

160-64 

1-001 






i 

= A, 

= A, 

— Aj 

= A. 

— A # 

i = A, 

= A, 







A s 

« A 5 + a 7 = 

44*26 + 1*00 = 

= 45-26 

* 


[Reference should here be made to § 231, p. 514.] 
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12. Calculation of I and a. — The equivalent I of the cross-section is 
given by the expression I = r VB^ 0 3 + 2 (m - 1 )ar 2 , where B, its breadth, 
= 2*5 ft. ; d 0 is its depth in ft. ; m = 10 ; {m - l)a for sixteen lj-in. 
bars = 9 X 16 x 1*227/144 = 1-227 sq. ft. ; r= (dj 2 - 0-16), and 
(d 0 j: 2 — 0*34) ft., for the outer and inner layers respectively. Hence, 

I = T V x 2-5 x d 0 * -f l*227{(^ 0 /2 - 0-34) 2 + (d Q [ 2 - 0-16) 2 } 

- 5d 0 3 /24 - 0-613(d 0 2 - d 0 + 0*282), 

from which the value of I at the centre of every segment can be obtained. 
These values are entered on Table I. The equivalent area of cross-section 
is 2j?d 0 + 2*454 sq. ft., from which the areas at the centre points of the 
segments can be calculated. These are also entered in the Table. 

13. Table I. Calculation of A x to A 7 . — Table I can now be completed 
as indicated. The addition of the columns gives A x . . . A 7 . As it is 
intended to take into account the effect of the direct compression, 
columns a and l /a are included. Great accuracy is necessary in the 
computation. 

14. Table II . Calculation of B a to B 6 . — In order to find the values 
of B 1 . . . B 6 , it is unnecessary to write out supplementary tables for 
each load point as has been done for demonstration purposes on p. 514 


Table II. (Figures from Table I.) 


Load 

Point. 


B 2 

b 3 

B* 

b. 

1 

I 

X 

T 

JL 

1 

X* 

T 

. xy 

I 

9 

0*032 

1*528 

0*578 

73*31 

27*72 

(z = 45-86) 

0*047 

2-045 

0*686 

89*36 

29*96 

8 

0*079 

3-573 

1*264 

162*67 

57*68 

(z = 41-46) 

0*066 

2 -594 

0*761 

101*61 

29*81 

7 

0*145 

6-167 

2*025 

264*28 

87*49 

00 

tb 

CO 

ii 

0*089 

3-076 

0*777 

105*87 

26*73 

6 

0*234 

9*243 

2*802 

370*15 

114*22 

(z = 31-97) 

0*114 

3*364 

0*715 

99*14 

21*06 

5 

0*348 

12*607 

3*517 

469*29 

135*28 

(3 = 26*93) 

0*137 

3*343 

0*578 

81*47 

14*07 

4 

0*485 

15*950 

4*095 

550*76 

149*35 

(z = 21*73) 

0*156 

2-967 

0*398 

56*62 

7*60 

3 

0*641 

18*917 

4*493 

607*38 

156*95 

(z = 16*41) 

0*167 

2*293 

0-219 

31*43 

3-00 

2 

0*808 

21*210 

4*712 

638*81 

159-95 

(z = 10*99) 

0*174 

; 1-436 

0*082 

11*87 

. 0*67 

1 

0-982 

22-646 

4*794 

650*68 

160*62 

(z = 5*51) 

0-175 

0*482 

0 009 

1-33 

0*02 

0 

1*157 

23*128 

4*803 

652*01 

160*64 

(*-0) 


— a 2 

= a 3 

= a 4 
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for load point 3. The totals B x . . . B 6 can he at once obtained by 
the process of continued addition given in Table II. The required values 
for load point 9 are copied direct from the bottom line of Table I ; the 
addition of the second line from the bottom gives the values for load 
point 8, and so on. The totals for load point 0 at the bottom of the 
table should check with Aj . . . A 6 in Table I. The values for % already 
found for each load point should be added. 

15. Equations for H, V 0 , and M 0 . Effect of Direct Thrust.— If the effect 
of the direct thrust be neglected, the values of H, V 0 , and M 0 are given by 
eqs. (21), (22), and (23) of § 222 ; for the purpose of constructing influence 
lines it is convenient to modify these equations as explained in § 231. 
If, as in § 223, the effect of direct thrust be taken into account, the term 
Sy 2 /I in these equations is changed to (S^ 2 /I + Si /a), which is equivalent 
to replacing A 6 in the equations of § 231 by (A 5 + A 7 ) = A 5 ' (see Table I), 
when the equations become 

jj (B 6 — 2B 3 )A x — (B 2 — zB 1 )A 3 y _ B 4 — zB 2 

2[A 5 'A 1 -A 3 2 ] jVo= 2A 4 

M — ( B$ — *B 3 )A 3 — • (B 2 zB-^Ag ' 
0 2[A/A 1 -V] 

16. Calculation of H, M 0 and V 0 — The denominator in all cases for 
H and M 0 is 

2[AfA x - A 3 2 ] = 2[45 -26 x M57 - 4-803 2 ] - 58-59. 

Typical calculations for load point 4 are : . 

H = [(Rg — 2B 3 )A]l — (B 2 — zB-jjAg] + 58*59 
= [(149-35 - 21-73 x 4-095) x M57 

- (15-95 - 21-73 x 0-485) x 4-803] + 58-59 

= 0-749. 

M 0 . = [(B 6 - zB 3 )A 3 - (B 2 - zB x )A 5 '] + 58-59 
= [(149-35 - 21-73 x 4*095) x 4-803 

- (15-95 - 21-73 x 0-485) x 45*26] + 58-59 

= 0-768. 

Note that the expressions enclosed in the ( ) brackets are the same for 
H and M 0 . 

V 0 = (B 4 - zB 2 ) + 2A 4 = (550-76 - 21 -73 x 15-95) ~ 1304 = 0*157. 
The values for the half-arch are as follows : 


Load 

Point. 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 

H 

0 

0-019 

0*080 

0-187 

0-342 

0-536 

0-749 

0-955 

1-125 

1-237 

1-277 


0 

+0-053 

+0*202 

+0-420 

+0-659 

+0-827 

+0*768 

+0-335 

-0-657 

—2-312 

-4-697 

^0 

0 

0-002 

0-011 

0-029 

0-057 

0-100 

I 

0-157 

0-228 

0-311 

0-403 

0-500 
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17. Construction of Influence Lines. — Plot the above values under the 
appropriate load point on an x base line, (iii) Fig. 442, to a large scale. 
These curves are the required influence lines for H, M 0 and V 0 . Measure 
accurately the ordinates at the points where the vertical columns occur, 
which are spaced 10 ft. apart. These ordinates are given in the top three 
lines of Table III. 

18. Influence Lines for M x , Mu, V 1 and V 2 . — Using the values thus 
obtained, the bending moment at any point on the arch can be found. 
It is convenient to draw the influence line for M x , the bending moment at 
the left springing, and for an intermediate load point, say at Column II. 
From Fig. 348, the bending moments at A and at B are 

M x « W(L/2 ~ z) — HD — V 0 L/2 + M 0 - (50 - z) - 20H - 50V 0 + M 0 
M 2 = — HD + V 0 L/2 + M 0 = - 20H + 50V 0 + M 0 . 

Place the load W = 1 successively at each column (0 ... V), and find 
the values of M x and M 2 ; plot them under the respective load points, the 
values of to the left of the centre, those of M 2 to the right, as shown in 
(v) Fig. 442. The resulting diagram is the influence line for M x ; for the 
value of M x for a load point to the right is equal to that of M 2 for a 
symmetrically placed load point to the left. 

Example. — Load at Col. Ill, z = 30, H = 0-414 (see Table III), 
M 0 = + 0*743, V 0 = 0-071 ; 

= (50 - 30) ~ 20 x 0*414 - 50 x 0*071 + 0*743 = + 8*913 
M 2 = - 20 x 0 • 414 + 50 x 0 • 071 + 0 • 743 = - 3 • 987 = M l5 Col. Ill, right. 

The values for M x for the complete arch are given in Table Til. 

The co-ordinates of the centre line at Col. II (left) are x = 20, y = 2 *88, 
and the bending moment there, Fig. 348, is 

Mu = - Ky - V 0 a; + M 0 = - 2-88H - 20V 0 + M 0 . 

When W crosses to the right-hand side of the arch, V 0 becomes negative 
as indicated in Table III. This equation holds for all load points except 
when W is between II and the centre, when 

Mn *== — 2-88H — 20 V 0 -f M 0 + W(x — z). 

Placing W successively at the top of each column, the value of Mu can 
be calculated from the above formulae, using the values of H, M 0 , and 
V 0 from Table III. The results are entered in line 5 of that table and 
the influence line is plotted in (v) Fig. 442. 

Examples : 

Load Point IV (left) : 

Mn = - 2*88 x 0*108 - 20 x 0*016 + 0*263 = - 0*368. 

Load Point I (left) : 

[(* - *) » 10 ] 

Mn = 1 x 10 - 2*88 x 1*151 - 20 x 0*326 - 0*925 = - 0*760. 
Load Point IV (right) : 

M n - - 2*88 x 0*108 4 20 x 0*016 4- 0*263 rr= + 0*272. 
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Whole Arch : Units : Feet : lb. 


Tabli 


Column No. 


IV III II 


Ordinates op Influence Lines. 


For H 

= h . 

0 



0*108 


0-414 

0-817 

1-151 

M„ 

= 

0 


+ 

0-263 

+ 

0-743 

0-677 

-0-925 



0 


+ 

0-016 

+ 

0-071 

0*178 

+0-326 

m; 

m x 

0 


+ 

7-303 

+ 

8-913 

5-437 

-0-245 

M n 

= m n 

0 


— 

0-368 

— 

1-869 

5-236 

-0-760 

v, 

= • 

1-00 


0-984 


0*929 

0*822 

0-674 

v 2 

* ti t . . . 

0 

1 


0-016 


0-071 

0-178 

0-326 

Dead Load Effects. 









Load W 

. lb. 

i 40,700 ! 


51,230 


41,670 

39,120 

34,240 

H = 

2WA. 


0 


5,530 


17,250 

31,960 

39,410 

Mo = 

2 Wm 0 


0 

+ 

13,470 

+ 

30,960 

+ 26,480 

-31,670 

M> = 

2Wm x 


0 

1+374,130] 

+371,410 

+212,700 

- 8,390 


Live Load Effects. Distributed Load 2700 lb. / ft. 
Q (left) to Q (right) loaded. 

Reactions r — 

H = 2700 ErA + 

K.E.X 1-277 “ 

M 0 = 2700Srm 0 + | 

K.E. x ( — 4-697)1 ~ 


Knife Edge Load 27,000 lb. 

0-09 0-69 9-26 

100 1,520 28,780 

180 + 1260 -23,130 


V to I (left) loaded. 
Reactions r 

H = 27002 rA 4- > 

K.E. x 0-414) 
M 1 = 2700Srm 1 + » 

K.E. x 8*913 1 
V x = 27002^+ ) 

K.E. X 0-929) 

I (left) to V (right) loaded. 
Reactions r 

H = 27002 rA 4* ) 

K.E. x 1*151 f 
M x — 2700 2 rm x + \ 

K.E.X (- 7-645)/ 
V x = 27002^+ \ 

K.E.X 0-3261 

V (left) to Q s haded. 
Reactions r 

H = 27Q02rA + 

K.E.x 0-817/ 
Mn = 2700 Sm n + } 
K.E. X — (5 *236)/ 1 
V 0 — 2700Sn? e + I 
K.E.X 0-1781 

Q 2 to V (right) loaded. 
Reactions r 

H = 27002 rk+ I 
K.E.X 1*1511 
Mu= 27002rm n + ^ 

K.E.X 2-28) 
Vj= 27G0Erv x + * 
K.E.x 0-3261 


3-93 

11-40 

9-45 

10-80 

4-82 

0 

3,320 

10,560 

11,180) 

23,820 

14,980 

0 

+224,790 

+227,420 

+240,650 

+ 158,540 

-3,190 

10,610 

30,290 

23,700 

25,080) 

23,970 

8,770 




- 0-41 

+ 4-87 




- 900 

15,130 




- 6,020 

-3,220 




— 910 

8,860 

3-93 

11-38 

9-52 

10*58 

7-31 

0 

3,320 

10,640 

23,340 | 
22,060 J 

22,720 

0 

*11,310 

48,040 

-149,570 | 
-141,370) 

-15,000 

0 

490 

1,830 

5,090 » 
4,810 f 

6,430 




- 0*28 

2-47 




- 620 

7,680 




+ 3,960 

* 5,070 




- 620 

4,500 
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III. 


0 (Crown) 



II 


Ill 

IV 


1*277 

1*151 


0*817 1 


0*414 

0*108 

0 

4*697 

- 0*925 

4- 

0 677 ! 

+ 

0*743 

4-0*263 

0 

0*500 

- 0*326* 

— 

0*178 

— 

0*071 

-0*016 

0 

5*237 

- 7*645 

— 

6*763 

— 

3*987 

-1*097 

0 

4- 1*625 

4- 2*280 


1*884 

+ 

0*971 

4-0*272 

0 

0*500 

0*326 


0*178 


0*071 

0*016 

0 

0*500 

0*674 


0*822 


0*929 

0*984 

1*00 

33,950 

34,240 


39,120 


41,670 

51,230 

40,700 

43,350 

39,410 


31,960 


17,250 

5,530 

0 

-159,460 

- 31,670 

+ 

26,480 

4- 

30,960 

4-13,470 

0 

-177,800 

-261,760 

— 

264,570 

— 

166,140 

-56,200 

0 


10-28 

9*26 

0*69 

- 0*09 

85,440 , 
34,880 1 

28,780 

1,520 

- 100 

-130,370, 

-126,8201 

- 23,130 

4- 1,260 

o 

QO 

1—1 

1 


W 

H 


H 

M, 


- 0-40 

- 1,380 H 


-f 5,660 


Mi 


- 5,400 


V, 


4- 10*70 
36,890 

151,300 

14,440 

- 0*22 

- 760 

- 970 

- 300 


+ 9*78 
30,390 \ 
31 , 080 / 
-■ 201 , 870 » 
- 206,420 f 
8,610 
8,800 


4* 10*15 
22,390 

-185,340 

4,880 


+ II 34|4- 
3,310 

-33,590 

490 


3*94 

0 H 

0 

0 V x 

H 

M n 

V 0 


4- 9-63 
10,760 

-103,670 

1,850 


10*39 


9*89 

10*12 

9*63 

11*34 

3*94 


35,820 


30,740 ) 
31,0801 

22,320 

10,760 

3,310 

0 

H 

4- 45,590 

4* 

+ 

60,880 \ 
61,560) 

51,480 

25,250 

8,330 

0 

M n 

14,030 


8,710 1 
8,8001 

4,860 

1,850 

490 

0 



(See Fig. 442.) 
Totals. 


447,870 lb. 
231,650 lb. 

- 80,980 ft. -lb, 
4- 23,380 ft. -lb, 

130,3201b. 
-301,290 ft.-lb 

62,480 lb. 

: 4* 853, 870 ft. -lb. 
- 117,020 lb. 

= 149,050 lb. 

= — 8 9 1,430 ft. -lb 
= 47,020 lb. 

= 81,320 lb. 

= -366,260 ft.-lb. 
« 18,350 lb. 

= 141,090 lb. 

= 4- 251,980ft.-lb 
= 42,620 lb. 


V 0 to the right acts downward. 
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Erom Fig. 348, V 2 = V 0 ; also Y 1 -fV 2 = W==l. The values of 
Yj and V 2 are, therefore, as given in Table III, and the influence lines 
as set out in (v) Fig. 442. 

.19. Dead Load Effects. — From the dimensions of the arch as deter- 
mined, calculate the proportion of the weight thereof acting on one rib 
at each load point 0 . . . V. These are given in Table III, line 8. 
A typical case is appended : 

Cox*. III. 

Rib proper ... 

Half Transverse between ribs 
Column . . . , . 

Half Transverse Beam 
Longitudinal Beam 
Half Roadway Slab 
Bracket 
Sidewalk Slab 
Parapet Wall 

Total . . . . . . 41,670 lb. 

The values H = SW 231,650 lb. ; M 0 =. 2 Wm 0 = - 80,980 ft.-lb. 
are obtained by multiplying the loads W by the ordinates of the influence 
lines, Table III, and adding. The values of V r and V 2 are each J the 
total weight of the arch = 223,940 lb. The moment at the springings 
M x - M 2 = 2 Wm x (Table III) * + 23,380 ft.-lb. 

20. Live Load Effects. — Any c loaded length ’ which need be considered 
in the present design will be over 10 ft., and from Fig. 50 the prescribed 
uniformly distributed load is 220 lb./sq. ft. plus a knife-edge load in the 
position producing the greatest effect of 2700 lb. /ft. In addition, the 
sidewalks will carry 100 lb./sq. ft. On one rib, therefore, the uniformly 
distributed load per foot of length will be 10 x 1 x 220 + 5 x lx 100 = 
2700 lb, /ft., plus the knife-edge load of 10 x 2700 — 27,000 lb. 

Of the efforts stressing the arched rib, by far the most important is 
the bending moment, and the bending-moment influence line will deter- 
mine the load position producing the worst effects. 

Crown . — The maximum live load bending moment at the crown will 
evidently occur when the live load covers the arch between the points 
QQ, (iii) Fig. 442, on each side of the centre, and is negative. Here the 
effect of the continuity of the slab floor becomes of importance, because 
any load between Cols. I and II produces a reaction on Col. II which 
lessens the bending moment at the crown. If a load W = 1 cross the 
span between I and II, and, treating the slab as continuous, an influence 
line be drawn for — M 0 , using the values of m 0 from Table III, it takes 
the form shown in (iv) Fig. 442, the curve cutting the base line very 
close to Q, whence it appears that the continuity does not much affect 
the position of the load for maximum bending moment. For simplicity, 
it will be assumed that the load half covers span I to II, viz. the middle 
30 ft. of the arch, and that the bending moment in the floor slab at III is 
zero. The reactions for a uniform load of 1 unit per ft. run, found by 


11,610 

3,680 

2,420 

2,980 

1,550 

H,900 

1,030 

4,400 

2,100 
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means of characteristic points,* (vi) Fig. 442, are then as shown in the 
figure and tabulated in line 12, Table III. For a uniform load of 2700 
lb./ft., and a knife-edge load of 27,000 lb. at the crown 

H = 2700 S rh + 27,000 x 1 *277 = 130,320 lb. 

M 0 = 2700 S rm 0 + 27,000 x ( - 4*697) = - 301,290 ft.-lb. 


These values are calculated and tabulated in Table III. V 0 at the centre 
= zero. 

Springings . — At the springing A the bending moment is M x ; two 
cases must be considered, (i) when the load extends from V (left) to Q x , 
producing a + moment at A, (v) Fig. 442 ; and (ii) when the load extends 
from Q x to V (right), producing a — moment at A. By a process similar 
to that employed above, (iv) Fig. 442, it may be shown that when a unit 
load crosses span II to I (left), the influence line for cuts the base line 
close to Q x , and again the effect of continuity is small. For practical 
purposes it may be assumed that the load for condition (i) extends from 
V to I (left), and that the bending moment at 0 is zero ; and for condition 
(ii) that the load extends from I (left) to V (right), and that the bending 
moment at II (left) is zero. The reactions for a load of 1 unit per ft. run, 
for these two cases, found by characteristic points, are given in lines 
16 and 20 of Table III, and the values of H, M x , and V x are calculated 
as before. The knife-edge load is placed above the maximum ordinate 
of the M x influence line. 

Column II. — From Table III it will be seen that the maximum 
bending moment at II will occur when the load extends from V (left) to 
Q 2 , (v) Fig. 442. Taken for practical purposes as extending 2J ft. from 
I (left) towards 0, and assuming that the bending moment at 0 is zero, 
the reactions found by characteristic points are as given in line 25 of 
Table III, and the value of Mn is calculated therefrom as before. The 
knife-edge load is assumed to occur at II (left). 

21. Temperature Effects . — The bending moment and thrust due to 
change in temperature can be found from eqs. (5) and (6), § 225. Modified 
to suit a division of the centre line into finite equal segments, these 
equations become 




EL 


c 1 

I 




ELatf x A x 
2[A 5 A x - A s 2]8 / 


M 0 « = 


ELa«2°| 




ELatf x A 3 
2[A 5 A“-A 3 2]SZ 


* The characteristic points for a uniform load partly covering a span, (vi) Fig. 442, 
are 


wL 2 

(2 


n*) ; p 2 r 2 = 


wU 
: 12 5 


wL 


wL 


, a (2— n) a ; and R x = -y n 2 ; R 2 = -g-n(2—w) 


2 IT 
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Note that when dividing through by 81 , this factor still appears in the 
denominator. In this country it is considered sufficient to allow for a 
variation in temperature of i 30° F., i.e. above and below the mean 
temperature. For the concrete to be used, take E = 3,000,000 Ib./sq. in. 
and. a « 0*000006 ; 81 = 5*517 ft. Then, for a rise of 30°, 


3,000,000 x 144 x 100 x 0-000006 x 30 x 1 - 157 
2(44-26 x 1-157 - 4-803 2 ] x 5-517 = 56*28 ~ = 
3,000,000 x 144 x 100 x 0-000006 x 30 x 4-803 
56-28 


: 28,980 lb. 


120,290 ft.-lb. 


M lt = - H£> + M o* - - 28,980 x 20 + 120,290 - - 459,310 ft.-lb. 
M u t = - H t y+ M Q t = - 28,980 x 2 • 88 4- 120,290 - + 36,830 ft.-lb. 

Vi = v 2 = v 0 = o. 


22. Shrinkage Effects . — As concrete hardens, it contracts an amount 
ranging from 0*03 to 0-05 % of its length, depending on the conditions. 
This contraction takes place more rapidly at first, getting slower and 
slower. About one-half of the total contraction takes place within the 
first three months in the case of Portland cement concrete, and within 
the first week with aluminous cement. To mitigate the effects of shrink- 
age in the case of an arched rib, it is common to leave gaps in the ribs 
when concreting, usually at the. springings or the crown, and to splice 
the reinforcement at these points, in order to leave the rib free to contract. 
At the end of a month the arch is finally keyed up and the spaces made 
solid with concrete.* In these circumstances, it is considered sufficient 
to allow for a 0 • 01 % contraction in length,! which is, practically speaking, 
equivalent to a change in temperature of — 15° F., the two contractions 
producing similar effects. In other words, the effect of shrinkage is to 
produce thrusts and moments of one-half the magnitude of those found 
in 21 for a 30° fall in temperature. 

23. Calculation of Stresses . — It is now possible to calculate the stresses 
in the arch. 

At the Croton . — Live load extends from Q to Q. The worst combina- 
tion of effects will be : dead load -j- live load -f 30° fall in temperature 
+ shrinkage. The forces and moments are given in the top Table, p. 659. 

Assuming in the first instance that the concrete does not crack, the 


stresses therein will be given by the expression / max = H/a ± Mv c /I. 
From If 9, a - 1253 sq. in. ; from If. 12, I = 5-73 ft> ; v c = 1*25 ft. 


Then 


318,500 ^ 562,710 x 1-25 1107 comp. 1V 

1253 ^ 5*73 x 144 ~ 599 tension -/ s( l- m - 


Under a tensile stress of 599 lb./sq. in. the concrete would certainly 


* An alternative method of reducing the effects of shrinkage, proposed by 
Consid^re, is to introduce temporary hinges at tho crown and springings. which are 
concreted up solid when the arch is complete. The arch thus carries the dead load 
as a 3-hinged arch, and the live load as a direction-fixed arch. For the design of 
these hinges, and the method of calculation, see Reinforced Concrete Bridges . W. L. 
Scott, 3rd ed., London, 1931. 

t See Reinforced Concrete Bridge Design , Chettoe and Adams, London, 1933. 
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Stress due to 

H (lb.) 

M„ (ft.-lb.) 

v 0 (lb.) 

Dead load (Table III) 

231,650 

- 80,980 


Live load (Table III) 

130,320 

- 301,290 



30° fall temp. (U 21) 

- 28,980 

- 120,290 

. 

Shrinkage (If 22) .... 

- 14,490 

- 60,150 

— 

Total .... 

318,500 

- 562,710 

— 


crack, and the stresses must be determined by the methods of § 316, 
Caselll. In eq.. (12), §316, 


~(t>c + 3r) = mat(d +r)(d — v c ) 


(m-\)a c \g+r){v c -g) 


r=e — d 0 l2 = 
b = 30 ; mat — 


Mo 

H 


562,710 
318,500 ' 


— 1*251 x 12 = 6-2 in. 


196-3; d= 27; (m - 1) a c ' = 176-7; g = 3 ; whence 


v G 2 (18 -6 + Vo) = 36,168-0 — 1628-56 v 0 ; and (graphically) v c = 16 -42 in. 
From eqs. (11) and (13), § 316, 


F = H = 318,500 =f c 


30 x 16-42 , _ 13-42 

+ 176-7 x — — - 

2 16-42 


196-3 x 


10-58) 
16-42 [ 


and f c = 1205 lb./sq. in. ; ft = - = 7770 lb./sq. in. 


At the Springings. Condition (i), + Moment . — Live load extends from 
V to I (left). The worst combination of effects will be : dead load + live 
load 4- 30° fall in temperature 4- shrinkage. 


Stress due to 

. 

H (lb.) 

M 1 (ft.-lb.) 

V t (lb.) 

Dead load (Table III) 

Live load (Table III) 

30° fall temp. (If 21) 

Shrinkage (If 22) 

231,650 

62,480 

- 28,980 

- 14,490 i 

+ 23,380 
-f- 853,870 

4- 459,310 
-f 229,660 

223,940 

117,020 

Total .... 

250,660 

+ 1,566,220 

340,960 


Condition (ii), — Moment . — Live load extends from I (left) to V (right). 
The worst combination of effects will be : dead load + live load + 30° 
rise in temperature + shrinkage (see the top Table, p. 660.) 

Of the two conditior. (i) produces the greater stresses. The normal 
force on the end cross-section is Fa = H cos 9 + V sin 9 = 250,660 x 52*5 
4- 72*5 + 340,960 x 50 4 - 72*5 = 416,660 lb. ; for, from the geometry of 
the arch, cos 0 = 52*5 4- 72-5 ; sin 0 — 50 4- 72*5. The eccentricity 
e = (lj ,566,220 4- 416,660) x 12 - 45 • 1 in. 

Then in eq. (12), § 316, given above, r = e — d 0 /2 = 45*1 — 30= 15*10 ; 
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Stress due to 

H (lb.) 

Mi (ft.-lb.) 

VJlb.) 

Dead load (Table III) 

Live load (Table III) 

30° rise temp. (U 21) 

Shrinkage (f 22) 

231,650 
149,050 
28,980 
- 14,490 

4- 23,380 

- 891,430 

- 459,310 

4- 229,660 

223,940 

47,020 

Total ■ 

395,190 

- 1,097,700 

270,960 


6 = 30; mat = 196-3 ; i = 57; (m- l)a c ' = 176-7 ; g = 3in., 
whence, 5« c 2 (45-30 + t> 6 ) = 196-3 x 72-1(57 - v c ) - 176-7 x 18-l(t> c -3) 
and (graphically) v c = 29-02 in. From eqs. (11) and (13), § 316, 

27-98) 


30 x 29 ' 02 +m-7x— -19 6 -3x — , 
^ 29-02 29-02| 

, . . 10x 1031 x 27-98 WUA] , , . 

fc = 1031 lb./sq. m. ; ft = 2 q Tq 2 = 9940 lb -/ s< l- m - 


F = Fa =416,660 --fc 


and 


At Col II. Condition (i) , - Moment .— Live load extends from V (left) 
to Q 2 . The worst combination of effects will be : dead load + live load 
4- 30° fall in temperature + shrinkage. The bending moment at II, 
x == 20, y = 2 *88 ft., due to the dead load is 

Mu -2W(z-z)-%~V 0 z+M 0 

s (33,950 4 - 2) x 20 4- 34,240 X 10 - 231,650 x 2 • 88 - 80,980 
= — 66,230 ft.-lb. (See Fig. 442 and Table III ; V 0 = 0) 

V n = (33,950 4- 2) + 34,240 4 - 39,120 - V 0 = 90,340 lb. 

The bending moment due to a rise in temperature of 30° (see Tf 21) is 
Mne = — Hty 4- M 0 *= - 28,980 x 2- 88 4- 120,290 = 4- 36,830 ft.-lb. ; 
that due to shrinkage is — JMnz = — 18,420 ft.-lb. From Table III, 
for the live bad, H = 81,320 lb. ; M n = - 366,260 ft.-lb. 


Vn = S W (live) x r 4- K.E. load — V 0 

= (2700 4-2) x — 0*224" 2700 x 7 • 31 + 2700 x 10 * 58 4- 27,000- 18,350 
= 56,660 lb. 


Stress due to 

H (lb.) 

Mn (ft.-lb.) 

V n (lb.) 

Dead load ..... 

231,650 

- 66,230 

90,340 

Live load ..... 

81,320 

- 366,260 

56,660 

30° fall temp. ..... 

- 28,980 

- 36,830 


Shrinkage ..... 

- 14,490 

- 18,420 


Total .... 

269,500 

- 487,740 

147,000 


Condition (ii), 4- Moment . — Live load extends from Q 2 to V (right). 
The worst combination of effects will be : dead load + live load + 30° 
rise in temperature 4- shrinkage. The values have all been calculated. 





REINFORCED-CONCRETE 


661 


Stress due to 

H (lb.) 

M n (ft.-lb.) 

V n (lb.) 

Dead load (above) .... 
Live load (Table III) 

30° rise temp, (above) 

Shrinkage (above) .... 

231,650 
141,090 
28,980 
- 14,490 

- 66,230 
.+ 251,980 
+ 36,830 

- 18,420 

90,340 
42,620 ) 
(Vn-V^r 

Total .... 

387,230 

+ 204,160 

132,960 


Condition (i) produces the greater stresses. The normal force on 
the cross-section is F a = H cos 0 + V sin 6 — 269,500 + 69 • 62 4- 72 • 5 
+ 147,000 x 20 72-5 = 299,350 lb. ; for cos 9 = 69-62 -f- 72-5 ; sin# 

= 20 4- 72 • 5. The eccentricity e = (487,740 -4- 299,350) x 12 = 19 • 55 in. 
At x = 20 ft., d 0 = 31 -5 in. ; r = e — d 0 /2 = 3-8 ; 6 = 30 ; mat = 196-3 ; 
d = 28-5 ; (m— 1) ad = 176-7 ; g = 3 in., whence, from eq. (12), § 316, 
5% 2 (ll-4+ Vo) = 196-3 x 32-3 (28-5- v c ) - 176-7 x 6-8 {v c - 3), from 
which (graphically) v c = 18-06 in. From eqs. (11) and (13), § 316, 

10-44| 


F = F 0 - 299,350 : 


./, 30xl^06 + 176.7 15-06 


18-06 


196-3 x 


18-06) 


, i ,nni) ii „ ; - j: 10x 1092x 10-44 

and f c = 1092 lb./sq. in. ; ft = r « : 6313 lb./sq. m. 

1 o • Ub 


At the crown, springings, and at an intermediate point II, therefore, 
the stresses in the arched rib are permissible in both concrete and steel. 
The cross-section proposed may be adopted. 

24. Foundations . — The abutments and the lines of thrust are shown in 
(vii) Fig. 441. 

A = Dead load + shrinkage. 

B = Dead load + live load 4* 30° rise in temp, -f shrinkage (arch fully 

covered). 

C = Ditto, when — M 1 is a min. (see At the JSpringings , Condition (ii), 23). 

Maximum pressure on the ground = 2*6 tons/sq. ft. 
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QUESTIONS ON CHAPTER XVII 

1. In a rectangular cross-section reinforced-concrete beam, the reinforce- 
ment is on the tension side only, the percentage of steel area is 0*8, and the 
centres of the steel bars are 18 in. below the compression face of the beam. 
Find (1) the distance of the neutral plane below the compression face, (2) the 
tensile stress in the steel if the maximum compressive stress in the, concrete 
is not to exceed 600 lb./sq. in. Take E 5 = 15 E c . (U.L. modified.) 

Ans . v c = 6*92 in. ; 14,410 lb./sq. in. 

2. A reinforced-concrete beam, having tensile reinforcement only, is 12 in. 
wide and 18 in. deep from the top to the centre of the reinforcement. Stresses 
of 600 lb./sq. in. push in the concrete, and 16,000 lb./sq. in. pull in the steel 
are to be attained simultaneously. Find the area of steel required, the 
position of the neutral axis, and the moment of resistance of the section ; 
E s ~ 15 E c . It is expected that this question will be worked from first 
principles. (U.L.) 

Ans . at = 1-46 sq. in. ; v G = 6*48 in. ; M = 369,360 in.-lb. 

3. A concrete beam 15 ft. long x 12 in. broad x 15 in. deep is reinforced 

by four J-in. sq. steel bars, having their centres 2 in. from the bottom of the 
beam. Determine the uniform loading which may be applied without the 
stress in the concrete exceeding 600 lb./sq. in., and ascertain the resulting 
stress in the steel. Take the steel -concrete modular ratio as 15. (U.L.) 

Ans . 722 lb./ft. ; 9,900 lb./sq. in. 

4. In a reinforced-concrete T beam the thickness of the slab is 5 in., and 
a width of 60 in. may be counted in. The tensile reinforcement consists of 
four bars 1 in. diam., and the effective depth d of the beam is 22 in. The 



REINFORCED-CONCRETE 


665 


neutral axis falls 0 • 2 in. below the bottom of the slab. Find the safe bending 
moment on the beam if the stress in the steel is not to exceed 16,000 lb./sq. in., 
or in the concrete 600 lb./sq. in. m = E s : E c = 15. (I.C.E.) 

Am. 1,018,770 in. -lb. 

5. A reinforced-concrete T beam has the following dimensions : Compres- 
sion flange, 5 ft. wide, 8 in. thick, web 15 in. wide. Overall depth 42 in. 
Top of compression flange to centre of reinforcement 40 in. It carries a 
bending moment of 580,000 ft.-lb. ‘ The reinforcement consists of 10 steel 
rods whose total area is 14 sq. in. Take E 5 /E c — 15 and find (a) the position 
of the neutral axis, and (6) the unit stresses in the steel and concrete. (ILL.) 

Am. Use method of § 315 ; v c = 14-96 in. ; f t = 13,620 lb./sq. in. ; 

Jo = 543 lb./sq. in. 

6. The cross-section of a doubly reinforced concrete beam is 15 in. wide 

and 30 in. effective depth. The area of the tension steel is 4*5 sq. in. and 
that of the compression steel is 2*25 sq. in. The latter is placed 3 in. from 
the top of the beam. Find the position, of the neutral axis, and the tensile 
moment of resistance of the section, if the tensile stress in the steel is 
16,000 lb./sq. in. Take E 5 /E c = 15. (U.L.) 

Am. v c = 11 ’46 in. ; 1,895,000 in.-lb. 

7. Show by a diagram the distribution of shear stress over the cross- 
section in a singly reinforced concrete beam, the tension in the concrete 
being neglected. Find the maximum value, and explain carefully the effect 
of vertical and diagonal shear members or stirrups. (U.L.) 

Am. See §§ 317 and 318. 

8. A reinforced-concrete beam 10 in. wide, and 22 in. deep has four 1-in. 
diameter bars placed with their centre lines 2 in. from the lower edge. The 
beam has a span of 16 ft. The compressive stress in the concrete is not to 
exceed 600 lb./sq. in. The modular ratio is 15. Determine : (1) the load 
per foot run the beam will carry, (2) the stress in the steel, (3) suitable re- 
inforcements for resisting shear, (4) the maximum shear stress between the 
steel and the concrete. (U.L.) 

Am. 1,280 lb. /ft. ; 9,370 lb./sq. in. ; turn two bars up at 45°, f^-in. 
stirrups, 1 6 -in. pitch ; max. = 98 lb./sq. in. 

9. A reinforced-concrete T beam has to carry a uniformly distributed 
load of 1,500 lb. per ft. of span. The span is 20 ft. and the ends fixed ; it 
may be assumed that the bending moments at the ends and at the centre of 
the span are equal. There is tensile reinforcement only, and the bars are 
not to exceed J-in. diameter. The slab is 48 in. wide and 4 in. thick. The 
working stresses are 16,000 lb./sq. in. in the steel, and 600 lb./sq. in. compres- 
sion in the concrete, and the modular ratio is 15. Design the mid-section 
of the beam. (U.L.) 

Ans. M — WL/16 ; 14 in. overall ; d — 12 in. (min.) ; b x — 8 in. ; 

five J-in. bars. 

10. Design a reinforced-concrete beam with double reinforcement to the 
following particulars : Section rectangular, 10 in. broad. Depth from top 
of beam to centre of tensile reinforcement 18 in. ; depth from top of beam 
to centre of compressive reinforcement 2 in. ; moment of resistance 500,000 
in.-lb. Stresses of 600 and 16,000 lb./sq. in. for the concrete in compression 
and for the steel in tension respectively are not to be exceeded. Ratio of 
the elastic moduli 15. Find the area of the tensile steel and of the com- 
pressive steel, and the position of the neutral axis. State the intensity of 
stress on both steel reinforcements and on the concrete. (U.L.) 

Ans. at ~ 1*98; a c ' ~ 2*17 in.; use 5/f-in. rods for both; v c — 
6*73 in. ; J t = 14,340 ; f c - 571 ; f c ' « 6020 lb./sq. in. 

11. A reinforced-concrete column 6 ft. long is 8 in. square in section and 
is reinforced by four steel bars each 1 sq. in. in cross-section. The column 
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carries a load of 36 tons. Determine the amount of load taken by the 
concrete and steel respectively, and the shortening of the column. E s = 
13,000 tons/sq. in. ; E s /E c = 15. (U.L.) 

Ana. Each 18 tons ; SL = 0-025 inch. 

12. Explain how the longitudinal and hoop reinforcement is allowed for 
in calcula ting the safe load on a reinforced-concrete column. Such a column, 
supposed short, is to carry an axial load of 50 tons. The working stress of 
plain concrete is to be taken as 500 Ib./sq. in. and the nature and amount of 
the hooping reinforcement is • such that the safe working stress will be in- 
creased 30 %. The longitudinal reinforcement is to be 4 % and m = 16. 
Find, the diameter of the hooped core. (U.L.) 

Ana. 12 inches. 



CHAPTER XVIII 

EARTH PRESSURE AND FOUNDATIONS 

323. Stability of Earthwork —Failure in an earthwork is due to part 
of the mass slipping or sliding relatively to the rest. This tendency to 
slide is resisted by the adhesion and friction of the particles of earth 
between themselves. In certain theories of earth pressure, the adhesion 
is neglected entirely, and it is assumed that the mass of earth is composed 
of particles which do not cohere, but are held in position by the friction 
one on another ; that is, to assume that the mass is granular. While 
such a theory may represent with some degree of accuracy the condition 
of a mass of fine dry sand, it is evident that a stiff heavy clay, or well- 
rammed earth, would behave in a very different manner, § 331. When 
coherent earth is exposed to the weather, the action of the elements, air, 
rain, frost, and drought, tends to destroy any adhesion there may be 
between the particles, and it is then usual to place reliance on friction 
alone for stability. Stiff clay, not subject to the weather, may be other- 
wise treated, § 331 et seq. 

324. Angle of Repose.— If a mass of earth be left to itself for a con- 
siderable time, with no lateral support, its sloping sides will be found to 
have weathered to a certain more or less definite angle. This angle is 
called the angle of repose. Assuming the particles of the mass to be 
without cohesion, this angle is evidently equal to 0, the angle of 
friction between the particles, of which the tangent [i is the coefficient of 
friction. If a sloping bank be constructed, making an angle with the 
horizontal greater than the angle of repose, the upper layers of particles 
will, in time, slide down, until the slope becomes equal to the friction 
angle. A slope less than the angle of repose should retain its formation 
permanently. The following Table gives average values for </> and /i for 
a number of materials, together with their weight per cubic foot. 


Material. 

Angle of 
Eepose <j>. 

Coefficient 
of Friction fi. 

Weight 
lb. /cub. ft 

Sand, fine, dry . 

30° 

0-58 

100 

Sand, wet 

25° 

0-47 

120 

Gravel 

40° 

0*84 

110 

Shingle . 

35° 

0-70 

110 

Clay, dry 

30° 

0*58 

110 

Clay, very wet . 

15° 

0*27 

130 

Earth, loamy, dry 

30° 

0*58 

90 

Earth, loamy, wet 

15° 

0*27 

110 


These values may vary considerably, depending on the material and 
its condition. 
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325. Stability of Loose Earth. Rankine’s Theory.— Rankine con- 
sidered a mass of loose earth of indefinite extent, having a plane top 
surface, and subjected to its own weight. He assumed that the earth 
is incompressible, homogeneous, and granular ; and that the particles 
of which it is composed are without cohesion, but are held in place by 
friction, one on another. Then it follows that, for stability, the direction 
of the pressure on any plane surface within the mass cannot make an 
angle with the normal to that surface greater than the 
angle of repose of the earth, otherwise slipping will result. 

If AC, Tig. 443, be any plane surface within the mass, 

OQ the normal thereto, PO the direction of the pressure 
on the plane, then the angle POQ = i/t must be less than 
<£, the angle of repose. Granting Rankine’s assumptions, 
the ellipse of stress theory, § 17, Vol. I, may be applied 
to the problem. Two cases arise. 

Case 1. Horizontal Upper Surface . — In the first instance, UU, the 
top surface of the mass, will be supposed horizontal. Let ABCD, 
(i) Pig. 444, be a small rectangular element of earth within the mass. 
Suppose that, due to the weight of the earth above it, there be a pressure 
p x on the plane AB, which pressure is balanced by an equal upward 
pressure on the plane CD. The element is supposed so small that its 
own weight may be neglected. Since it is assumed that the particles 
of which the element is composed have no cohesion, equal and opposite 
pressures p 2 p 2 must be applied to the vertical surfaces AD and BC, in 


P I n|/ /Q 



Fig. 443. 



order to maintain the equilibrium. Then this element is in the same 
condition as that shown in Fig. 21, Vol. I, except that the direction of 
the stresses is reversed, and the theory there given can be used to discover 
the pressure on the interface AC. It is convenient to use Rankine’s 
construction, Fig. 23, Vol. I. It is there shown that the two pressures 
Px and p 2 will produce a pressure PD = (p x + p 2 )/2 normal to the 
interface AC, (ii) Fig. 444, together with a pressure P"0 = (p x — p 2 ) /2 
in a direction making an angle P'OP" = 2 9 with the normal, wher6 6 is 
the angle which the plane AOC makes with the horizontal. Then PO, 
making an angle ifs with the normal, represents the resultant intensity of 
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pressure on the interface AC, Now it is evident that, for given values of 
p x and p 2 , the angle if/ will be different on different interfaces, but it will 
be a maximum when the angle OPP' is a right angle, (iff) Fig. 444, i.e. 
when 

Pi - P 2 

Pg ° — 2 Px ~ ft 

^"FO FO -Pi±p t - Pl + Pt 
2 

This gives the maximum angle which the resultant pressure on any 
interface can make with the normal to that interface, and by the principle 
enunciated above, this angle must not exceed <f>, the angle of repose, or 
slipping will result. Hence, 

sin ib sin J> 

* V1+P2 * 

from which, 

p_ 2 = 1 - sin <j> 

p 1 > 1 -f sin * * 

This equation determines the least value of p 2 , the intensity of pressure 
on the planes AD and BC, which will maintain a pressure p x on the 
planes AB and CD at right angles thereto, if the angle of repose of the 
earth be </>. 

The pressures p 1 and p 2 are ‘ principal stresses 5 as defined in § 17, 
Vol. I. There is evidently a third principal stress, acting normally to 
the plane ABCD, equal in magnitude to p 2 . 

Case 2. Sloping Upper Surface . — Next suppose 
that the top surface of the mass makes an angle 
a with the horizontal. Fig. 445. In this case, 

Rankine assumed that the pressure p on the faces 
JK and ML of a rhombic element JKLM, of which 
the sides JK and ML are parallel to the upper 
surface of the mass, would be maintained by a pres- 
sure p r on the vertical faces JM and KL. It will 
be observed that each of these pressures is parallel 
to the face on which the other acts. Such pressures 
are called conjugate pressures , because they are re- 
presented in magnitude and direction by conjugate 
semi-diameters of the ellipse of stress. The ratio 
between these conjugate pressures, p and p , can be 
found by Rankine ? s construction. Let p x and p 2 be 
the corresponding principal stresses (pressures). The direction of these is 
at present unknown ; suppose, however, that in (i) Fig. 446, Oy and Ox be 
the directions of the greatest and least principal stresses, and OQ the nor- 
mal to the plane JOK on which the pressure is p. Then if P'O = (p x + 
p 2 )/2, and PP' = (p 1 — p 2 ) /2, PO represents the pressure p on the plane 
J OK. Further, since the pressure on the plane JK is parallel to the plane 
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KL, OQi at right angles to PO will be the normal to the plane KOL. 
If, then, Pi'O = (p, + pj)/2, and PiP,' = (p, - p a )/2, by the same 
construction, PjO will represent v' , the pressure on the plane KL. But 
this pressure is parallel to the plane JK, therefore P x O must coincide 
with the line JOK. Consider the two triangles OPT and OP x 'P x . It 
is evident that since both the angles POQ x and QOP x are right angles, 
the angle POP' is equal 
to the angle P 1 OP 1 / . 

But the angle POP' is 
the angle between the 
plane KL and the nor- 
mal to the plane JK, 
i.e. it is the angle a 
which the sloping upper 
surface makes with the 
horizontal. Hence, the 
angle POP' = the angle 
P x OP x ' = a. Further, 
the length OP' = OP x ' — 

(Pi+ P2) and 

therefore, the two tri- 
angles OP'P and OP x 'P x 
be superposed, (ii) Fig. 

446 is obtained, in which 
OP = p, OP x = p', and the angle POP' — a. From this figure the 
ratio of p' to p can be found. It is evidently an example of the 
‘ ambiguous case 9 in the solution of triangles theory. Let the angle 
P'PP X = P X 'P X P = jS ; then the angle OP x P' — tt — ) 3. Applying the 
well-known formula a = b cos C + c cos B to the triangle OPP', 
p = OP' cos a 4- PP' cos fi ; and for the triangle OP x P x ', 
p' — OP x ' cos a + P X P X ' cos (tt — jS) = OP x ' cos a — P X P X ' cos /?. 



Hence, 


V 

2 > 


cos a 


PP' 


OP 


s cos jS 


pp/ 

cos a + Q-p, cos /? 


( 2 ) 


Now 


PP' 


OP' 
from eq. (1), 


PiZLl* 

Pi + p 2 
Pi - V 2 


But at the moment when slipping is about to occur. 

PP' 


, = sin <£, and, therefore, == sin<£. Further. 

P1+P2 OP r 

applying the formula 


sin C .... . . /M 5 /r> PP' sin a 

B t0 the tnangle 0PP; OP' = sin/I 


sm 


Hence. 


sm a 


- — „ = sin d>. from which, sin B = \/i 
sm j8 r r v 


cos 2 /J == S ;?^, and 
r sm <j> 


cos 


R — V 8 ^ 2 — sh l 2 a _ -\/ cos 2 a cos 3 <f 
p sin 6 ~ sin <f> 
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or, since 

pp' pp r 

: : sin <j>, Qp> cos jS = = \Zcos? a — cos 2 <f> . 


Inserting this value in eq. (2), 

p' cos a — V cos 2 a — cos 2 <j) 
p cos a -f V cos2 a — cos 2 <jf> 


For a given value of p, this equation gives the least value of p' which will 
prevent slipping. It will be noticed that, if a = 0, this equation reduces 
to eq. (9), as it should. In this particular case, p = p x and p f = p 2 are 
the principal stresses. If a = <j>, that is to say, if the slope of the upper 
surface is the greatest possible consistent with stability, p' = p. In this 
case, therefore, OP x = OP, (ii) Fig. 446, i.e. the two points P x and P 
coalesce, and the line OP x P becomes tangent to the circle through P and 
P x struck with P' as centre. This leads to the construction shown in 
Fig. 447 for determining the ratio of p' to p, which is due to Rankine. 
With centre P', describe the semicircle 
XRPY, and draw OR a tangent there- 
to, making an angle (j> with OY. Then 
if OP x P be drawn, making an angle a 

with OY, ^ This figure is 

evidently a reproduction of (ii) Fig. 

446, OR representing the limiting case 
when a = </>, and OP x = OP = OR. 

The directions Ox and 0 y of the principal stresses are given by 
Fig. 446. Their magnitudes can be obtained by the ellipse of stress 
theory, or graphically from Fig. 447 . 



Pi 


Pz 


p( 1 -f sin <f) ) 


cos a + V cos 2 a — 
p(l — sin <f>) 


cos - 




OY 


= OX 


( 4 ) 


( 5 ) 


cos a + \/ cos2 a cos2 ^ 

The relation between p and p\ p x and p 2 , is shown at (iii) Fig. 446. 
As in Case 1 there is a third principal stress, acting perpendicularly to 
the plane ABCD, and equal in magnitude to p 2 . 

Knowing w, the weight per cubic foot of the earth, the magnitude 
of p for any depth h below the surface can be found. From Fig. 445, 
the weight of the prism of earth YJKV, supposed of unit length perpendi- 
cular to the paper, is wh . JK . cos a, where JK . cos a is the area of a right 
cross-section. But this weight produces the pressure p on the area JK. 
Hence p . JK ~'wh . JK . cos a, and 


p = wh cos a . . . . (6) 

If in Fig. 447, PZ be drawn perpendicular to OP, OZ represents wh to 
the scale of the diagram. 
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iPrFtC 


wh . 8 A, 


Fig. 448. 


If the upper surface of the mass of earth be horizontal, Case 1, a = 0 

and p = wh = p t . . . . (7) 

326. Earth Pressure on Vertical Retaining Wall without Surcharge. 
Friction neglected. — Suppose that the earth be held up by a. retaining 
wall as shown in Fig. 448, its upper surface being horizontal, i.e. without 
surcharge. The lateral pressure of the earth will react against the 
vertical face EV of the wall, tending to overturn it. Consider the pressure 
on an elementary width Sh, at a distance h 

below the upper surface of the earth, and of 

length unity perpendicular to the plane of • 7 j J //i 

the paper. The intensity of pressure on this * / ; j ^ 

element will be equal to p 2 > the pressure on ^ R ' 

the plane BC of the element ABCD. But • A 1 B 
from eqs. (1) and (7), § 325, | ^ 2 "yC JT fGjl 

a) i / 

F 2 Fij ^ sm ^ 1 -f sin cj) \ / I 2 ,W 

where p x =^wh is the pressure on the plane AB. \/ j Y/YA//i 

Hence the pressure on the element Sh will be N V T 

p„.8h ] ~ - S ! - - f wh . 8 h, Fia.448. 

ri 1 + smf 

and the total pressure on the surface EV per unit of length of wall will he 
•n f H jj. 1 — sin <f> f H ,, ioH 2 1 — sin ^ 

2 )Z* 1 + sin (f> Jo 2 1 + sm cf> w 

where H is the total height of the retaining wall. If H be measured 
in feet, and w in lb. per cub. ft., P 2 is in pounds. From eq. (1) it follows 
that p 2 varies as h, hence the diagram of pressure on the back of the wall 

is the triangle ENV, of which the maximum ordinate NV = wH~ . 

1 H- sm (f> 

It follows that the resultant P 2 acts at a distance fH from the upper 
surface. P 2 is a horizontal force, and can be combined with W, the 
weight of the retaining wall per unit of length, which acts through G, 
the centre of gravity of the wall, to obtain the magnitude and direction 
of R, the resultant force on the base VT. Knowing the distribution of 
pressure ENV on EV, the back of the wall, the stability of the wall can 
be tested exactly as in the case of the masonry dam, § 363. 

In that it neglects the friction on the back of the wall, the above 
theory leads to .an over-estimate of the overturning effort (see § 329). 

327. Earth Pressure on Vertical Retaining Wall with Surcharge.— 
When the surface of the earth slopes upward from the top of the retaining 
wall, as shown in Fig. 449, the formation is spoken of as a retaining wall 
with surcharge. To this, the formulae of § 325, Case 2, will apply. The 
lateral pressure p> , acting parallel to the sloping upper surface,* will tend 

* This is equivalent to assuming that the angle of friction on the back of the wall 
$>'— «• Inpractice </> '= <j> (approximately), and this theory also over-estimates the 
overturning moment, except when a = <j>, when it agrees with the wedge theory, § 329. 


fH wH 2 

h . dh = ~ , 

n 2 
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to overturn the wall. As before, consider an elementary width S h at a 
distance h below the upper surface of the earth, and of length unity 
perpendicular to the plane of the paper. The intensity of pressure on 
this surface will be equal to p', the pressure on the plane KL of the 
element JKLM. From eqs. (3) and (6), § 325, 


cos a — x/cos 2 a — cos 2 <j> 

p = 

cos a + y cos 2 a — cos 2 <j> 


, cos a — a/ cos 2 a — cos 2 <i 

wh cos a ■. . ~ 

cos a -f v cos 2 a — cos 2 


( 1 ) 


where p = wh cos a is the pressure on the plane JK, and a is the 
angle of the surcharge. Hence the pressure on the element S h will be 
p' . S h, and the total pressure on the surface EV per unit of length of 
wall will be 


F - 



cos a — Vcos 2 a — eos 2 <£ , 77 

; — ■■■ =~==r w cos a \ ' l > d" 

cos a + v c °s 2 a — cos 2 <p Jo 


wW 

2 


cos a 


cos a — V 00132 a — cos 2 <j> 
cos a -f- Vcos 2 a — cos 2 <f> 


( 2 ) 




H is the total height of the retaining wall. If H be measured in feet, 
and w in lb. per cub. ft., P' will be in pounds. Since, from eq. (1), p' 
varies as h, the triangle ENV represents the distribution of pressure on 
the surface EV. The maximum ordinate 


NV = wH cos a 


cos a — V cos 2 a — cos 2 <j> 


cos a -t cos 2 a — cos 2 cf, 


(3) 


The resultant pressure P' will act, therefore, at a distance §H from E, 
and in a direction parallel to the sloping upper surface. The resultant 
force R on the base VT wall be the resultant of P' and the weight W of 
the retaining wall per unit of length. The stability of the wall at every 
horizontal cross-section can be tested exactly as in the case of a masonry 
dam, § 363, but it must be borne in mind that the pressure everywhere on 
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the surface EV is always parallel to the sloping upper surface of the 
earth. 

Rankine has shown that the magnitude of the force P' is equal to 
the weight of a triangular mass of earth EVI, Fig. 450, such that VI, 

OP 

which is* parallel to the sloping upper surface, -is equal to EV . 

where OP-, and OP are obtained from Fig. 447. The area of the 

r2Pi 
OP 


triangle EVI is |EV. VI sin (90 — a) — cos a = pt 2 cos a x 


cos a — V cos2 a 


cos a + V cos 2 a — cos 2 <£ 
of unit thickness is 


Therefore the weight of this triangular mass 


- TTO cos a — V cos2 a cos2 t>' r /ox i 

bvE* cos a V / „ 9 7 = * p [see eq. (2) J. 

cos a+V cos 2 a — cos 2 cf> 


Thus, by the use of Fig. 447 and Fig. 450, the magnitude of P' is easily 
obtained. The construction holds equally well if the upper surface be 
horizontal, a — 0. 

328. Earth Pressure on Retaining Walls. Special Cases.— -If the 
back of the wall be stepped, as shown at (i) Fig. 451, P' is the pressure 




on the plane EjV, and is determined by the methods of the preceding 
article. In this case, however, W is the v eight of the retaining wall plus 
that of the portion of earth E X EJ, and G is the common centre of gravity 
of these two weights. Otherwise the procedure is the same as before 
(see also Fig. 455). 

If the wall has to resist the overturning thrust resulting frofn an 
external load, in addition to the pressure due to the weight of the earth, 
as for example the weight of a building built close up to the wall, (ii) 
Fig. 451, the force P will be the resultant of two components, one due 
to the weight of the building, the second due to the weight of the earth. 
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Suppose that p 0 be the uniform pressure produced on the surface BC 
by the weight of the building. Then p 0 ' } the lateral pressure on any 
vertical plane necessary to resist this pressure, is, from eq. (1), § 325, 

p 0 ' = p 0 This lateral pressure p 0 ' will act on the back of the 

wall. It will be uniform from top to bottom and is represented by the 
rectangle CLMV. Its resultant per unit of length of wall is P 0 ' = 

p 0 ‘ .CV = p 0 '.H 0 ” Po H o i Ij T sin an< ^ act halfway between C and V. 

The lateral pressure on the plane CV due to the weight of the earth will 
vary from zero at C to a maximum at V, and is represented by the triangle 

LNM. Its resultant is given by eq. (2), § 326, P 2 = 

2 i -j- sm <p 

which acts at a distance JCV above V. Both P 0 ' and P 2 are horizontal 
forces. 

The total pressure P on the plane CV is the resultant of P 0 ' and P 2 , 
TT 1 — sin i ioKJ 1 — sin 6 

^r+^4 + - 


p=p 0 '+p 2 


= (p«H 0 


+ 


wH 0 2 \ /I — sin <f > ^ 

~2~ j U 


1 + sin <f> 

+ si n(f)J 


( 1 ) 


It will act at the centre of pressure of these two forces, that is to say, at a 

distance 5? . f r0 m V. 

3 wR 0 + 2 p 0 

329. Earth Pressure on Retaining Walls. Other Formulae. — While 
Rankine’s theory is probably substantially correct for a mass of material 
such as fine, dry, loose sand left to itself, § 335, it has been shown experi- 
mentally that the theory given in §§ 326-8 over-estimates the overturning 
effort on the back of a retaining wall, even in the case of dry pulverulent 
materials. The pressure p 2 given by eq. (1), § 326, is accurately the 
pressure across an ideal vertical plane through such material, but when 
subjected to such pressure,, the retaining wall, not being rigid, moves 
forward slightly, the earth slips, or tends to slip, down the wall, and the 
resultant pressure then makes an angle with the normal to the wall equal 
to the angle of friction between the earth and the wall. This friction 
has not been taken into account in § 326. Poisson, Boussinesq, Weyrauch, 
Resal, Cain and others (see Bib.) have given analyses which include the 
effect of the friction on the back of the wall. Of these, that of Resal is 
perhaps the most satisfactory, but it is complicated, and the simpler 
wedge theory given below is -sufficiently accurate for ah- practical purposes. 
Recent experiments by Professor Jenkin 36 , with dry sand, confirm the 
accuracy of these analyses. 

The Wedge Theory. — Fig. 452 is a sketch from a photograph of an 
experiment by Professor Takabeya 34 in which dry loose sand was arranged 
in coloured layers behind a model retaining wall about 50 cm. high ; 
the retaining wall was moved forward 2 cm., the sand slipped down 
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behind the wall, and a definite inclined plane of rupture was produced. 
The pressure on the wall from the wedge of sand, included between the 
wall and the plane of rupture, is the force tending to overturn the wall. 



Fig. 452. * 



Fig. 453 represents a retaining wall with surcharge. Let 

R' « the reaction between the wall and the wedge. 

N ' its normal component. 

F' the frictional resistance on the back of the wall. 

R -- the reaction across the plane of rupture. 

UST -- its normal component. 

F ~ the frictional resistance along the plane of rupture. 

Fh the horizontal component of R' or R. 
w the weight of the earth filling per unit volume. 

W -- the weight of the wedge. 

H — the height of the wall. 
a the angle of the surcharge. 

£ ■ the inclination of the plane of rupture to the vertical. 

y ■ - the inclination of the back of the wall to the vertical. In 
Fig. 453, y is positive ; in Fig. 454, y is negative. 

tan <j> =s tiie coefficient of friction along the plane of rupture, 
tan <j>' = the coefficient of friction along the back of the wall. 


Then, for any angle /?, it may be shown that 


R / = wB -* cos(a _ vl sin (P±yi cos l£±j) 

2 cos 2 y y cos (j3 + a) sin (/} + y + </> + <£') 


and F 


h = cos (y j>) = - 


wH 2 

r— cos (a — y) X 

cos 2 y 11 


cos (y -f <f>') 


sin ■(/? -f y) cos (j8 + </>) 


cos (jS 4“ ci) sin 4" y 4~ 4* ^ 

The maximum value of R' and F H will occur when 


( 1 ) 




± _ sin (/3 -f- y) cos (f3 4- <f>) 0 m 

wf* cos 4" <x) sin (j8 4" y 4* <f> 4“ fi) 

Also the value of <f> cannot exceed <f>, or sliding would take place along a 
plane close up to and parallel with the wall, leaving a thin fi lm of earth 
adhering thereto. The solution of these equations, even in the simplified 
cases, is rather unmanageable, and it is better to use the graphical 
construction given in § 330. 



EARTH PRESSURE 


677 


When the value of y is positive and large, the earth may rupture along 
a second plane such as E'V, Fig. 453, making an angle y with the vertical, 
rather than slide down the back of the wall (cf. Jehkin 36 ). Eqs. (1) and 
(2) hold for this case also, if y' is written for y, and </>' is replaced by cf>. 
The solution for maximum thrust is given as in eq. (3) by putting d jdfi = 0 
and djiy' = 0, when 

/} = ^( 77/2 — cf) -f € — a) and y = J(tt/2 — <f> — e + a) . (4) 

where sin e = sin a/sin (f> * . . . (5) 

If then y be less than y, from the given values of a and <f> = <f> (usually 
taken as the angle of repose of the earth), e can be found from eq. (5), 
and j8 and y from eq. (4). Inserting the values of a and ]8, and the 
value y for y , in eqs. ( 1 ) and (2) , the maximum force R' (or its horizontal 
component) which can be exerted against a rough wall is obtained. 
R' will make an angle [y + <f>) with the horizontal (see Fig. 453). In this 
latter case, the wedge of earth E'VE must be counted in as forming part 
of the wall. 

Experiment has shown that the point of application of R' is not of 
necessity J the way up YE. Jenkin suggests : 0*4 when y = — 10° 
to + 25° ; 0*45 when y > + 25° ; J when y = — 15° to — 30° ; but if 
"a = <f> take 0*55 (see also Feld, § 335). 

330. The Wedge Theory. Rebhann’s Construction. — The following 



graphical construction * was proposed by Rebhann (1871) to determine 
the value of R' (for symbols see § 329). 

In Fig. 454 AV is the plane of rupture.. Consider the equilibrium of 
the wedge of earth AVE. The forces acting on it are its own weight W, 
the normal and tangential forces N and F on the plane AV, and the 

* For several modifications, see Cormack, Proc. Inst. C.E . , vol. 234, 1931-32, 
p. 199. 
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normal and tangential forces N' and F on the back of the wall EV, (i). 
Assuming as before that the earth depends on friction for stability, 
F/N = tail ; F'/N' = tan <f>'. These forces are represented in the force 
polygon, (ii). Draw a vertical 1,2 to represent W ; 2,3 perpendicular to 
AV to represent N ; 4,1 perpendicular to EV to represent N' ; draw 2,5 
nrnVing an angle cf, with 2,3, and 5,1 making an angle <j>' with 4,1 . Then 
2,5 represents the resultant pressure R on the plane AV, and 5,1 the 
resultant pressure R' on the plane EV. The three forces 1,2 2,5 5,1 
must be in equilibrium, and their relative magnitudes are represented 
by the sides of the triangle 1,2,5. It is required to find the position of AV 
which will make R' a maximum. Draw DV making an angle <j> with VM. 
Since in (ii), 1,2 is perpendicular to VM ; 2,3 is perpendicular to AV ; 

ZMVA=£ 1,2,3; ZMVQ = Z3,2,5 = <£; 
therefore, /_ QVA = /_ 5,2,1. 

Draw AQ such that the /_ QAV = /_ 1,5,2, and EK parallel thereto. 
Then the triangles QAV and 1,5,2 are similar, and 


W QV 
R' : AQ ’ 


or, R' = W . 


AQ 
QV • 


( 1 ) 


But W = - AE EV sin AEV = ( “DE . EV sin AEV^ 

2 \2 j DK. 

AE DE 

for the triangles DAQ and DEK are similar, and Now 

DE . EV sin AEvj is the weight of the wedge DEV = W 0 , and is 
constant for any particular case. Hence, from eq. (1), 


TV __ w __ vj ? \ 

■“ °bK * QV ~ ™°d - k 

Further, - — — ? ; whence, 

e JL>iv a — Ic 


a 

9 ‘ 


R' — W, 


q — k 

'd^lc 


d — q 

d-k 


- = w„ 


to- 


k) (cf- 

q 


<i) 


q °(d - k) 2 

It may easily be shown that the angle KEV — so that k and e are 

constant, and in the equation q is the only length which varies when 
different positions of the plane AV are examined. The equation may 
be written 


R' = W„ 


\d - k) 2 


d + k ■ 


f , dk \ 1 

( 4+ ?)t 


This is a maximum when (q -f dk/q) is a minimum, i.e. when q = \Zdk, and 
q is a mean proportional between d and k. Draw a semicircle on DV 
as base, and erect KI perpendicular to f)V ; then VI is the value of q 
which makes R' a maximum, when 




( 2 ) 
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This value of R 7 represents the resultant pressure on the back of the wall, 
and the corresponding position of the plane AV is the plane of rupture. 
Since the angle KEV = (/>+<//, the point K is readily determined, and 
hence the value of q which makes R' a maximum is found from the 
construction given. 

Since the triangles DAQ, VAQ have a common vertex A, and stand on 
the same base line DV, their areas will be proportional to the lengths 
A DAQ d — q 


of their bases, therefore 


A VAQ 
A DAQ + A VAQ 


and the 


For similar reasons. 


Hence, 


and 


» A DVA = - 
9 

A DVA DA DQ A- q 
EA 


A VAQ. 


A EVA 


QK 


d 


A DVA = - , A VAQ 
9 


q — k 
d — q 


A EVA 


A VAQ _ q (d — q) 
AEVA " d (q ~~k) 


= 1 ; since q 2 = dk. 


That is to say, the areas of the two triangles VAQ and EVA are equal, and 
the plane of rupture divides the figure AEVQ into two equal areas. 
Make QJ = QA ; then since the triangles JAQ and VAQ have a common 
vertex A, and stand on the same base line VQ, their areas are proportional 
to the lengths of their bases, 

* A JAQ JQ a A JAQ 
A VAQ VQ ~ q~~ A EVA 

since the triangles VAQ and EVA are equal in area. From eq. (1), 
R 7 : W = a : q> therefore, 

R' ___ A JAQ 
W " AEVA’ 


and as the area of the triangle EVA represents the weight W, so the area 
of the triangle JAQ represents the maximum value of R 7 , i.e. the resultant 
pressure on the back of the retaining wall. 

R 7 = w (A JAQ) per unit of length . . . (3) 

Rebhann’s construction can be applied to (ii) Fig. 451 if the upper surface 
of the earth be raised sufficiently to produce an earth pressure p 0 on BC. 


Experiment has shown that the reaction R 7 does not in all cases act 
J the way up VE, as might appear from the above theory. The experi- 
mental positions are given in §§ 329 and 335. R 7 will make an angle (f>' 
with the normal to the back of the wall ; as before explained, <f>' cannot 
exceed <f> and is usually taken as equal thereto. 

When the value of + y exceeds y', § 329, set up VE 7 making an angle 
y with the vertical, Fig. 453, and proceed with the construction of 
Fig. 454 as if VE 7 were the back of the wall, assuming the wedge E'VE to 
form part of the wall as explained in § 329. 



680 


MATERIALS AND STRUCTURES 


Fig. 455 shows the position of R', as determined experimentally by 
Jenkin, due to the pressure of dry sand acting on the back of stepped 
retaining walls ; its magnitude is given by R' = CwW. This information 
may be used in preference to the procedure of § 328. 

331. Cohesion in Earth.— In all the preceding theories of earth pres- 
sure, the earth has been regarded as a granular mass depending for stability 
on friction between the particles, a condition to which dry sand approxi- 
mates. If the sand be wet, there will be a certain amount of cohesion 
between the grains, still more if it be mixed with clay, and the angle of 
repose will be increased. In firm stiff clays the cohesion may be con- 
siderable. Moist earth, well punned, will stand for a time at quite a steep 
angle. To such material the theory for a granular mass will not apply. 
In them, the friction between the particles is augmented by the resistance 
to shearing of the material. Both friction and shearing forces are 
tangential forces, but whereas the former is proportional to the normal 


00-283 




pressure between the particles, the latter is assumed to be independent 
thereof, so that the expression for pt, the tangential resistance per sq. ft. 
opposing sliding, takes the form 

pt = fipn + fa (1) 

where \jl = tan <j> is the coefficient of friction between the particles, pn 
the normal pressure, and f s the resistance of the material to shear ; 
an equation similar to that of the internal friction theory for materials in 
compression, § 228, Vol. I. It will be realised that this shearing resistance 
implies tensile and compressive stresses between the particles, in directions 
making angles of 45° with the direction of sliding, so that the effect is 
rightly spoken of as cohesion. A number of modifications to the theory 
of earth pressures have been given, introducing the effect of cohesion. 
The following is an approximate graphical treatment. It may be well 
to repeat that, in earth masses exposed to the weather, it would seldom 
be safe to rely on cohesion for stability. 

332. Equilibrium due to Cohesion.— Let IEV, (i) Fig. 456, be a bank 
of earth standing at a greater angle than the angle of repose, so that it 
depends for stability on cohesion. Consider the equilibrium of the 
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triangle IEV. The weight of this, acting vertically downward, must be 
resisted by normal and tangential forces ST and Ft respectively, acting 
on the plane IV. These three forces must be in equilibrium, and can be 
represented by the triangle of forces jel, (ii) Fig. 456. The tangential 
force Ft will be made up of the frictional resistance F = N tan <f> on the 
plane IV, plus F s, the total shearing force on that plane. If ek be drawn 
in (ii), making an angle </> with eZ, the line Ik will represent F = N tan <f>, 
and kj will represent F$. In (i), draw VD making an angle cf> with VM ; 



draw EJ at right angles to IV, and EQ at right angles to DV. Draw JL 
a horizontal line cutting EQ in K ; draw EL a vertical line. 

The weight of the triangle of earth IEV, per unit of length, is 


W = -TV . JE. 

Jt 

It will be evident that the figures E JKL and ejkl are similar (they have 
been lettered to correspond), and 

F* jk _ JK 
W je JE' 


Therefore JK represents the force ¥ s to the same scale that JE represents 
the weight W ; hence, 


TTT JK «? TTT rn JK TTr 

Fs - W 3E‘2 IVJE S-2 rV ' JK; 


and the average value of F 5 on the plane IV, per square unit, is 

w 


f -Is. 

/s- iv 


. JK. 


If w is in lb. /cub. ft., JK must be measured in feet, and fa will be in 
lb./sq. ft. Since the angle EJV is a right angle, the locus of the point J, 
for different planes similarly situated to TV, will be the semicircle EJQV 
on EV as diameter, and it is evident that the maximum value of JK will 
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be J 0 K 0 , where J 0 bisects the arc QE, hence the maximum value of f s will 
occur on the plane AJ 0 V. But from eq. (1), § 331, fs — pt ppn ; that is 
to say ,/s is the tangential or shearing force on the plane after allowing for 
the effect of friction, and if it exceed the shearing strength of the earth 
the triangle will slide along AJ 0 V, which is the plane of rupture. Since 
equal angl es subtend equal arcs of a circle, whether at the centre or the 
circumference, and EJ„ = J 0 Q> It follows that the angles EVJ 0 and 
J 0 YQ are equal, and AV bisects the angle EVD. Produce EJ 0 to S, 
draw ST parallel to JqKq. Then EJ 0 = dgS, and ST = 2J 0 Kg. Therefore, 

max./* = |’.JoK 0 = j.ST. 

Produce DV to 0, make VO = SQ, draw OY at right angles to DO, and 
YE parallel thereto. Then YE - OQ = VS = VE. But if YE = VE, 
E lies on a parabola for which 0 is the origin, OY the directrix, and 
V the focus. This parabola is called the parabola of cohesion . 

4 

VO = SQ = ST cos = - (max. f s ) cos cf>. 

If the ultimate shearing resistance of the earth be substituted for max. f 3 
in the equation for VO, the resulting parabola will determine the maximum 
height of the point E consistent with stability, for this particular earth. 

333. Cohesive Earth. 

Ratio of Lateral to 
Direct Pressure. — The 
ratio p 2 /Pi> °f lateral 
to direct pressure, in 
the case of coherent 
earth, can be found by 
a method similar to 
Rankine’s construction, 

Fig. 447. In Fig. 457, 
as before, let P'0 = 

fcPi + p 2 )/ 2 > Pi>/ = 

(?i ““P 2 )/ 2 ; then PO 
= p is the resultant 
pressure on the plane 
AOG, and TO = p n and 
PT = pt are the normal 
and tangential compo- 
nents of this pressure. 

From eq. (1), § 331, for 
coherent earth, 

Draw OS making an angle </> (the friction angle) with OQ, and LM 
parallel thereto and distant f s (measured along PT) from it. Then, in the 
particular case when LM is tangent to the circle at P, 

pi = PT = PS 4- ST = f 8 4- p n tan </>, 



pt = pn tan ^ + f s . . . . (1) 
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and the figure represents the pressure conditions for coherent earth. 
Further, PT is evidently the maximum ordinate of the semicircle which 
satisfies eq. (1). Therefore, for given values of p x and p 2 , PT represents 
the maximum value of pt ; or conversely, for given values of p x and pt, 
the value of p 2 will be a minimum. How the angle P'PT = </> ; hence 
the angle PP'Q = 90° + <j>. But the angle PP'Q = 28 (cf. Fig. 446), 
therefore 28 — 90° -f <f> } which determines the plane AC on which pt is 
a maximum. From the figure, 

pn = TO = P'O ~ P'T = - Pl ~ V2 sin<j) 


= PT 


1 cos cf> = fa + pn tan <f > . 


These equations follow at once from eqs. (1) and (2), § 17, Vol. I, if 28 be 
put equal to 90° -f- </>. Hence, 

P C I f - j cos $=f a + - Vy Z pa sin^l tan£ 


and . (2) 

1 + sin <j) w 

Equivalent formulae have been given by Resal, Bell, and others. 
H p 2 = 0, p x = (2/sCqs<£)/( 1 — sin<£), and according to this theory, 
until p x reaches this value, equivalent to a depth, 

h-Jkl Si* ... ,3) 

w( 1 — sm <p) 

there can be no pressure on the vertical back of a retaining wall. No 
very satisfactory theory for the pressure of cohesive earth on a retaining 
wall has yet been evolved. 

334. Sliding. — The tendency of a structure such as a retaining wall. 
Fig. 436, or an arch foundation, Fig. 441, to slide, due to the lateral 
pressure on the structure, is opposed by (i) the blunt end resistance of the 
portion below the ground, (ii) the frictional resistance between the 
structure and the soil. The blunt end resistance is sometimes calculated 
from Rankine’s formula, § 349, from which the lateral resistance at a 
depth h below the surface is p = wh{ 1 + sin </>)/( 1 — sin^) ; hence the 
total blunt end resistance, if D be the depth below the surface, is 
R = JmD 2 (l ■+■ sin </>)/( 1 — sin <f>) y per foot of width. 

The following figures have been given for the coefficient of friction, 
which varies very greatly with the moisture content of the soil. 

Concrete on sand . . . /x = 0*4 Concrete on wet clay . ft = 0*2 

gravel . . . — 0 * 6 hard rock . =* 0 - 6 

dry clay . . =0*5 shale . . =0*6 

335. Experiments on Earth Pressures. — Many experiments have been 

made to test the validity of the different theories of earth pressure. 
Most of these have been on a very small scale, boxes filled with sand, 
and the like. The vertical pressure at the base of a retaining wall 25 ft. 
high is of the order 1 to 1 J tons per sq. ft., and it is more than doubtful 
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if the behaviour of earth in such small models really represents its 
behaviour in practice. 

One of the early large-scale experiments was made by General 
Burgoyne, 6 who built the two retaining walls shown in Fig. 458. They 
were constructed of rough granite blocks laid dry, and the filling was 
loose earth (not rammed) weighing 142 lb./cub. ft. Its natural slope 
was 1| : 1 ; the experiment was made during a wet winter. When the 
depth of earth filling behind each wall was 17 ft., it collapsed. Investi- 
gation shows that at the moment of collapse the line of thrust determined 
by means of RanMne’s theory, § 326, passes right outside the base, 
whereas that found by the method of § 330 just falls within it. 

Experimenting with sand under heavy pressure (his maximum pressure 
was equivalent to a depth of 1340 ft.), Wilson 9 found that the ratio 
p 2 /p j for dry sand was constant and averaged 0*32, thus supporting 
Rankine’s theory. Moisture in the sand produced cohesive forces between 
the particles, and the ratio fell to a minimum of 
0 *20 with about 9 % of water in the sand, rising 
again to 0*32 when the sand was saturated 
(18| % of water). In wet sands the ratio in- 
creased as the pressure was increased. 

The following is a summary of the results of 
some experiments made by Feld 24 on river sand : 
w = 100 lb./cub. ft., angle of repose 30° 15', 
angle of internal friction 28° 20'. The sand 
was filled in horizontal layers into a concrete 
bin, closed at one end by a vertical timber door, 

6 ft. deep by 5 ft. wide. The door was free to move slightly ; the vertical 
component, and top and bottom horizontal components, of the thrust were 
measured separately. 

For a horizontal upper surface, the total horizontal pressure on the 
back of the door can well be represented by the expression F H = 0*13w?H 2 
lb. /ft. of width. When the depth of the filling was greater than 4 ft., the 
vertical pressure on the door was F v = 0 *084w;H 2 lb./ft., so that the 
coefficient of friction was 0*084 4- 0* 13 = 0 *65, and <£'=33°. For 
depths up to 3 ft., F v = O-lOwH 2 , so that // = tan <j>' = 0*10 0*13 

= 0*77, and <f>' = 37£°, which suggests that the coefficient of friction 
may vary with the pressure (see Fig. 459) . The centre of pressure occurred 
from 0-35H to 0*40H up from the bottom of the door. 

Moncrieff shows 31 that the experimental values for the horizontal 
thrust Fh are well represented by the wedge theory, i.e. cf> = 28°, <// = 
33°, /? = 7t/4 — xj>/ 2 (Poncelet’s assumption). 

For a wall with surcharge, Feld’s values for the horizontal thrust are 
given with some accuracy by the formula Fh = Ch^H 2 , where if the angle 
of the surcharge is a, 

a = . —34° - 25° — 15° — 8° 0° 4- 8° + 15° + 25° 4-34° 

C H = . 0*089 0*089 0*093 0*102 0*114 0*131 0*149 0*180 0*212 

w = . i i i 4 0*34 0*35 0*40 0*40 0*44 
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The inclination of the resultant thrust R' to the normal to the back of 
the door was (for practical purposes) equal to the friction angle, and its 
point of application was nR up from the bottom. 

Large-scale experiments made by Dr. Terzaghi 33 at the Massachusetts 
Institute of Technology on clean dry sand, % moisture 2*6 to 1*5, 
thoroughly tamped into place behind a retaining wall, showed that the 
total horizontal pressure on the wall may reach as much as 75 % of that 
due to the same sand considered as a fluid. On allowing the top of the. 
wall to move forward 0*1 inch in 7*12 feet, the pressure fell to 10 % of 
the same fluid pressure. A movement of 1 /1000th the height of the wall 
reduced the horizontal thrust to its minimum value. During this 
movement, a downward vertical pressure was developed on the back of 
the wall rising to about 75 % of the final horizontal pressure. With 
loosely filled sand, the horizontal 
pressure was about 40% of the 
corresponding fluid pressure, com- <d 
bined with a downward thrust ^ 
of about 39 % of the horizontal g 
pressure. With a forward move- 
ment of the top of the wall of ^ 

0*1 inch, the horizontal pressure ^ 
fell to about 28 % of the fluid ° 
pressure, and the downward thrust 
rose to 50 % of the horizontal . 
pressure. In all these cases the ® 
centre of pressure was about Jrd 
the way up the wall, rising at times Fig. 459. 

to 0*4. With sand Saturated with A. Ottawa standard sand, loose, dry. 
water, the horizontal pressure was Till and abnormal till, compacted, 

equal to the sum of that due to a Q Ottawa standard sand, dense, dry. 
depth of water equal to that of the D. Sand and gravel, compacted, saturated, 
filling, plus an earth pressure due to 

a filling having a weight equal to that of the sand less the weight of water 
displaced. The presence of the water had little effect on the values of cj> 
and </>'. The pressure on the back of the wall due to coherent materials 
was very much less than that of the sand. The effect of drainage is 
discussed in the article cited. 

Internal friction experiments showed that p,, the coefficient of friction, 
was much greater for closely packed than for loose materials. As the 
pressure increased, ft decreased, and the difference in question lessened, 
Eig. 459. 

Experiments with Cohesive Earth . — Experiments to determine the 
tangential resistance of cohesive earths have been made by Jacquinot 
and Frontard, 26 Bell, 18 Krey, 29 Gilboy, 64 and others. In Bell’s experi- 
ments on the resistance to direct shear of clays, the apparatus was arranged 
as shown in (i) Fig. 460 ; and typical results are given in (ii). Whereas, 
in the case of sand, the value of pt increased in direct proportion to pn, 
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the resistance of clay is made up partly of a constant shear stress /#, 
partly of a force increasing with the direct pressure p n , thus confirming 



Fig. 460. 


the form of the cohesion equation, eq. (1), § 333. Some average values 
from Mr. Bell’s paper are given in the following Table : 



/s 

tons/sq. ft. 


inch. 

Very soft puddle clay * . 

0-2 

0 

1*3 

Soft puddle clay 

0*3 

3 

1*1 

Moderately firm clay 

0*5 

5 

10 

Stiff clay 

0*7 

7 

0*9 

Very stiff boulder clay . 

1*6 

16 

0*5 


* Puddle clay = pure homogeneous plastic clay, free from sand or stones, 
f D = diameter of impression made by If inch steel ball dropping 1 foot on to 
specimen 1} inch thick. 


In such determinations, time and moisture content are important 
factors. Some experiments by Cooling and Smith 39 well illustrate the 
latter point. The specimens were in the form of an annulus of clay 
under pure torsion, from which the shear strength was calculated. Some 
typical curves are plotted on a water-content base line in Eig. 461, from 
which it will be seen that the strength decreases rapidly as the water 
content increases. Further experiments, made on cylindrical specimens 
with conical ends [see (iii) Fig. 282, Vol. I] in pure compression,* showed 
that with the plastic clays the compressive strength was just twice the 

* See also Jiirgenson, ‘ The Shearing Posistance of Soils,* Jour . Boston Soc. C.E . , 
vol. xxi, 1934, p. 242. 
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shear strength, 4 A,’ Fig. 461, and the angle of the shear plane very 
nearly 45° (see § 14, Vol. I), showing that the tangential resistance was 



Water Content, % of Dry Weight-. 

Fig. 461. 

practically pure shear and the friction small. With sandy clays, 4 R/ 
the compressive strength was more than twice the shear strength, suggest- 
ing that friction was playing a part. 



Coarse Sand. 
2 to 0 • 2 mm. 

Fine Sand. 
0*2 to 

0 *02 mm. 

Silt. 
0*02 to 

0 * 002 mm. 

Clay. 

Less than 
0*002 mm. 


Percentage of Dry Weight. 

A. Reading Clay 

0 

3*5 

31*0 

65-5 

B. Silty Clay, Bagshot Beds 

2-0 

30*0 

38*0 

30*0 

i 


336. Soil Mechanics, — In recent years, due largely to the initiative of 
Professor Terzaghi, much research has been made into the constitution 
and physical properties of soils, with a view to predetermining their 
behaviour under foundation pressures. A number of special tests have 
been devised in order to investigate these properties, and research work 
is being carried out to correlate these tests with observations made on 
actual foundations. 

The four characteristics on which the behaviour of soil depends are 
(i) consolidation , (ii) 'permeability, (iii) compressive strength , (iv) shearing 
strength . These in tiirn depend on (a) its constituents , (6) its structure , 
the arrangement of the particles and volume of the voids and their 
contents, (c) the water content. 

Foundation pressure on soil produces two main effects, consolidation 
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and lateral flow , in different proportions and at different time rates, 
depending on the kind of soil. Consolidation or volume change depends 
largely on the voids. If these are filled with air, this change takes place 
rapidly ; if filled with water, the rate of change will depend on the rate 
at which the water is squeezed out, i.e. on the permeability of the soil. 
In silts and coarse-grained muds, the process may take only a few years ; 
in heavy clays, some hundreds of years. The larger the volume of voids, 
the greater the amount of consolidation under given conditions. 

Accompanying the consolidation, and increasing the settlement, is 
the effect of lateral flow, which depends on the resistance to compression 
and shear ; cohesion in the soil is here the important consideration. In 
certain fine-grained silts and clays, when the water content is large, this 
is the chief cause of settlement. An important effect of cohesion is 
that, in soils where the shear strength is great, the settlement produced 
by given unit direct pressure increases in direct ratio to the diameter of 
the loaded area ; in cohesionless soils the size of the area has little effect. 
The ratio of the settlement for a surface foundation, to that for one at a 
depth d, varies as d/D, where D is the diameter of the loaded area ; but* 
the effect of the ratio d /D on the settlement is less the greater the cohesion. 
In cohesionless soils, a ratio d/D = 1 almost triples the bearing capacity, 
and reduces the ratio of the two settlements to one-third. 62 

Space considerations prevent a discussion of the methods of mechanical 
analysis used for soils, or of the different physical tests which have been 
devised. A number of methods of applying the test results to practical 
work have been tried, with some measure of success, but no procedure has 
yet been generally agreed. 


FOUNDATIONS 

337. Foundations. — The term foundations designates all the arrange- 
ments made at the base of a structure to transfer its weight to the ground 
on which it rests. 

Two essential conditions for the stability of foundations are : first, 
that the pressure per sq. ft. between the structure and the soil on which 
it rests must not exceed the safe bearing pressure on the latter, or on 
the material of which the structure is composed ; secondly, the centre 
of pressure on any area forming part of the foundations must fall within 
the core of that area (§ 97, Vol. I), so that there may be no tendency 
to develop tension between the base of the structure and the soil. Where 
the base is rectangular in shape, as for example the base of a wall, this 
implies that the centre of pressure must everywhere lie within the middle 
third of the width. In soft ground, every care must be taken to avoid 
unequal settlement, by suitably proportioning the area of base to the 
load carried. In addition, the centre of area should lie well within the 
core, so that the pressure is as uniformly distributed as possible. 

It is also desirable in foundations that the plane of the base should 
be as nearly as possible perpendicular to the direction of the pressure. 
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To prevent disintegration of the soil on which the foundations rest, 
due to the effects of frost and weather, it is necessary to sink the founda- 
tions below the surface of the earth some three or four feet in this country, 
and to greater depths still in countries subject to extremes of heat and 
cold. Efficient drainage is also necessary to carry off the surface water 
and to prevent the soil from becoming saturated. 

338. Safe Bearing Pressures.— The following Table gives the safe 
bearing pressure on various kinds of soil. The figures must be taken as 
rough averages for the kind of soil indicated. In all important structures 
trial borings should be made, and the bearing pressure of the soil deter- 
mined by experiment. 

Approximate Safe Bearing Pressures 


Rock. 

Hard — (Granite 40) 

Tons/sq. ft. 
25-30 


Ordinary .... 

8-16 


Soft, or firm Shale . 

6-8 

Gravel. 

Hard and compact 

6-9 


Ordinary compact 

3-4 

Chalk. 

Hard white .... 

4-6 


Soft 

1-1* 

Clay. 

Dry, hard and compact . 

4-6 

Ordinary, moderately dry 

2 


Soft and moist 

1 

Sand. 

Dry, laterally confined . 

2-3 


Wet or loose 

1 

Earth. 

Alluvial soil, firm . 

• 4-1 


339. Types of Foundations. — Foundations may be divided roughly 
into two classes : those suitable for a hard unyielding stratum, hard rock, 
hard compact gravel, etc., and those suitable for a soft yielding soil 
or loose earth. In the former type, little more is necessary than the 
provision of suitable footings of sufficient bearing area. In the latter 
type, special construction is often required. 

When a hard stratum overlies soft ground, it is better, if possible, 
not to penetrate through the hard material, but to provide sufficient 
area to reduce the bearing pressure to that permissible for the hard 
stratum, and to make the depth of the excavation as small as possible. 
When a soft stratum overlies a hard material, it is better to go through 
the soft material and make the foundation on the firm ground, unless 
the soft ground be too deep to permit this, when the foundation must be 
treated as one on yielding ground. 

Rock Foundations , — When a foundation is carried down to the solid 
rock, it is only necessary to provide a flat surface perpendicular to the 
direction of the pressure, of sufficient area to carry the load. This area 
may be a plane surface, or in steps according to circumstances. The 
rock is cut and dressed level, loose and decayed portions being removed 
and holes and hollow places filled up with concrete. The crushing 
strength of the rock can be ascertained by experiment, and the bearing 
pressure should not exceed one-eighth of this. 

Foundations on Firm Soil . — Foundations on firm compact gravel or 
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hard clay are excavated to a depth of at least 3 ft. in the case of gravel, 
and 4 ft" in the case of clay, to exclude frost. The area is levelled, and 
may or may not be covered with concrete. Suitable footings must be 
provided to reduce the bearing pressure to that allowable. A wed- 
arranged drainage system is necessary to prevent the soil becoming 
saturated with water and thus reducing or destroying its stability. 
Gravel makes a good foundation, but clay is often treacherous, especially 
if much subject to wet. 

Foundations in Soft Soil — The requisites for foundations in soft or 
loose earth are : sufficient bearing area— this usually involves special 
types of construction, § 340 et seq. ; a minimum depth of excavation 
below the surface, § 349 ; an adequate drainage system to prevent 
saturation of the soil. Care is necessary in foundations on a soft yielding 
material that the bearing areas be proportioned so as to obtain such a 
distribution of pressure on all parts of the foundation, that no unequal 
settlement will occur. If the kind of soil differ at different parts of the 
foundation, special consideration is necessary to prevent unequal settle- 
ment. Where the load on a structure is subject to variation, it is desir- 
able to proportion the areas to suit the permanent load, but to provide 
sufficient area that the safe bearing pressure is never exceeded under any 
load conditions. It is perhaps wise to add that the weight of the founda- 
tion structure itself often forms a considerable addition to the load 
from the building itself. 

340. Methods of Spreading the Load. — The more usual methods of 
increasing the bearing area in foundations are : 

Wide Footings, § 341. 

Concrete in Trenches or Hafts, § 342. 

Inverted Arches, § 343. 

Gillages, § 344. 

Piles, § 345. 

341. Footings. — The area of base of a brick or masonry structure is 
very commonly increased by widening the lower portion of the walls in 



Fig. 462. 

steps. Fig. 462. Such widened courses are called footing courses; The 
lowest course is usually made twice the width of the wall. No footing 
course should project more than J the length of the bricks or stones of 
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which the wall is constructed. Each footing course may be from one to 
four bricks in thickness, the latter being suitable for heavy brick walls, 
piers, and abutments. The top layer of each course must consist entirely 
of headers. Footing courses for stone structures are sometimes made 
of brick, and vice versa . 

342. Concrete in Trenches or Rafts. — Foundations for walls of build- 
ings in soft soil are often supported on concrete in trenches, arranged 
to distribute the weight over a sufficient area. 

Such trenches are usually made about a foot 
wider than the lowest course of footings, and 
from 2 ft. or more in depth. Sometimes the 
whole area is covered with a layer of concrete, 
which should nowhere be less than 6 in. in 
thickness, and is made thicker under the 
footings. In the case of sand and other very 
soft material, the area carrying the load must 
be confined between sheet piles to prevent lateral 
spreading, Fig. 463. If the footings rest on a 
hard firm soil, such as a natural bed of gravel, 
concrete is not required. In less firm material, a bed of concrete from 
8 to 12 in. wider than the footings and not less than 9 in. thick is used to 
spread the load. 

343. Inverted Arches. — In brick, masonry, or concrete structures, the 
necessary area for distributing the load may be obtained by the use of 
inverted arches, Fig. 464. This method is useful where openings occur 
in a wall. Such arches may be constructed of reinforced-concrete. 




344. Grillages. — When it is necessary to spread the load over a con- 
siderable area in order to obtain a sufficiently low bearing- pressure, a 
grillage is co mm only adopted, Figs. 465 and 466. This consists of one 
or more tiers of X beams, arranged as shown in the figures so as to dis- 
tribute the load. The spaces between these beams are filled in with 
concrete. Grillages are particularly useful in cases where a hard stratum 
covers a soft yielding material. The grillage spreads the load over a 
sufficient area of hard soil and prevents penetration. They are also 
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much used as the foundations for stanchions, Fig. 466, where a heavy 
load is concentrated on a limited area. 

The type of grillage used for a wall foundation is shown in Fig. 465. 
The I beams are spaced at regular intervals, at right angles to the length 
of the wall, on a bed of concrete, which should not be less than 4 to 6 in. 
thick. The distance apart of the beams usually varies from 9 to 24 in. 
A space of not less than 4| or 5 in. should be arranged between each 
beam so that the concrete filling can be introduced and properly tamped. 
Such an arrangement is spoken of as a single tier grillage. 

The dimensions of the X beams are found as follows : Let w be the 
weight per unit of length of the wall, including the load upon it ; and l the 
distance apart of the beams. Then the load on one beam is W = wl 
This load W may be taken as uniformly distributed over the width L x 



of the footings, (i) Fig. 465 ; it is the function of the X beam to spread it 
over an area of width L 2 , the length of the X beam. There will be, 
therefore, an upward reaction on the X beam equal to W, which is assumed 
to be uniformly distributed over the length L 2 . If p be the bearing 
pressure on the soil immediately beneath the X beams, W = pTL 2> where 
is the area over which one X beam distributes its load ; p must not 
exceed the safe bearing pressure on the soil. Since W = wl, L 2 = wjp. 
The shearing-force and bending-moment diagrams for the load on the 
X beam are shown at (ii) and (iii) Fig. 465. It is evident that the shearing 
force is a maximum at D, the edge of the footings, and is equal to 


max. S = 


W 


L 2 — L x ) 
L 2 j 


( 1 ) 


Further, that since the shearing force changes sign at C, the centre of the 
beam, the bending moment will be a maximum there. The upward 
bending moment at the centre, due to the underneath reaction, is WL 2 /8 ; 
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and the bending moment there due to the downward load is WL l / 8. 
Therefore the actual bending moment at the centre is the difference, 

M = ^(L a L,) (2) 

The two curves bounding the bending-moment diagram are each para- 
bolas. If Z be the section modulus of the beam, and / the safe stress in it, 

Z = |(L 2 -L x ) = ^(L.-LJ (3) 

As will be seen from the following numerical example, however, unless 
the pitch l be otherwise fixed, it is often more convenient to determine 
the bending moment per foot run, rather than per beam, and to arrange 
the pitch to suit the Z of a convenient standard I beam. 

Example . — The load on a 27-in. brick wall, including its own weight 
and that of the footings, is 19*4 tons per lineal foot ; and the width of 
the lower course of masonry footings is 54 in. If the safe bearing 
pressure on the soil be 1J tons per sq. ft., find the necessary pitch and 
dimensions of the I beams forming the grillage under the wall. 

Assume that the concrete containing the X beams is 18 in. thick, 
and that, with the beams, it weighs 150 lb. per cub. ft. Then the spread 
weight of the grillage is 1| x 150 = 225 lb. per sq. ft. = 0*1 ton per 
sq. ft., and the net safe bearing pressure on the soil is 1 *5 — 0*1 = 1 *4 
tons per sq. ft. The safe, load per foot run on the grillage is, therefore, 
L 2 x 1 X 1*4 tons. This must equal 19*4 tons, the weight of the wall 
per foot. Hence L 2 = 19*4 4* 1*4 = 13*9 ft., say 168 in. The bending 
moment at the centre of the beams, per foot run, is 

W 19-4 

M = ~ (L 2 - LJ = (168 - 54) = 277 in.-tons ; 

o o 


since W = 19*4 tons ; L 2 = 168 in. ; and L x = 54 in. The necessary 
Z per foot run, if / is not to exceed 8 tons/sq. in., is 277 4- 8 — 34*7 
in. 3 To obviate undue deflection, it is undesirable that the depth of the 
beams should be less than their length ; i.e. the beam should not be 
less than 168 -4 20 = 8*4 in. deep. A 10 x 6 x 40 lb./ft., N.B.S.H.B. 
No. 6 ; Z = 40*9 in. 3 ; would require to be spaced not more than 
40*94-34*7 = 1*18 ft. apart. A 14 x x 40 lb./ft., N.B.S.B., No. 12 ; 
Z = 53*8 in. 3 ; would require , to be spaced not more "than 53*8 4 - 34*7 
--= 1 • 55 ft. apart ; say in round figures, 18 in. apart. The latter is the lighter 
and better solution. With a spacing Z = 18 in., the load per beam is 
W = wl = 19*4 x 1| = 29* 1 tons. The maximum shearing force, from 
eq. (1), is 


WfLa-Li] 29*1(168- 54 
~2( L 2 J ~ 2 I 168 


= 9*9 tons. 


The depth of the web of the beam is approximately 12 *4 in., its thickness 
is 0*37 in. Hence the shearing force per sq. in. is 9*9 4 - (12*4 x 0*37) 
= 2*2 tons per sq. in., a safe figure. 
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The type of grillage used as the foundation for a column is shown in 
Fig. 466, In this particular case there are three tiers of I beams. The 
beams in each tier should be connected together by bolts passing through 
the webs of the beams, with cast-iron separators or gas-pipe distance 
pieces between the webs ; and the flanges of each tier should be securely 
bolted to the flanges of the tier next above or below it. The method of 
calculation will be evident from the following example. 

It is required to design a grillage for the base of a column formed of a 
compound section composed of two 10x8 in. B.S. beams with a 18 x ^ in. 
flange plate back and front, Fig. 466. The load on the column is 260 
tons, and the safe load on the soil is 2 tons/sq. ft. Assume in the first 
instance that the weight of the grillage proper is 4 tons, and that of the 
concrete surrounding it 25 tons. The total weight to be spread is there- 



Fig. 466. 


fore 260 + 4-f 25 = 289 tons. To limit the pressure to 2 tons/sq. ft;, 
an area of 144 sq. ft., say 12 x 12 ft., is required ; and allowing 6 in. of 
concrete outside the ends of the beams, the length of the beams of the 
lowest tier will be 11 ft. 0 in. 

In a direction perpendicular to the flanges of the column, it will be 
convenient to spread the load over a width of column base of not more 
than 2 ft. If the top tier of beams be 5 ft. 6 in. long, it follows from 
eq. (2) that the maximum bending moment on these beams will be 

W 260 

-g-(L 2 — L x ) = — (66 — 24) = 1365 in.-tons, 

and at 8 * tons/sq. in. the total Z required will be 171 in. 3 If four beams 
are used, the Z of each must be 42 * 8 in. 3 A 13 x 5 x 35 lb. /ft. N.B.S.B., 

* The L.C.C. Regulations of 1932 permit the normal stresses in the beams to be 
increased by 50 per cent, in grillages of the type shown in Fig, 466, if 1 : 6 concrete 
be used, with a minimum cover of 3*. 
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Z = 43-6, would carry the bending moment. The total load per beam 
is 260 -4- 4 = 65 tons ; and from eq. (1), the maximum shearing force is 


W 

J 


L x ) 65(66 - 24) „ 

- = i =20-7 tons. 


2 ( 66 


The web area of the 13 x 5 is 11 • 5 x 0 • 35 sq. in., approximately, and the 
shear stress is 20*7 ~ 4 • 0 = 5 • 2 tons/sq. in. Without taking into account 
buckling of the web, this exceeds the permissible limit, 5 tons/sq. in., 
and the next size, 14 x 5| x 40 lb. /ft., Z = 53*8, will be chosen. 
The web area of this is 12*4 x 0*37 = 4*6 sq. in., and the shear stress 
is20*7 4-4*6 = 4*5 tons/sq. in. Tested by eq. (1), § 174, the resistance 
to buckling is not quite sufficient just at the point of maximum shear, 
and channel stiffeners .will be introduced as shown in Fig. 466. These 
will halve the length of the 45° elementary web columns (see Fig. 263), 
tie the upper tier beams together, and help to support the webs against 
the direct crush from the column load. If the channels are 10 in. 
wide, the base of the column perpendicular to the upper tier of beams 
must be 37 in. wide. 

For the middle tier of beams, therefore, L 2 = 132 in., L x =37 in. ; 
the maximum bending moment, eq. (2), is (132 — 37) = 3088 in.-tons ; 

o 


and the total Z required is 3088 -f- 8 = 386 in. 3 The length of the top 
tier being 5 ft. 6 in., it is possible to get six beams in the middle tier with 
5 in. between them. The Z of each must therefore be 386 4- 6 = 64 *4 in. 3 
A N.B.S.B. 15 x 6 x 45 lb., Z = 65*6, will serve. The load per beam is 
260 4- 6 == 43*4 tons, and the maximum shearing force, from eq. (1), is 


43*4 1 132 — 37 

J — = 15*6 tons. The web area is approximately 13*3 x 

2 ( 1 32 

0*38 = 5 sq. in., and the shear stress is 15*6 4- 5*0 = 3*1 tons/sq. in. 

In the lowest tier, L 2 = 132 in., L x = 66 in., the maximum bending 


moment is (132 — 66) = 2145 in.-tons, and the total Z required is 

o 

2145 4- 8 = 269 in. 3 In a width of 11 ft., fourteen beams can be placed 
with approximately 5 in. between them. The Z of each must be 
269 4- 14= 19*2 in. 3 The nearest N.B.S.B. is a 10 x 4| x 25 lb./ft., 
Z = 24*4 in. 3 ; if this be adopted, only 269 4- 24*4 = say twelve beams 
(eleven would practically do) are required. The load per beam is 
260 4- 12 = 21 *7 tons, and the maximum shearing force is 


21*7 f 132 — 66 
132 


= 5*5 tons. 


The web area is approximately 8*6 x 0*30 = 2*6 sq. in., and the shear 
stress is 2 • 1 tons/sq. in. 

' The grillage will rest on a bed of concrete, say 1 ft. thick, and will be 
arranged as indicated in Fig. 466. The lower tiers of beams will be tied 
together by bolts with gas-pipe distance pieces. It is essential in designing 
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grillages to leave sufficient space between the beams so that the concrete 
can be inserted and properly rammed. 

345. Pile Foundations.— When foundations have to be constructed in 
soft ground of considerable depth, piles are frequently used, Eig. 467. 
If the soft ground overlies a stratum of firm hard material, at a distance 
not much exceeding 15 ft. below the surface, it is often considered better 
to carry the foundations themselves down to the firm ground ; or the 
weight of the superstructure may be supported on piers of brickwork or 
other suitable material carried down to the firm ground. If the depth of 
the soft ground ranges from 15 to 30 ft., piles may be driven down to the 
hard ground, in positions suitable 
for carrying the weight of the build- 
ing. If the depth of soft ground 
exceeds about 30 ft., reliance must 
be placed on the friction between 
the sides of the piles and the earth 
to support the load. 

Piles may be made of timber or 
reinforced-concrete. Timber piles 
are square baulks of timber (common 
sizes 12 x 12 to 16 x 16 in.), the 
lower end is pointed and, except in 
very soft ground, is protected by an 
iron shoe, (i) Fig. 468. The upper 
end is hooped to prevent splitting 
while the pile is being driven into 
the ground. Sawn pitch-pine baulks 
can be obtained up to 40 ft. long ; 

Oregon pine up to 60 ft. long. Karri 
and jarrah wood piles are used to re- 
sist the attacks of wood-boring worms 
in tidal waters. The kind of timber 
used depends largely on what can be 
procured in the locality. Rein- Fig. 467. 

forced-concrete piles, (ii) Fig. 468, 

are commonly made 12 to 24 in. square or octagonal, and are reinforced 
by longitudinal rods with suitable lateral binding. They are proof against 
the sources of decay to which timber piles are subject. 

In designing pile foundations, care should be taken that the point of 
application of the load coincides as nearly as possible with the centre 
of resistance of the group of piles, so that all the piles are equally 
loaded, thus ensuring that the settlement is fairly uniform all over the 
foundation. In ordinary cases, piles should not be placed closer than 
3 ft. centre to centre, or 4 ft. for large piles. Maximum spacing about 
7 ft. 6 in. 

Piles are driven by means of drop hammers falling by gravity, or by 
single- or double-acting steam hammers. The weight and fall of the 
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hammer depend on the size and type of the 
To drive timber piles, a light hammer with 
hammer falling 6 ft. may be regarded as 
typical. For reinforced-concrete piles, 
a heavy hammer with a short drop is 
used. For a 14-in. pile a 3-ton hammer 
falling 2 ft. 0 in., may be regarded as 
typical.* When driving a reinforced- 
concrete pile, a timber dolly is fitted, (iii) 
Fig. 468, with a rope or other mat be- 
tween it and the head of the pile. This 
prevents disintegration of the concrete 
due to the blow. After driving, the 
heads of piles are cut off to the required 
length and embedded in a concrete slab 
on which the footings rest, Fig. 467. 

Concrete piles formed in situ are fre- 
quently employed, A steel tube with 
a loose point is driven into the ground. 
Concrete is poured into the tube and 
tamped down while the tube is slowly 
withdrawn ; the concrete spreads and 
fills the hole, Fig. 469. Where necessary, 
reinforcement is introduced before filling 
in the concrete. 

346. Supporting Power of Piles.— The 
supporting power of a pile is made up 
of two parts : (i) the frictional resistance 
of the sides of the pile against the 
earth, (ii) the blunt end or toe resist- 
ance. The magnitude of these resist- 
ances depends largely on the type of soil 
into which the pile is driven. From 
this point of view, Terzaghi 62 divides 
soils into two classes : (a) soils, such 
as sand and gravel, easily permeable 
by water ; (b) soils, such as fine-grained 
silts and fine clays, almost impervious 
to water. In soils of type (a) the re- 
sistance while the pile is being driven 
does not differ much from the resist- 
ance when the pile is at rest, and 
a fair estimate of its magnitude may 
be obtained from a pile formula (see 


pile, and is usually specified, 
a long drop is used ; a 1-ton 

Timber Dolly 



Cost Steel 
Helmet 


Diagonals 1 


m 
1 1 


/■ — — ' 


f 


i 



X 



§ 


i 


(ii) 


- 12 - — | 


(i) 


:tVt1 





* The suggestions of the Joint Sub-Committee on Pile-Driving, Jour. Inst . C.E., 
No. 6, April 1930, p. 587, may bo consulted regarding the most appropriate driving 
conditions. 
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below) based on the penetration per blow. In soils of type (6), the water 
contained in the voids in the material below the toe is unable to escape 
during the blow, and offers a high resistance to penetra- 
tion. Subsequent blows loosen the pile, which allows 
the water to escape up its sides, where it acts as a 
lubricant. Thus, during motion, the toe resistance is 
large and the friction small, whilst under static loading 
the friction may be considerable and the toe resistance 
small. Pile formulae based on penetration per blow will 
not apply in such cases ; an experimental pile should 
be driven and loaded to find its supporting power. To 
discr imin ate between the two types of soil, a test pile 
may be driven, and the penetration per blow measured 
before and after a period of not less than 24 hours’ 
rest. If the two penetrations are equal, a pile formula 
may be used to determine the supporting power. 

Pile Formulae . — The energy given out by the falling 
hammer is expended partly in overcoming the resistance 
to penetration of the ground, and partly in losses during 
driving. In driving a timber pile through soft ground, 
the losses may amount to 25 % of the total energy. In 
driving a heavy reinforced-concrete pile through firm 
ground, they may amount to 75 % or more. They 
include (i) the energy consumed in temporarily com- 
pressing the pile and the earth ; (ii) the energy absorbed 
in overcoming the inertia of the pile ; (iii) incidental 
losses in the pile-driving mechanism. By equating the 
energy of penetration plus the lost energy to the total 
energy of the falling hammer, a formula for the supporting 
power of the pile can be obtained. Many such pile 
formulae have been devised. Let Pio. 469. 
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R = the supporting power of the pile under a static load in tons. 

R' a the resistance to penetration under impact in tons. 

Wp = the inclusive weight of the pile including shoe, helmet, etc., tons. 
I ss the length of the pile in inches. 
a =b the area of the pile in sq. in. 

W — the inclusive weight of the falling hammer in tons. 
h and H — the height of the fall in inches and feet respectively. 
s = the penetration of the blow or £ set ’ in inches. 


Then Terzaghi 62 gives as a general formula for the resistance to penetra- 
tion of piles 


R' 


Ea 

1 




2 , 2WA 
s 2 4 — — - • 

W+ m 2 Wp] 

l 

E 1 

{ W+ Wp j 

a 


(i) 


where m is a coefficient of restitution which ranges from 0 to 1 ; m = 0 
for non-elastic impact ; m — 1 for perfectly elastic impact. For soils of 
type (a) } see above, It = B,'. 
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Retenbacher’s Formula . — If m — 0 in eq. (1), 

W*A 

(W + Wp)(Rl/ZEa + s) 
Dutch Rule . — If in eq. ( 2 ), RZ/2Ea is put = 0, 

„ _ W 2 h 12 W 2 H 

(W + W P )s (W + Wp)s ‘ 


( 2 ) 

( 3 ) 


a commonly used rule for reinforced-concrete piles ; s is the average 
penetration per blow for the last six blows in inches. The factor of 
safety for dead loads is from 4 to 6 for concrete piles, and 6 to 8 for 
timber piles. 

W ellington err Engineering -N ews Formula . — If m = 1, and RZ/2E« = c, 
a constant m 12WH 

-Ki = (4) 

s 4 - c s -f c 


c = 1 for a drop hammer ; c = 0 * 1 for a steam hammer * ; s is the 
average penetration per blow for the last 10 blows in inches . A factor 
of safety for dead loads of 6 is adopted, 

Eqs. (3) and (4) are most applicable in the case of light driving where 
5 exceeds 0*2 in. 

Hiley Formula .— This formula takes into direct account the actual 
conditions which obtain during the pile driving, and is to be preferred on 
that account. 

R 2 = R'+ W+ Wp = - 2 ^_. + w+W„ . . (5) 

where 


R a = the ultimate resistance of the ground in tons. 

7] = the efficiency of the blow 

(1 + re 2 ) /(I + r) when 1/e > r ; r = WpjW 

= r(l 4 e) 2 /( 1 4 - r) 2 when 1/e < r. 

. For steel ram of d.a. hammer on steel anvil . 
e = 0 • 5 for steel piles ; = 0 * 4 for timber piles. 

For c.i . ram of s.a. hammer , or drop hammer. 
e =5= 0 * 4 for r.c. piles without helmet. 

= 0*32 for steel plate cover of wood cap on steel tubes. 

= 0*25 for wood cap of helmet in good condition, driving r.c. pile ; or directly 
on head of timber pile. 

For a wood cap or head of timber pile in deteriorated condition, or for excess 
packing, e = 0. 

h t = the equivalent free fall of the hammer in inches. 

= 0 * 9& for single-acting steam hammer. 

= 0 -8h for winch-operated drop hammer ; if released by triggers h 6 = h . 

= h (W 4- pA)/W for double-acting steam hammers ; where A = piston area, 
sq. in. ; p = mean pressure, lb./sq. in.= 80 per cent, of boiler pressure. 

= k (pA - W )/W for pile extraction (hitting upwards). 

Incvtned driving , 6° to the vertical , p — 0-1. 

= 0*9 h (cos 6 — 0*1 sin d) for single-acting steam hammer. 

= 0*8/i (cos 6 — 0*1 sin 6) for drop hammer. 

C = temporary elastic compression of cap, pile, and ground = C<* 4- Op 4- inches. 
* See a letter in The Engineer , December 3, 1926, p. J5Q& 
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Type of Driving 

Easy. 

Medium. 

Hard. 

Very Hard. 

P == B 2 /a lb./sq. in. 

500 

1000 

1500 

2000 

1 1 1. ■ 1 

O c -as Temporary Compression Allowance for Pile Head and Cap. 

Head of Timber Pile 

0*05 

0*10 

0*15 

0*20 

Short Dolly in Helmet 

3 to 4 in. Packing on Head of 

0*05 

0*10 

0*15 

0-20 

r.c. Pile 

1 to 1 £ in. Mat Pad only on 

0-07 

0*15 

0-22 

0*30 

Head of r.c. Pile . 

Steel Cap for 16 in. Yibro 

0-03 

0*05 

0*075 

0*10 

Piling Tube . 

0*04 

0-08 

0*12 

0*16 

! 1 1 

Cp = Temporary Compression Values per 10 ft. Length of Piles. 

Timber Pile 

0*04 

0-08 

0-12 

0*16 

R.C. Pile 

0-03 

0*06 

0*09 

0*12 

Vibro Steel Piling Tube 

0*014 

0*028 

0*042 

0-056 

1 1 

C q ass Temporary Compression of Ground (average cases). Penetrable Ground. 

For straight-sided Piles, 





12-18 in. sides 

0 to 0*10 

0 * 10 to 0 • 20 

0*10 to 0*30 

0 * 05 to 0 • 20 


For dead loads a factor of 3 to 4 is used. 

Test loads of 50 % in excess of the working load should produce no 
settlement. 

Example,. — 14 x 14 in. reimorced-concrete pile, 40 ft. long, with 
helmet and short dolly but no mat, weight of pile and helmet, etc., 
Wp = 4 tons. Driven by s.a. steam hammer, W = 2 tons ; fall 
h = 46 in. Medium driving. Set for 10 blows = 1 in. Find the safe 
load on the pile if the factor of safety = 4. 
v = WpfW = 2 ; e — 0*25 ; 1/e = 4 ; 1/e is > r ; 

V = (l + ™ 2 )/(l ir) = 0-38; h e = 0-9 x 46 - 41 *4 in. ; 

C =■= C c + Op + C q = 0*10 + 4 x 0*06 + 0*10 = 0*44 ; s 0*10. 

From eq. (5), 


r 2 — 


0*38 x 2 x 41*4 

0*10 + 0*22 


2+4 


104 tons ; safe load = 26 tons. 


Piles Oast %n situ . — For piles cast in situ , or where a penetration 
formula is inapplicable, the supporting power can be estimated from the 
formula 


safe R 



A — the surface area, sq. ft. ; / the frictional resistance, lb./sq. ft. ; a the area 
of cross-section, sq. in. ; = the toe resistance lb./sq. ft. [see eq. (1) § 349] ; D the 

depth of the toe below the surface (ft.) ; w the weight of the earth lb. /cub. ft.; 
<p the friction angle of the earth ; p 1 should not exceed four times the safe bearing 
pressure on the soil given in § 338. For mud and soft silt / *= 100-150 ; soft wet 
j j^ 50 q 0 qq^ f ^ 150-180 i compact dry clay, / = 300-400 ; sand and gravel, 




FOUNDATIONS 


-701 


347. Sheet Piling.— Another method of . constructing foundations in 
soft ground is to drive two parallel lines of sheet piles, Fig. 463, thus 
forming a trench in which the material is prevented from spreading 
laterally. Well-rammed sand, thus confined, makes a satisfactory 
foundation. Sheet piles may be made of tongued and grooved timber, 
(i) Fig. 470, or rolled steel sections, (ii), may be used. These interlock 
each with the next and so form a continuous surface. Sheet piling is 
often employed to exclude water from foundations or other excavations. 


J i ! I 

lHansome P ® 

Simplex 

(ii) 

Universal 
Joist 


Fig. 470 . 

348. Cylinder and Caisson Foundations. — The safe load on bridge 
piers, either cylinders or caissons, is usually determined by the safe 
bearing pressure on the soil on which they rest. The friction between 
the soil and the cylinder or caisson, and the displacement or buoyancy 
of the same, is as a rule neglected when calculating the load which the 
pier will support. Such foundations are carried down to a firm compact 
strata well below the disintegrating influences of weather and water 
(see § 247). 

349. Depth of Earth Foundations in Soft or Loose Soil.— The 
relation proved in eq. (1), § 325, leads to a simple method of determining 
the minimum depth of a foundation below the surface in loose earth. 
Suppose that due to the weight of a building there be a pressure on 
the area AB of its foundation, Fig. 471. To sustain this direct pressure 




Waling 


(i) 




Waling 

Tender 

Waling 
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p x on the earth below the foundation, a lateral pressure p 2 is necessary, 
as shown at (i), the ratio of to p x being given by eq. (1), § 325, 

1 — sin cf> 

$2 — P gxn 


^ 77777777 ) (j) 

-i, . . 

BrPz 


But the lateral pressure p 2 must i n its turn sustained by a third 
pressure p 3 at right angles to as shown at (ii), which is an enlarged 
view of an element C in , 

the neighbourhood of the 
point A. From the same 
equation, therefore, 

1 — sin 

~ ^ 2 1 + sin^> 5 
f 1 — sin <j> 

”■ - ^ir+iM 

Now the pressure p z must 
be produced by the weight 
of a column of earth D 

in length, where D is the Fig 471 

depth of the foundation 

below the surface. Hence, p 3 = wD, where w is the weight of a cubic 
foot of earth, and 



f 1 — sin <£ 

n 3 = wD = ; 

^(1 -f sm <j) 


or, D l 2 

10 ( 1 + sin <j> 


( 1 ) 


This equation determines the theoretical minimum depth of the founda- 
tion below the surface. 


BIBLIOGRAPHY 

Earth Pressure 

1. Coulomb. M6m. de Math . et Phys. Acad . Roy. des Sci. Paris, Ann6e 

1773. 

2. Poncelet. Memoir e mr la stability des Revetements , 1845. 

3. Rankine. On the Stability of Loose Earth. Phil. Trans . Roy . Soc. f 

vol. cxlvii, 1857, p. 9. 

4. SoHErnoEB. Traitd de la stability des constructions. Paris, 1864 (takes 

cohesion into account). 

5. Boxxssinesq. Essai theorique sur l’^quilibre dans massifs pulv^rulents, 

etc. Trans. Roy. Soc . de Belgique , 1874 ; see in discussion Ref. No. 6. 

6. Baker. The Actual Lateral Pressure of Earthwork. Proc. Inst . C.E . , 

vol. lxv, 1881, p. 140. 

7. Darwin. On the Horizontal Thrust of a Mass of Sand. Proc . Inst . 

G.E., vol. lxxi, 1882, p. 350. 

8. Leygue. Nouvelle recherche sur la pouss^e des terras. Ann. d. PorUs 

et Chaussies , 1885, t. ii, p. 788. 




EARTH PRESSURE 


703 


9. Wilson. Some Experiments on Conjugate Pressures in Fine Sand and 
their Variation with the Presence of Water. Proc. Inst. G.E., vol. cxlix, 
1901-2, p. 208. 

10. R^isal. Pousste des terres . Paris, t. i, 1903 ; t. ii, 1910. Thiorie des 

terres coherentes. \ 

11. Goodrich. Lateral Earth Pressures and Related Phenomena. Trans . 

Amer. Soc . G.E. , vol. liii, 1904, p. 270. 

12. Meem. Pressure, Resistance, and Stability of - Earth. Trans. Amer . 

Soc . G.E., vol. Ixx, 1910, p. 352. 

13. Cain. Experiments on Retaining Walls and Pressures on T unn els. 

Trans . Amer. Soc. G.E., vol. lxxii, 1911, p. 403. 

14. Cohesion in Earth. Trans . Amer . Soc. G.E., vol. lxxx, 1916, p. 1315. 

15. Earth Pressure, Retaining Walls , and Bins. New York, 1916. 

16. Howe. Retaining Walls for Earth. New York, 1913. 

17. Kjetchdm. Walls , Bins , and Grain Elevators. New York, 3rd ed., 1919. 

18. Bell. The Lateral Pressure and Resistance of Clay, and the Supporting 

Power of Clay Foundations. Proc. Inst. G.E. , vol. cxcix, 1914-15, 
p. 233. 

19. Crosthwaite. Experiments on Earth-Pressures. Proc . Inst. G.E. , 

vol. cciii, 1916-17, p. 124. 

20. Experiments on the Horizontal Pressure of Sand. Proc. Inst. G.E., 

vol. ccix, 1919-20, p. 252. 

21. Ackermann. The Physical Properties of Clay. Trans. Soc. Eng., 

1919- 23 (5 papers). 

22. Fulton. Overturning Moments on Retaining Walls. Proc. Inst. C.E., 

vol. ccix, 1919-20, p. 284. 

23. Hummel and Finnan. The Distribution of Pressure on Surfaces Sup- 

porting a Mass of Granular Material. Proc. Inst. G.E., vol. ccxii, 

1920- 21, p. 369. 

24. Feld. Determination of Lateral Earth Pressures, etc. Trans. Amer. 

Soc. G.E. , vol. 86, 1923, p. 1448. 

25. Carothers. Stresses due to a Loaded Surface when Earth is Treated 

as an Elastic Solid. Engg., July 14, 1924, p. 1. 

26. Aubry. Gouts de murs de soutenement , Paris, 1925 ; (Jacquinot et 

Frontard, Cohesion in Clay). 

27. Hawken. Stress in Cohesive Material and Earth Pressure. Trans . 

Inst. Eng. Aust., 1925, p. 39 ; 1928, p. 147. 

28. The General Equation of Stress in Frictional-Cohesive Material. 

Jour. Inst . Eng. Aust., vol. ii, No. 7, 1930. 

29. Krey. Erddruck, Erdmederstand und Tragfahigkeit des Baugrundes. 

Berlin, 3rd ed., 1926. 

30. Stroyer. Earth-Pressure on Flexible Walls. Proc. Inst. C.E., vol. 226, 

1927-28, p. 116 ; Jour. Inst. C.E., Nov. 1935, p. 94. 

31. Moncrieef. Some Earth-Pressure Theories in Relation to Engineering 

Practice. The Struct. Engr., vol. vi, 1928, p. 59. 

32. Vivian. A Theory of Earth Pressures. Select. Eng. Pap. I.G.E. , 

No. 58, 1928. 

33. Terzaghi. Large Scale Retaining-Wall Tests. Eng. News-Red., 

vol. 112, 1934, p. 136 et seq. ; also Engg., May 30, 1930, p. 689. 

34. Takabeya. Experimental Investigation on the Internal Granular 

Movements of Sand. Mem. Fac . Eng. Hokkaido Imp. Univ., vol. 2, 
1931, p. 167 ; see Engg., Feb. 5, 1932, p. 148 ; May 13, 1932, p. 561. 

35. Rice-Oxley. A Generalized Mathematical Determination of Earth 

Pressure from the Wedge Theory. Select Eng. Pap. I.C.E., No. 90, 
1930. 

36. Jenkin. The Pressure on Retaining Walls. Proc. Inst. G.E., vol. 234, 

1931-32, p, 103 ; also Proc. Roy. Soc. A, vol. 131, 1931, p. 53. 



704 MATERIALS AND STRUCTURES 

37. Ravenor. The Laws of a Mass of Clay under Pressure. Engg., May 24, 

1935, p. 558 ; Dec. 13, 1935, p. 642. 

38. Inst. Stbttc. Engrs. Report on Gravity Retaining Walls and Concrete 

Walls, 1935. 

39. Cooling and Smith. The Shearing Resistance of Soils. Jour . Inst . 

C.E., June 1936, p. 333. 

Foundations 

40. Newman. Notes on Cylinder Bridge Piers and the Well System of 

Foundations . London, 1893. 

41. Corthell. Allowable Pressures on Deep Foundations. New York, 1916 ; 

also Proc . Inst. C.E., vol. clxv, 1905-6, p. 249. 

42. Burnside. Bridge Foundations . London, 1916. 

43. Fowler. Engineering and Bridge Foundations. New York, 4th ed., 1923. 

44 . Hool and Kinne. Foundations, Abutments, and Footings. New York, 

1923. 

45 . Jacoby and Davis. Foundations of Bridges and Buildings. New York, 

2nd ed., 1925. 

46. Kogel. Druckverteilung im Baugrunde. Die Bautechnic , 1927, Hefte 29 

and 30 ; 1928, Hefte 15 and 17 ; 1929, Hefte 18 and 52. 

47 . Ueber Baugrunde-Probebelastungen. Die Bautechnic, 1931, Heft 24. 

48. Simpson. Foundations. (The Examination and Testing of the Ground, 

etc.) London, 1928. 

49. W ill iams. Design of Masonry Structures and Foundations. New York, 

2nd ed., 1930; also Civil Engineering Handbook, New York, 1934, 
p. 632. 

50. Frohlich. Druckverteilung im Baugrunde. Vienna, 1934. 

51. Cummings. Distribution of Stresses under a Foundation. Proc. Amer. 

Soc. C.E., Aug. 1935. 

Piles 

52. Rankine. See A Manual of Civil Engineering, 14th ed., p. 603. 

53. Sanders. Rule for Calculating the Weight that can be Safely Trusted 

upon a Pile. Jour. Frank. Inst., vol. lii, 1851, p. 304. 

54. Wellington Formula. Eng. News, vol. xx, 1888, p. 59 ; Feb. 24, 

1921, p. 344. 

55. Hiley. A Rational Pile-driving Formula and its Application in Piling 

Practice Explained. Engg., May 29, 1925, p. 657 ; see also June 2, 

1922, p. 673 ; Trans. Soc. Eng., 1923, p. 125 ; The Struct. Engr., vol. viii, 
1930, pp. 246, 278. 

56. Bennett. Pile-Driving and the Supporting-Capacity of Piles. Select. 

Eng. Paper I.C.E., No. Ill, 1931 ; see also Engg., Jan. 29, 1932, p. 139. 

57. Dean. Piles and Pile Driving . London, 1935. 

58. Allin. The Resistance of Piles to Penetration. London, 1935. 

59. Glanvtlle, Grime and Davies. The Behaviour of Reinforced -Concrete' 

Piles during Driving. Jour . Inst . C.E., Dec. 1935, p. 150 ; Apl. 1936, 
p. 587 ; Practical Suggestions. 

Soil Mechanics 

60. Terzaghi. Principles of Soil Mechanics. Eng. News-Red., Nov. 5, 

1925, p. 742 et seq. 

01. Erdbaumechanik. Leipzig, 1925. 

62. The Science of Foundations, Its Present and Future. Trans. Amer. 

Soc. C.E., vol. xciii, 1929, p. 270. 

63. Housed. A Practical Method for the Selection of Foundations based 

on Fundamental Research in Soil Mechanics. Eng. Res. Bull. No. 13, 
Univ. of Michigan, Oct. 1929 ; see Engg., May 16, 1930, p. 639 ; also 
Eng. News-Red., vol. 110, p. 244. 



EARTH PRESSURE 


705 

64. Gieboy. Soil Mechanics Research. Trans . Amer . Soc . C.E, S vol. xeviii, 

1933, p. 218. 

65. Amer. Soc. C.E. Committee on Earths and Foundations. Progress Rpt. 

Proc. 9 vol. 59, 1933, p. 777. 

66. Loos. Praktische Anwendung der Baugrunduntersuchungen. Berlin, 

1935. 

67. Terzaghi it. Feohlich. Theorie der Setzung von Tonschichten, etc . 

Leipzig, 1936. 


QUESTIONS ON CHAPTER XVIII 

1. Find by Rankine’s rule the total pressure of the earth on the vertical 
back of a retaining wall 20 ft. high if the upper surface of the earth is hori- 
zontal and level with the top of the wall. Angle of repose of the earth — 30°, 
weight of earth per cubic ft. = 100 lb. 

Ans . 66671b. 

2. Using Rebhann’s construction, Fig. 454, find the vertical and hori- 
zontal components of the pressure on the back of the wail in Q. No. 1 if 

— <i>- 

Ans. Hor. = 5152 lb. ; vert. — 2975 lb. 

3. The vertical sides of a trench 8 ft. deep are supported by piling. Find 
the total load and overturning moment on the piling per foot run due to earth 
having a weight of 120 lb. /cub. ft., and an angle of repose of 30°. The upper 
surface of the earth is horizontal, (U.L.) 

Ans. 1280 lb. ; 3413 ft. -lb. by Rankine’s rule ; 1141 lb. ; 3165 ft.-lb. 
by Rebhann’s construction if <j>' = (j>. 

4. A retaining wall is 30 ft. high and supports earth whose angle of repose 
is 35° which is heaped above the top of the wall at an angle of 25°. Find the 
total pressure per lineal foot against the vertical back of the wall. Draw the 
ellipse of stress for a point at the back of the wall 15 ft. below the surface. 
Weight of earth 110 lb./cub. ft. (U.L.) 

Ans. 19,270 lb. ; acting parallel to the upper surface, 

5. The vertical back of a retaining wall is 30 ft. high. The wall supports 
a bank of dry, loose earth, sloping upward from the top of the wall at an 
angle of 20° to the horizontal. The angle of repose of the earth is 35°. 
Draw a simple diagram, based on Rankine’s theory of earth pressure, which 
gives the ratio of the conjugate pressures in such a mass of earth. Hence 
determine the pressure per foot run on the back of the retaining wall, and 
indicate where the resultant of this pressure acts, and its direction. Take 
the weight of earth as 90 lb./cub. ft. (I.C.E.) 

Am. 13,010 lb. ; 10 ft. up ; parallel to upper surface. 

6. Find the total pressure on the back of the wall in Q. No. 5 by the wedge 
theory, if </>' =</>, 

Ans. 13,590 lb. making an angle 35° to the horizontal, and acting 
0-4H = 12 ft. up. 

7. Using the data given in § 335, for the retaining walls shown in Fig. 458, 
find the position of the line of thrust at the base level, (i) by Rankine’s theory, 
§ 326 ; (ii) by the wedge theory, § 330. 

8. A foundation rests on earth having a weight of 120 lb./cub. ft. and an 
angle of repose of 30°. Find the minimum depth at which the base must 
be placed to prevent the earth heaving up, if the load is 5000 lb./sq. ft. (U.L.) 

Ans. 4 *63 ft. 

9. A column carrying a load of 250 tons rests on a base 4 ft. square. 
The base is carried by a grillage having 6 Z beams in the upper grill, and 

2 z- 
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15 in the lower grill. Assuming that the load is distributed equally to each 
beam in each grill, that the pressure on the ground is 1J tons/sq. ft., and the 
stress in the beams 8 tons/sq. in., find suitable dimensions for the beams, 
and sketch the arrangement. (U.L.) 

10. A circular brick chimney, 120 ft. high above the ground level, 7 ft. 
external diameter at the top, and 15 ft. external diameter at the ground level, 
stands on a concrete base 24 ft. square. The total weight of the chimney 
including lining and footings is 550 tons, that of the concrete base is 290 tons, 
and that of the superincumbent earth resting on the footings and concrete 
is 90 tons. The bottom of the concrete base is 15 ft. below ground level. 
The mean horizontal wind pressure is 30 lb./sq. ft., and the coefficient, allow- 
ing for the fact that the cross section is circular, is 0 * 52. Assume that the 
chimney tapers uniformly from top to ground level, and find the maximum 
and minimum pressures between the concrete base and the soil on which it 
rests. (I.G.E.) 

Ans, 1*89; 1*35 tons/sq. ft. 

11. A 12 X 12 in. timber pile, 30 ft. long, weighing 0*6 ton, is driven 
through soft ground by a 1-ton monkey dropping freely through 6 ft. (easy 
driving) to a set of \ in. per blow. Find the ultimate resistance to penetra- 
tion. 

Am. 48 tons (Wellington formula) ; 90 tons (Dutch rule) ; 78 tons 
(Hiley formula). 

12. A 14 X 14 r.c. pile, 50 ft. long, weighing with helmet 5 tons, is driven 
by a s.a. steam hammer W = 3 tons, drop 2 ft., to a set of J in. in 10 blows. 
A short timber dolly with 3 -in. mat are employed. Assuming medium 
driving, find by the Hiley formula the safe supporting power of a pile, given 
a factor of safety of 3. 

Ans. 28 tons. 



CHAPTER XIX 


MASONRY , BRICKWORK, AND MASS CONCRETE 

CONSTRUCTION 

350. Stone used in Masonry Structures.— The stone employed for 
engineering work must possess considerable crushing resistance, be very 
durable when exposed to weather, and not be of an absorbent nature. The 
resistance to crushing and to absorption can be determined by experiment, 
§§ 274 and 277 ; the durability can best be judged from the results of years 
of experience of the behaviour of the stone in actual structures, The 
presence of certain undesirable constituents, however, is indicated by 
chemical and microscopic tests. 

The three kinds of stone usually used are (1) granites, (2) sandstones, 
(3) limestones. The granites are hard stones, very durable, difficult to 
work, but capable of a fine finish. They are employed where much wear 
is to be expected, or where great accuracy in dimensions is necessary. 
Granite is used for the copings of dock walls, the bedstones for heavy 
girders, the sills of graving docks, and like positions, also when a good 
appearance is required. The best quality of stone comes from Aberdeen 
and Cornwall, large quantities are shipped from Norway Of the 
sandstones, the grits are the best for heavy engineering work. They are 
hard, coarse grained, and very durable, and much used for ashlar work. 
The following are the best-known varieties : Craigkith stone, a fine- 
grained stone containing 98 % of silica, very hard and durable. 
Bramley Fall, the name used to denote the coarse millstone grits of 
Yorkshire, hard and very durable. Corsehill, a hard red sandstone from 
Dumfries, which weathers well ; and Darky Dale, a hard compact grit 
from Derbyshire. The limestones are durable stones, softer than the 
sandstones and more porous. The commoner varieties are : Portland 
stone from Dorset, of which the best beds are the Whitbed and True Roach, 
both of which weather well. Bath stone, which is soft and easily worked, 
but must be laid on its natural bed if it is to endure. Box Ground is the 
best weathering stone of the Bath oolites. The best known Dolomites or 
magnesian limestones are the Mansfield stones arid Bolsover Moor stone 
from Derbyshire. 

In addition to the above there are, in many localities, other useful 
building stones. These vary greatly as regards strength, durability and 
porosity. Careful inquiry should therefore be made, before use, as to 
their suitability for the work in hand. Questions of relative cost, 
quantity available, and appearance, must also be taken into account. 
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PROPERTIES OF STONE. 


[Hudson Bease (Ref. No. 25, Chapter XVI, Bib.)]. 

Ultimate 
Weight. Crushing 

Kind of Stone. Strength. 

lb. /cub. ft. tons /sq. ft. 

Absorption 
per cent, 
of Dry 
Weight 
of Stone. 

Granites. 

158-163 

1210-1320 


Aberdeen, red .... 

0*29-0*42 

„ grey .... 

Cornwall, grey .... 

158-172 

850-1360 

0*09-0*55 

162-165 

956-1060 

0*12 

Sandstones . 

132*2 

240 


Bramley Fall, coarse white 

3*70 

Corsehill, red .... 

130*4 

440 

7*94 

Craigleith, grey- white 

138*6 

860 

3*61 

Grinshill, grey-white 

122*5 

210 

7*80 

Limestones. 

132*2 

205 


Portland, Whitbed * 

7*51 

Bath, Box Ground * 

127*9 

98 

7*49-8*10 

„ Corsham Down * . 

Crystalline limestone (Banchory) 

129*0 

174*7 

95 

950 

11*1 

Dolomites . 




White Mansfield f . 

140*1 

460 

5*01 

Red Mansfield .... 

143*2 

590 

4*58 

Mansfield Woodhouse J . 

145*4 

580 

4*62 


* Oolitic- f Siliceous dolomite. % Crystalline, yellow ; true dolomite. 
A factor of safety of at least 10 should be used (see § 356). 


351. Quarrying and Working Stone. — The stone is obtained from its 
quarry bed by blasting, or by splitting out by means of iron wedges. The 
large blocks thus procured are again split and sawn to approximately the 
required size. Stones like granite, which are granular in structure, 
split equally well along any plane. The aqueous stones split more easily 
along the planes of stratification, spoken of as the planes of cleavage. 
The particles of which these stones are composed were deposited in 
successive layers at the bottom of the sea or a lake, and afterwards 
consolidated into stone by pressure. They are, in consequence, built 
up in layers running parallel to the natural bed or plane on which they 
were deposited ; but owing to subsequent upheavals, this plane may not 
appear at the quarry in its original position. It is most important that 
the blocks for a masonry structure should be so cut and marked at the 
quarry that, when in position, the planes of stratification shall be as 
nearly as possible perpendicular to the direction of the pressure, and that 
only the edges of the layers should be exposed to the weather. Stones 
otherwise arranged disintegrate under atmospheric influences much more 
rapidly, for the layers tend to flake off successively when exposed to 
frost. 

Dressing . — After the stone has been reduced to approximately the 
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required size, the top and bottom surfaces, called the top and bottom 
beds, should be worked true and flat right across. A smooth finish is 
not necessary, but hollow bedding, i.e. making the stones bed true round 
the edges only, should not be allowed. In addition, the vertical joints 
should be worked square and true for at least 4 to 6 in. from the face, 
depending on the size of the stone. The face, or exposed surface, is 
dressed in various ways, depending on the purpose for which the stone is 
intended. In the case of granite, the face may be left as it comes from 
the quarry after being split, the larger protuberances having been 
knocked off with a scabbling hammer. Blocks treated in this ma nn er 
are called quarry - or rock-faced or hammer-dressed. The surface thus 
produced is necessarily irregular, and in order that a close joint may be 
made it is usual to cut a smooth surface with the axe all round the edge 
of the face. Such edges are said to be drafted. If the face is to be flat, 
it must be worked all over as are the top and bottom beds. It may be 
dressed with a pick (a hammer with a sharp point), picked or close 
picked ; or worked with the axe (a sharp-edged hammer producing a series 
of shallow indentations all over the surface), single-axed ; or the patent 
axe may be used in which there are a number of parallel blades, thus 
producing finer work, patent-axed ; depending on the degree of finish 
required. Granite may also be polished. 

In the case of sandstones and limestones, the blocks, after being split 
and sawn, are worked with a hammer or mallet and chisels of various 
types, instead of being axed. The top and bottom beds and the vertical 
joints are dressed in the manner previously described. If the face has 
a drafted margin, the centre part may be left rough as when quarried, 
rock-faced ; or roughly dressed with a spalling hammer as in the case 
of granite. When a more ornamental treatment is desired, the centre 
part may be worked into ridges and depressions, a type of work known 
as rusticated or vermiculated. If the face is to be flat, the whole surface 
is worked over with a broad chisel. Such surfaces are spoken of as 
tooled , and the tooling may be fine or coarse, and of several different types 
as may be required. The face may be rubbed smooth, but most free- 
stones are too soft to take a polish. The softer varieties of stone may be 
finished with a drag or toothed comb, which produces a smooth face 
without tool marks. 

Mouldings may be worked on stones, either by hand to template, or 
by machine. In the harder stones, owing to the difficulty of working, 
they should be of simple outline. 

Having been worked to shape, the stones are allowed to season in the 
open air. When freshly quarried, the stone contains a quantity of mois- 
ture called quarry sap. This moisture renders the stone softer and easier 
to work. It should therefore be worked immediately after quarrying, 
and the sap dried out before the stone is built into place. The hardness 
of the stone is increased thereby, and the danger of disintegration by 
frost diminished. Wor kin g the stone at the quarry has the additional 
advantage that the cost of carriage to the site is reduced. 
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352. Types of Masonry Work.— The following are the types of 
masonry work commonly used in engineering work : Block-in-Course ; 
Squared Coursed Bubble ; Ashlar ; 
and Bubble Concrete, 

Block-in-Course . — This is the 
type of construction used for har- 
bour walls, embankments, and 
similar heavy work. A typical 
example is shown in Eig. 472. 

The stones are usually rock faced, 
squared, brought to good joints, 
and set in cement mortar (1 of 
cement to 3 of sand), or in hydraulic 
lime cement (1 of lime to 2 of sand). 

The blocks are built in courses, the 
height of which usually ranges 
from about 9 to 14 in., and should 
not exceed 24 to 30 in. in the largest 
class of work. All the stones of 
any one course are of the same 
height, but the height of all the 
courses need not necessarily be the 
same, they may diminish regularly 
from the bottom to the top. 

The arrangement of headers and 
stretchers and the method of 
bonding will be clear from Eig. 

472. It is usual to specify mini- 
mum dimensions for the stones to 
be employed. No stone should be 

less in width than 1| times its thickness. The length of the headers and 
stretchers should be at least 2\ times their thickness. In the smallest 
class of work no stone should have a bed 
area of less than 2 sq. ft., nor less than 
15 sq. ft. in the largest. There should be 
one header for every two stretchers. The 
lap should not be less than the height of 
the course. The joints should not exceed 
from J to in. in thickness. The interior 
stones, called hearting or 'packing stones , 
should be of the same height as the face 
stones, and of approximately the same size. 

They should be arranged to give the best 
possible bond and to break joint as far as 
is possible. 

Squared Coursed Bubble . — This type of masonry, Eig. 473, is used for 
walls and other less massive constructions than block-in-course. The 
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stones are squared, and built in courses of the same height, usually 
ranging from 8 to 14 in., but the individual stones need not be of the 
same height as the course. All the headers or bonding stones should be 
equal in height to the course, and there should be one header to three or 
four stretchers, which header should be at least 2 ft. long. No stone 
should be less than 4 in. in thickness, and there should be not more than 
two stones per course. 

There are other types of rubble masonry, coursed and uncoursed, of 
various degrees of finish. These are chiefly used for the less important 
work, boundary walls, etc. 

Ashlar . — In ashlar work the stones are of large size, carefully worked 
allround to exact dimensions, and set with joints usually not exceeding 
J to l in. in thickness. It is the highest class of masonry work and is used 
where accurate shape and finish are necessary. It is commonly employed 
for dock sills, facing dock walls, quoins (exterior corners of walls), string 
courses, copings, parapets, arches, and wherever accurate workmanship 
and good appearance are 
required. An occasional 
course of ashlar is often 
introduced in rubble stone 
work to bring the whole 
true and level. In ashlar 
work the courses are 
usually not less than 12 in. 
in height, and all courses 
are of the same height. 

The sizes of the stones and 
arrangements of bonding 
may be similar to those 
for block-in-course given above, but a very usual form of face bond 
for ashlar is similar to Flemish bond in brickwork. Often ashlar is 
used for the facing only of a wall, the backing being of rubble or 
brickwork, (i) Fig. 474. In this case the minimum thickness of 
facing should be 6 in. Fig. 474 shows some typical ashlar work. The 
joints may be plain, rebated, or V joints, (ii). The rebate may be 
formed half on each adjoining stone, or entirely on one stone, when 
it should be arranged to come at the top of the stone, (iii) and (iv) 
show some methods of dowelling and cramping where, as in coping 
stones, some connection between the blocks is desirable. A 1 to 1 
cement is used for the joggles, and to bed in the cramps. The latter are 
made of copper, or wrought iron heavily galvanised to prevent rusting, 
which tends to split the stqne. 

Bubble Concrete , — This is a class of construction used for the hearting 
of large mass concrete structures such as masonry dams. Large blocks 
of stone, roughly squared, and weighing up to 8 tons, called plums, or 
displacers , are placed in the concrete, Fig. 475, and arranged roughly in 
courses, so that they break joint both horizontally and vertically. Some 
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of the stones are made to bond transversely as well as longitudinally ; in 
fact, the construction may be regarded as. a rough rubble wall on a very 
large scale. The stones should be placed 
as close together as is practicable, in order 
to increase the weight of the mass and 
to save concrete, but with not less than 
6 in. of space between the stones, so that 
the concrete may be properly rammed. 

Care must be taken that all voids are 
filled with concrete, and it is not unusual 
to work the plums backward and forward 
when in place to ensure proper bedding, an operation known as ‘ waggling. 1 

353. Masonry Structures. Conditions of Stability.— The conditions 
of stability for a masonry structure are : 

(1) The blocks or voussoirs must not overturn 
at a joint. This condition implies that the line of 
action of the thrust at the joint, called the line of 
thrust or line of resistance , Fig. 476, must not fall 
outside the joint. 

(2) The maximum compressive and tensile 
stresses must not exceed the permissible intensity 
for the materials. The permissible compressive 
stress depends on the kind of stone and cementing 
material used (see Table, § 356). The tensile 
strength of mortar is small, and it is common to specify that no 
tensile stress shall exist in the structure, particularly if it be exposed 
to water pressure. As will be shown in § 354, this implies that the 
line of thrust must lie within a certain 

distance from the centre of area of the 
cross-section. In this case the second con- 
dition of stability includes the first. 

(3) The blocks must not slide one on 
the other. This implies that the tangential 
component of the thrust, F cos 9, must not 
exceed the frictional or shearing resistance 
to sliding. 

It is evident that an examination of 
the stability of a masonry structure in- 
volves a determination of the line of thrust. 

354. Stresses in Masonry Structures. — 

Let AB, Fig. 477, be any normal cross- 
section of a masonry structure, and C the 
centre of area of that section. Let F be the 
resultant pressure acting across the section, 
and Q its point of application. Then N « F sin 6 is the component 
normal to the section, and S = F cos 9 the tangential component, where 
9 is the angle which F makes with AB. Apply two equal and opposite 
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forces NN at the centre of area.C, as shown in the figure. These will not 
alter the equilibrium of the conditions. The force N at C, above the 
line AB, will produce a uniform compressive stress all over the cross- 
N F 

section of intensity fa = — = — sin where a is the area of the section. 

CO Cl 

The other two forces NN, acting at C and Q, will form a couple of mag- 
nitude Ne, which is the bending moment M on the section. If I be the 
moment of inertia of the cross-section, and v the distance of any point 
on the section from the principal axis through C, the stress at the point, 
due to bending, is 



Nev Fev . - 
— _ sin 6, 


The total stress at the point is, therefore, 

Fev 


F 

/ = fa + fb=* - sin ( 
a 


F 


+ ~ sin 0 = 

I a 


i + - 

K* 


sixid. 


The maximum value of /, which occurs where v = -f v v is the maximum 
compressive stress on the cross-section, 



The minimum value of / occurs where v = — v 2 , and is 


(1) 


f ■ - F ii 
/mm. --{I”- 


ev 2 

,2 


sin# 


N 




(2) 


If this value be negative, it implies that the stress is tensile. These two 
equations give the maximum and minimum stresses on the cross-section 
for given values of F, e, and 6. 

In a masonry structure the cross-section is usually rectangular. If 
the breadth of the rectangle be B and the depth D, 


I _ ^BD 3 D 2 

a BD 12 ; 


v, = v 9 = Tc 


Inserting these values in eqs. (1) and (2), 


/max. = - 
a 


/min. = 


F 


i + ^| sin0 


1 - ^sin0 = 


-?K 


a { 


6e 

D 


( 3 ) 

( 4 ) 


In many masonry structures it is usual to specify that the stress on 
the cross-section shall never become tensile, that is to say, that /m in. 
must never become negative. The limiting condition for this is evidently 


/min. ! 0 ; or, 1 


ev 2 A , k 3 

= 0, whence e = — 


( 5 ) 
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If the cross-section be rectangular, B x D, 

_k*_ D 2 2 = D 
e ” Vi " 12 X D 6 ’ 

It follows that, if no tensile stress is to exist on the cross-section, the 
point of application of the thrust F must fall within the middle third of 
the depth D, This is known as the middle third rule. If the cross-section 
be circular, of diameter D, k 2 = D 2 /16, and v % = D/2 ; hence e = k 2 /v 2 
= D/8, and the point of application of the load must lie within the 
middle fourth of the cross-section. 

The average shear stress on the cross-section will be 

O p 

- — - cos 9 . . . . . (6) 

a a w 

If the cross-section be rectangular, the maximum value of the shear stress 

will be ~ - cos 9 (see § 81, VoL I). 
u a 

355. Tensile Stresses in Masonry Structures.— In structures such as 
masonry dams it is essential that the line of thrust pass within the middle 
third of each cross-section, otherwise cracks will occur on the upstream 
face, which is in contact with the water, and the water will percolate 
into the interior. 

Nevertheless, it is a matter of common observation that in masonry 
structures which have safely carried their load for many years, the joints 
tend to open, showing that some tension exists. On these grounds, in 
structures such as masonry arches, where no question of percolation 
arises, some Engineers consider it sufficiently safe if, under the worst 
combination of external loads, the line of thrust pass within the middle 
half of the cross-section. In this case, for a rectangular cross-section, 
if the line of thrust just fall within the middle half, e — D/4 ; hence, from 
eq. (4), § 354, 

. FL 6 D) . a IF . a 
/min. = - U-=jX - sin 0 = - --sin 0 = - £/ a . 
a ( D 4 2 a 


There is therefore a tensile stress of intensity equal to one-half the mean 
normal stress fa, acting on the joint. If the mortar has sufficient strength 
to resist this tension, the maximum compressive stress, from eq. (3), 


§ 354, will be 


, 6 D 

1 + 


or two and a half times the mean normal stress. Had the line of thrust 
just passed within the middle third, the maximum compressive stress 
would have been equal to 2f a . This increase in the maximum compressive 
stress may be quite as important as the existence of a tensile stress. 

To what extent it is safe, in particular cases, to permit tensile stress 
in masonry structures is largely a matter of judgment and experience. 
In doubtful cases it is best to adopt the middle third rule. 

If the mortar is incapable of resisting the tensile stress, the joint will 



MASONRY 


715 


open, and the distribution of stress will be completely changed. The 
crack, once started, will continue to extend until the centre of action of 
the compressive stress on the cross- 
section falls in line with the normal 
component N of the thrust. Assuming, 
as before, a straight line distribution 
of stress, the state of affairs will then 
be as shown in Fig. 478. The width of 
joint remaining in contact will be JB = 

3(D/2 — e), so that, if the section be 
rectangular, the area in contact will be 

(T) 


JB 


a x 


(H_ 


3a 


D - 2e 



AB” W * D 2D 

The resultant total stress must be equal to N, so that the mean stress 
- 2e\ 


will be 
hence 


2D 


The maximum stress will be twice the mean, 


2N 


4ND 


fa , 


4D 


3 a 


D — 2e 3a(D - 2e) 3(D ~ 2e)‘ 

2D 


If the line of thrust just fall within the middle half, e = D/4, and 
/max. — 2f/a, instead of 2 had the joint not opened. 

356. Working Stresses in Masonry. — The compressive strength of 
masonry work is much less than that of the stone itself. It depends 
chiefly on the accuracy with which the stones are dressed, proper bonding, 
the thickness of the joints, and the strength of the mortar. Thin joints 
are stronger than thick ones, for the mortar tends to squeeze out under 
load. The following Table gives average figures. 


Safe Compressive Stresses in Masonry, tons/sq. ft. 



Minimum 

Crushing 

Strength. 

* Ashlar, 
Y Joints. 

* Block in 
Course, 

Y J oints. 

* Square 
Coursed 
Rubble, 

1' Joints. 

Uncoursed 

Rubble. 

Granite . 
Siliceous Sand- 
stone or Crys- 

800 

40 

35 

20 


In 1 : 4 cement 
mortar .... 5 

talline Lime- 






- 

stone 

Soft Sandstone 
or Limestone . 

400 

200 

80 

20 

1 

30 

20 

15 

10 


In 1:2 lime 
mortar .... 3 


* In 1 : 3 cement mortar. 

In piers, if L /D exceed 5, these stresses should be reduced. 
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357. Masonry Arches.—Fig. 479 gives the terms used to denote the 
different parts of an arch. 



Fig. 479. 


A. Abutment. J. Springers. Q. Soffit. 

B. Backing. K. Keystone. S* Spandrel space. 

G. Crown. L. Span (clear). T. Spandrel wall. 

X). Rise. M. Springing line. V. Voussoirs. 

E. Extrados. N. Arch ring. X. Wing wall. 

I. Tn trad os. P. Parapet. Y. Section of wing wall. 

This figure is representative of small arches whether constructed of 
masonry or of brick (see Eig. 500). The space between the roadway and 
the curve of the arch, called the 
spandrel space, is usually filled in. 

Directly on top of the arch ring is 
placed a concrete or masonry backing, 
which tapers up from the abutments 
tangent to the ring. Above this 
backing, the space is filled with dry 
earth filling up to the level of the 
roadway proper, Fig. 479. In larger 
arches, the weight of this filling would 
form an unnecessarily heavy load 
on the structure, and the filling is 
omitted. The roadway is then carried 
on jack arches , Fig. 480, spanning 
between a series of parallel longitu- 
dinal walls called spandrel walls , the Fig. 480. 

outer two of which form the face of 

the structure. Very large arches are constructed as shown in Fig. 481. 
The roadway is carried on a series of secondary arches running trans- 
versely to the main arch. The load from these is transmitted to the 
arch ring by a series of masonry piers. The spandrel space is quite open. 
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The arch ring rests at its ends on specially shaped stones called 
springers, J, Fig. 479, the upper surfaces of which are made approximately 
perpendicular to the line of thrust. These transmit the load to the abut- 
ments. The forces from the arch which act on the abutments are shown 
in Fig. 479. To find the total pressure on the foundations, these must 
be combined with the earth pressure acting on the back of the abutment 
wall. In arches of the type shown in Fig. 481, the ends of the arch 
ring may bear directly on the rock forming the sides of the valley, which 
is shaped to suit, inches of this character, of which the ends are flat, 
and bear over a considerable area, are called rigid arches . In some 
cases, masonry arches have been constructed with hinges or quasi-hinges. 
These may take the form of a lead plate, about 1 in. thick and one- 
quarter the depth of the arch ring, inserted between the voussoirs at the 
crown and springings ; or pin joints similar to those shown in Fig. 363 
may be employed. They are attached to the end voussoirs by rag 
bolts. Similar joints have been used for concrete and reinforced-concrete 



Fig. 481 . 


arches. The intention is to determine more accurately the line of thrust, 
and to relieve the arch of any temperature and shrinkage stresses. 

Proportions of Masonry Arches . — When designing masonry structures 
it is necessary first of all to fix likely dimensions for the structure, based 
on successful designs, and then to test the stability of the proposal. 
For this purpose a number of rules have been given for the proportions 
of ordinary masonry arches. Let L = the span ; R = the radius of 
curvature, and T = the thickness at the crown ; D = the rise, and r 
= the ratio rise /span = D/L ; all dimensions being in feet. 

Molesworth gives, for railway arches, from 25-70 ft. span : D = L/5 ; 
T = L/18 ; width of abutments L/5 to L/4 ; width of piers L/ 6 to L/7. 

Rankine gives: T = V0-12R for a single arch; T = \/0*17R for 
a series ; width of abutments R/3 to R/5 (at the springings). 

Perronefs formula for circular or elliptic arches is : T = L/30 -f 1. 

Trautwine's rule for circular or elliptic arches of first-class cut stone 
is: T = 0*25 \/R + L/2 +.0*2 ; for second-class work, multiply by 
9/8 ; for brick and rubble arches, multiply by 4/3. Width of abutments 
at springings = R/5 -f D/10-f- 2 ; at foundations, not less than two- 
thirds the height to springings. 

The above formulae are intended to apply to small or medium span 
arches, designed for light loading. 

Sir E, Qwm Williams 10 has made a study of a series of 200 direction- 


718 


MATERIALS AND STRUCTURES 


fixed arches up to 300 ft. span, designed to carry Ministry of Transport 
loading and impact, allowing for a temperature rise of 25° E. and fall of 
20° F. in filled arches, and (on account of less protection from temperature 
changes) of 35° F. rise and 25° F. fall in open spandrel arches. It is 
assumed that the arch proper would be constructed in isolated blocks 
and keyed up after one month, thus eliminating shrinkage stresses. 
Arch shortening is taken into account, but the abutments are supposed 
rigid. The line of thrust is kept within the middle half, but in unreinforced 
arches the maximum tensile stress is limited to 100 lb. /sq. in. The follow- 
ing practical rules are given ; 

Plain Masonry Arches . — Filled Arches , T = L/50 + 1 ; maximum com- 
pressive stress fc = 200 + (5-85 y'L) jr ; Open Spandrel Arches , T = L/50 ; 
fc = 500 + L when r = 0*15 ; f c = 400 + L/3 when r = 0-30 ; stresses 
in lb./sq. in. Thickness and area at springings twice that at crown. 

Plain Masonry Arches : Limits of Spans and Rises for Various Materials. 




Filled . 

Arches. 

Open-Spandrel. 

Material. 

Max. 






fc 

r = 0-20 j 

| r = 0-30 

r = 0*20 

I r = 0*30 


lb./sq. in. 

feet. 

feet. 

feet. 

feet. 

Cut basalt or granite 
in cement mortar, 

1 750 

up to 

200 

up to 
200 

125 to 200 

125 to 200 

or 1 : : 3 concrete 

1 

at least 

at least 

at least 

at least 

Cut basalt or granite 
in lime mortar 

f 375 

50 

100 



Best quality bricks \ 






and rubble masonry | 

500 

100 

200 


125 to 200 

in cement mortar, 1 


at least 

or 1:2:4 concrete] 






Best quality stock ' 

\ 





bricks or stone, in! 

f 250 

50 

50 



lime mortar . 






Common bricks in 






cement mortar, or 

250 

30 

50 



1:3:5 concrete . 







Notes. — It is inadvisable to use plain masonry arches for rises of less than 
r — 0*15. With a stress of f c = 750, and r = 0*15, filled arches are possible from 
100-200 ft. span, and open-spandrel arches from 150-200 ft. span. For rises of less 
than 0 * 20, the arch should be ribbed on the under side at the springings ; f c should 
not exceed 750 lb./sq. in. in. unreinforced masonry. 

Reinforced- Concrete Arches. — In all cases : 1 % reinforcement at 

crown ; thickness and area at springings, twice that at crown, £ % 
reinforcement. The proportions are given in the Tables, p. 719. 


Variation in Thickness.— The thickness of the above arches is assumed 
to vary from crown to springings as follows : 


Section 

.. 0*0 

0*5 

1*5 

2*5 

3*5 

4*5 

Thickness . . 

.. ’ 1-000 

1*005 

1*015 

1*025 

1*035 

1*048 

Section 

.. 5*5 

6*5 

7*5 

8*5 

9*5 

10*0 

Thickness . . 

.. 1*085 

1*168 

1*311 

1*547 

1*837 

2>0OO 
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T in Feet foe R.-C. Filled Akches up to 200 ft. Span. 


T 

Arched Slab full width 
of Bridge. 

Arched Slab two-thirds width 
of Bridge. 

Mix 1:1:2; 

fc = 1100 

Mix 1 : 1 J : 3 ; 
fc = 850 

Mix 1:1:2; 

fc = 1100 

Mix 1 : 1£ : 3 ; 
fc = 850 

0*1 

0*15 

and upward. 

L/55 ; min. 12' 
L/75 ; min. 9' 

L/40 ; min. 15' 
L/60 ; min. 9' 

L/50 ; min. 12' 
L/65 ; min. 9' 

L/35 ; min. 15' 
L/50 ; min. 9' 


T IN FEET FOE R.-C. OPEN-SPANDREL ARCHES UP TO 300 FT. SPAN. 


r 

T for min. 
area 

(all concretes). 

Mix 1 : 1 : 2 

fc = 1100. 

Mix 1 .* 1 J : 

3 ; j c = 850. 

Min. crown 
area per foot 
of width of 
bridge, for 
depth T. 

Add to min. 
area for every 
10 per cent, 
reduction 
in T. 

Min. crown 
area per foot 
of width of 
bridge, for 
depth T. 

Add to min. 
area for every 
10 per cent, 
reduction 
inT. 



sq. ft. 

per cent. 

sq. ft. 

per cent. 

0*10 

1-6 (L/200 + 1) 

L/75 

nil. 

L/60* 

nil 

0*15 

2*0 (L/200-f-l) 

L/140 

10 

L/90 

5 

0*20 

2*5 (L/200 + 1) 

L/200 

12*5 

L/125 

10 

0*25 

2*9 (L/200 + 1) 

L/245 

14 

L/160 

12*5 

0*30 

3*3 (L/200 + 1) 

L/275 

15 

L/190 

15 


* Limited to 250 ft. span. 


In small spans the thickness may be kept uniform. In larger filled 
arches it may be increased 50 % from crown to springings according 
to a linear law, but it is more economical (if possible) to increase 
the depth as the square of the distance from the crown, or even as 
the cube for still larger spans, § 322, and it may be necessary to make 
the depth at the springings twice that at the crown, particularly in 
arched ribs. 

358. The Line of Thrust.— Experiment 6 has shown that large masonry 
arches approximate very closely in behaviour to elastic arches with 
direction-fixed ends, and the line of thrust may be determined as in § 222. 
In small arches, bearing in mind that the end conditions are very in- 
determinate, and that the load is transmitted to the arch ring through 
a mass of dry filling, Fig. 479, so that the incidence of the load is quite 
indefinite, an application of the theory for an elastic arch, § 222, hardly 
warrants the labour involved, particularly as experience has shown 
that if, for the given system of loads, a line of thrust can be drawn lying 
wholly within the middle third of the arch, or even within the middle 
half (see § 355), the arch will be perfectly stable in practice. 
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It is necessary to examine the arch in the following conditions : 

(i) loaded with its own weight ; 

(ii) when the moving load completely covers the arch ; 

(iii) when the moving load half covers the arch. 

The arch must be stable under each of these conditions. If the moving 
load be uniformly distributed, condition (ii) includes condition (i). It 
is not usual in such methods of treatment to attempt to determine the 
position of the moving load which produces the worst effect, but allowance 
should be made for impact where necessary. 

Load Diagram . — The method of estimating the loads on a masonry 
or brick arch will be clear from Fig. 482. The data given has reference 
to the arch of Fig. 500. As- 
sume that the structure is 1 ft. 
wide perpendicular to the 
paper. The span is divided 
up into a number of vertical PruiRlUna 
strips, (i) Fig. 482. For each ^1 
strip, the face area of the arch 
ring, concrete backing, earth 
filling, and road material, 130 
multiplied by their respective 
weights per cubic foot, will 
represent the weights of these 
materials carried by the arch. 

It is convenient, in order to 
find these weights, and the 
line of action of their resul- 
tant for each strip, to con- 
struct a load diagram, (ii), in 
which the heights of all the 
ordinates in (i) are multiplied 
by the weight per cubic foot 
of the respective materials, 
and the product is set up 
to some convenient scale. 

Thus, comparing any ordi- 
nate common to (i) and (ii), 
the height in (ii) is equal to the height a^b x in (i), expressed in 

feet, multiplied by w v the weight of Thames ballast in lb. /cub. ft. 
Similarly, in (ii) is equal to b 1 c 1 in (i), expressed in feet, multiplied 
by 10 2 , the weight of the dry filling in lb. /cub. ft., and so on. The unit for 
lb 

all these heights is ft. x ^-3 = lb./sq. ft. " When the arch carries a live 

load, the height a>x z i represents this live load in lb./sq. ft. of area of 
roadway. 

The area z x f e z ' in (ii) represents the total load on the second strip, 
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and the line of action of this load will pass through the centroid of this 
area. Suppose that in (ii) the horizontal scale be 1" = a x ft., and the 
vertical scale be = a 2 lb./sq. ft. ; then, if the area 2 1 / e 2 / be a square 
inches, the total load represented by this area is aa x d 2 lb., since for the 
purpose of calculation the structure has been taken to be 1 foot wide. By 
finding the areas and centres of area of each strip of the load diagram (ii) 
in turn, the magnitude and position of all the loads on the arch are 
determined. All these loads are assumed to act vertically. 

Fuller's Method . — Having found the loads on the arch, the graphical 
method of Professor Fuller may be used to find the line of thrust. Let 
ACB, (i) Fig. 483, represent the arch. For the given system of loads 

W x , W 2 , W 3 , draw any line of thrust AED'QB passing through 

A and B (§ 217), the pole being O v From the highest point D' of this 
line of thrust, draw any two lines D'A' and D'B' cutting the base line 
AB produced in A' and B 7 ; A'D'B' is to be regarded as a line of thrust 
for the given loads, obtained by some curious kind of projection in which 
the funicular polygon takes the form of two intersecting straight lines. 
Evidently, if the point A becomes the point A', and the point B becomes 
the point B', the point E will become the point E', and the point P the 
point P', and so on. To obtain the middle third area in the new kind of 
projection, divide the base line AB into a number of parts 1, 2, 3, . . . 
Through the point 3, draw a vertical cutting FD' in 3", project horizontally 
across from 3" to 3' in the line AT) 7 , and draw a vertical through 3'. 
Then the vertical through 3" in the old projection will be represented by 
the vertical through 3' in the new. Project horizontally- across from the 
points where 3,3" cuts the middle third boundary lines of the arch to 
intersect the vertical through 3'. The intersection points so obtained 
lie on the middle third boundary lines in the new projection. By 
repeating this process for all the points 1, 2, 3, . . . the shaded area 
of (i) Fig. 483 will be obtained, which represents the middle third area in 
the new projection. If, now, a pair of straight lines AiDjBj^ can be drawn, 
meeting iq, D x on the vertical through D', and lying entirely within the 
shaded area, it is possible to draw a line of thrust lying entirely within 
the middle third of the arch. If more than one solution is possible, 
the pair of straight lines lying nearest the centre line of the shaded area 
should be drawn. These will represent the most probable line of thrust. 
Draw A X A 2 , BjB^ horizontal lines ; join A 2 B 2 . 

To draw a line of thrust corresponding to the straight lines A-jD^R^ 
draw Oh in the force polygon parallel to A 2 B a (O^ is parallel to AB). 

p/n 

Make H = H x x A funicular polygon, drawn with the new pole 0 

and passing through D lf should lie wholly within the middle third. 
This is not shown in the figure. 

If in such an arch it is possible to draw a line of thrust lying wholly 
within the middle third, or even (see § 355) within the middle half, of the 
arch ring, the arch may be regarded as stable. If, then, the safe compres- 
sive stress on the masonry be not exceeded, the arch will safely carry 

3 A 
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the given system of loads. If it be not “possible to draw such a line of 
thrust, or if the safe stress be exceeded, the thickness of the arch must be 
increased. 

To demonstrate that the safe compressive stress has not been 
exceeded, the stresses in the material must be found by eq. (3), § 354. 
The thrust F at any section is represented to the force scale by the ray 
in the force polygon parallel to the line of thrust at the section. Its 
point of application is the point at which the line of thrust cuts the section, 
so that both F and e in the equation are known. From the dimensions 
of the arch, the maximum stress can be at once calculated. 

(ii) Fig. 483 is an application of the method to the brick arch of 
Figs. 500 and 482. It is assumed that the left-hand half of the arch 
carries a live load of 400 Ib./sq. ft. of area of roadway. The load diagram 
for the case is given in Fig. 482, which shows the loads carried by the 
left-hand half of the arch, and the positions of their lines of action. The 
loads on the right-hand half of the arch and their lines of action are 
found in a similar way, but there is no live load. The middle third area 
in Fuller’s projection, (ii) Fig. 483, is obtained exactly as in (i) Fig. 483. 
It is just possible to draw two intersecting straight lines AjDiBj within 
this area, and it is therefore possible to draw a line of thrust lying within 
the middle third of the arch, as is shown in the figure. Under this - 
condition of loading, therefore, the arch is stable. 

To complete the examination of this arch, lines of thrust for the cases 
in which the arch is unloaded, and when it is fully loaded, § 358, should 
be drawn. 

The maximum stress in the material, under the conditions of (ii) 
Fig. 483, can be ascertained from eq. (3), § 354, 


/max. — 




. ( 1 ) 


since the depth of the section is now T. The left-hand reaction, which 
is the greater of the two, is represented by the top outside ray of the 
force polygon, (ii) Fig. 483, and scales 23,700 lb. = 10*6 tons. As will 
be seen from the figure, this force is, practically speaking, perpendicular 
to the end cross-section of the arch (i.e. d = 90°, and N = F), and it 
passes through the extreme corner of the middle third area. The arch 
is five bricks thick, hence its thickness T = 22 £ inches ; e = T/6 ; and 
a = (22J 12) x 1 = 1*85 sq. ft. Hence, from eq. (1), 


/max, = 



2 x 10*6 
' 1*85 


11-5 tons/sq. ft. 


This is the maximum stress anywhere in the arch. The normal thrust 
at the cross-section through D 1? near the crown of the arch, may be 
obtained by drawing a ray from the pole O in the force polygon normal 
to that cross-section. This ray scales 13,800 lb. = 6*2 tons, which is the 
value of N. The distance e of the line of action of this force from the 
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centre of the cross-section scales 2f inches, T = 22J- inches, and 
a = 1 -85 sq. ft., as before. Hence, from eq. (1), 

, 6-2 , 6 x 2*75'. „ . , , ,, 

“ rse r 1 + -wx 1-99 tonsM ' ft 

To obtain the vertical components of the reactions, a horizontal line 
should be drawn through the pole 0 in the force polygon. This line will 
divide the load line into two parts, proportional in length to the vertical 
components of the two reactions. The length of this horizontal line, 
measured to the force scale, is the horizontal thrust H everywhere in the 
arch. The double triangle AA 2 B 2 B is the fixing moment diagram, and 
its ordinate at any section, measured to the length scale, multiplied by 
H measured to the force scale, gives the fixing moment at that section 
(see § 222). 

359. Experiments on Arches. — In 1895 the Oest. Ing.-u. Arch,- 
Verein 6 published the results of some experiments on arches of masonry, 
brickwork, plain and reinforced-concrete, ranging in span from 1*35 to 
23 metres. The largest arches of masonry and brickwork, set in Portland 
cement mortar, had a span of 23 m. ; rise 4 * 6 m. ; thickness at springings 
1*14 m. ; at crown 0*6 m. The distortions of the arches under a load 
covering one-half the span were carefully measured as the load increased 
up to the failure point, and were found to agree well with deductions 
from the elastic theory, as did the positions where cracks occurred in the 
arches. The experiments may be held, therefore, to demonstrate that 
the elastic theory, § 222, may be safely applied to brick, stone, and concrete 
arches. This conclusion has been confirmed by the work of the Special 
Committee on Arches of the American Society of Civil Engineers. 

360. Masonry Dams. — Masonry dams are high reservoir walls, built 
across a valley, for the purpose of impounding water, and thus converting 
the valley into a reservoir. Sections of typical masonry dams are shown 
in Fig. 484. Dams are constructed either of rubble concrete, often faced 
with rubble masonry, or they may be constructed entirely of rubble 
masonry. Concrete is used in many localities owing to the higher cost 
of masonry ; but in such dams, due to temperature stresses and shrinkage, 
cracks may occur, and the water penetrate into the interior, with in some 
cases a damaging effect on the concrete. Various remedies have been 
tried. e Plums 5 reduce the internal temperature rise, expansion joints are 
fitted at intervals, cooling pipes have been used. In some cases a special 
‘ low-heat ’ cement has been employed. A rich Portland cement concrete 
reinforced facing tends to prevent percolation. 89 

If the dam is straight in plan, so that the weight of the structure forms 
the real resistance to overturning due to water pressure, the dam is called 
a gravity dam . If the dam is curved in plan, and so constructed that it 
forms an arch resisting the water pressure, it is called an arched dam , 
§ 366. The cross-section of an arched dam may be made much lighter 
than that of a gravity dam, Fig. 499, but the sides of the valley must form 
reliable abutments for the arch. The stresses set up in an arched dam 
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are less determinate than those in a gravity dam, and the effects of 
temperature and shrinkage are more important. A number of experi- 
mental investigations have been made to discover the exact behaviour 
of such structures when under load (see § 366). Some remarkable arched 
dams have been constructed in America and Australia, showing very 
considerable economy in material over the gravity type. 

Constant Angle Dams . — Jorgensen 47 has pointed out that considerable 
economy is effected if the angle 2 <f> 9 Fig. 497, which the arch subtends at 
its centre, is kept constant and made equal to 133°, or for practical 
purposes, equal to 120°. As, owing to the shape of the valley, the dam 
will be wider at the top than at the bottom, this means decreasing the 
radius of curvature of the upstream face from top to bottom in proportion 
to the span. The dam is built as a series of arched rings with varying 
radii of curvature, the back of the dam being stepped to suit. 

Multiple-arched Dams .— When suitable foundations exist, dams are 
sometimes made in the form of a series of arches supported on inter- 



mediate buttresses, (i) Fig. 4 85. Such dams are called multiple-arched 
dams. The face of the dam may be vertical or inclined. A dam of this 
type would be constructed of concrete, and, although containing much 
less material than a gravity dam, is more expensive per cubic yard to 
build, owing to the necessity of form work during construction. Carried 
out in reinforced-concrete, the arches might be replaced by a series of 
at slabs, usually inclined, (ii) Fig. 485, supported by the buttresses. 
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In another type of dam, the multiple arches are replaced by a series of 
egg-shaped domes, of which a horizontal section appears as a series of 
arches. This is called a multiple-dome dam. 

When the water is required to flow over the top of a dam, or of part 
thereof, the top and back of the dam are curved, so as to permit a smooth 
flow for the water and to eliminate scouring at the toe as far as possible. 
Such a construction is called a spillway (see the Vyrnwy Dam, Fig. 484) . 

The foundations of masonry dams are carried down to the solid rock. 
This sometimes involves considerable excavation and removal of dis- 
integrated rock. Having reached a good foundation, all rubbish and 
debris are cleared away, and any springs which may exist are stopped. 
The work of building then commences. 

361. Stability of Gravity Dam.— The criteria for the stability of a 
masonry dam are : (i), that the compressive stress in the material on 
horizontal planes must nowhere exceed the allowed limit, which is 
usually about 8 to 10 tons/sq. ft, for ordinary rubble concrete or rubble 
masonry (in certain American dams this figure has been much exceeded *) ; 
and (ii), that the line of resistance of the dam, both when the reservoir is 
full and when it is empty, must lie within the middle third of every 
horizontal cross-section, Fig. 491. This stipulation is of importance in 
masonry dams, in order to avoid cracks in the upstream face, which would 
allow the water to penetrate 
the interior. Knowing the 
direction of the line of resist- 
ance, and the magnitude of 
the thrust, the maximum com- 
pressive stress in the material 
can be determined. These 
criteria are admittedly con- 
ventional, but suffice for the 
safety of the dam (see § 364). 

362. Shape of Cross-Section. 

— The shape of the cross- 
section theoretically necessary 
for a gravity dam is a triangle, 

EVT, Fig. 486. Consider any 
horizontal section AB, (i), of 
this dam when the reservoir 
is empty. Let G be the 
centre of gravity, and W the 
weight of the portion EAB; 

JK is the middle third of 
AB. Then, from the geome- 
try of the figure, G lies in 

* In the Hetch-Hetchy Dam of 1:3:6 plum concrete, the stress when the 
reservoir was empty was 25 tons/sq. ft., and 16 tons/sq. ft. when. full, in tne 
Australian arched dams, a stress of 20 tons/sq. ft. was aUowed on gramte masonry, 
and 10 tons/sq. ft. on soft sandstone masonry. 




728 


MATERIALS AND STRUCTURES 


the vertical through J. This is equally true for every other hori- 
zontal section, .and it follows that, in a triangular dam, when the 
reservoir is empty, the line of resistance will always lie just within the 
middle third, and that the stress on the back ET will be zero. Next 
consider the section AB when the reservoir is full up to the level of the 
point E, (h). Take the length of the dam as unity. Then the resultant 
water pressure on the area EA will be P = JwEA 2 , where w is the weight 
per cubic foot of the water. The weight of the triangle EAB is 
W = |w x EA . AB, where w x is the weight per cubic foot of the masonry. 
The force P will act through a point one-third of EA up from A, and the 
weight W will act through G and J as in (i). In this particular case, 
therefore, both forces will act through G. Suppose that R, the resultant 
of P and W, just passes through K ; JK as before is the middle third. 
Then GJK is the triangle of forces for the point G, and 

JP _ JK _ AB 
W ~ GJ ~ EA* 

Inserting the values of P and W, 

P AB |wEA 2 

W ~~ EA ~ \w x EA. AB 

whence, 

AB 2 _ w AB as VT ss/ a/H 

EA 2 ~ w x ’ ° r ’ EA ~ EV = V wTi' 

But if R passes through K, the line of resistance when the reservoir is 
full lies just within the middle third at the section AB, and AB is any 
section. Therefore, if VT = EV . \^wjw x , the line of resistance will lie 
everywhere within the middle third, and a dam of these proportions 
would be stable provided that the material of which it is constructed 
has sufficient crushing resistance. Taking 62*4 lb./cub. ft., and 
w x for rubble concrete at 160 lb./cub. ft. (S.G. = w x /w = 2*57), 
VT = fEy. 

This theoretical section for the dam would not be suitable in practice. 
It would be undesirable to reduce the thickness of the masonry to an 
edge. The dam must be carried up a few feet above the highest water 
level, and for convenience it is usual to make a roadway over the top, 
Fig. 484. The top of the dam will therefore be shaped as shown in 
Fig. 487, and there will be an additional weight of masonry W', acting 
at G', the centre of area of the hatched portion at the top, to be taken 
into account. Considering the horizontal section AB when the reservoir 
is empty, it is evident that since the line of action of W' falls to the right 
of G, the resultant of W and W' will pass to the right of J, and will be well 
within the middle third. At this section the additional weight improves 
the conditions. At a section such as A 2 B 2 the reverse is the case, for 
W 2 , the weight of the triangular portion above UB 2 , will act through J 2 
as before, but the line of action of W 7 will pass to the left of J 2 > and the 
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resultant of W 2 and W' will pass outside the middle third. To remedy 
this it is necessary to extend the face of the dam to V', and thus widen 
the middle third. At 


the section AjB^ where 
the line of action of W 
cuts the boundary of the 
middle third of the tri- 
angular dam, Wj and W' 
will fall in line. This is 
the limiting cross-section ; 
above it, W' improves the 
conditions; below it, W' 
makes them worse. The 
additional width on the 
face of the dam must 
therefore extend at least 
as high as AjB x , or pre- 
ferably a little higher. 
The distance VV' can be 
found by trial. The effect 
of W' on the conditions 
when the reservoir is full 
is evidently to improve 
them. 

As the height of a 



Fig. 487. 


dam such as is shown in Fig. 487 is increased, the maximum com- 


pressive stress on the base also increases, and at a certain height, 
above 100 to 120 ft., the maximum com- im- 

pressive stress will exceed the allowed 
limit. If it be desired to increase the JT v \\ * j 

height of the dam still further, it is 4 \\ |* j 
necessary to add material to the toe of j 

the dam as shown at TT' in Fig. 487. M\ 

Some of the earliest investigations 
regarding the correct shape for a ! ; \ 

masonry dam were made by Sazilly, ^ I \ 

Graeff, Delocre, and Bouvier (see \ 

Bibliography), who applied the trape- / x 

zium law (i.e. the straight line dis- / . j v \ 

tribution of stress, Fig. 477) to 1 I y \\ 

the problem. Molesworth has given J , * \\ 

formulae from which a cross-section [ 1 v . x 

can be set out which corresponds very ‘ 

closely with Bouvier’s proposed cross- ’ ' 

section. In Fig. 488, if p be the Fig * * 88 - 

specific gravity of the material of which the dam is composed, and /c 

the permissible stress on any horizontal cross-section in tons per s<p ft., 


j H+/p- 


Fig. 488. 
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" V; 


' 0 • 05 # 3 
fc+ (0 * 03#) ’ 


0*09#) 4 


b = 0*4a ; minimum value for y is xjV p. All dimensions are in feet. 

This outline may be used as a first proposal for the shape of a 
dam. 

In ordinary circumstances, the limiting pressure on horizontal sections 
ranges from 8 to 10 tons /sq. ft., depending on the class of masonry ; and 
the weight of the material ranges from 140 to 170 lb. /cub. ft. ; p = 2-24 
to 2-72. 

363. Lines of Resistance. — Having decided on the outline of the dam, 
for example, Fig. 491,* the lines of resistance and the stresses on horizontal 
sections may be found as follows : 

Reservoir Empty . — First suppose L 

the reservoir to be empty. Divide W, 

the height of the dam into a number 1 6, 

of parallel slices by horizontal planes *" q 

1.1, 2.2, 3.3,... (i) Fig. 489. Given 1 ~ V 

w v the weight per cub. ft. of the W 2 \ 

masonry, find W*, W 2 , W 3 , . . ., the \ 

weight of each slice, on the assump- lA \ 

tion that the dam is of unit length 2 I y , — ~ 

perpendicular to the paper. Find I *~ oc y 2W 3 \ 
also Gjl, G 2 , G 3 , . . ., the centres of I JG 3 \ 

gravity of each slice. The graphical I ”<*”2 1 . . I \ 

method usually employed for this 3 I V 

purpose is shown at (ii) Fig. 489. I b w 

G lies on the line joining C x and C 2 1. Q lu&Zu-.l U H 

at a distance up, measured vertically, • 2 ^ 2 X 

oid = l- 2 *+ b Then W 1> w 2 , 

W 3 , . . . act at the points G x , \ h- CL 
G 2 , G 3 , . . . respectively. Consider 

'section 1.1, (i) Fig. 489. The only 489 ' 

force acting on it is W x , of which the line of action passes through 
G x and cuts 1.1 at Q v The thrust on the section 1.1 is therefore W v 
and its point of application is Q x ; Q x is a point on the line of thrust. 
Consider next the section 2.2. The force acting on it is the resultant 
of the two weights W x and W 2 . Suppose the line of action of this 
resultant to cut the section 2.2 at Q 2 . Then the thrust on section 2.2 
is (Wj -f- W 2 ), its point of application is Q 2 , and Q 2 is a point on the line 
of resistance. If x x and x 2 be the distances of G x and G 2 from the vertical 
through L, and a; 7 be the distance of Q 2 from the same line, then 

Wx*x + = (Wx + W 2 K, and a;" = W ffi + 

W x+W 2 

* This outline is taken from the Periyar dam.” 


i *- • a ■ -i-lg -4*^4 H 


Fig. 489. 
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In a similar way, the thrust on the plane 3.3 is W t + W 2 + W 3 , and its 
point of application is Q 3 distant x"' from the vertical through L, where 
„/// _ W&+W&+ W 3 r 3 
W 1 + w 2 + w 3 

Q 3 is a point on the line of thrust ; and generally, for any other section, 
the distance from the same vertical of the point Q, which is the inter- 
section of the line of resistance with that section, is 

_ Wjgi+ . W n x„ _ S Wx 

w 1 +w7+...w„ ~Tw 

The line joining the points Qi.Qa, ... is the line of resistance when 
the reservoir is empty. 

Reservoir Full . — To draw the line of resistance when the reservoir 
is full, the forces P 1? P 2 , P 3 , . . . representing the water pressure on the 



upstream face, must first be found. The magnitudes of these forces may 
be calculated from the mean depths of water on the face areas 0.1, 1.2, 
2.3, . . . (i) Pig. 490, but it is simpler to calculate their horizontal 
components P/, P 2 ', P 3 ', . . which may be determined by assuming 
the water to act on the vertical areas 0.1', T.2', 2'. S ' , . . Thus 

P/ = ^ x (length 0.1') ; P 2 ' = - x (length V.2 ') ; 

P/ = - . (g j +jy x (length 2'. 30. 

J-i 

w denotes the weight per cub. ft. of the water ; the dimensions are in 
feet. Set off these forces along the horizontal line 0, V , 2', 3', . . . 
(ii) Pig. 490, and draw the line 1, 2, 3, ... at right angles to the face of 
the dam. Then 0.1 represents the force P 1? 1.2 the force P 2 , 2.3 the force 
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P 3 , and so on. Along the vertical 0, 1 , 2 , 3 , . . . set off 0.1 — W x , 
y\2" = W 2 , 2". 3" = W 3 . . . These weights have already been 

calculated/ Join 1.1", 2.2", 3.3", . . . as shown in the figure. Transfer 
the points Q l5 Q 2 , Q 3 , . . . from (i) Fig. 489 to (i) Fig. 490. 

On the top slice of the dam, two forces, W x and P l5 act. The resultant 
of these is represented by the diagonal 1.1", (ii) Fig. 490. The line of 
action of W x is the vertical through Q v (i) Fig. 490 (see Fig. 489) ; the 



line of action of P x acts at a point two-thirds of 0.1 down from 0. The 
resultant will pass through the intersection of W x and P x and is 
parallel to 1.1" in (ii). Since R x is the resultant of the only two forces 
which act above the section 1 .1, P x is evidently the thrust on that section, 
and D v its point of application, is a point on the line of resistance. 
Above the section 2.2, four forces act : W x and W 2 , the weights of the two 
top slices; P x and P 2 the water pressures on the areas 0.1 and 1.2. In 
(ii) Fig. 490, 0.2" represents (W x + W 2 ). A line joining 2.0 (not shown) 
represents P 1>2 , the resultant of P x and P 2 . The line 2.2" represents R x . 2 , 
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the resultant of all four forces. The line of application of (W x + W 2 ) is 
the vertical through Q 2 already found (see Fig. 489). Since the batter 
on the upstream face of a masonry dam is very small, the force P 12 
may be assumed to act at a point on the face two-thirds the way down 
from 0 to 2. Strictly speaking, its line of action should be obtained by 
taking moments of the forces P* and P 2 about 0, but this is an unnecessary 
refinement. Make L2' = $ of 0.2', draw the horizontal Im ; then m may 
be taken as the point of application of P 12 which will act parallel to the 
line 2.0 in (ii). Produce the line of action of P 1>2 to cut the vertical 
through Q 2 in n. Then R 1<2 , drawn parallel to 2.2", will act through n. 
Since R 1>2 is the resultant of all the forces above the section 2.2, it is the 
thrust on that section, and D 2 , its point of application, is a point on the 
line of resistance. Above the section 3.3, six forces act : W x -f W 2 + W 3 
acting along the vertical through Q 3 is the resultant of the three weights 
W v W 2 , and W 3 . The resultant P 1>3 , represented by 0.3 (not shown) in 
(ii), is the resultant of the three water-pressure forces P 1? P 2 , and P 3 . 
This resultant may be taken as acting at a point on the face two-thirds 
the way down from 0 to 3. Make p . 3' = | of 0.3', draw the horizontal 
pq; then P 1>3 acts through is parallel to 3.0 in (ii), and intersects the 
vertical through Q 3 in r. R 13 in (ii) represents the resultant of all six 
forces. It acts through r in (i), and its point of application D 3 is a point on 
the line of resistance. A line drawn through D v D 2 , D 3 , ... is the line 
of resistance for the dam when the reservoir is full. It is to be understood 
that Figs. 489 and 490 are much distorted to make the construction clearer. 

The calculations for the Periyar dam are given in tabular form below. 
The weight of the material (concrete with rubble masonry facings) is 
taken at 145 lb. /cub. ft. The lines of resistance are shown in Fig. 491. 
These he within the middle third, showing that the dam is stable both 
when the reservoir is empty and when it is full. 
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Reservoir Full. 


Section. 

Height of 
Slice. 

H 

Water 

Pressure. 

2P 

Point of 
Application.* 


Feet. 

Feet. 

Tons. 

Tons. 

Feet. 

0.0 

1.1 

2.2 

10 

0 

10 


1-4 

1*4 

166*3 

20 

30 


11-1 

12*5 

153*0 

30 

IV = 

37-5 



3.3 

60 



50*0 

133*0 

30 

*Y = 

62-5 



4.4 

90 



112*5 

113*0 

30 

p 5 ' - 

87-5 



5.5 

120 


102-2 

200*0 

93*0 

27*5 


*Y = 



6.6 

147-5 

iy - 

113-5 

302*2 

74*7 

57*7 

25*5 

7.7 

173-0 


415*7 

1* A T> 


The stresses on horizontal planes can be determined from ©cfs* (3) 
and (4), § 354. 




, 6e 
1+ D 


f . _ N h_l e 


Considering section 7.7 at the base of the dam, when the reservoir is 
empty the line of resistance intersects that section at a point 18-4 ft. 
to the left of the centre, i.e. e = 18-4. The weight of the dam on this 
section is 752-6 tons, which evidently is the value of N, the normal 
component of the thrust. The width of the dam at this section is 
D = 142 ft. ; hence, from the above equations, 


/max. = 
/min. = 


752-6 


1 + 


6 x 18 


142 


•4' 


1 


9-42 tons/sq. ft. 
1-18 tons/sq. ft. 


142 
752-6 

142 " 

The distribution of stress is shown at the bottom of Eig. 491. 

When the reservoir is full, the line of resistance cuts section 7.7 at a 
point 13-3 ft. to the right of the centre. Hence e = 13-3 ft., the other 
factors remaining as before. The stresses are 


752-6 


/max. — 


142 


1 + 


6 x 13-3 


/min. — 


752 -6 ( 1 

H2 


142 

6 x 13-3 
142 


= 8-28 tons/sq. ft. 
= 2-32 tons/sq. ft. 


This distribution of stress is shown in Eig. 491. 

The stresses on other horizontal sections can be found in a sumlar 
way. 
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364. ‘Experimental Determination of the Stresses.— The simple 
theory for the stresses in masonry dams, on which the methods of 
§ 363 are based, is admittedly only approximate. That the distribution 
of normal stress follows a straight-line law is an assumption, and the 
effects of the shearing stresses are not taken into account. In 1904 
Atcherley and Pearson published a memoir 27 on the stresses in dams in 
which the conventional methods of design were criticised, and in which 
it was suggested that the critical sections of a dam are not the horizontal 
sections, but the vertical sections near the outer toe, and that failure 
would occur due to tension on these sections. Purther, it was suggested 
that the shear on the horizontal sections was an important consideration. 

These conclusions led to a number of investigations, experimental and 
otherwise, of the stresses in dams. From experiments on a model dam 
made of gelatine, Sir Benjamin Baker inferred that the stresses at the 
base would be greatly influenced by the behaviour of the rock foundation 
on which the dam was built, and that the shear stress on the base was 
approximately uniformly distributed. 

Ottley and Brightmore, 32 from a con- 
sideration of deformation measurements 
on a model dam of plasticine, confirm 
Baker’s opinion that the shear stress 
on the base of the dam is approxi- 
mately uniformly distributed ; but con- 
clude that on horizontal planes at higher 
levels, the intensity of shear stress 
varies very nearly uniformly from zero 
at the inner face to a maximum at the 
outer face. There is a gradual change 
from the one distribution to the other. 

They also conclude that it is near the inner toe, not the outer, where 
tension in the dam and its rock foundation may be expected. Fig. 
492 shows the distribution of normal and shearing stresses on a plane 
AB, sufficiently high above the base of the dam for the effect of 
the foundations to be negligible, as determined from the model dam, 
which was of triangular cross-section, the width at the base being equal 
to the height divided by the square root of the specific gravity of the 
material (see § 362). The distribution of stress on the base proper is 
different, because the mass of the rock foundation cannot deform (i.e. 
be displaced in a horizontal direction) to the same extent as would the 
dam proper, and this prevents the base of the dam from so deforming. 
As a result, tensions are set up on the vertical planes near the inner toe, 
both in the dam and in the rock, which tensions modify the distribution 
of shear stress, making it much more nearly uniform. 

Wilson and Gore 33 experimented on model dams of india-rubber, 
loaded so as to reproduce the effects of gravity and the water pressure. 
The models represented dams resisting a head of water of 125 ft., designed 
according to the middle third rule. Two profiles were usec^ C, Fig. 493, 



Fig. 492 . 
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with sharp corners where it joins the foundations, and B, in which the 


corners were well rounded. 
The strains in the rubber were 
ascertained, and from these 
the stresses were calculated, 
(i) Tig. 493 represents the dis- 
tribution of vertical pressure 
on horizontal planes, thus 
found, in profile C; and (ii) 
the distribution of shear stress 
on the same planes. The 
foundation of the dam is 
supposed to be supported all 
round, as indicated by the 
shading. 

Tig. 494 shows the ellipses 



of stress for the same condi- 


tions, indicating the directions 
of the major and minor prin- 
cipal stresses in the dam, and 
their relative magnitudes. 

Some of the authors’ con- 
clusions are as follows : ten- 
sile stresses exist at the inner 
toe in all cases. In profile 
C these stresses act parallel 
to the faces of both founda- 
tion and dam, and are nearly 
of equal intensity (see the 
ellipses of stress in (ii) Fig. 
494). These were the maxi- 
mum tensile stresses in profile 



Tig. 493 . 


C. The stresses at the outer 
toe are compressive in all 
directions. In profile C these 
stresses act parallel to the 
faces of both dam and founda- 
tion, (iii) Fig. 494. They are 
nearly of equal intensity, and 
are the maximum compressive 
stresses in profile C. They con- 
siderably exceed the stresses 
assumed in the design. 
Rounding the corners, as in 
profile B, considerably re- 
duces the stresses near the 



toes. Near the downstream 


Fig. 494 . 
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face, (i) Fig. 494, the major axes of the ellipses of stress are tangential to 
the profile, showing that the maximum principal stresses near this face 
act on planes normal thereto. Near the upstream face, the major axes 
are normal to the profile, showing that the maximum principal stresses 
occur on planes parallel to this face. The maximum intensity of shear 
stress at each face occurs on planes at 45° to the face. 

On sections above the base line 6.6 the distribution of vertical 
pressure on horizontal planes, (i) Fig. 493, while not unlike that found 
by the trapezium law (i.e. the ordinary straight line variation of stress), 
usually reaches a maximum near the line of resistance, and is lower 
towards the faces. This maximum never exceeds that calculated by the 
trapezium rule. Tension on the horizontal planes at the inner toe was 
observed in each case, and was of considerable magnitude in profile C. 
The maximum horizontal pressure on vertical planes occurs at the outer 
toe. Tension on these planes was observed at the inner toe. The 
distribution of shear stress on the upper horizontal sections is, roughly 
speaking, triangular, (ii) Fig. 493, but the junction of the dam with its 
foundation greatly affects the distribution of shear stress there. 

Except near the foundations, the experiments do not indicate the 
Existence of stresses which would imply weakness in dams of the usual 
type ; and it appears that the ordinary method of design may with safety 
be used to determine the strength and stability of such dams. This 
opinion is generally accepted, and provided that the lines of resistance 
lie within the middle third, and that the stresses on horizontal planes do 
not exceed the usually allowed limits, the dam may be regarded as safe, 
despite the possibility of tension near the inner toe, which in practice 
has not hitherto given cause for 
anxiety. 

365. Uplift. — In all the pre- 
ceding work it has been assumed 
that the dam is perfectly water- 
tight. The necessity for avoiding 
cracks on the upstream face has 
been emphasised. If the dam be 
designed in the manner indicated, 
and properly constructed on an 
impervious foundation, no water 
should penetrate the interior. 

Even if, due to bad workmanship, 
a hole be left in the face of the 
dam, the stability of the dam will 
not be impaired so long as the 
tensile strength of the cement be 
not overcome. If the cement 
should crack, the water pressure, 
acting on the bottom of the portion above the crack, would help to over- 
turn it, Fig. 495. A similar tendency will exist if the rock foundation 
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be not impervious to water, for then the water pressure, acting on 
the base of the dam, produces an overturning moment. This action 
is spoken of as uplift. With permeable foundations, it is usual to 
make allowance for uplift in the calculations. An assumption some- 
times made is that the uplift pressure varies from full reservoir head 
at the inner toe to full tail-water head at the outer toe, but only 
acts on one-third the length of the base. From some uplift measure- 
ments made by the U.S. Bureau of 
Reclamation 43 it would appear that for 
the portion of the Wellwood dam founded 
on shale there was no uplift. For the 
portion founded on sandstone, the uplift 
pressure varied roughly as a straight line 
from full tail-water head at the outer 
toe, to full tail-water head plus one- 
quarter the difference between the re- 
servoir and tail- water heads at the inner 
toe, Fig. 495. Corresponding measure- 
ments at the American Falls dam showed 
a similar variation in head, but the 
uplift pressures were slightly higher. For 
a semi-graphical method of estimating Fig. 496. 

uplift pressures, see Shulits 45 

In certain large masonry dams, drains are provided inside the 
dam to relieve any interior pressure due to penetration of water, 
Fig. 496. 

366. Arched Dams. — In an arched dam, § 360, the water pressure 
will be carried partly by arch action and partly by the cantilever action 
of the dam, Fig. 499. Except, perhaps, near the base of the dam, no 
great error is introduced by assuming that horizontal slices of the dam 
act as circular arches spanning between the sides of the valley, and 
subjected to radial water pressure, Fig. 

497. Professor Cain 48 has given an 
analysis for such arches, the results of 
which are as follows : If p x be the 
water pressure lb./sq. ft., and R x the 
radius in ft. at the extrados ; R the 
mean radius; T the uniform thickness 
in ft. ; and N 0 the normal thrust at the 
crown in lb. ; then, for a rectangular slice Fig, 497 . 

1 ft. in depth, 




where 


(P1R1 - N 0 ) 


2 <f> sin < p 1 R 1 T a 
' 12R 2 


( 1 ) 




MASONRY 


739 


If M k be the bending moment in ft./lb., and N K = the normal thrust in 
lb. at any point K (R . 9), Fig. 497, 

M K = (p 1 R 1 -N 0 )(!^i-eos^R . (3) 

N] p, Rjt - - N 0 ) cos 9 . (4) 

Extreme fibre stresses = ^ ± (5) 


Eor a temperature rise of t° F. (a « 0*0000055 for concrete), 

rr 2 sin 6 EIa£ 

= m 

X R 

At crown, M# = + H^l - ; 

at abutments, M„ = - - cos R 

Extreme fibre stresses : 


( 6 ) 


(?) 


at crown, »■ Et/T ± 6M 0 ,/T 2 ; 

at abutments, « H* cos </>/T ± 6M lt /T 2 . . (8) 

As the dam is under water, shrinkage stresses are sometimes neglected. 

Any exact method of design must of necessity take into account both 
arch and cantilever effects, and to gain some exact knowledge as to the 



way in which such structures really react, and also as to the effects of 
temperature alterations, construction joints, and cracks, an experimental 
arch, radius 100 ft. and height 60 ft., was constructed at Stevenson 
Creek, California. 61 The cross-section was of the thin arch type, the 
radial thickness being 2 ft. from the crest to 30 ft. above the base, below 
which level there was a curved batter, the thickness increasing to 7 ft. 6 in. 
at the base. Fig. 498 shows the deflection curves under a head of 60 ft. 
on the developed vertical face, looking upstream. Maximum deflection 
— 0*388 in. 
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A method of analysis for arch dams, termed the trial-load ! method . has 
been developed by the Engineers of the U.S. Bureau of Reclamation, 
Denver, Colorado .«> Starting from an assumed partition of load between 
the arches and cantilevers, the distribution is modified until the radial 
deflection of each system towards the centre of the arc is the same. 
Further adjustments are then made to take into account the shears and 
Sts in the structure. From a series of such adjustments, a close 
approach to the true distribution of load can be obtained, giving deflections 

within about 3 % of the observed values/* . 

Fie 499 shows the outline of the Pacoima arch dam, Cahforma 
372 ft high ( Engineering , January 18, 1929, p. 70), and the calculated 

320 - 

: Developed 
' Profile of 



LoAA Supported “by Arches 
„ „ .. Cantilevers 

Deflection of Arches -- 
„ .. Cantilevers — 


Fig. 499. 


partition of load between the arches and cantilevers. The former carry 
most of the load. The deflection curves for arches and cantilevers show 
satisfactory agreement. 

BRICKWORK 

367. Bricks.— Ordinary bricks are made of clay of a suitable character. 
The clay is kneaded into a stiff paste, and then pressed into a mould. The 
brick, thus formed, is left to dry, and is afterwards burnt hard. The 
common types of bricks are hand-made bricks, wire cuts, and pressed bucks. 
Hand-made bricks are so called because the clay is pressed into the 
mould by hand ; they are formed with a frog or depression on one si e. 
For wire cuts, the clay is kneaded in apug mill, forcedthrough a rectangular 
die, and cut up into bricks by means of a series of wires. They may be 
recognised by the absence of frogs. Pressed bricks are made from 
unburnt wire cuts. The soft brick is placed in a metal mould and then 
* See Arch Dam Investigation, vol. ii, New York, 1938, for model tests in 
confirmation. 
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compressed. The overall sizes are thus slightly increased, and a frog is 
formed top and bottom of the brick. A superior brick is obtained by this 
process, having sharp edges and square faces. Such bricks are usually 
employed for facing ordinary brickwork. 

A variety of makes of brick are employed in engineering work. The 
most common are Staffordshire blues , a hard, durable brick used for 
first-class work where great strength and resistance to wear is necessary. 
The outer skin is of a vitreous character, rendering the brick very 
impervious to moisture. Red bricks of good quality are used where 
appearance is required. Stock bricks (common bricks burnt in clamps) 
are used for interior work, and the heartings of masonry and brick 
constructions. Many special kinds of brick are used for particular 
purposes ; glazed, bricks , hollow bricks , and moulded bricks where ornamental 
shapes are required. 

The characteristics of good bricks are : strength and durability ; 
uniformity of shape, size and colour ; rectangular faces ; freedom from 
cracks and flaws ; sound and uniform texture when broken. Bricks 
should ring clearly when struck sharply together ; a dull sound indicates 
a soft or shaky brick. In an absorption test, § 277, a brick should not 
absorb more than 20 % of its own weight of water. In pressed bricks 
this value may be as low as 2 %. 

368. Mortars. — The mortar used for brickwork in engineering 
structures should either be a cement mortar consisting of a 1 : 3 or 1 : 4 
mixture (by volume) of Portland cement and sand ; or a lime mortar 
composed of one part by volume of lime and two parts by volume of 
sand. For good work in lime mortar, blue lias or other similar grey stone 
lime is employed. The sand should be clean and sharp. Cement mortar 
is used where strength is necessary ; for example, in arch rings. The 
crushing strength of a 1 : 3 Portland cement mortar may range from 
1800 to 3800 lb./sq. in. ; and its tensile strength from 150 to 450 lb./sq. in. 
The crushing strength of a 1:2 lime mortar will be of the order of 
100 lb./sq. in. ; its tensile strength is negligible. 

369. Strength of Bricks and Brickwork.— The results of some experi- 
ments, taken from a Report on Brickwork Tests by a Committee of the 
R.I.B.A. 65 , 1905, are as follows : 


Average Crushing Strength of Bricks (tons/sq. ft.). 


Kind of Brick. 

Cracked at 

Crushed at 

London Stocks, with frog .... 

76-2 

84*3 

Burham Gaults ...... 

102*3 

182*2 

Leicester Red, no frog ..... 

248*1 

382*1 

Staffordshire Blue, wire cut, no frog 

471*6 

701*0 

Fletton, machine pressed, with frog 


220*8 


Compressive tests on brickwork piers, 18 in. square and 6 ft. high, 
gave the following results. Two kinds of mortar were used : lime 
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mortar, one part grey stone lime, well slaked, two parts of washed river 
sand ; cement mortar, one part Portland cement, four parts washed river 
sand. 

Strength of Brick Piers (tons/sq. ft.). 


In lime mortar. In cement mortar. 


Kind of Brick. 

Commenced 

Total 

Commenced 

Total 


to fail. 

Failure. 

to fail. 

Failure. 

London Stocks 

7-5-14-2 

12-5- 18-6 

9*0-27*4 

17-0- 39-3 

Burham Gaults 

9-4r-15-4 

21*6- 31*1 

18*7-37*2 

30-0- 51-3 

Leicester Red . 

14' 1-28-1 

34-1- 45*4 

23-1-62*3 

50-4- 83-4 

Staffordshire Blue 

19-5-24-1 

73*7-114-3 

36*9-85-0 

82-5-135-4 

Fletton, pressed 

24-1 

1 

30*7 

43-9 

56-2 


The lower figure represents the strength with ordinary workmanship, the higher 
figure that when the workmanship was especially good. 


To obtain the crushing strength of a brick, the frog is filled with a 
1 : 3 cement mortar, and the brick is tested flat. The crushing strength 
thus obtained is very variable ; differences of the order of 50 % of the 
mean value are common. 

The crushing strength of brick piers and walls, uniformly loaded, is 
roughly dependent on the mean crushing strength of the bricks. Bragg 69 . 
suggests the formula f P = c/ B , where fp is the mean crushing strength of 
the pier, and f B that of an individual brick tested flat. For piers built 
with a 1 : 3 cement mortar, he gives the value c = 0*27. Beyer and 
Kreyfield, 69 for 12 x 12 in. piers built with a 1 : 3 Portland cement 
mortar, find that c = 0-424 for a height of 40 in. (nominal L/B, = 3-4), 
and c == 0-38 for a height of 84 in. (nominal L/B = 7). Glanville and 
Barnett, 73 for 18 x 18 in. brick piers, built with 1 : 3 Portland cement 
mortar, 8 ft. high (nominal L/B = 5-3), obtain the value c = 0*33, 
Bragg’s value, c = 0*27, represents the lower limit of these experiments 
for values of f B < 10,000 lb./sq. in. For higher values of / B , due 
probably to the smaller relative strength of the mortar, c = 0*2 for the 
lower limit. This limit, for the whole range, may be represented by 
fp = / B (45,000 — / B ) /155,000 lb./sq. in. As in the case of the individual 
bricks, the crushing strength of brickwork is very variable, and differences 
of the order of 25 % are common. 

The above values all have reference to first-class materials and work- 
manship. Stang, Parsons and McBurney 71 found that the strength of 
snch brickwork was from 30 to 50 % greater than that of unsupervised 
commercial bricklaying (cf. the R.I.B.A. tests given above). 

Increasing the strength of the mortar above 2000 lb./sq. in. does not 
much increase the strength of brickwork constructed of ordinary bricks, 
/b < 3000. Brickwork in lime mortar is considerably weaker than that 
in cement mortar (cf. the R.I.B.A. tests). 
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The effect of the value of L/B on the strength of brickwork piers has 
been investigated at Watertown Arsenal, 64 by Kreuger 68 and others. 
The strength appears to fall rapidly from L/B = 2 to L/B = 12, and 
thenceforward at a much reduced rate up ' to about L/B = 25, the limit 
of the experiments. 

The L.C.C. Code of Practice (1932) gives the following safe values for 
the pressure on brickwork, L/B not exceeding 6 : 


Strength of Brick.* 

Mortar. 

Safe Pressure. 

10,000 lb./sq. in. 

1 : 3 cement 

20 tons/sq. ft. 

5,000 

1:3 „ 

15 

3,000 

1:4 „ 

10 

1,500 

1:4 „ 

8 

1,500 

1 : 2 lime 

4 


* Tested after soaking until absorption is complete. 


Glanville and Barnett 73 show from the lower limit of their tests 
that the above safe pressures imply a factor of safety of 5 for con- 
centrically applied uniform loads ; reduced to 3£ if the workmanship is 
poor. 

If L/B - 8 use 80 % ; L/B = 10 use 60 % ; L/B - 12 use 40 % of 
the above safe pressures. 

371. Construction in Brickwork. — The nominal size of burnt bricks is 
8| x x 2f in., so that with J-in. mortar joints they make up 9 x 4 \ x 3 
inches. With pressed bricks the joints are slightly thinner. There are, 
therefore, four courses per foot. Since all bricks are of a definite size, 
the dimensions of a brickwork structure must be made to correspond. 
Thus the thickness of a wall depends on the number of bricks in the 
width, and a wall is specified as a one-brick, two-brick, or three-brick 
wall, as the case may be. All vertical dimensions will be multiples of 
3 inches, and longitudinal and lateral dimensions will be multiples of 

inches. 

The brick is made twice as long as it is wide to facilitate bonding. 
There are two common types of bond, English and Flemish* In English 
bond , as seen from the outside of the wall, each alternate course consists 
entirely of headers or stretchers. In Flemish bond , the alternate bricks 
in all courses are headers and stretchers. English bond is usually used 
for engineering work as it is considered to be somewhat stronger than 
Flemish, but the latter has the better appearance. The correct arrange- 
ment of each course, necessary to secure proper bonding, is illustrated 
in all books on Building Construction. In very thick walls, all the interior 
bricks are laid as headers ,* it is then usual to lay the interior bricks of 
every sixth course diagonally, to improve the bonding. This is called a 
rahing course. 

372. Typical Brickwork Structures. — Brickwork is one of the com- 
monest materials used in structural work, particularly in railway con- 
struction. Arches, viaducts, tunnel linings, sewers, retaining walls, 
bridge piers and abutments, foundations, buildings of all kinds, may all 
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be satisfactorily carried out in brickwork. Fig. 600 shows a typical 
brick arched viaduct ; Fig. 501 a retaining wall constructed of brick. 



Fig. 600. 


Foundations in brickwork are illustrated in Fig. 462. The method of 
constructing brick arches may be seen from Fig. 464. The arch is built 
up of superimposed rings one half-brick in thickness. The bricks are 


placed on edge, laid as stretchers parallel 
to the axis of the arch, and properly bonded. 
To tie the rings together, lacing courses are 
introduced. These consist of headers ex- 
tending through two rings, thus forming a 
bond between them. 

8 r /3. Calculations for Brick Structures* — 
The dimensions of many brickwork struc- 
tures, particularly those of moderate size, 
are usually proportioned by empirical rules 
based on successful practice. In larger 
structures, calculations similar to those for 
masonry structures should be made. The 
criteria for stability are the same in both 
classes of construction, § 353. The line of 
thrust should be determined ; it should lie 
within the middle third, since it is not de- 
sirable to permit tensile stresses of any magni- 
tude in brickwork, particularly if set in lime 
mortar. The maximum stresses should also 
be ascertained. The procedure for the arch 



Fig. 501. 


shown in Fig. 500 is given in Figs. 482 and 483. Fig. 482 is the load 


diagram for the arch. The line of thrust for the case in which a live load 


of 400 lb./sq. ft. of area of roadway covers the left-hand side of the arch 
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is determined in (ii) Fig. 483. This line of thrust lies wholly within the 
middle third of the arch. The stresses in the brickwork, both at the 
springings and at the crown, are determined in 
§ 358. In each case they lie within allowable 
limits. To complete the investigation of the 
stability of the arch, the conditions when the 
load completely covers the arch should be 
similarly tested. 

374. Mass Concrete. — Ordinary plain con- 
crete is composed of materials easy to obtain ; 
it is simple to make, requiring no highly 
skilled labour ; it is easily moulded to any 
required shape, and when hardened is durable 
and not subject to corrosion. These proper- 
ties have led to its extended use as a 
structural material, particularly in mass con- 
struction. Its resistance to tension and shear 
is small, and it should not be subjected 

to stresses of this nature of any considerable magnitude. Temperature 
and shrinkage stresses sometimes cause cracks and weakness, § 360. 

Plain concrete is much used for foundations. A 1 : 6 mixture is 
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Fig. 503. 


commonly employed. The concrete is laid in trenches and properly 
punned. The safe load on such concrete is : 

1 : 0 mass concrete . 20 tons/sq. ft. 

1 : 8 ,» t i . 15 tt » 

1 ; 12 I, || • 5 I, >» 

1:2:4 concrete 
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Eigs. 479 and 480 show two typical applications of plain concrete to 
mass constructions. Fig. 502 shows the cross-section of the quay wall 
used for the Ring George V Dock, London * This wall was built of a 
1 : 8 cement concrete faced with a 1 : 4 mixture, brought up together. 
Fig. 503 shows the cross-section of the breakwater for the Admiralty 
harbour at Dover. f In this instance the 1 : 6 concrete was pre-cast into 
blocks w eighing from 25 to 41 tons ; which, after hardening, were lifted 
into place by a crane. The blocks were bonded, and further secured by 
joggles. 
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QUESTIONS ON CHAPTER XIX 

1. A solid masonry wall 14 in. thick and 12 ft. high above the ground is 
found to lean 2 in. out of vertical at the top. Find the greatest and least 
pressures on the horizontal section of the wall at the ground level, taking the 
weight of masonry as 140 lb. /cub. ft., and assuming that the pressure varies 
uniformly across the section. (U.L.) 

Ans . 16-7; 6* 7 lb./sq. in. 

2. The section of a brick pier is rectangular and hollow, the dimensions 
of the external and internal rectangles being 54 X 45 in., and 36 X 27 in. 
respectively. Find the maximum lateral distance from the centre of the 
point through which the line of action of the resultant thrust may pass, in 
order that there may be no tension in the section. (U.L.) 

Ans. 10*7 in. 

3. AB 3 ft. is a joint between the voussoirs of a stone arch, which, 
for the purpose of calculation, can be taken as 1 ft. in thickness at right 
angles to the paper. The thrust across the joint is 10 tons, and its line of 
action cuts AB at a point 1 ft. 1 in. from B, and makes an angle of 8°^ with 
the normal to AB. Find the maximum compressive stress on the joint. 
(I.C.E.) 

Ans. 6*05 tons./sq. ft. 

4. A masonry pier is built up of cubical blocks of 8 ft. sides, the joints 
of which are perfectly bedded but no mortar is used. It supports a load of 
100 tons at a distance of 2 ft. from one edge, and equidistant from the 
adjacent edges. Find the maximum compressive stress in the material, and 
the point at which the compressive stress becomes zero. What will be the 
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maximum compressive and tensile stresses in the material when the joints 
are perfectly cemented X Neglect the weight of the masonry. (U.L.) 

Am* 4*17 tons/sq. ft. ; 2 ft. in ; 3*90 comp. ; 0*78 ten. tons/sq. ft. 

5. At any cross-section in a masonry structure let e = the perpendicular 
distance of the point at which the line of thrust cuts the section from the 
principal axis about which bending occurs ; r = the radius of gyration of 
the section about that axis ; and y = the perpendicular distance of the 
extreme point on the contour of the section, where the stress is least, from 
the same axis. Prove that if no tensile stress is to exist on the cross-section : 

r 2 

e < - 
V 

Hence find the shape and size of the area within which the line of thrust 
must pass in the case of a cross-section of a circular brick chimney 15 ft. 
external diameter, and 3 ft. thick, if no tension is to exist in the brickwork 
(I.C.E.) 

Ans . A circle 5 * 1 ft. diam. 

6. A mass concrete retaining wall 
with a vertical back, 30 ft. high, has 
to support a bank of earth without 
surcharge weighing 100 lb./sq. ft. 

The width of the wall at the top is 
3 ft. and the weight of the concrete 
140 lb./cub. ft. Using the 4 wedge ’ 
theory, find the necessary width of the 
base if the resultant pressure is not to 
pass outside its middle third. Take 
the friction angle <j> of the earth, and 
on the back of the wall </>', as 30°, and 
assume that the resultant pressure 
acts at a point 0*4 H up the back of 
the wall. 

10* ft. 

7. Fig. 504 gives the section of a Fig. 504. 

large dam for sustaining water pres- 
sure. The two curved faces are plotted from the vertical line. The weight of 
the masonry is 125 lb./cub. ft., and that of the water is 62 * 5 lb./cub. ft. Draw 
the lines of resistance with the reservoir empty and full, and report whether 
there is a tensile stress at any section, and whether the greatest compressive 
stress exceeds 6 tons/sq. ft. (U.L.) 

8. A straight wall of rectangular section has water on one of its vertical 
faces and the water is level with the top of the wall. Show with diagrams 
how to obtain the principal stresses and the principal axes of stress at a point 
near the centre of the base of the wall. State what assumptions are involved 
in the method employed. (U.L.) 

9. Design for a Masonry Arch carrying a public road (cf. Fig. 481), 150 ft. 
span, rise 35 ft., roadway 20 ft. wide, with two 5-ft. side walks, Fig. 480. 
Ministry of Transport loading § 23 ; proportions § 357 ; material, cut granite 
m 1 : 3 cement mortar, max. compressive stress 40 bons/sq. ft. ; rock founda- 
tions. Follow the methods of § 322. 




CHAPTER XX 


EXPERIMENTAL DETERMINATION OF THE STRESSES 

IN STRUCTURES 

375. Experiments on Riveted Joints.— Experiment has shown that 
the conventional assumptions regarding the behaviour of riveted joints 
by no means hold in practice. In the ordinary theory it is assumed that 
the load on the joint is carried by the shearing resistance of the rivets, 
that the load is shared equally between the rivets, and that the stress 
distribution throughout the joint is uniform. These assumptions may 
be approximately true near the point of failure, 
but are quite incorrect in the neighbourhood of 
the working load, 

Frictional Resistance and Slip.— Eig. 505 
represents the result of a tension experiment by 
Rudeloff 3 on a butt joint with double cover 
straps and 15 rivets on each side of the joint. 

Up to a load of about 70 tons, the joint approxi- 
mates in behaviour to an elastic body, but at the 
point S slipping occurs, and the rate of extension 
suddenly increases. This happens when the 
growing load overcomes the frictional resistance 
of the joint, which frictional resistance is the con- 
sequence of the compression between the plates, 
resulting from the longitudinal tension in the 
rivets due to cooling after closing, and also to 
the pressure used to close the rivets. That the 
resistance under low loads is predominantly due 
to friction has been proved by making experi- 
ments on joints in which the holes are oval and larger than the rivets. 
Edwin Clark * found that a $-in. iron rivet in a large oval hole, hand 
driven, carried 5 ‘59 tons before slipping occurred, equivalent to a stress 
in the rivet of 9 ’3 tons/sq. in. 

As the result of slip in a normal joint, more and more rivets begin 
to bear against the sides of their holes, and the resistance of -the joint 
increases up to the point R, Fig. 505. Thenceforward the shearing 
resistance of the joint comes into play, and the total resistance rises 
rapidly. 

* The Britannia and Conway Tubular Bridge* 1850, roL i, p. 393. 
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Many experiments have been made to determine the resistance to 
slip. With plates less than £ in. thick, of wrought iron or ordinary mild 
steel, the results obtained range from about 5 to 12 tons/sq. in. of 
rivet area, averaging from 7 to 8 tons/sq. in. The type of joint and 
method of closing the rivet do not appear much to affect this result. 
With thick plates, unless special precautions be taken, it is found difficult 
to ensure close contact between the plates, and the resistance to slip is 
lower, averaging, according to Montgomerie’s experiments, 4 from 5 to 6 
tons/sq. in. ; the variation in slip resistance is also much greater. With 
thick plates, hydraulic riveting, where great pressure is used to close the 
rivets, ensures better contact between the plates and gives higher slip 
resistance than does either hand or pneumatic riveting. 

Partition of Load . — A second point established by experiment is that 
the load is not equally shared between the rivets in a joint. It is found 
that the extreme rivets in a 


line are more heavily loaded 
than the intermediate ones. 
Professor Batho 5 has deter- 
mined experimentally the 
partition of load between 
the rivets in a butt joint 
with double cover straps in 
a fiat bar, and has shown 
that the said distribution 
can be obtained theoretically 
from strain-energy considera- 
tions. Fig. 506 represents 
some of his results. For a 
joint, (i), with five rivets in 
line, in which the covers are 
one-half the thickness of the 
bar, each of the two end 



Fia. 606 . 


rivets of the group carries about 40 % of the load, (ii) ; if the covers 
are equal in thickness to the bar, the extreme end rivet of the joint 
carries over 60 % of the load, (iii). Batho’ s theory indicates that when 
the number of rivets in line is five or more, the load on the extreme rivet 
is practically the same no matter how many rivets there be, the inter- 
mediate rivets carrying little of the load. This would suggest that it is 
uneconomical to put more than five rivets in line. 

In explanation of these results, it is evident that if the rivets were 
perfectly rigid, the two end rivets would take all the load ; it is only 
by yielding slightly that they are able to pass some on to their neighbours. 
By fin d ing the strain energy stored in the system, and using the principle 
of least work, Batho determines the load on each rivet in terms of a 
quantity K which depends on the action of the rivet and the proportions 
of the joint. He obtains values of K from the experiments. The dotted 
lines in Fig. 506 show the theoretical partition calculated in this manner, 
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and as will be seen, the method gives values which agree closely with the 
experimental observations indicated by the full lines. The results of 
similar experiments by Hertwig and Petermann 10 show general agree- 
ment with Batho’s results. The distribution of load, thus determined, 
holds until the working load has been far exceeded ; but with increasing 
load the overstrained end rivet begins to yield more and more, and the 
other rivets take up a larger share of the load. Unequal partition persists, 
however, at least up to the yield point of the joint. 

Fitted bolts behave in a similar manner to rivets, but the distribution 
in load is affected by the amount of tension in the bolts occasioned 
by the tightening up. The behaviour of joints with black bolts (bolts 
which do not fit the holes) is also found to be generally s imil ar to riveted 
joints up to the point at which slip occurs. A general redistribution of 
load between the bolts accompanies slip ; when no more slip can take 
place, and the yield point of the joint is approached, the partition of the 
load is almost uniform. For experiments on joints with black bolts see 
Batho and Samawi. 11 They find that the average coefficient of friction 
between unpainted surfaces is 0 • 35, and point out that it is not possible, 
when working at a shear stress in the bolts of 4 tons/s q. in., to tighten up 
such bolts sufficiently to prevent slip. 

Stress Distribution. — Measurements of the stress at different parts of 
riveted joints have been made, and as might be expected the distribution 
is by no means uniform. 

D.E.V . Experiments . — A number of tests of riveted joints have been 
made by the Deutscher Eisenbau-Verband, 3 which tests have been 
supplemented by others made by Dornen 6 > 7 . These experiments 
confirm in general the conclusions set forth above ; the following additions 
may be noted. In some experiments on fiat bar specimens with double 
cover straps, fracture took place indifferently either by the bar tearing 
or by the rivets shearing when the ratio 

net area of the bar „ a * _ Q.74 
area of rivets in shear a$ 

For riveted joints, also in double shear, Dornen found that when 
atla s = 0*71 the angle failed; when at/a s = 0-85 the rivets failed. 
Using hard steel rivets, so that failure by shear was obviated, he found 
that for equal strength in tension and bearing 

n et area of the bar _ _ 3 

bearing area of the rivets ab 

but in such circumstances the distance of the rivet from the edge of the 
bar should be at least 3 

In the D.E.V. experiments, the load at which slip began was on an 
average 142 % in the case of toggle-joint riveting, and 54 % in the case 
of pneumatic riveting, greater than in the case of hand riveting. The 
ultimate strength of the joint was not influenced by the method of riveting. 
The resistance to slip was appreciably greater in riveted than in bolted 

3 c 
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ESrS double covers mode no appreciable diflerenee to the slip 
buttjoint witxi resistance is a very variable factor 

““ ThfoM. 1 »me P .mngement of rivets. The load at 

even with joints g . . , 20 % of the shear strength of 

wMch sUp b 2Ttie V bar the^lip between the angles and the gusset at 

£ Sterne rivets was found to be nearly four times as great as at the 

two middle rivets. ^ Dornen’s 3 - 6 experiments, it was found 

that In aiTangle section tie bar with a supplementary cleat, (n) Fig. 216, 
thefslip between the tie bar and the gusset was much greater than be ween 
S® ie bar and the cleat, showing that most of the load is transferred 
SecTfrom tie bar to gusset. Dbrnen found that when three rivets were 
used to connect both tie and supplementary cleat to the gusset plate, 
SEte 216? the measured slip of the tie bar was about three tunes. as 
Sat as that of the supplementary cleat. Lengthening .the cleat and 
CreasL the number of rivets connecting the cleat to the tie bar from 
S to five, (iia) Fig. 216, reduced the measured slip between the tie 

tair and cleat by about one-half . , , ^ i n 

Twe of Joint.— Some tension experiments by Gayhart on butt 
iointshi f-in. plates, with double cover straps * in. thick are instructive. 
The rivets were 1 in. diameter in 1^-in holes, spaced ^ m apar . 

Threeclassesofmaterial were usedforthe plates : medium 60^000 lb. steel, 

high tensile 80,000 lb. steel, and a specially treated steel. Both medium 
and high tensile steel was used for the covers and rivets. 

Seven types of joint were tested : (A) double riveted ; (B) treble 
riveted; (C) quadruple riveted ; (D) treble riveted with the pitch doubled 
in the outer row ; (E) quadruple riveted similarly arranged ; (F) as (D), 
but with cover straps of unequal width ; (G) as (E), but with unequa 
straps. Great care was taken to ensure a tight joint and completely 
filled rivet holes. Comparing the ultimate strengths of the medium steel 
joints : type A was weakest but 12 % stronger than its theoretical worth, 
actual efficiency = 86 %. The respective efficiencies of the toe treb e- 
riveted joints were: B, 84%; D, 81%; F, 85%. B was 10% 
stronger than its theoretical worth ;. D was 5 % weaker, which sugg 
that the omission of the alternate rivets in the outer row does not improve 
the joint (these joints were designed for plate failure). The resu so 
the quadruple-riveted joints were practically identical, and the addition 
of the fourth row of rivets did not improve the joint. The two joint 
F and G with the unequal cover straps and omitted rivets had tne 

highest efficiency. . . -r. -xu 

The results for the high-tensile steel were similar. The joint d wit 
three complete rows of rivets was slightly stronger than T> wi ® 
omitted rivets. The strongest of all was the quadruple-riveted joint u 
with unequal covers and the omitted rivets. 

Comparing the stresses (in lb./sq. in.) in the plates themselves w 
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slip first occurred : for the medium steel joints this was 6700 in joint A ; 
9400 in joint B ; 8500 in D, and reached a maximum of 11,000 in E. 
The high-tensile steel showed up badly in this respect, the stresses at 
first slip being generally less than one-half those in the medium steel 
joints ; due, it is suggested, to less perfect plate contact. The stress in 
the special-treatment steel plates at first slip was 5200 lb./sq. in. with 
medium steel rivets, and 2400 lb./sq. in. with high-tensile steel rivets. 

With medium steel rivets, at low intensities of plate stress, the outer 
row of rivets carried a larger portion of the total load than the others. 
At the design stress, in treble- and quadruple-riveted joints, the load is 
equalised between the rows. When alternate rivets were omitted in the 
outer rows, the distribution was not so uniform. In double-riveted joints, 
even at high stresses, the outer row carried two-thirds of the load. The 
distribution in the case of high-tensile steel rivets was not very different 
from the above. 

376. Snap Head v. Countersunk Riveting.— The relative strength of 
riveted joints with snap head and countersunk rivets, respectively, has 
been investigated by Kommers. 12 The specimens were lap and butt 
joints in tension and bending. The average ultimate shear strength of 
the countersunk riveting was at least equal to that of the snap riveting, 
but the permanent slip (the residual elongation when the load was 
reduced to 1000 lb.) at working stresses was 3 to 6 times as great in joints 
with one countersunk head, and 5 to 8 times as great when both heads 
were countersunk, as in joints with snap heads. The corresponding 
elongations were from 1 • 7 to 2 and 2 to 4 times as great in the respective 
cases. In the bending tests, at working stresses, the deflection of the 
joints with countersunk rivets was from 10 to 80 % greater than in those 
with snap heads. The ultimate strength was about the same with each 
kind of head. 

Kommers concludes, therefore, that for strength, either countersunk 
or snap-head riveting may be used. For rigidity, snap heads are prefer- 
able. For joints subjected to impact, where high capacity for absorbing 
energy is requisite, countersunk riveting should be employed. 

377. Rivet Heads in Tension. — Young and Dunbar 14 made a 
number of tests on rivet heads subjected to pure tension, tension combined 
with flexure, and tension combined with shear. The rivets had cup 
(snap) heads. They found that in pure tension an increase in the grip 
length diminished the ultimate strength. As the diameter of the rivet 
increases, the ultimate tensile strength per square inch decreases. In 
general, machine-driven rivets gave higher resistances than did pneumatic 
percussion riveting. In many cases, no observable extension of the rivet 
occurred until a considerable load had been applied, showing that it is 
the initial tension in the rivet which carries the load, until the increasing 
applied tension exceeds the initial tension. 

The combination of tension with flexure considerably reduced^ the 
tensile resistance of the rivets. Applying the load with an eccentricity 
of 11 in. from the centre line of the rivets produced a marked reduction 
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in the strength ; but doubling the eccentricity did not lead to a pro- 
portional decrease in the resistance. With l|-in. eccentricity, machine- 
driven riveting was superior to pneumatic riveting, but when the 
eccentricity was increased to 2J in. there was little difference between 
the strength of the two kinds. The larger the rivet the less was its 
strength per square inch. 

From the results of the tension combined with shear experiments, it 
would again appear that the average ultimate strength per square inch 
decreases as the diameter of the rivet increases. Increasing the grip 
length also diminishes the strength. Pneumatic riveting was inferior to 
machine-driven riveting when the shearing force S was one-half the tensile 
force T, but when S = T there was little to choose between them. The 
following formulae are suggested to give the permissible tensile stress on 
rivet heads, based on a factor of safety of 4 on the ultimate strength : 
For the combination of tension with flexure, 

pt = 21,000 - 8000 d ~ 5500 

where 

pt = the permissible tensile stress on the rivet in lb./sq. in. on the 
area before driving. 

d = the diameter of the rivet before driving in inches. 
e = the eccentricity of loading in inches. 

For the combination of tension and shear 

pt » 21,000 - 8000$ - 6750 (S/T) 2 . 

S is the total shearing force due to all causes in lb. 

T is the total tensile force due to all causes in lb. 

It is pointed out that this combination of loading was accompanied 
by incidental flexure of undetermined magnitude. 

In the experiments, the diameter of the rivets ranged from f to 
l in., and the holes were punched -fe in. larger than the rivet. 

378. Stresses in Semi-stiff Frames. — Before a rational method of 
designing semi-stiff frames, such as a steel-framed building, becomes 
possible, some definite knowledge is required regarding the degree of 
rigidity which the commonly employed connections possess. A number 
of experiments have been made with this end in view ; one of the earliest 
series was that made at the University of Illinois and reported in 1917. 16 
Fig. 507 shows the types of specimens employed ; the method of loading 
is indicated at A4. Assuming the joints to be perfectly rigid, certain 
changes of slope will take place under this loading ; these can be calculated. 
The actual changes of slope at specific points on the specimen can be 
measured. The differences between the calculated and observed values 
are assumed to be due to slip and distortion at the joints. In this way 
an estimate of the rigidity of the joints is obtained. That distortion of 
the parts of a joint has considerable effect in reducing its rigidity may be 
inferred from the manner of failure. Thus in A3 and A4 the cleats opened. 
In A5 the cleats opened and the rivets failed in tension ; in A6 the cleats 
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opened. In A1 the column buckled, suggesting that distortion at the 
joint was not large, but in A2 (a joint similar to A1 but in which the 
gusset was attached by long cleats to one flange of the column) the gusset 
plate buckled. 

Speaking generally, in types Al and A 2 the assumption of perfect 



rigidity leads to no serious error. A3, A 4, A5, and A6 must not' be 
regarded as rigid joints, though A 5 showed some indications of rigidity 
under low loads. 

More recently, a number of experiments have been made by Berg, 18 
Batho and Rowan, 19 Rathbun, 21 and others. A reference to Batho and 
Rowan's experiments will 
be found in § 378a. The 
test-piece used is of the 
form shown in Fig. 508, 
which represents one of 
Rathbun’s specimens. This 
is supported beam fashion 
at each end, and loaded 
with a central load as in- 
dicated ; alternatively, four- 
point loading may be employed to give pure bending at the connections. 
The angular change between the horizontal beam and the vertical column 
is observed, and plotted against the bending moment producing it (see 
Figs. 509 and 510a). In Rathbun’s experiments, three types of connections 
were used : (i) plain web cleats ; (ii) flange cleats top and bottom of the 
beam, with or without web cleats ; (iii) split X connections. Fig. 508. 
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In types (i) and (ii) the column of Fig. 508 was replaced by a vertical 
plate. 

The cleats in type (i) deformed badly under load, without much visible 
distress in the rivets or I beams. This type can be subjected to con- 
siderable angular defor- 


^Spec.TSP? 12 
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6 * 6 * 7g [Flange 
6x 4' x Cleats 
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Fig 508 I 
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mation without seriously I . . _ , 

affecting the capacity to 
carry vertical loads. In ~>xio v 
type (ii) the chief defor- bx.t 
mation occurs in the 
flange cleat placed in 5. 
tension, and in some cases 
in the rivets therein, 
not in the Z beams. 

This suggests that the 
construction could be ~ 

strengthened by thicken- g 

ing the flange cleats, n 3 ' 
which were | in. thick. §; 

The deformation in the ^ 
working range of this ^_2-o 

type was much less than 
in type (i). In type (iii), 
constructed with a central 1 . 

' vertical plate instead of 
an I column, the rivets 
failed in tension, or those 

in the horizontal beam v vui u*u*u 

sheared. The flanges in 0 0*002 0*004 0*006 

the beam showed distress p ia 50 g 

long before failure. In 

Exp. 18, Fig. 508, the column became distorted long before the connections 
passed the yield point. The stress was high in the central rivets and low 
in the outer ones. Type (iii) forms a relatively rigid connection. 

In Fig. 509 the angular deformation is plotted against the bending 
moment. The connection for the 8-in. beams 

in Exp. No. 2 consisted of double 6 x 4 x , t K ~ 

|-in. web cleats. For the 12-in. beams in Lon ^' . . 8"x3i" 

Exp. No. 12 the flange cleats were 6 x 6 x ======= ■■ 

f in. and 6 x 4 x | in. ; the web cleats were -rwi — J 2 "* 5 " 

4 x 3| x f in. Specimen No. 18 is shown „ ... 

in Fig. 508. Fl °- B1 °- 

In some experiments by the D.E.V. 17 on cloated bolted connections 
between X beams, there were three longitudinal spans of 3-6 m. in line, 
which were freely supported at the extreme ends, the intermediate 
supports being transverse beams to which the longitudinals were attached 
by two-hole web cleats of the usual type, Fig. 510. The ends of the 
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transverse beams were freely supported. Each longitudinal span was 
loaded at the § points of the span, and the loads were increased in steps 
up to failure. The experimental conditions were made to correspond 
exactly with ordinary practical conditions. From the observed de- 
flections, the fixing moments at the intermediate supports were calculated. 
The, experiments proved that the beams were partially direction-fixed* 
and that under working loads the direction-fixing moments increase the 
carrying capacity of the longitudinal girders by at least 10 %. The 
tensile and shear stresses in the bolts remain within permissible limits, 
but attempts to find the tension in the bolts by direct measurement of 
the extensions proved abortive, due to the initial tightening-up tensions. 

Owing to the equalisation in the partition of the load which takes 
place with bolts, and to the greater rigidity of riveted joints and conse- 
quent greater inequality in the load partition, the conclusion is reached 
that bolts are to be preferred to rivets. 

378A. Report of the Steel Structures Research Committee.— The 
final Report (1936) of the Committee 22 contains the results of their investi- 
gations into the behaviour 
of steel-frame buildings 
under vertical loads, and 
proposed methods of design. 

This work is summarised 
in a paper by Professor 
Baker read before the Insti- 
tution of Civil Engineers, 23 
from which the following 
abstract has been made : — 

The Committee find 
that, due to the semi- 
rigidity of the joints be- 
tween the beams and stan- 
chions, the bending moment 
on the beams is reduced, 
but that considerable bend- 
ing moments are imposed 
on the stanchions. Ex- 
cepting where, due to 
unsymmefcrical conditions, 
sway takes place, S bending 
is the rule in the stanchions, 
the maximum bending 
moment occurring at their ends ; the ordinary column formulae, therefore, 
are inapplicable. 

From observations on actual structures, and experiments in the testing 
machine (Batho and Rowan, 2nd Report), they find that, though far 
from rigid, the ordinary cleated connections will transmit a considerable 
bending moment. Measurement of the change of angle between beam 



Fig. 510a. 
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and stanchions shows that the deformation is not elastic (Fig. 510a). 
It is made np partly of deformation of the cleats, partly of elongation of 
the rivets, and partly of local deformation of the members connected. 
The yield point is exceeded in the cleats under relatively small moments, 
but in the structures themselves the probable angular change is 
sufficiently small not to be dangerous. On removal of the moment, 
permanent deformation is found to exist. The angular change for a 
given. moment varies not only with the type of connection, but also with 
the workmanship, differences in the tension in holts and rivets, and with 
abnormalities in the shape of the cleats. Bolted connections show more 
variation than riveted. The Committee propose lower limit curves for 
the purposes of design. 

Calculations of the bending moments in a steel-frame building, made 
on the assumption that the joints are rigid, gave results which, though 
similar in character, differ considerably in magnitude from the experi- 
mental observations. Using the experimental curves for the semi-rigid 
connections, the Committee show that it is possible to interpret the 
observed bending moments with success. 

They find that the filling in the floors and walls, and the encasement 
of the beams, connections, and stanchions, have much influence on the 
moments and stresses ; the most important effect being to eliminate 
sway due to want of symmetry. The addition of encasement diminishes 
the bending moment on the floor beams, but may increase the bending 
moments in the columns when the connections are light ; it may diminish 
them when the connections are rigid. Encased connections in the testing 
machine act almost as rigid joints until the concrete cracks ; afterwards 
the effect of the encasement is small. 

The Committee propose to replace the usual conventional calculations 
for steel-frame buildings by a more rational process based on their 
observations. Considerable simplification, however, was found necessary 
to make the procedure manageable. For a detailed account of the 
experiments, and of the proposed method of design, the references cited 
should be consulted. 

379. Stresses in Braced Frames. — A number of experimental studies 
have been made on the stresses in braced frames under specific load 
conditions. Generally speaking, these may be said to justify the usual* 
elementary methods of finding the primary stresses in framework, even 
when the framework has stiff riveted joints ; but, in addition, these 
experiments demonstrate the existence of secondary bending moments 
of considerable magnitude resulting from the stiffness of the joints. If 
the stresses due to these secondary moments be taken into account, and 
properly combined with primary stresses, a close agreement between the 
theoretical and experimental stresses is obtained. 

A notable experimental study of this character was made by Wyss 26 
on the riveted girder shown in Fig. 513, the details of construction being 
similar to (i) Fig. 190. Some of the results of this research are discussed in 
^ 9, § 118. Wyss measured the deformations in the members and gussets 
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of his experimental girder, and from these measurements calculated the 
stresses everywhere. Making certain assumptions regarding the semi- 
stiffness of the gussets, he was able to interpret his measured values with 
considerable success. His memoir is worthy of careful study ; it must 
suffice here to mention one or two points of interest. 



Fig. 511. 


Fig 511 represents the stress trajectories or lines of principal stresses 
in a typical gusset. From it, a conception may be obtained of the way 
in which the forces in the web members increase the forces in the flange, 
and the action of the gusset in this relation. 


41*54t 



Fig. 512 . 


The measured loads on the rivets m the ends oHypica * 

are shown in Fig. 512. It will be seen that the force ^ th e memOers 
by no means equally distributed between the nvets ^ ndeQCy 
the load to concentrate on the end rivets will also b 
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Kg 513 shows the deflection curve, and (iii) the ascertained 

'foT diagrams of the dj»trib«tie» of .«» ia all parts 
of the girder, the original memoir must be consulted. 



Fig. 513. 


380. Model Analysis. Begg’s Deformeter.— In statically indetermin- 
ate structures with many unknowns, the analysis becomes so involve 
that recourse is often made to experiments on models, in order to determine 
the stresses in the structure. The deformeter method devised by Professor 
Beggs 29 is convenient for this purpose. The stresses in any type of plane 
framework can thus be found, provided that all the forces act in the plane 
of the frame. The theory is based on the Maxwell-Betti theorems, 
§ 84, and the statically indeterminate unknowns are found by measuring 
the relative displacements of points on a flat model of the structure. 
This model, which must be correctly proportioned as to area and/or 
moment of inertia of its parts, may be of thin celluloid, or of a goo 
qualitv cardboard. To eliminate friction as far as possible, the model 
is supported on small steel balls resting on a sheet of glass ; a number 
of small weights are used to hold the model down and to prevent warping. 

Let Pig. 514 represent two bays of a stiff portal frame with direction- 
fixed feet. At each foot there will be a vertical reaction V, a horizontal 
force H, and a support moment M. There are thus nine statically 

* For a number of desirable precautions in making the experiments, see Lobban, 
Trans. Inst. Engrs. and Shipbuilders, Scotland, vol. lxxvu, 1933-4, p. 


EXPERIMENTS ON STRUCTURES 


763 


indeterminate unknowns. To find the magnitude of these when a load 
W, acting in any direction, is applied to the portal at any point D, the 
procedure is as follows : Give to the point A a definite vertical displace- 
ment AA' = A aa without permitting the foot to rotate, measure the 
displacement A da of the point D along the line of action of W. Then by 
Betti’s theorem, 

V.Aaa = W.Ada; or,V = W^. . (1) 


( 2 ) 


Similarly, to find H, give the point A a horizontal displacement A a a 
without permitting it to rotate, and measure the displacement A da of 
the point D along the line of 
action of W. Then as before, 

H . A aa — W . Ada ; or, 

H= . 

Aaa 

The horizontal thrust in two- 
hinged arches could be thus 
obtained. Thirdly, to find 
the moment M, give the foot 
A an angular movement 
A aalc, keeping the point fixed 
in position. Then if P be 
the force, acting at leverage 
c, necessary to produce this 
angular movement, and A da 
be the corresponding displace- 
ment of D along the line of 
action of W, 

P * A aa = W . A da* 

Multiply each side of the 
equation by c. Then 



Pc. Aaa = Wc.Ada; and M = Pc : = Wc 


Ada 


*aa 


( 3 ) 


In this manner the support moments in direction-fixed arches could be 
found. 

From eqs. (1), (2), and (3), V, H, and M at A can be found, and 
similarly for the feet B and C. If the experiment be repeated for a number 
of different positions of W, and W be put equal to unity, influence lines 
for V, H, and M can be plotted, from which their magnitudes for any load 
condition can be ascertained. This merely entails measuring Ada at a 
number of points along the structure, having once set up a displacement 
Aaa • 

The method used to produce the displacements is shown in Fig. 515. 
Attachments for the feet of the structure are provided of the form shown 
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in (i) Fig. 515. These consist of two bars J and K kept together by 
springs. The top bar J is attached to the board on which the model is 
mounted, the feet of the structure are attached to K. The bars are held 
apart by plugs as indicated. To produce a vertical movement without 
rotation, the normal plugs at one of the feet are replaced by others of 
smaller diameter, (ii). Horizontal 
displacements are produced by 
inserting rectangular plugs, (iii), 
and angular movement by using 
two plugs of different diameters, 

(iv). The wedges are used to sepa- 
rate J and K for the purpose of 
inserting the plugs. Deflections to 
an accuracy of 1/40,000 inch can 
be thus produced. To measure the 
displacement of D, filar micrometer 
microscopes are employed.* 

To find the force F r in a re- 
dundant bar MN, Fig, 516, suppose it replaced by two equal and opposite 
forces F/ and F/', each equal in magnitude to F r . If F/ alone be 
applied to the frame, it will produce at M a displacement A mm along the 
line of action of F/, and a displacement A dm at D along the line of action 
of W. If F / be applied alone, it will produce corresponding displace- 
ments at N of Ann, and at D of A dn- From the Maxwell-Betti theorems 

F r X A mm = W X A dm 
F/ X Ann = Wx A dn 

When the bar is in place, both F/ and F r " will act together, and since 
each is equal to Fr, 

Fr (A mm + Ann) = W(Adm + A dn) 
or ■ F r x Am n = WxA d ; 

and F r = W -^2- 
Amn 

where Amn = (A mm + Ann) = the 
approach of M to N; and A D 
= (A dm + A dn) = the total displace- 
ment of D. To find Ft* by means of the experimental apparatus, 
therefore, omit the redundant bar MN and cause M and N to approach 
by an amount Amn* Measure A D , the corresponding displacement of D 
along the line of action of W. Then, if W = unity, 

F r = A d /Amn. 

* Pippard and Sparkes show that, in simple cases, reasonably accurate results 
can be obtained from models cut from sheet xylonite, with displacements of such 
magnitude that they can be measured with a finely divided scale. Jour. Inst. O.E . , 
November 1936, p. 79. 






(iii) 

Ov) 

Fig. 515. 
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F/ acting at M will also give rise to a displacement Anm at N, and F/ 
will produce a displacement A mn at M. Since F/ and F/' are equal, and 
act in opposite directions along the same line of action, Anm = - A mn , 
the sum of these displacements is zero, and they do not affect the value 
of Amn. 

Other Methods . — Professor Coker 30 uses flat nitro-cellulose models of 
structures, and by a combination of optical determinations with polarised 
light (see § 253, Vol. I), and lateral measurement of the change in thickness 
under load of the model, the direct stress, bending moment, and shear 
stress at any cross-section can be found. 

A variation of the Beggs method due to El-Wahed, and termed by him 
the 4 link-method, 5 may be mentioned. 31 

Satisfactory results have been obtained, both in this country 32 and 
in America, by constructing a suitably proportioned model structure, 
preferably of metal, and measuring the deflections and slopes produced 
under load by means of a micrometer microscope. From the observations 
thus obtained, the bending moments in the members of framed structures 
can be calculated directly from the slope-deflection equations, eqs. (25) 
and (26), § 105. An application of this method to 13 storeys of a building, 
by Large, Carpenter, and Morris, may be consulted (see Ref. No. 37, 
Bibliography, Chapter III). 
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The following Tables are reproduced with the kind permission of 
Messrs. Dorman, Long & Co., Ltd., Middlesbrough, from their Handbook 
for Constructional Engineers y and with the consent of the British 
Standards Institution. 
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Reference 

Mark 

Size 

Inches 

Weight 

per 

foot 

lbs. 

Standard 

Thicknesses 

Radii 

Centres 
o ! 

Holes 

C 

Inches 

Web 

ti 

Flange 

t. 

Root 

*1 

Toe 

*2 



BSB 140 

24*71/2 

95 

'57 

1011 

•73 

30 

4*5 



.. 139 

22x7 

75 

•50 

•834 

•69 

34 

4*0 

1 


.. 138 

20*714 

89 

•60 

1 010 

•73 

36 

4*5 



.. 137 

20x6/ 2 

65 

45 

•820 

*65 

32 

3‘75 


• ->i 

u 136 

18x8 

80 

*50 

950 

•77 

*38 

4-75 

' M 

.. 135 

18 :< 7 

75 

*55 

•928 

•69 

*34 

40 

ESI 

n 134 

18x6 

55 

'42 

•757 

•61 

30 

35 

m R 

i 

i. 133 

16x8 

75 

*48 

•938 

■77 

38 

4-75 


!■ 

.. 132 

16x6 

62 

*55 

847 

•61 

•30 

3*5 

I B 

Mp§|| 

131 

16x6 

50 

*40 

726 

61 

-30 

3*5 


M 

h 130 

15x6 

45 

*38 

•655 

•61 

•so 

35 

■ ■ 

H K: 


n 129 

15x5 

42 

•42 

•647 

■53 

■26 

2*75 

, EQUAL 











n 

.. 128 

14x8 

70 

*46 

•920 

•77 

•38 

475 


w? 

127 

14x6 

57 

*50 

873 

•61 

•30 

3 5 

f 


m 126 

14x6 

46 

*40 

•698 

61 

*30 

35 

h 


125 

13x5 

35 

35 

604 

53 

•26 

2 75 



u 124 

12x8 

65 

43 

•904 

*77 

•38 

475 



- 123 

12x6 

54 

50 

•883 

*61 

•30 

3 5 



.. 122 

12x6 

44 

•40 

•717 

*61 

•30 

I 3*5 



M 121 

12x5 

32 

•35 

•550 

*53 

j 26 

275 



„ 120 

10x8 

55 

*40 

783 

'77 

•38 

475 



.. 119 

10x6 

40 

•36 

•709 

*61 

*30 

3*5 



.. 118 

10x5 

30 

*36 

.552 

"53 

■26 

275 



.. 117 

10x4*4 

25 

SO 

505 

*49 

*24 

2*5 



< t 116 

9 x7 

50 

•40 

825 

*69 

•34 

4 ’0 



.. 115 

9x4 

21 

*30 

*457 

*45 

*22 

225 



M 114 

8x6 

35 

35 

648 

*61 

•30 

3’5 



. 113 

8x5 

28 

*35 

*575 

•53 

•26 

275 



112 

8x4 

18 

*28 

'398 

'45 

*22 

2 25 
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BEAMS 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Area 

Square 

Moments of 

Inertia 

Radii of 
Gyration 
Inches 

Section 

Moduli 


Inches 

About 

x-x 

About 

Y-Y 

Abou 

X-X 

Aboui 

Y-Y 

About 

X-X 

About 

Y-Y 

Inches 

2794 

2533 04 

6254 

9‘52 

1*50 

211*09 

16*68 

24 <7i* 

22*06 

1676*80 

4107 

8 72 

1*36 

152*44 

11*73 

22x7 

26*19 

1672*85 

6254 

7*99 

1*55 

167*29 

16*68 

20x7 Yz 

19*12 

1226*17 

3256 

8*01 

1*31 

122*62 

10*02 

20 x 6 J /„. 

23'53 

1292*07 

69*43 

7*41 

1*72 

143*56 

17*36 

18x8 

22 09 

1151*18 

46 56 

7*22 

1*45 

127*91 

13*30 

18x7 

1618 

841*76 

23*64 

7 21 

1*21 

93*53 

7*38 

18<6 

22- 06 

973 91 

68*30 

664 

1*76 

121*74 

17*08 

16 <8 

1821 

725 05 

27-14 

6*31 

1*22 

90*63 

9*05 

16x6 

14’71 

618.09 

22*47 

6*48 

1*24 

7726 

7*49 

16x6 

13*24 

49191 

19-87 

6*10 

1‘23 

66-59 

6*62 

15x6 

12*36 

428 49 

11*81 

5*89 

‘98 

57*13 

4*72 

15x5 

20'59 

705*58 

66'67 

5*85 

1*80 

100*80 

16*67 

14x8 

16*78 

533 34 

27*94 

5*64 

1*29 

76*19 

9-31 

14x6 

13*59 

442 57 

21*45 

5*71 

1*26 

63*22 

715 

14x6 

10-30 

283 51 

10*82 

5*25 

103 

43*62 

4*33 

13x5 

19*12 

487*77 

65*18 

5*05 

1*85 

81*30 

16*30 

12x8 

15-89 

375*77 

28*28 

4*86 

1 S3 

62 '63 

9*43 

12x6 

1300 

316*76 

22*12 

4*94 

1*30 

52*79 

7*37 

12x6 

9'45 

221*07 

969 

4*84 

1*01 

36*84 

3*88 

12x5 

16*18 

288*69 

54*74 

4*22 

1*84 

57*74 

13*69 

10x8 

11’77 

204*80 

21-76 

4*17 

1*36 

4096 

7*25 

10x6 

8 85 

146*23 

9*73 

4*06 

1*06 

29*25 

3*89 

10x5 

7 '35 

12234 

6‘49 

4 08 

*94 

24*47 

2*88 

10x4% 

14*71 

208*13 

40*17 

3 76 

1*65 

46*25 

11*48 

9x7 

618 

81*13 

4*15 

3 62 

*82 

18*03 

2*07 

9x4 

1030 

115*06 

19*54 

3'34 

1*38 

28*76 

6*51 

8x6 

8 28 

89-69 

1 Q * 1 9 

3*29 

1*11 

22*42 

4*08 

8x5 

5 30 

55*63 

3 51 

324 

*81 

13*91 

1*75 

8 4 
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; 

Reference 

Size 

Mark 

Inches 



Web Flange 
ti t 3 I r, 


Radii Centres 
of 

1 Holes 
C 

Inches 



‘387 ‘45 ‘22 2*25 

520 ‘53 *26 2 75 

*431 *49 *24 2*5 

*377 37 “18 1*5 

‘513 ‘49 ‘24 2*5 

*376 *37 ‘18 1*5 

*325 *27 r 13 

*347 *37 *18 1*5 


*239 

•27 

*] 

*332 

*37 

*] 

*249 

*25 

*] 


SPECIAL BEAMS 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Standard 

Weight Thicknesses 

Reference Size per 

Mark Inches foot 

lbs. Web 


D LB 25a 15x5 39 *40 
D LB 20a 12x5 39 *44 
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Moments ol Inertia 



Radii 

of 

Gyration 

Section Moduli 

About 

About 

About 

About 


3" 37 2 89 ‘84 


244 I'll 
2 43 "90 

244 ’04 


11"29 1'09 

14-50 3-04 

11-57 2-40 

7‘00 . -97 

1001 2-93 

5‘47 -97 



SPECIAL BEAMS 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 



Moments of Inertia 

Area 



Square 

Inches 

About 

About 


X-X 

Y-Y 

11 48 

395-2 

1023 

11 47 

2009 

12-10 


Radii 

of 

Gyration 



Section Moduli 

About 

About 

X-X 

Y-Y 

52 70 
43 48 

4*145 

4*80 
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CHANNELS. 

DIMENSIONS AND PROPERTIES IN INCH UNITS 

Standard Radii 
Weight Thicknesses 



68 -00 30 "91 

68 -60 SO 92 

62 -60 30 94 

62 -60 30 97 

62 -60 -30 r 01 

62 '60 -30 1 04 

60 60 '30 1 02 

60 60 "30 106 

50 *54 "27 -81 

•50 54 27 83 

■58 '54 "27 '91 

•58 '54 "27 '93 

•56 -54 27 94 

'56 54 '27 97 

'45 48 ‘24 - 73 

•45 48 "24 ’74 

-54 "27 -97 

•54 *27 -99 

•54 27 100 

•48 "24 -76 

•48 "24 ‘78 

54 ‘27 1-01 

.54 "27 1-05 

•48 -24 -81 

•48 24 '83 

•54 27 1-07 

•54 "27 1*09 


* Thick ness* obtained by raising - rolls. 
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CHANNELS. 


DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Area 

Moments of Inertia 

Radii of Gyration 
Inches 

Section Moduli 

Size 

inches 

About 

x-x 

About 

Y-Y 

About 

X-X 

About 

Y-Y 

About 

X-X 

About 

Y-Y 

Inches 

15*08 

569*31 

1696 

6’14 

1*06 

66*98 

5*28 

17x4 

13*04 

520*18 

15*26 

6*32 

1*08 

61*20 

4*96 

17x4 

12*50 

382*85 

14 97 

5*54 

1*09 

51*05 

4*71 

15x4 

10*70 

349*10 

13 34 

5*71 

1" 12. 

46*55 

4*40 

15x4 

11*45 

270*66 

14*51 

4*86 

1*18 

41*04 

4*64 

13x4 

9*76 

246*86 

12*76 

5*03 

1*14 

37 4 98 

4*31 

13x4 

10*77 

218*81 

13*80 

4*51 

1*13 

36*47 

4*44 

12x4 

9*21 

200-09 

12*12 

4*66 

1*15 

33*35 

4*12 

12x4 

8*96 

174-13 

796 

4*41 

*94 

29*02 

2*86 

12x3% 

7*76 

159*73 

7*15 

4*54 

‘96 

26*62 

268 

12x3% 

8*98 

152*96 

8*86 

4*13 

*99 

27-81 

3*30 

11x3% 

7*88 

141*87 

7*93 

4*24 

roo 

25-80 

3'09 

11x3% 

8*39 

119*52 

8*50 

3*77 

1*01 

23*90 

3-17 

10x3% 

7*19 

109*52 

7*42 

3*90 

1*02 

21*90 

2*93 

10x3% 

6*27 

87 66 

4*31 

3'74 

*83 

17*53 

1*85 

10x8 

5 67 

S2*66 

3*98 

3*82 

*84 

16*53 

1'76 

10x3 

7 ‘54 

89*30 

7*86 

3“44 

ro2 

19*84 

2.98 

9x3% 

6*91 

85*05 

7*26 

3*51 

1*03 

18*90 

2*85 

9x3% 

6 55 

82 62 

6*90 

3*55 

1*03 

18*36 

2*76 

9 x 3% 

5*86 

67*38 

4*18 

3’39 

*85 

14*97 

1*80 

9x3 

5*14 

62*52 

3*75 

3*49 

*86 

13*89 

1*69 

9x3 

6' 82 

65*27 

7*30 

3*09 

1*08 

16*32 

2*81 

8x8% 

5*94 

60*57 

0*37 

3*19 

1*04 

15*14 

2*60 

8x3% 

5*49 

50*99 

4*11 

3*05 

*87 

12*75 

1'7© 

8x3 

4*69 

46*72 

3*58 

3*16 

'87 

11*68 

1*65 

8x3 

5*94 

45*12 

8*48 

2*76 

1*05 

12*89 

2*58 

7x3% 

5*38 

42*83 

5*83 

2*82 

1*04 

12*24 

2 '42 

7x3% 



DORMAN, LONG & CO. LIMITED 


CHANNELS. 


DIMENSIONS AND PROPERTIES IN INCH UNITS. 





Reference 

Mark 

Size 

Inches 

Weight 

per 

foot 

lbs. 

Standard 

Thicknesses 

Radii 

Dimen- 

sion 

p 

Web 

t, 

Flange 

Root 

Toe 

r» 


! 

Y 

BSC 107a 

7x3 

1707 

*38* 

*42 

*48 

'24 

84 





.. 107 

7x3 

14 22 

26 

*42 

48 

'24 

88 




,'95° 

106a 

6 x 3 l A 

1852 

-38* 

'48 

.54 

27 

1*11 



< 

P 


m 106 

6x3 % 

1648 

-28 

‘48 

•64 

•27 

1*14 

X‘ 

< 

> 

f X 

,» 105a 

6x3 

17 53 

'43* 

■48 

48 

'24 

•90 

r t 



'CentreofGravity 

.. 105 

6x3 

16-51 

38 

•48 

*48 

*24 

91 

> 

- 














ifei. 

.. 104a 

6x3 

13-04 

31* 

'38 

•48 

'24 

'87 




T j 

104 

6x3 

12-41 

*25 

*38 

48 

•24 

*89 


L_ 


.. 103a 

! 

5x2% 

11*24 

•31* 

*38 

*42 

21 

76 



Iy 

.. 103 

5x214 

10'22 

25 

*38 

*42 

•21 

‘77 




.. 102a 

4x2 

7*91 

30* 

31 

30 

*18 

■59 




.. 102 

4X2 

709 

'24 

*31 

'30 

18 

•00 




.. 101a 

3x1% 

511 

25* 

■28 

30 

*15 

48 




» 101 

3x1% 

460 

20 

28 

‘30 

15 

*48 


^Thickness obtained by raising- the rolls. 


SPECIAL CHANNELS. 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Reference 


Weight 

Standard 

Thickness 

Radii 

Dimen- 

Size 

per 





slon 

Mark 

Inches 

foot 








lbs. 

Web 

Flange 

oot 

Toe 

P 




t 4 

t 2 

Tl 

r* 


SPECIAL 

4%X1% 

13*48 

63 

*63 

'44 

*13 

481 

SPECIAL 

4X2% 

10*66 

38 

38 

38 

22 

•765 


776 



DORMAN, LONG & CO. LIMITED. 


CHANNELS. 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 


m 

Moments of Inertia 

Radii of Gyration 
Inches 

Section Moduli 

Size 

1 

11 

About 

Y-Y 

About 

x-x 

About 

Y-Y 

About 

X-X 

About 

Y-Y 

Inches 

5*02 

36*18 

3*87 

2*68 

88 

10*34 

r70 

7x3 

4*18 

32*75 

3*26 

2*80 

‘88 

9*36 

1'53 

7x3 

5*45 

30*68 

6* 05 

2*37 

1*05 

10*23 

2*43 

6x3% 

4*85 

28 88 

5*29 

2*44 

105 

9*63 

2*25 

6x854 

5*18 

2718 

3 95 

2*30 

*88 

906 

1*84 

6x3 

4*86 

26*28 

3'70 

2*33 

*87 

876 

1'77 

6x3 

4*01 

22*35 

3*10 

2*30 

'88 

7*45 

1*42 

6x3 

3*05 

21 “27 

2*83 

2*41 

*88 

7'09 

1*34 

6x3 

3*31 

12*50 

1*82 

1*94 

*74 

5*00 

1*01 

6x254 

3*01 

11*87 

1*64 

1*99 

*74 

4*75 

*95 

5x2*4 

2*33 

5*38 

*79 

1 52 

*58 

3*69 

'54 

4x2 

2*09 

5*06 

*70 

1*50 

*58 

2*53 

*50 

4x2 

1*50 

1*94 

*30 

1*14 

*44 

1*29 

*28 

8x1% 

1*35 

1*82 

*26 

1*16 

*44 

1*22 

*26 

3x1% 


SPECIAL CHANNELS. 


DIMENSIONS AND PROPERTIES IN INCH UNITS. 


m 

Moments of Inertia 

Radio of Gyration 
Inches 

Section Moduli 

Size 

H 

About 

x-x 

About 

Y-Y 

About 

X-X 

About 

Y-Y 

About 

x-x 

About 

Y-Y 

Inches 

3*964 

9*043 

*548 

1*51 

*372 

4*019 

*537 

4%X1 % 

3 136 

7*344 

1*782 

1*53 

*754 

3*672 

1*027 

4x2% 


777 




























DORMAN, LONG & CO. LIMITED. 


UNEQUAL ANGLES 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Minor Axis ' '' ! 

v 1 


j Centre of Gravi$ 


>' p < \ 

nr 


Reference 

Hark 


Size and 
Thickness 


BSUA123 9 X 4 x y> 6-25 
123 „ „ ft 7-GO 

m 123 „ „ ^ 7-73 

,i 123 „ „ Hs 8-47 

» 123 „ „ •"* 9*19 

u 123 „ „ ft 9*90 

u 123 „ „ *„ 10*61 



BSUA122 8 

n 122 „ 
122 „ 
„ 122 1 1 
122 „ 
122 „ 
u 122 1 1 

BSUA121 8 
121 1 1 
„ 121 „ 
121 „ 
M 121 „ 

BSUA120 8 

i. 120 „ 

M 120 

ii 120 

ii 120 „ 

BSUA119 7 
.. 119 „ 

M 119 „ 

119 „ 
» 119 1 1 

BSUA118 7 

it. 118 „ 

,» 118 „ 

1 1 118 „ 

.. 118 „ 

BSUAU7 6 
.» 117 „ 

.. 117 „ 

.« 117 „ 

M 117 „ 

.. 117 

rr 117 


< l / 2 6*75 
ft 7*56 
% 8*36 
Hi 9*15 
% 9-94 
!i 10*72 
"a 11 *48 


5*75 19*55 
6*43 21*87 
7*11 
7*78 
8*44 


x3%x% 4-17 
it ft 4*84 

I- y 2 5*50 

ir ft 6*15 

.. % 6*80123*11 


<H 5*25 
-ft 5*87 
% 6-48 
U 7*09 
H 7*69 


x 3 /'« x ^ 
«t -ft 


3*80 
-ft 4*40 
y 2 5*00 
ft 5*59 
% 6*17 


xs 8 3*61 
ft 4*19 
y 2 4*75 
ft 5*31 
5*86 
6*40 
6*94 


ga m 

■ rll 

fgB t 


9*16 2*08 12 1 / 
0*25 2*32 12 
1*33 2*56 12 
2*39 2*79 12 
3*43 3-02 12 
4*46 3*25 12 
12 

29 
29 

9 * 6715*72129 
10*58 | 6 * 25 l 29 


12*35 

7-28 

13*22 

7*79 

7*34 

2*06 


9*06 

2*54 

9*90 

2*77 

10*73 

2*99 

5*44 

1*20 

6*31 

1*39 

7*17 

1*57 

8*02 

1*75 

8*85 

1*93 


34*75 

8*26 

37*42 

8*86 

19*28 

3*31 

22-22 

3*80 

25*07 

4*27 

27*84 

4*71 

30*53 

5*14 

13*21 

4*74 

15*21 

5*44 

17*14 

6*11 

19*01 

6*76 

20*82 

7*37 

22*57 

7*96 

24*26 

,8*53 




Degrees 

Least Badlus 
of Gyration 


























DORMAN, LONG & CO. LIMITED. 


UNEQUAL ANGLES 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 

, (continued) 

J' tf rv Y 


Mi nor Axis^ \ 


V I I 

A j I lj^ Cent re of Gravity 

JETa 

>l“l< V 


Reference 

Mark 


J§ -g-g Dlmen- Moments ^£55!? c> 

Cl , *S §■! RadiI sions of Inertia 8. 

Size and *g M Modimi ® 

Thickness $ g * & — T 1 

3 o ® gX g> 3X s>. fig 


BSUA 116 6 

tr 116 „ 


BSUA 115 6 

1 . 116 tr 


BSUA 114 5 
tr 114 „ 
„ 114 „ 

u 114 tr 
H 114 „ 

BSUA 113 5 
113 „ 


BSUA 112 5 

t, 112 

112 „ 
u 112 „ 

„ 112 '• 


x3%x-& 

11 % 


x3 x& 

h %< 


x 4 x % 

H *& 


x 3 % x v& 

1, % 


x3 x^s 


3 O V I 

g Lbs. g g J 


BSUA 111 4% x 3 xft 


BSUA 110 4 x3 l / 2 x^ 


«** +* ** "Sb S? 

g X g> g x g >• eg 

P 2 1 2 1 2 1 2 1 < w 

5 X § > ^X 5 >- 


2*15 *66 
2-171 *68 
2*20 
2*22 


2*65 *99 

3*16 1*18 
3*66 1*36 

4- 15 1*54 
4*63 1*72 

5- 11 1*89 

2- 59 *73 

3*09 *87 

3- 58 1*00 
4-05 M3 
4*52 1*26 
4-98 1*38 


1- 75 
1*98 

2- 21 132 
2-43 32 


1*64 * 90 9*844 3*96 2* 
1*66 *92 10*88 4*36 3*: 


1-68| -69 
1*711 


11-89 4-74 3* 

671 6-14 1*68 1- 
691 7-25 1*97 2* 
2* 
2* 

77110*311 2*761 3* 


1-24 *99 
1-26 1*01 
1-29 1*04 


•72 20 
*85 20 
•99 20 
1-11 19% 
1*24 19% 

-71 24 
•85 24 
*98 23% 
1*10 23% 
1-22 23% 

•96 37 
1*37 37 
1*31 37 
1*48 37 
1*65 37 
1*81 36% 


779 







DORMAN, LONG & CO. LIMITED. 


UNEQ 
dimensions and f 

\ 

Minor Axis 

X- 

Ufl 

»R< 

fC\ 

\ 

K 

U 

V 

iL Al> 

JPERT 

tiY 

1 

I 

j'fcentr 

■ > i 

1GLES. 

IES IN INCH UN 

{coNTie 

eofGravl$ 

ITS. 

iued) 


1 

>1 

p i 

\ 



Reference 

Hark 

Size and 
Thickness 

Area 

Square Inches 

60® 

2 *- 
££ 

Lbs. 

Radii 

Dimen- 

sions 

Moments 
of Inertia 

Minir 

Sect 

Mod 

num 

ion 

luli 

Angles 0 C 
Degrees 

Least Radius 
of Gyration 


<** 

o 

o 

<D 

£ 

J 

p 

•g 

§* 
jo 7, 
< * 

1* 

lx 

<* 

1 

BSUA 109 

4 

x 3 x ft 

209 

7*11 

•33 

•23 

1*24 

•75 

3-30 

1*59 

1*20 

•71 

29 

■64 

„ 109 


„ % 

2*49 

8*45 

*33 

•23 

1-27 

•77 

3-89 

1-87 

1*42 

•84 

29 

•64 

I r 109 

M 


2*87 

9*76 

-33 

•23 

1*29 

•80 

4*44 

2-13 

1-64 

■96 

28 % 

•63 

„ 109 



3*25 

11 05 

-33 

*23 

1*32 

•82 

4-97 

2*37 

1*85 

1*09 

28 % 

•63 

„ 109 

.. 

« ft 

3*62 

12*31 

•33 

*23 

1*34 

•84 

5*48 

2*60 

2*06 

1*21 

28 % 

•63 

BSUA 108 

4 

x 2% x % 

1*56 

5*32 

-32 

-22 

1*30 

•56 

2-54 

*77 

-94 

*40 

22 

•54 

108 



1*93 

6-58 

*32 

-22 

1-33 

•59 

3-11 

*94 

1*17 

•49 

22 

•54 

„ 108 

(l 

ii % 

2*30 

7*81 

•32 

*22 

1*36 

•61 

3-66 

1*10 

1*38 

*58 

21 

•53 

„ 108 

M 

.. A 

2*65 

9-02 

•32 

•22 

1*38 

•64 

4-18 

1-24 

1-59 

•67 

21 

•53 

BSUA 107 

, 3% x 3 x % 

1*56 

5-32 

•32 

*22 

1-01 

•77 

1-86 

1-26 

•75 

: 56 

36 

•62 

m 107 

,, 

„ ft 

1*93 

6-58 

•32 

-22 

1*04 

•79 

2-27 

1-54 

•92 

•70 

36 

•62 

107 


„ 'IL 

2*30 

7-81 

■32 

*22 

1-07 

*82 

2-67 

1*80 

M 0 

-83 

36 

•62 

107 


.. X 

2*65 

9*02 

*32 

*22 

1*09 

•84 

3*04 

2-05 

1-26 

•95 

36 

*62 

„ 107 


.1 % 

MMl 

10-20 

*32 

•22 

1*12 

•87 

3-40 

2*28 

1*43 

1*07 

35 % 

•61 

„ 107 

» 

it -ft 

3*34 

11-36 

•32 

-22 

1-14 

•89 

3-74 

2*51 

1*58 

1*19 

35 y ] 

*61 

BSUA 106 

1 3 Vi x 2% x % 

1*44 

4*89 

•30 

*21 

1-09 

•60 

1-75 

•74 

-73 

*39 

26*4 

*54 

106 

u 

„ ft 

1*78 

6*04 

■30 

•21 

1*12 

*63 

2-14 

•91 

*90 

-48 

26% 

-53 

106 

»J 

I . % 

2*11 

7*17 

-30 

*21 

1*15 

•65 

2-51 

1-06 

1*07 

-57 

26 

•53 

„ 108 


m ft 

2*43 

8-28 

*30 

•21 

1*17 

*68 

2-86 

1-20 

1*23 

-66 

26 

*53 

BSUA 105 

3 

x2%x% 

1*31. 

4-47 

•29 

•20 

•89 

*65 

1-14 

*72 

-.54 

*39 

34% 

-52 

.. 105 

»» 

»* ft 

1*62 

5*51 

•29 

•20 

*92 

•67 

1 -39 

•87 

•67 

*48 

34% 

-52 

105 

„ 

» % 

1-92 

6-54 

•29 

•20 

*94 

•70 

1-62 

1*02 

•79 

-56 

34 

*52 

u 105 

ti 

1* ft 

2*22 

7-53 

•29 

•20 

•97 

*72 

1*84 

1 15 

*91 

*65 

34 

*52 

BSUA 104 

3 

x2 x ft 

*90 

3-07 

•27 

•19 

•95 

•46 

•81 

*29 

-40 

*19 

23% 

*43 

,» 104 

it 

i* *4 

1*19 

4-04 

■27 

*19 

•98 

*48 

1-06 

*38 

•52 

•25 

23% 

•43 

104 

ii 

H ft 

1*46 

4*98 

*27 

*19 

1*00 

*51 

1*29 

*45 

.*65 

*30 

23% 

*43 

,r 104 

u 

If % 

1*73 

5*90 

•27 

*19 

1*03 

•53 

1-50 

-53 

•76 

*36 

23 

*42 

u 104 


If ft 

2*00 

6-79 

*27 

•19 

1*05 

*56 

1-71 

*59 

*88 

*41 

23 

*42 

BSUA 103 

2*4x2 xft 

•81 

2-75 

•26 

•18 

-75 

-50 

*49 

■28 

•28 

•18 

32 

*42 

108 

U 

14 

1*06 

3*61 

*26 

•18 

•77 

*53 

■63 

-36 

-37 

*24 

32 

-42 

it 103 

11 

i » ft 

1*31 

4*45 

*26 

-18 i 

*80 

*55 

*77 

*43 

*45 

•30 

32 

*42 

103 

It 

" % 

1*55 

5*26 

*26 

*18 



•89 

*50 

*53 

*35 

31% 

•41 

BSUA 102 

2% xl%x ft 

•71 

2*43 

*24 

•17 



•45 

•12 

•27 

•10 

19% 

•32 

u 102 

ir 

if % 

•94 

3*19 

•24 

*17 

■ *86 

•37 

•58 

•15 

•35 

*14 

19% 

*32 

.< 102 

It 

ft 

1*15 

3*92 

•24 

*17 

•89 

•39 

*70 

•18 

•43 

-17 

19% 

*32 

BSUA 101 

2 

xiy 2 x-ft 

•62 

2*11 

•23 

•16 

•63 

■38 

•24 

•11 

*17 

*10 

28% 

*32 

M 101 

tt 

h % 

•81 

2*76 

•23 

■16 

•65 

*41 

•31 

*15 

•23 

*13 

28% 

-31 

•« 100 

H 

ff ft 

1 *00 

3*39 

*23 

*16 

■68 

•43 

•37 

•17 

•28 

*16 

28 

*31 






















DORMAN, LONG & CO. LIMITED. 


EQUAL ANGLES. 

DIMENSIONS AND PROPERTIES IN INCH UNITS, 


Minor Axis fc45°.p) > ‘*] x 

\ ! 


\ [ Centre of Gravity 
X—*. M 


Jts 

' JJ 



BSEA 114 
„ 114 

.. 114 

.. 114 

„ 114 

it 114 
„ 114 

U 114 
„ 114 

BSEA 113 
„ 113 

u 113 
„ 113 

„ 113 

„ 113 

„ 113 

„ 113 

.. 113 

BSEA 112 
.. 112 
it 112 
112 

.. 112 
112 

„ 112 


Size and 
Thickness 

Area 

Square 

Inches 

8 x8 x% 

9 61 

H It 

10-53 

«• »« Z A 

11-44 

it H n 

12*34 

II II % 

13-24 

if i» 4i 

14-12 

ii ii 1 

15-00 

X 

r^ 

X 

i-* 

6-75 

•I M 1% 

7-56 

.. .. % 

8-36 

u M 

9-15 

•i ii % 

9-94 

ii •• ri 

10-72 

„ .. % 

11-48 

.. i. H 

12-25 

i, 1 

13-00 

6 x6 x% 

4-36 

11 it 1^5 

5-06 

„ „ l / 2 

5-75 

il »« ^ 

6-43 

" ii % 

7-11 

u .. ft 

7-78 

i. .. 3 A 

8-44 

ii ii Ii 

9-09 

II 11 % 

9-73 

5 x 5 x% 

3*61 

i» ti 

4-19 

- .. % 

4-75 

it ii 

5-31 

.1 .. % 

5-86 

ii i« -B 

6-40 

M n Z A 

6-94 



781 









DORMAN, LONG & CO. LIMITED. 


EQUAL ANGLES. 


DIMENSIONS AND PROPERTIES IN INCH UNITS. 

(continued) 
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DORMAN, LONG & CO. LIMITED 


EQUAL ANGLES. 

DIMENSIONS AND PROPERTIES IN INCH UNITS. 

(continued) 



Reference 

Hark 

Size and 
Thickness 

Area 

Square 

Inches 

Weight 
per foot 

Lbs. 

Radii 


Moment 

of 

Inertia 

About 

X-X 

£ - *« 
I~| 

C 03 O 

About 

X-X 

Least Radius 
of 

Gyration 



1 

BSEA 

107 

2% 

x 2 y * 

X l /4 

1 • 19 

4-0/. 

*27 

•19 

•70 

•68 

-3b 

•49 

,, 

107 

„ 

•I 

fk 

1-46 

4-98 

•27 

•19 

•73 

■83 

*47 

•48 

„ 

107 

„ 

M 

% 

1*73 

5*90 

•27 

*19 

•75 

•96 

*55 

•48 

ti 

107 

(1 

ii 


2*00 

6*79 

•27 

•19 

•78 

1*09 

•63 

•48 

" 

107 

If 

•• 

y 2 

2*25 

7*65 

•27 

*19 

•80 

1*21 

-71 

•48 

BSEA 

106 

2*4 


x-A 

*81 

2-75 

• 2 b 

-18 

*62 

•38 

23 

•44 

,, 

106 

it 

,, 

% 

1 *06 

3-61 

•26 

•18 

•64 

•49 

•30 

*44 

,, 

106 

m 

ti 

rfe 

1 ‘31 

4-45 

•26 

*18 

•67 

■59 

•37 

•43 

*• 

106 

ii 

it 

% 

1*55 

5*26 

•26 

*18 

•69 

•69 

-44 

•43 

BSEA 

105 

2 

x 2 

>' \\ 

•71 

2*43 

•24 

•17 

*56 

■26 

*18 

•39 

„ 

105 

If 

ii 

% 

•94 

3*19 

•24 

•17 

•58 

•34 

*24 

-39 

„ 

105 

,, 

„ 


1*15 

3*92 

•24 

•17 

*61 

*40 

•29 

•38 

" 

105 

ii 


5 'h 

1*36 

4*62 

•24 

*17 

•63 

*47 

•34 

•38 

BSEA 

104 

w 

x\% 

x {% 

*62 

2*11 

•23 

•16 

•49 

•17 

•14 

•34 

„ 

104 

I, 

ii 

y 4 

•81 

2-76 

•23 

•16 

*52 

•22 

*18 

•34 

•• 

104 



rk 

1*00 

3-39 

•23 

*16 

*54 

• 2 b 

•22 

•34 

BSEA 

103 

I 1 /* 

xiy > 

x-ft 

•53 

1-/9 

•21 

*15 

-43 

•10 

•10 

-29 

II 

103 

Mi 

ii 

Vi 

•69 

2-34 

•21 

-15 

•46 

•13 

•13 

•29 

M 

103 

u 


A 

•84 

2*85 

•21 

•15 

•48 

-16 

•16 

•29 

BSEA 

102 

1% 

xiy 4 

xy 8 

•30 

1-01 

•20 

•14 

*34 

•04 

*05 

•24 

11 

102 

M 

A 

•43 

1*47 

•20 
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Abrams, Duff, 591, 592, 594 
Admiralty 4 D 5 steel, 134 
Alloy and high-tensile steels, 134, 151 
Chromador, 134, 135 
Nickel, 134, 359 
Rivet steel, 134, 754 
Silicon, 134, 359 

Aluminous cement, 58.8, 596, 600 
American Building Code for Fusion Weld- 
ing, 323 

American Railway Engineering Associa- 
tion (A.R.E. A.), 124, 359, 361, 578 
American Steel Column Research Com- 
mittee, 131, 348, 355, 356, 357, 362 
Arches, 474 

Abutment displacements, 200, 499 
Basket-handle type, 498 
B.-M. diagrams, 476 
signs, 477 
Brick, 691, 744 
Cantilever, 545 

Circular or segmental, 488, 738 
Definition, 474 
D.-F. arches (q.v.) 

Eddy’s theorem, 477, 482 
Effect of direct thrust, 498, 652 
Elliptic, 498 
Hell Gate, 202, 544 
Horizontal thrust, 475 
I = I 0 sec 0, 487, 509, 513 
Influence lines for (q.v.) 

Linear, 474 

Line of thrust, 474, 478, 719, 721 
Masonry arches (q.v.) 

Pair of rafters, 476 
Parabolic, 476, 487, 509, 513 
Reaction loci, 512 
Reinforced-concrete, 644 
Segmental, 488 
Spandrel-braced, 480, 546 
Influence lines for, 506 
Reaction loci, 513 
Stress diagram, 481 
Unit panel-point load method, 509 
Stresses on cross-section, 503, 505, 658, 
723 

Sydney Harbour, 134, 544 
Temperature stresses, 499, 657 
Three-hinged (q.v.) 

Tied, 195, 456, 544, 546 
Travelling loads on, 501 
Two-hinged (q.v.) 


Arches — continued 
Unsymmetrical, 481, 502 
Use of core theory, 504, 506 
Arrol’s Bridge and Structural Engineers’ 
Handbook, 121, 460, 556 
Asimont, 359 

Atcherley and Pearson, 735 

Baker, J. F., 258, 759 

Baker, Sir Benjamin, 116, 132, 145, 735 

Bar chain, 39 

Bateman, 258, 304 

Batho, 304, 336, 752 

Batho and Samawi, 753 > 

Batho and Rowan, 757, 759 
Beams and girders, design of, 370 
Beck, 123* 

Begg’s deformeter, 7 62 
Betti’s law, 191, 762, 763 
Black bolts, 373, 753 
Bollman truss, 14 
Bow’s notation, 2 

Braced frames, experimental studies, 
760 

Partition of rivet loads, 761 
Secondary B.-M., 284, 762 
Stress trajectories, 761 
Braced girders, 404 
Counter bracing, 408 
Deformation stresses, 278 
Details of construction, Chapter XI 
Influence lines (q.v.) 

Types— 

American long span, 407 
Baltimore, 406 
Bow and chain (Saltash), 407 
Bowstring, 407 
Continental type, 407 
Double Warren, 14, 405 
Howe, 405 
Lattice, 14, 405 
Linville, 14, 405, 406 
Multiple web, 406 
lattice, 406 
N, 17, 404, 406, 423 
Pratt, 404 
Warren, 405 

With curved flanges, 406 
Braced piers, 554 

Braced portals, lateral load, 218, 223 
Hinged feet, 219 
Jh-F. feet, 220, 224 

3 e 
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Braced portals — continued 
General cases — 

Hinged feet, 226 
X).-F. feet, 228 
Knee-braced portal, 225 
Plate girder portal, 226 
Bracket loads on stanchions, 208 
P.-F. ends, 208, 214 
P.- and D.-F. ends, 209, 215 
P.-F. each end, D.-F. at lower end, 
211, 216 

P.- and D.-F. at lower end, free at 
upper end, 216 

A closer approximation (deep brackets), 
B.-M. ancl S.-F. diagrams, 208 [217 

Deflection curves, 213 
The continuous stanchion, 212 
Bricks and brickwork, 740 
Construction in, 743 
Experiments on — 

Beyer and Kreyfield, 742 
Bragg, 742 

1 Glanville and Barnett, 742, 743 
Kreuger, 743 
R.I.B.A., 741 

Stang, Parsons and McBurney, 742 
Watertown Arsenal, 743 
Mortars, 741, 742 
Safe pressure on, 743 
Strength of bricks, 741 

of brick piers, 742 
Types of bricks, 740 
Typical structures, 743 
calculations for, 744 

Bridges and bridge construction (see 
under the different types) 

Bridge floors, 413, 426 
Desiderata, 413 
Free floors, 413 
Jack arches, 415, 7L0 
Open floors, 416 
Plate floors, 413, 440 
R.-C. floors, 415, 645 
Solid floors, 413 
Tied floors, 413, 415 
Trough floors, 207, 414, 443 
Britannia Bridge, 539 
British Bridge Stress Committee, 67, 
138, 140, 143 

British Standards Institution, references 
to Specifications, 66, 137, 323, 358, 
441, 584-6 

Broad-flanged beams, 311, 360 
Bryan’s formula, 292, 355, 356 
Buchanan, column experiments, 353, 356 
Buckled plates, 413 
Buckling of flat plates (see Flat plates) 
Buildings — 

Semi-stiff frames, 756 

Cleated connections, 756-9 
Steel-framed — 

X beams, 371 

Working stresses, 373 
Stanchions, 345, 351, 759 
Strut formula, 358 
Welded connections, 329 


Bu ild i ngs — con t inu e,d 

Wind pressure on, 119, 122, 123 (q.v ) 
Workshop, 451, 457 
Roof trusses, 446, 447 
Built-up columns, 352 
Bulb angles, 311 

Cain, 675, 738 

Calculated stresses, conventional charac- 
ter, 129 

Cantilever arch, 545 
Cantilever bridges, 540, 544 
Forth Bridge, 112, 544 
Influence linos, 541 
For anchor arm, 541 
cantilever arm, 543 
Reaction, 541 
Quebec Bridge, 544 
Cast Iron, 134 

beams, 370, 401 (Q. 2) 

Catenary, 519 
Cements, 582 

Hydrated lime, 582 
Hydraulic, 582 
Portland (<?.r.) 

Roman, 582 
Slag, 582 
Lime, 582 

Rapid -hardening, 588 

Aluminous, 588, 596, 600 
Portland, 588, 595, 596 
Characteristic Points, 103, 209, 239, 256, 
263, 268, 657 

Chettoe and Adams, 69, 645,* 658* 
Chromador steel, 134, 135 
Circular or segmental arch, 488, 738 
Cleated connections, experiments on, 
756-9 

Cohesion in earth, 680 
Equilibrium due to, 680 
Experiments on, 685 
Moisture content, effect of, 686 
Ratio of lateral to direct pressure, 683 
‘ Columns,’ 343, 347, 349*, 350, 354 
Columns, design of, 342 
American Steel Column Research 
Committee (g.u.) 

A.R.E.A. experiments, 361 
Asimont’s device, value of 359, 360 
Batten plates,, 343 
Batten plate columns, 362 
Bridge compression members, 342, 365 
Built-up columns, 352 
Deformation stresses, 347 
Direction-fixing, experimental deter- 
mination, 351, 368 (Bib.) 
Eccentricity of loading, 363 
Elastic breakdown at yield, 355 
End conditions, 346, 351 
Integral action, 355 
Lateral vibrations in, 303 
Johnson’s, parabolic formula, 353, 357, 
358, 360, 363, 468 
Large columns, 342, 353, 357 
Lattice bars, 344, 355 
strength of, 361 
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Columns, design of — continued 

Magnitude of the imperfections, 352 
Outstanding plates, 355 
Practical columns, 345 
Practical formulae, 357 

A. R.E.A. mild steel, 358 

alloy steel, 359 

B. S.S. No. 153, 1933.. 358 
Perry, 358 

Reinforced-concrete, 642 
S-bending, 286, 347, 356, 361 
Secondary flexure, 346, 352 
Shearing force in, 360 
Slab bases, 345 
Solid columns, 342 

Stanchions in buildings, 345, 351, 759 
Tertiary flexure, 354 
Types and classification, 342 
Value of q in practical columns, 349 
Web buckling, 355, 356 
Worked examples, 363 
Combined arch and chain bridges, 407, 546 
Combined welded and riveted joints, 326 
Compression flanges, lateral deflection 
of, 374, 401 (Rib.) 

Concrete, 589 
Aggregates, 590 
Best proportions, 590 
Cements, 590 
Curing, 596 
Crushing tests, 596 

Variation with age, 597 
Elastic constants, 597 
Modulus of elasticity, 598 
Poisson’s ratio, 598 
Fineness modulus, 591 
Grading, 591 
Manipulation, 596 
Mass concrete, 745 
Plastic flow or creep, 599 
Shrinkage, 599 

in R.-C. arches, 658 
Slump test, 593 
Temperature effects, 600 
The material, 589 
Water-ratio theory, 592 
Considere, 658* 

Continuous girder bridges, 539, 544 
Britannia Bridge, 539 
Ohio Bridge, Sciotville, 544 
Cooling and Smith, 686 
Cooper’s E72 loading, 66 
Co-planar forces, 1 
Cormack, 677* 

Corrosion, 133 
Counterbracing, 408 
Cross girders, 411, 426 
Impact on, 145 
Cross, Hardy, 258 
Cylinder bridge piers, 556, 701 

Bams, see Masonry Dams 
Deflection — 

Curves for bracket loads on stanchions, 
213 

Formulae for beams (Thorpe), 397 


Deflection — continued 
of framework, 26 

Graphical methods, 26 
Strain-energy methods, 156 
Williot diagrams, 27 
Williot-Mohr diagrams, 29 
Polygons 

Effect of web members, 34 
Elastic-weight method, 32 
Kinematic chain method, 39 
Worked examples, 36, 41 
Deformation stresses, 132, 256, 270, 347 
Calculation of, 271, 282 
From displacements, 275 
from elongations, 272 
Comparison with experiments, 284, 
285 

Deformation angles, 273, 284 
In braced girder, 278 
Mohr’s method, 275 
Temperature changes, 273 
Worked examples, 274, 277, 278 
Delaware River suspension bridge, 545 
Dines, 112, 113 
Dines’ tube. 111 
Direction-fixed arches, 490 

Analytical treatment, symmetrical 
arch, 495 

Conditions of equilibrium, 492 
Effect of direct thrust, 499, 652 
Elastic centre, 495* 

Influence lines, 513, 649, 653 
Line of thrust, 490, 494 
R.-C., design of, 644 
Temperature stresses, 500, 657 
Displacement or Williot diagram, 28 
Displacements of node points, in framed 
structures, 156 
Drilling, 314 
Dryden and Hill, 122 
Duchemin, 118 

Earth Pressure, 667 
Angle of repose, 667 
Coefficient of friction, 683, 684, 685 
Cohesion in earth, 680 
Experiments on (q.v.) 

On retaining walls (q-v.) 

Rankine’s theory for loose earth, 668 
Horizontal upper surface, 668 
Sloping upper surface, 669 
Rankine’a construction, 67 1 
Wilson’s experiments support, 684 
Soil mechanics (#.*>.) 

Stability of earthwork, 667 
Earth pressure, experiments on, 683 
Bell (cohesion), 685 
Burgoyne, 684 
Feld, 684 

Jenkin* 675* 677, 680 
Takabeya, 675 
Terzaghi, 685 
Wilson, 684 

Earth pressure on retaining walls — 
Experiments on (see above) 

Formulae for, 675 
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Earth pressure on retaining walls — con - 
timed 

Friction on back of wall, 672*, 675, 
684, 685 

Point of application of pressure, 677, 
680, 685 

Pressure on back of wall — 
Experimental values, 680, 684-5 
Cohesive earth, 685 
Rankine’s theory, 672 
with surcharge, 672 
without surcharge, 672 
Sliding, 683 
Special cases, 674 
Wedge theory, 675 

Rebhann’s construction, 677 
Eddy’s theorem, 477, 482 
Elastic stability problems, 290 
Elastic vibrations — 

Howland’s method, 302 
In framed structures, 302 
Lateral vibrations in columns, 303 
Open web girders, 301 
Elastic-weight method, 32 
Electric arc- welding, 319 
Admiralty practice, 321 
American Welding Society, 322 
British Standards, 323 
Butt welds, 320, 322, 323, 324 
Combined welded and riveted joints, 
326 

Common faults, 320 
Contraction stresses, Distortion, 325 
Fatigue in welds, 324 
Fillet welds, 321, 323, 324 
Freeman’s experiments, 322, 325 
Mechanical tests, 323 
Method of calculation, 326 
Braced frames, 329 
Plate girder, 327 
Roof truss, 329 
Steel-framed buildings, 329 
Ties and struts, 327 
Method of operation, 320 
Non-destructive tests, 323 
Rigidity, 326 
Shape of joint, 325 
Slot welds, 321, 323 
Step-back welding, 326 
Strength of welds, 322 
Stress concentrations, 325 
Stress-raisers, 324 
Type of weld, 320 
Typical welded construction, 326 
V.D.I. fatigue experiments, 325 
Working stresses, 323 
X-ray examination, 323 
Emperger, 362 

End bearings in bridges, 388, 419,438, 441 
Engesser, 362 

Equating components, 10, 17 
Co-planar forces, 18 
Non-co-planar forces, 19, 20 
Space frames, 21 
Erection stresses, 132 
Eye bars, 339 


Factor of safety, 131 
Fatigue (see Repetition of stress) 
in Bridges, 145 
in welds, 324-5 
Fink truss, 14 
Fish, 331 
Flachsbart, 115 
Flachsbarfc and Winter, 116 
Flat plates — 

Buckling under edge thrusts, 290 
Bryan’s formula, 292, 355, 356 
Rectangular plates, clamped edges 
295 

Strain-energy methods, 292 
Outstanding plates, 355, 383 
Web buckling due to shear, 381, 382 
308 (Bib.) 

due to shear plus compression, 382-3 
Flat plate floor, 413, 440 
Fleming, 123, 258 
Foppl, 306 

Forth Bridge, 112, 544 
Foundations, 688 

Cylinder and Caisson, 556, 701 
Depth in soft or loose earth, 688, 701 
in firm soil, 689 
in soft soil, 690 

Methods of spreading the load, 690 
Concrete in trenches or rafts, 691 
Footings, 690 
Grillages, 691 
for columns, 694 
for walls, 692 

Worked examples, 693, 694 
Inverted arches, 691 
Piles ( q.v .) 

Rock, 689 

Safe bearing pressures, 689 
Types of, 689 

Freeman, F.R., 322, 325, 359* 

Freeman, R., 513 
Fuller, 721 
Funicular polygon, 2 

through three given points, 478 

Gelson, 143, 422 
George Washington Bridge, 545 
Gerber parabola, 147, 149 
Girder bridges, construction, 404 
Cajnber, 441 

Definitions and types, 404 
Deck Bridge, 404, 419 
Fixed span, 404 
Floor system, 404 
Half -through bridge, 419 
Main girders, 404 
Opening bridges, 404 
Bascule bridge, 404 
Rolling lift bridge, 404, 408 
Swing bridge, 404, 408 
Traversing bridge, 404 
Vertical lift, 404 
Railway bridge, 404 
Road bridge, 404 
Secondary bracing, 404 
Substructure, 404 
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Girder Bridges — continued 
Definitions and types — continued 
Superstructure, 404 
Through bridge, 404 
Details of construction — 

Compression members, 342, 357, 
358, 365, 410, 433 
Comiterbracing, 408 
Cross girders, 145, 411, 426 
End bearings, 388, 419, 438, 441 
End posts, 410, 433 
Flanges, 409, 431-2 
Floors, 413 ( q.v .) 

K-braeing, 417, 544 
Main girders, 404 
Plate web, 388, 409 
Open web, 409, 410, 431, 438- 
440 (see Braced girders) 

Portal and sway bracing, 418, 419 
Rail bearers, 412, 423 
Tension members, 337, 433 
Wind bracing, 417, 435 
Impact (q.v.) 

Initial distortion, 133* 

Lateral framing, B.-M. in, 256 
Loads on bridges, 420 
Centrifugal loads, 422 
Live load and impact, 421 
Longitudinal forces, 422, 437 
Weight, 420 

Wind pressure, 123, 435 (q.v.) 
Natural frequency, 139 
Railway bridges (q.v.) 

Resonance in, 139 
Road bridges (q.v.) 

Stresses, permissible, 423 

Secondary and combined, 423, 437 
Stress sheet, 430-1 
Torsion in, 306 
Worked examples 
open web bridge, 423 
to B.S.S., 441 
Golden Gate Bridge, 545 
Goodman, 371 
Grillages (see Foundations) 

Haigh, 131*, 135, 148, 150, 151, 324 

Haigh diagram. 147, 151 

Haigh and Beale, 150 

Haigh and Robertson, 150 

Hayden and Clark, 565 

Hell Gate arch bridge, 202, 544 

High tension steel, 134, 151, 754 

Hiley, 699 

Howard, 353, 356 

Howland, 302 

Hudson Beare, 579, 580, 581, 708 
Hutton, 118 

Impact in Bridges, 67, 135 
Allowances, 140 
American experiments, 137 
Approximate values, 143 
British Bridge Stress Committee ex- 
periments (q.v.) 

Causes of, 137 


Impact in bridges — continued 

Cross girders and rail bearers, 136, 137, 
145 

Dynamic magnifier, 142 
Effect of locomotive springs, 140 
Effect of rail joints, 137, 143 
Factor, 67, 136 
Formulae, 136 
A.R.E.A., 137 

British Standard (M. of T.), 137 
Indian Railway, 137, 145 
Pencoyd, 136, 145 
Tumeaure’s, 137 
Hammer blow, 137, 138, 139 
Inglis formulae, 140 
Lurching, 133, 137, 143, 145 
Range of stress formulae, 135, 136 
Road bridges, 145 
Short spans, 143 
Web members, 144, 145 
Incomplete or imperfect frames, 4, 566 
Indian Bridge Standards Committee, 
137, 138, 143, 422 
Influence lines, 71 
Arches, 501 

Direction-fixed, 513,-649, 653 
Normal component of thrust, 511 
R.-C. arch, D.-F. ends, 649, 653 
Shearing force, 512 
Spandrel-braced, three-hinged, 506 
Stresses on cross-section, 503 
Three-hinged, 501 (q.v.) 

Two-hinged, 509 (q.v.) 
Unsymmetrical arch, 502 
Use of core theory, 504, 506 
Worked example, 505 
Beam supported at ends, 71 

Series of concentrated loads, 73 
Worked example, 76 
Single concentrated load, 71 
Uniform load — 

longer than span, 79 
shorter than span, 77 
Braced girders, 87 
continuous, 101 
Curved flanges, 91 
Setting out I.L., 93 
Use of, 94 
Parallel flanges, 87 
Cantilever bridges, (q.v.) 

Continuous beams, 98 
Braced girder, 101 
Beam on three supports, 98 
B.M.I.L., 100 
Reaction I.L., 99 
S.F.I.L., 100 

Use of characteristic points, 103 
Direction-fixed beams, 95 
D.-F. both ends, 97 
D.-F. one end, 95 
Elastic displacements, 105 
Miscellaneous structures, 551, 559, 565 
Panelled girders, 82 
Particular eases, 85 
Reactions, 80, 99 
Summation I.L.. 8i 
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Influence lines * — continued 
Suspension bridges (q.v.) 

Use of, 80 
Inglis, 140 
Initial stresses, 132 
Instantaneous centre theory, 29 
Irminger, 119 

Irminger and Nokkentved, 120 

Jenkin, 675, 677, 680 
Jensen, 361 

Johnson (weight of crowd), 422* 
Parabola (see 4 Columns ’) 

Johnson, Bryan and Turneaure, 513 
Joints in flat tension members, 340, 
751-2 

Riveted (q.v.) 


K-Bracing, 417, 544 
Katzmary and Seitz, 117 
Kayser, 326, 351 
Kinematic chain, 39 
Krivoshein, 202, 204, 546 
Krohn, 366 

Lateral framing of bridge, B.-M. in, 256 
Lateral stability of deep beams — 
slender cantilever, 297 
Timoshenko’s results, 301 
Lattice girder, 14, 405 
wind pressure on (q.v . ) 

Least work, principle of, 169 
Application, 179 
General theory, 178 
Link polygon, 2, 523 
Linville truss, 14, 405, 406 
Load position for maximum B.-M. — 
at any section, 69 
under particular load, 70 
Lobban, 762* 

Long-span bridges, 539, 544 
Choice of type, 546 
Types, 544 
Loudon, 338 

Lurching, 133, 137, 143, 145 


Main girders of bridges, 404 (see also 
Braced girders) 

Manufacture of structural steelwork, 310 
Drawing office work, 312 
Erection, 316 

Finishing, off, painting, 318 
Girder shop, 311 
Marking off, 313 

Planing and cutting to length, 313 
Practical points affecting design, 318 
Punching, reaming, and drilling, 314 
Riveting, 317 
Smithy, 316 

Sorting and straightening material, 
313 


Template shop, 312 
Marshall, 355 
Martin, 207 
Masonry arches, 716 

Austrian experiments. 724 


Masonry arches — continued 
Definitions, 716 
Large, 716 
Line of thrust, 719 
Fuller’s method, 721 
Load diagram, 720 
Proportions of, 717 
Molesworth, 717 
Perronet, 717 
Rankine, 717 
Trautwine, 717 
Williams, 717 
Masonry dams, 724 
Arched dams, 724, 738 
Cain’s formula, 738 
Constant angle, 726 
Model dam experiments, Stevenson 
Creek, 739 
Multiple-arched, 726 
Pacoima dam — 

Partition of load, 740 
Trial-load method, 740 
Gravity dams, 724 

Experimental determination of 
stresses, 735 

Atcherley and Pearson, 735 
Baker, Sir Benjamin, 735 
Ottloy and Brightmore, 735 
Wilson and Gore, 735 
Line of resistance, 730 
Reservoir empty, 730 
Reservoir full, 731 
Molesworth formula, 729 
Periyar Dam, calculations for, 733 
Shape of cross-section, 727 
Stability of, 727 
Stresses in, 727 
Multiple dome, 727 
R.-C. dams, 726 
Spillway, 727 
Temperature stresses, 724 
Uplift, 737 

U.S. Bureau of Reclamation, 738, 740 
Masonry structures, 712 
Arches (q.v.) 

Conditions of stability, 712 
Dams (q.v.) 

Line of thrust or resistance, 712, 719, 
730 

Masonry work, types of, 710 
Ashlar, 711 
Block-in-course, 710 
Rubble concrete, 711, 724, 727 
Rubble masonry, 724, 727 
Squared coursed rubble, 710 
Stone for (q.v.) 

Stresses in, 712 

Safe working, 715 < v 

Tensile, 714 
Mass concrete, 745 

Material qualities (variable nature), 130, 
359* 

Maximum S.-F. and B.-M. diagrams, 
53 

Equivalent, uniform load, 55, 58, 63, 
65, 66 
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Maximum S.-F. and B.-M. diagrams — 
continued 

for single concentrated load, 53 
series of concentrated loads, 63 
two loads, l apart, 58 
uniform load — 

longer than span, 55 
shorter than span, 56 
Tracing-paper method, 63 
Maxwell’s theorem, 105, 189, 762, 763 
Application to statically indeterminate 
structures, 95, 193, 203 
for angular displacements, 191 
Simple examples, 192 
Use for influence lines, 95, 105, 193, 
203 

Melbourne University, experiments on 
wind pressure, 114, 115, 117 
Method of sections, 15 
Mild steel, 132, 134, 149, 150 
Miscellaneous structures, 551 
Moberley, 338 
Model analysis, 258, 762 
Begg’s deformeter, 7 62 
Coker, polarised light, 765 
El-Wahed link method, 765 
Large, Carpenter and Morris, 765 
Modulus of rupture, 573 
Mohr, 29, 32, 105, 185, 275, 280 
Williot-Mohr diagram, 29 
Work equation, 32, 35*, 185, 187 
Moles worth, 717, 729 
Molitor, 194, 514 
Moment distribution, 258, 268 

Lateral and unsymmetrical loads, 260 
Theory, 258 

Worked examples, 259, 268 
Moncrieff, 684 
Mortars, 589, 741, 743 
Muir, 131 

Muller-Breslau, 194, 362, 513 

Networks, 257 

Moment distribution, 258, 268 
Slope -deflection method, 265 
Use of characteristic points, 263, 268 
Niagara Falls, spandrel-braced arch, 513 
Nickel steel, 134, 359 
Nokkentved, 115, 120 
Non-eo-planar forces, 19, 24 

Ohio Bridge, Sciotville, 544 
Overstraining and recovery, 131 

Parabolic arch, 476, 487, 509 
Parallelogram of forces, 1 
Partition of load in riveted joints, 752, 
755. 761 

Pencoyd formula, 136, 145 
Perronet, 675, 717 
Petersen and Jennings, 324 
Piles and pile foundations, 696 
Cast in situ , 697 

Supporting power, 700 
Driving, 697 


Piles and pile foundations — continued 
Formulae, 698 
Dutch rule, 699 
Hiley, 699 
Betenbacher, 699 
Terzaghi, 698 

Wellington or Engineering News, 699 
Sheet piling, 701 
Supporting power of, 697 
Types, 696 

Pippard and Sparks, 764* 

Plate Girders, 373 
Box girder, 374 
Calculation of A, 385 
Deflection and camber, 389, 397 
Distribution of S.-F., 387 
Ends and supports, 388 
Fish-bellied, 373 
Flanges, 375 

Grouped joint, 377 
Joints, 375 

Unsupported length, 374 
Flange angles, 378 
Joints, 378 

Force in flange diagram, 394 
Hog-backed, 374 

Longitudinal rivet pitches, 384, 394 
Quantities, 399 
Riveting, 384 

Types and proportions, 373, 374 
Wall plate and bedstones, 388 
Safe bearing pressures, 389 
Web, 379, 393 

Shear per inch of depth diagram, 
382,393 
Stiffeners, 380 
Thickness, 381 
Formula for, 382 
Timoshenko’s theory, 382 
Weight of (Unwin’s formula), 390 
Welded, 327 
Wind pressure on, 117 
With curved or sloping flanges, 390 
Working stresses, 391 
Worked example, 391 
Poisson’s ratio for concrete, 598 
Polygon of forces, 2 
Poncelet, 447, 675, 684 
Portals and portal bracing, 218 

(see Braced portals and Stiff portals) 
Portals and sway bracing in bridges, 418 
Portland cement, 583 

Chemical composition, 584 
Manufacture, 583 
Mechanical tests, 584 
Cement and sand, 585 
Fineness, 584 
Le Chatelier, 587 
Sampling, 584 
Setting time, 586 
Soundness, 587 
Tensile strength, 584 
Normal consistency, paste of, 584, 585 
Quick-setting, 587 
Rapid -hardening (q.v.) 

Vicat needle, 585, 586 
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Principals (Roof) (see Roof trusses) 
Properties of rolled steel sections (see 
Appendix) 

Pulsations, [see Chapter IV (Bib.)] 
Punching, 314 
Purlins, 445, 451, 470 

Quality of material, conventional tests, 
130 

Quebec bridge, 544 

Rail Bearers, 412, 423 
Railway bridges — 

Cross girders and rail bearers, 412 
Floors, 413-10 
Impact, 135 et seq. 

Standard loadings, 00 
Weights, 416, 420 
Wind pressure ( q.v .) 

Worked example, 423 
to B.S. requirements, 441 
Rapid-hardening cements, 588 
Aluminous, 588, 596, 000 
R.-H. Portland, 588, 595, 596 
Strength of concretes, 589, 590 
Rankine, 717 

Earth pressure theory, 668 
Rayleigh, 119, 301 
Reaction loci (arches), 512 
Rebhann’s construction, 677 
Reciprocal displacements — 

Maxwell and Betti theorems, 189 
Reciprocal figures, 3 
Redundant frames (see Strain-energy 
theory) 

Reinforced-conerete, 604- 

Advantages and disadvantages, 004 
Arches, 644 

Proportions, 718 

Cover and arrangement of bars, 006 
Experiments on, 607 
Forms, 605 

Materials and manufacture, 604 
Modular ratio, 607 
Reinforcement, 605 
The material, 604 
Working stresses' — 

Concrete, COO (Table, 608) 

Steel, 610 

Reinforced- con crete beams — 

Anchorage, 025 

Beams with double reinforcement, 615 
Bending stresses (beams with single 
reinforcement), 607 
Moment of resistance, 610 
Neutral axis, 609 
Bond stress, 625 

Combination of direct stress with 
bending, 021 

Stress wholly compressive, 621 
Worked example, 622 
Stress wholly tensile, 623 
When both tension and compression 
occur, 623 

Worked example, 624 


Rei nf o rued - co no re to l warns — cont inued 
Continuous beams, 030, 631, 045 
Graphs, 611 

Moment of inertia and section modu- 
lus, 617 

Worked example, 619 
Shear stress, 024 

Continuous beams, 030 \ 

Diagonal bars, 027 
Distribution of, 625 
Haunches, 630 
Reinforcement for, 027 
Safe shearing force, 628 
Stirrups, 628 
Tee beams, 613 

Moment of resistance, 014 
Neutral axis, 613 14 
Reinforced -concrete bridge floor, 415, 645 
Reinforced- concrete columns, 642 
. Axially loaded, 643 
Practical rules, 644 
Short, 642 

Spiral reinforcement , 043 
Reinforced-conerete designs — 

Arch with direction -fixed ends, Oil- 
Effect of direct thrust, 652 
Influence lines, 049-55 
Shrinkage, 658 
Stresses, 658 
Temperature effects, 057 
Retaining wall, 035 
Proportions, 635 
Slab and beam floor, 030 
Floor beams, 032 
Floor slab, 631 
Relative displacements, 187 
Remfry, 113, 124 
Repetition of stress- — 

Effect of holes and y ield, 149 
Experiments, 149, 324 
in bridges, 145 
in welds, 324, 3*25 
Range of stress formulae, 135, 136 
Resal, 675 
Retaining walls, 

Brick, 744 

Earth pressure on (q.v. ) 

Reinforced -concrete with counterforts, 
635 

Rhine suspension bridge, Cologne, 545 
Rigid-frame bridges, 565 
liiveted joints — 

Experiments on, 751 
Batho, 752 

Batho and Samawi, 753 
Clark, Edwin, 751 
D.E.V., 753, 754 
Domon, 753, 754 
Oayhart, 754 

Hortwig and Potermuun, 753 
Komrners, 755 
Montgomerie, 752 
Rudeloff, 751 
Young and Dunbar, 755 
Frictional resistance and slip. 751, 753, 
755 
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.Riveted joints — continued 

Partition of load, 752, 755, 751 
Rivet heads in tension, 755 
Snap v. countersunk heads, 755 
Stress distribution, 753 
Type of joint, effect of, 754- 
Riveting, 317 
Road bridges — 

Cross girders and rail bearers, 412 
Floors, 413 

Reinforced-concrete, 415, 045 
Trough, 414, 444 
Impact, 145 

M.T. standard loading, 67 
Curve, 68 

Reinforced-concrote arch, 044 
Weights, 420 
.Roark, 355 
Robertson, 358 

Rolled beam sections, 311, 370, Ap- 
pendix 

Broad-flanged beams, 311, 300 
Compound beams, 373 
Proportions, 373 
Use of, 371 
Working stresses, 373 
Rolling lift bridge, 404, 408 
Roofs, design of, 445 
Construction, 445 
Coverings, 457 

Asbestos sheets, 459 
Corrugated sheeting, 457 
Strength of, 458 
Duchess slates, 459 
Glass, 457 
Slates, 459 
Tiles, 459 
Weight of, 459 
Zinc sheets, 459 
Curved, 121, 448 
Drainage, 471 (Bib.) 

Forcesdn members of, 11, 400 
Hipped, 440, 472 
Knee braced, 463 
Louvres, 455 

Principals (see Roof trusses) — 

Spacing and proportions, 448 
Weight of, 460 
Purlins, 445, 451, 470 
Saw-tooth, 446, 447 
Secondary rafters, sash bars, 454 
Slope and pitch, 448 
Snow and/or wind, 466 
Temperature effects, 461 
Ventilators, 455 
Very large, 456 
Wind bracing, 445, 454 
Wind pressure, 119, 121 
Negative, 119, 462, 464 
Worked example, 466 
Roof trusses, or principals, 445 
Camber of tie bar, 448 
Details of construction, 448, 449 
Forces in members of, 11, 460 
Gussets, 451 


Roof , trusses, or principals — continued 
Knee braced, 403 
Hinged feet, 403 
General case, D.-F. feet, 464 
Reactions, 401 

Riveted connections, 449, 450 

Safe stresses, 466 

Saw tooth or workshop, 446, 447 

Sections used, 450 

Shoes, 451 

Spacing and proportions, 448 
Stress diagrams for. 10. 11 
Types— 

Curved, 8, 448 
English, 446 
Fink, 447 

King and Queen post, 440 
Trussed rafter, 447 
Ventilators, 455 
Weight of, 460 
Welded, 329 
Worked example, 466 
Workshop buildings, 451 
Ross, 348 

Salt ash bridge, 407 
Scott, W. L., 658* 

Secondary flexure, 1 33 
in columns, 352 

compression flanges, 432 
S -bending, 286, 347, 356, 361 
Secondary rafters and sash bars in roofs, 
454 

Secondary stresses, 270 
Deformation stresses ( q.v .) 
Experimental determination, 285, 760 
Self-stressed frames, 188 
Semi-stiff frames, stresses in, 756 
Semi-stiff joints, 284, 756 

Experiments on cleated connections — 
Batho and Rowan, 757, 759 
D.E.V., 758 
Rathbun, 757 

Steel Structures Research Com- 
mittee, 759 

University of Illinois. 756 
Separation of frames, 14 
Shear per inch of depth diagram, 382, 
393 

Shear Stress in R.-C. beams, 624 
Sheer legs, 22 
Silicon steel, 134 
Simpson, 113 

Slip in riveted joints, 751, 753, 755 
Slope-deflection methods, 230 
Applications, 243, 265 
Conventions and signs, 233, 235 
Equations, 235 
Worked example, 265 
Soil mechanics, 687, 704 (Rib.) 
Consolidation, 688 
Lateral flow, 688 
Effect of depth, 688 
Water content, 686, 687 
Southwell, 22 
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Space frames, 19 

Equating components, 19, 21 
Forces in members, 20, 46 (Bib.) 

Sheer legs and tripods, 22 
Tension coefficients, 22 
WiUiot diagram for, 46 (Bib.) 

Space polygon of forces, 19 
Spandrel-braced arches (see Arches) 
Standard loadings, 66 

Cooper E.72 (American), 66 
for highway bridges, 67 
for railway bridges, 66 
Ministry of Transport equivalent load- 
ing curve for highway bridges, 68 
Stanton, 113, 115, 119 
Statically indeterminate structures, 194 
Conditions of indeterminateness, 194 
External conditions, 195 
General equations for, 198 
Framed structures, 198 
Plate-web systems, 198 
Maxwell’s law, application of, 193 
Multiple indeterminateness, 200 
Principal statically indeterminate 
system, 196 
Choice of, 197 

Reaction displacements, 200 
Redundant frames (see Strain -energy 
theory) 

Solution of problems, 196 
Temperature stresses, 133, 183, 195, 
200 

Two-hinged arch, outline design, 201 
Steel-framed buildings (see Buildings) 
Steel Structures Research Committee, 
Steinman, 560 [759 

Stiff Joints- — 

Deformation and secondary stresses, 
132, 270 

Effect of, 270, 284 
Framework with, 230 (q.v.) 
Slope-deflection methods, 230, 235 
Stiff portals, 235 (q.v.) 

Vierendeel girders, 560 (q.v,) 

Stiff portals, 235 

Application of characteristic points, 
239 

Any lateral load — 

Direction-fixed feet, 253 
Hinged feet, 251 
Single lateral load — 

Direction-fixed feet, 249 
Hinged feet, 247 

Vertical load, symmetrical conditions, 
Direction-fixed feet, 237 
Hinged feet, 235 
Vertical loading, general case — 
Direction-fixed feet, 244 
Hinged feet, 241 
Stone, 578 

Dolomites, 579, 580, 707 
Dressing, 708 

Effect of physical conditions, 582 
Elastic constants, 580 
for masonry structures, 707 
Granites, 578, 580, 581, 707, 709 


S tone — continued 

Limestone, 578, 580, 581, 707, 709 
Oolite, 579, 580 
Natural, 578 
Natural bed, 708 

Properties and strength of (table), 708 
Quarry sap, 709 
Quarrying and working, 708 
Sandstone, 578, 580, 581, 707, 709 
Tests, 579 

Absorption, 581 
Acid, 581 
Crushing, 579 

Load -contraction diagrams, 580 
Density, 580 
Microscopic, 581 

Stone, Range of stress formula, 136 
Strain-energy theory, 155 
Deflection of framed structures, 156 
Displacements of node points, 156 
Internal work in framed structures, 155 
Principle of least work, 169 (<?.v.) 
Redundant frames, 4, 163 
Displacements in, 176 
General case, 168 

More than one redundant member, 
166 

Stresses in, 163 
Worked example, 173 
Statically indeterminate structures 
(fv.) 

Stress diagrams, 4 

Conditions of practicability, 4 
For plane frames, 4 
General case, 6 
Roof truss, 8, 11 
Spandrel -braced arch, 481 
Wind on roof, 13 
Hints on drawing, 9 
Reciprocal figures, 3 
Special devices, 9 
Stresses in semi-stiff frames, 756 
Stress raisers, 148, 324 
Stress sheet for bridge, 430 
for roof truss, 12 

Structural material, 310, 311, Appendix 
Structural steelwork — 

Manufacture of, 310 
Practical points affecting design, 318 
Struts (see Columns) 

Summation influence lines, 81 
Suspension bridges, 523, 545 
Exact theories, 548 (Bib.) 

Parabolic chain, 522, 526, 627, 532 
Self -anchored, 545, 546 
Stiffened chain, 524 
Stiffened roadway, 524 
Stiffening girder, no central hinge, 532 
Influence lines, 538 
S.-F. and B.-M. diagrams, 537 
Temperature stresses, 538 
Stiffening girder, stresses in, 525 
Parabolic chain, 526 
Uniformly distributed load, 527 
Stiffening girder, with central hinge, 
Influence lines, 529 [527 
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Suspension bridges — continued 

Stiffening girder, with central hinge, 
Maximum S.-F. and B.-M. dia- 
grams — 

Single concentrated load, 530 
Uniformly distributed load, 53 1 
S.F. and B.M. diagrams, 529 
Three-span, 545 
Suspension chains., 519 
Catenary, 519 
Worked example, 521 
Link polygon, 523 

Parabola (uniformly distributed load ), 
Swing bridge, 404, 408 [522 

Sydney Harbour bridge, 544 
Silicon steel for, 134 

Takabeya, 258, 675 
Talbot and Moore, 352, 361 
Tall masts, wind pressure on, 117 
Tee beams, reinforced-conerete, 613 
Tee sections, 311 

Temperature effects and stresses — 
Deformation stresses due to, 273 
In arches, 499 
Beams and girders, 419 
Roofs, 461 

Statically indeterminate structures, 
133, 183, 195, 200 
Williot diagrams, 32 
Tension coefficients, 22, 25 
Tension members, ties, 333 
Experiments on, 336 
Eye bars, 339 
Flat bar ties, 334, 340 
J oints in, 340 
Large ties, 337 ' 

Net area of, 338 
Stiff ties, 334 
Types, 333 
Welded, 327 
Terzaghi, 685, 687, 098 
Thorpe — 

Allowance for rivet holes, 396* 
Deflection formula, 397 
Weight of bridges, 420 
Three-hinged arch, 478 
Analytical treatment, 479 
Horizontal thrust, 479,- 502 
Influence lines, 501 

For horizontal thrust, 502 

normal component of thrust, 312 
reactions, 502 
shearing force, 512 
spandrel-braced arch, 506 
vertical shear, 502 
unsymmetrical arch, 502 
, Line of thrust, 478 

Spandrel-braced, 480, 506, 509 
Stresses in, 503, 505 
Use of core theory, 504, 506 
Temperature effects, 500 
Unsymmetrical, 481, 502 
Tie bars (see Tension members) 

Tied arch, 1,95, 544, 546 
as roof truss, 456 


Timber, 569 
Beams, 371 

Characteristics of good, 570 
Classification, 569 
Defects in, 570 

Density or specific gravity, 571, 575 
Elastic constants, 574 
Felling and seasoning, 570 
Influence of physical condition on 
mechanical properties, 575 
Density, 575 
Moisture content, 578 
Percentage of autumn wood, 578 
' Position in tree, 578 
Rate of growth (rings per inch), 576 
Knots, 572 

Moisture content, 572, 578 
Percentage of autumn wood, 571, 57S 
Rings per inch, 571, 57(3 
Strength of, 571, 577 
Structure, 569 
Tests, 572 
Bending, 573 
Compression, 573 
Effect of size of test -piece, 572 
Modulus of rupture, 573 
Results of (table), 577 
Shear, 573 
Special, 575 

Ball indentation, 575 
Notched bar, 575 
Splitting or cleavage, 575 
Tensile, 572 
Time effects, 575 
Working stresses, 578 
Timoshenko, 301, 382 
Torsion in thin cylindrical shells, 304 
in framed structures, 306 
Tower Bridge, 113, 404, 525 
Tracing paper method, 63 
Trautwine, 717 
Travelling loads, 53 
Influence lines ( q.v .) 

Maximum B.-M. and S.-F. diagrams 
{q.v.) 

Triangle of forces, 1 
Tripods, 22 

Trough flooring, 207, 414, 444 
Trussed beams, 551 
Turneaure, 137 
Two -hinged arch. 483 

Analytical treatment, 485 
Circular or segmental, 488 
Conditions of equilibrium, 483 
Effect of direct thrust, 498 
Graphical procedure, 484 
Horizontal thrust, 484, 487, 510 
I = I 0 sec 6, 487, 509, 513 
Influence lines. 193. 509 
For horizontal thrust, 510 
General case, 510 
Parabolic arches, 509 
Symmetrical arches, 510 
Normal component of thrust, 51 1 
Shearing force, 512 
Integration device, 486 
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Two-hinged arch — continued 
Line of thrust, 484, 485 
Outline design for, 201 
Parabolic arch, 487, 509, 513 
Reaction loci, 512 
Temperature stresses, 500 
Worked example, 489 

Ustold, 258 

T T nwin’s formula (weight of girders), 
390, 393, 421, 428 

U.S. Bureau of Reclamation, 738, 740 

U. S. Bureau of Standards, 355, 356 

Valuation in material properties, 130, 

V. D.L, 325 [359* 

Viaducts, 546 

Victoria Falls arch, 513 
Vierendeel girders, 560 
(Welded), 329 
Formulae, 563, 564 
Virtual load, 159 
Virtual work, 183, 184 
Law of, 185 

Waddell, 546 

Wall crane, 556 

Warren girder, 14, 405 

Watertown Arsenal, 356, 743 

Web buckling, 381-2 (see Flat Plates) 

Weight of — 

Bridge floors, 420 
Bridge material, 421 
Earth, 667 
Roof coverings, 459 
Roof principals, 460 
Timber, 577 
Stone, 708 
Wichert truss, 559 
Williams, arch proportions, 648, 717 
Williot diagram, 27, 28, 279 
Temperature effects, 32 
Williot-Mohr diagram, 29 
Wilson and Gore, 735 
Wilson and Haigh, 149 
Wilson and Maney, 258 
Wilson, Richart and Weiss, 258 
Wind bracing in bridges, 417 
in roofs, 445, 454 
Wind pressure. 111 

American Committee, 120, 121 
Baker (Sir Benjamin), experiments, 1 16 
Coefficient C, 113, 114, 115 
Coefficient K, 118, 120, 121 
Brag coefficient, K (I , 115, 122 
Effect of position and neighbouring 
buildings, 122 
Effect of shape, 114 
Formulae — 

Duchemin’s, 118, 466 
Hutton’s, 118, 119, 466 
Rayleigh’s, 119 

Forth Bridge records. 111, 112 
Flachsbart V (and Winter’s) experi- 
ments, 114*, 115, 116, 435 
Gusts. Dynamic action of, 1 1 3 


"Wind pressure — continued 
in British Isles, 112 
in India, 112 

Internal pressure, 119, 120 
Irminger’s (and Nekkentved’s) experi- 
ments, 119, 120 
Lateral variations, 112 
Melbourne University experiments, 
115, 117 

N.P.L. experiments, 119, 120, 123 
on airship shed, 121 
Bridges, 123, 124, 435 
Buildings, 119, 122, 123 
Circular chimneys, 122 
Curved roofs, 121 

Cylinders, spheres, prisms, etc., 114- 

115 

Flat plates, 111, 114, 117 
Inclined surfaces, 117 
Lattice girders, 115, 116 
Parallel plates, 115 
Plate girders, 117 
Roofs, 119, 120, 121 
Negative pressure, 119, 462, 464 
Structures and buildings- — 
Practical assumptions, 123 
Tall masts, 1 17 
Tall buildings, 127 (Bib.) 

» Practical assumptions* 123 
Shielding, 115 

Stanton’s experiments, 113, 115, 119, 
435, 468 ’ 

Synchronous vibrations, 113 
Tower Bridge experiments, 113 
Wind pressure and velocity, 111 
Wind structure, 112 

Work done in deforming a framed struc- 
ture, 155 

Working stresses, 129, 134 
Alloy steels, 134 
Brickwork, 743 
Electric arc-welds, 323 
Masonry, 715 
Mass concrete, 745 
Mild steel, 134 
Normal, 134, 135 

Reinforced-conerete, 606, 608, 610 
Steel castings, 135 
Structural steelwork, 134, 373 
Timber, 578 

Workmanship, faulty, 132 
Workshop buildings, 451 
Wragge, 138* 

Wynn and Andrews, 594* 

Wyss, 284, 760 

Yield point — 

as standard of quality, 1 30 
Effect of plastic, flow at, 150, 355 
in Columns, 355 
Upper and lower, 130, 133 
Variation in, 130, 133, 359* 

Young, 338 

Young and Dunbar, 755 
Z sections, 311 




